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Abstract—Three-dimensional arrays have the ability to localize
sources anywhere in the spatial domain without any ambiguity.
Among these arrays, the spherical microphone array (SMA)
has gained widespread usage in acoustic source localization
and beamforming. However, SMAs are bulky and in many
applications with space and power constraints, it is undesirable
to use an SMA. To deal with this issue, arrays with microphones
placed only in a sector of a sphere have been developed along with
various techniques for localizing far-field sources in the spherical
sector harmonics (S2H) domain. This work addresses near-field
acoustic localization and beamforming using a spherical sector
microphone array. We present the representation of spherical
waves from a point source in the S2H domain using the
orthonormal S2H basis functions. Then, using the representation,
we develop an array model for when a spherical sector array is
placed in a wavefield created by multiple near-field sources in the
S2H domain. Using the developed array model, two algorithms
are proposed for the joint estimation of the range, elevation
and azimuth locations of near-field sources, namely NF-S2H-
MUSIC and NF-S2H-MVDR. Further, a near-field beamforming
algorithm capable of radial and angular filtering in the S2H
domain is also presented. Finally, we present the Cramer-Rao
Bound (CRB) in the S2H domain for near-field sources. The
performances of the proposed algorithms are assessed using
extensive localization and beamforming simulations.

Index Terms—Microphone array, Near-field, Spherical sector
harmonics, Source localization, MUSIC, Beamforming, MVDR

I. INTRODUCTION

SOURCE localization refers to the process of determining
the spatial location of a particular signal or source of

interest within a given environment. It involves identifying the
location from which a particular signal, sound, electromagnetic
wave, or other phenomenon originates, and it is widely used
in fields like acoustics, wireless communication, geophysics,
medical diagnostics, and robotics to gain insights into the
source’s location or to track and analyze its movements.
Usually, an array of sensors placed in a particular geometry is
used for source localization. For sources in the far-field of the
array, source localization refers to estimating the direction of
arrival (DOA) of the source whereas for near-field sources, it
refers to estimating the range, elevation and azimuth location
of the source. Many source localization techniques exist in
the literature that use linear and planar arrays for far-field
and near-field localization [1]. The most common among them
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are the subspace-based techniques of Multiple signal classifi-
cation (MUSIC) [2] and Estimation of signal parameters via
rotational invariance technique (ESPRIT) [3]. However, linear
and planar arrays have spatial ambiguities, which prevent them
from covering the entire three-dimensional (3D) space [4].

To remove spatial ambiguities, 3D arrays are used. Spherical
arrays are a class of 3D arrays that can cover the entire 3D
space not only without any ambiguities but also with equal
resolution in all directions [5]. Spherical arrays also facili-
tate processing within the spherical harmonics (SH) domain,
providing numerous benefits for array processing, such as
separability of frequency and angular components of signals.
Many source localization and beamforming techniques have
been developed in the SH domain, especially for acoustic
signals using spherical microphone arrays [6]–[12]. MUSIC
and ESPRIT algorithms were developed in the SH domain
in [13]–[15]. A deep-learning framework was developed in
[16] for robust estimation of DOAs using SH decomposition.
Bayesian learning based approaches for source localization
using spherical arrays were developed in [17], [18]. In [7],
the minimum variance distortionless response (MVDR) beam-
forming method [19] was introduced in the SH domain for
DOA estimation. Most of the work in the SH domain discussed
thus far deals with planar wavefronts of far-field sources. But
in applications where the source is in the near-field of the
array such as video conferencing, human-robot interaction,
music recording, etc., the planar wavefront is invalid and may
lead to errors. The near-field sources emit spherical waves,
which must be considered in the array signal model [20].
In [21], [22], near-field techniques capable of radial filtering
were developed in the SH domain. Various acoustic source
localization techniques for near-field sources based on the
principles of MUSIC and MVDR were presented in [23],
[24] in the SH domain. A time domain near-field beamformer
that utilized spherical harmonics decomposition was recently
proposed in [25].

In many applications, processing signals from all the micro-
phones of a spherical array may be computationally burden-
some. Also, using an entire spherical array may not be fea-
sible in applications with space constraints. Array processing
techniques for hemispherical arrays mounted on the ceiling
or the top of a conference table have been developed [26]–
[28]. Recently, microphone arrays where the microphones
are placed only in an arbitrary sector of a sphere have also
been developed [29]. The orthonormal basis function of the
spherical sector harmonics (S2H) was introduced in [30],
which is a generalized version of the SH basis function. The
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S2H basis function becomes the SH basis function when the
sector is the entire sphere. Far-field acoustic localization and
beamforming methods using spherical sector microphone array
(S2MA) were proposed in [29] in the S2H domain. Optimal
beamformer designs and S2H norm applied to blind source
separation were presented in [31], [32].

In this work, we propose techniques for acoustic localization
and beamforming for near-field sources using a spherical
sector microphone array. We first represent spherical waves
from a point source in the S2H domain using the S2H basis
function, based on which a novel array data model is developed
for near-field sources. Using the data model, we propose
techniques to simultaneously estimate the range, elevation and
azimuth location of the near-field sources in the S2H domain.
Additionally, our work presents beamforming and Cramer-Rao
bound (CRB) analysis for near-field sources in the S2H domain
for the first time. Extensive simulations have been presented
to demonstrate the effectiveness of the proposed algorithms.

Notations: Bold case upper and lower case letters represent
matrices and vectors, respectively. (.)T, (.)∗ and (.)H denotes
the transpose, conjugate and conjugate transpose operations,
respectively. E represents the mathematical expectation oper-
ator and ∥.∥ represents the ℓ2-norm of a vector. |.|, Re{.} and
Im{.} denote a complex number’s magnitude, real and imag-
inary part, respectively. ⊙ represents the Hadamard product.

II. SPHERICAL WAVE SPREADING FROM A POINT SOURCE

We consider a microphone array where Q microphones are
placed on a sector of a sphere whose centre is at the origin,
as shown in Fig. 1. The sector is defined in terms of elevation
range [θ1, θ2], azimuth range [ϕ1, ϕ2] and the radius ra of the
spherical sector. The elevation angle is calculated down from
the positive z-axis and the azimuth angle is calculated anti-
clockwise from the positive x-axis. The location of the qth

microphone is denoted as rq = (ra,Φq) where Φq = (θq, ϕq).
Now, we assume that a near-field point source emitting unit-
amplitude spherical waves with wavenumber k is present at
location rl = (rl,Ψl) where Ψl = (θl, ϕl). In a homogeneous
fluid with no viscosity, the incident sound pressure Pin of
the spherical wave at an observation point rq satisfies the fol-
lowing inhomogeneous Helmholtz equation in the frequency
domain [33]–[35]

∇2Pin(rq, rl, ω) + k2Pin(rq, rl, ω) = −δ(rq − rl), (1)

where ω = 2πf (f is the frequency) is related to the
wavenumber as k = ω/c (c is the speed of the sound wave). δ
is the Kronecker delta function. ∇2 is the Laplacian operator
which is expressed in the spherical coordinates as

∇2 =
1

r2q

∂

∂rq

(
r2q

∂

∂rq

)
+

1

r2q sin θq

∂

∂∂θq

(
sin θq

∂

∂θq

)
+

1

sin2 θq

∂2

∂ϕ2
q

. (2)

Since a microphone at the observation point absorbs the sound
wave, the solution to (1) in Cartesian coordinates is given as
[35]

Pin(rq, rl, ω) =
e−ik∥rq−rl∥

4π∥rq − rl∥
. (3)

Fig. 1. A microphone array on a sector of a sphere of radius ra. The sector
is defined by the angular region of elevation [θ1, θ2] and azimuth [ϕ1, ϕ2].

The solution assumes that no scattering occurs at the observa-
tion point, i.e. the microphone is placed on an open spherical
sector. Our aim is to represent the pressure in (3) in the
S2H domain and in the next subsection, we introduce S2H
decomposition and its basis function.

A. S2H Decomposition

A function over any arbitrary spherical sector, in our case
Pin(rq, rl, ω), can be transformed into the S2H domain by
using the following transformation [30]

Pnm(rl, ra, ω) =

∫
Φ∈S2

Pin(rq, rl, ω)[T
m
n (Φ)]∗dΦ, (4)

where
∫
Φ∈S2 represents the solid angle

∫ ϕ2

ϕ1

∫ θ2
θ1

sin θdθdϕ of
a unit radius spherical sector. Pnm(rl, ra, ω) are referred to as
the coefficients of Pin(rq, rl, ω) in the S2H domain. Tm

n (Φ)
is the basis function of the S2H domain of order n and degree
m and is expressed as

Tm
n (Φ) =

{
Cm

n P̃m
n (cos θ)ẽimϕ, ∀ 0 ≤ n < ∞, 0 ≤ m ≤ n

(−1)|m|T
|m|∗
n (Φ), ∀ − n ≤ m < 0.

(5)

We now define each term in (5) and establish that Tm
n (Φ)

is orthonormal. P̃m
n (x) is the shifted associated Legendre

polynomial (ALP) of order n and degree m obtained by
shifting the ALP Pm

n (x). Over the range x ∈ [−1, 1], the ALP
is orthogonal with weighting function w(x) = 1 according to
the following relation [5]∫ 1

−1

w(x)Pm
n (x)Pm

ń (x)dx =
2(n+m)!

(2n+ 1)(n−m)!
δnń. (6)

Putting x = cos θ, the ALP Pm
n (cos θ) is orthogonal over

the elevation range of θ ∈ [0, π]. For the elevation range of
θ ∈ [θ1, θ2] for a spherical sector, an orthogonality relation is
established by shifting the ALP [30]. The shift is achieved by
a linear transformation on x and the shifted ALP P̃m

n (x) is
given as

P̃m
n (x) = Pm

n (α1x+ α2), (7)
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Fig. 2. Spherical sector harmonics (Tm
n ) for a sector defined by θ ∈

[45◦, 135◦] and ϕ ∈ [0◦, 360◦] (α1 = 1.4142, α = 0 and β = 1) of
unit radius. The order is varied from n = 0, 1, 2.

where α1 ̸= 0. If Pm
n (x) is orthogonal over the range [a, b]

with weighting factor w(x), then the shifted ALP P̃m
n (x) is

orthogonal over the range [a−α2

α1
, b−α2

α1
] with weighting factor

w(α1x + α2) [30]. The orthogonality relation with w(α1x +
α2) = 1 is given by∫ (b−α2)/α1

(a−α2)/α1

P̃m
n (x)P̃m

ń (x)dx =
1

α1

2(n+m)!

(2n+ 1)(n−m)!
δnń.

(8)
To define ẽimϕ in (5), we first note that the function eimϕ

is orthogonal over the entire spherical azimuth range of ϕ ∈
[0, 2π] and the orthogonal relation is given by∫ 2π

0

eimϕe−iḿϕdϕ = 2πδmḿ. (9)

For a spherical sector, the azimuth range can be specified
by ϕ ∈ [0, 2π/β] where β ≥ 1. To achieve orthogonality in
this range, the scaled exponential function ẽimϕ is defined by
replacing ϕ in eimϕ with βϕ. The orthogonality relation of the
scaled exponential function is given by∫ ϕ2

ϕ1

ẽimϕẽ(−iḿϕ)dϕ =
2π

β
δmḿ, (10)

where ϕ1 = 0 and ϕ2 = 2π/β. Combining the elevation and
the azimuth orthogonal function for a spherical sector in (8)
and (10), respectively, we get the orthonormality relation of
the S2H domain basis function as∫ ϕ2

ϕ1

∫ θ2

θ1

Tm
n (θ, ϕ)

[
T ḿ
ń (θ, ϕ)

]∗
sin θdθdϕ = δnńδmḿ. (11)

The normalization constant Cm
n in (5), given by

Cm
n =

√
(2n+ 1)(n−m)!(α1β)

4π(n+m)!
, (12)
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Fig. 3. The magnitude of far-field and near-field mode strength for a rigid
spherical sector array for different array order. The sector considered is a
hemisphere (α1 = 2, α2 = −1 and β = 1) of radius 4.2cm. The near-field
source is placed at a distance of r = 1m from the array. We can see that
for lower kr, the near-field mode strength dominates, while for higher kr,
near-field mode strength becomes the far-field mode strength.

is defined such that Tm
n (θ, ϕ) is orthonormal and not just

orthogonal. Real and imaginary parts of some S2H domain
basis functions are plotted in Fig. 2. The description of S2H
transformation of a function defined over a spherical sector is
now complete. The inverse S2H transform of (4) to get the
pressure from the coefficients is expressed as

Pin(rq, rl, ω) =

∞∑
n=0

n∑
m=−n

Pnm(rl, ra, ω)T
m
n (Φ). (13)

B. Spherical Wave in S2H domain

In this subsection, we represent the spherical wave solution
in (3) in the S2H domain. Using the S2H transformation, the
sound pressure from a spherical wave in (3) can be written as

e−ik∥rq−rl∥

∥rq − rl∥
=

∞∑
n=0

n∑
m=−n

b̃n(k, rl, ra)[T
m
n (Ψl)]

∗Tm
n (Φq),

(14)
where b̃n(k, rl, ra) is defined as the strength of the nth order
near-field mode in the S2H domain. It relates to the nth order
strength of the S2H domain far-field mode b̃n(k, ra) as [21],
[23]

b̃n(k, rl, ra) = i−(n−1)kb̃n(k, ra)hn(krl), (15)

where jn is the spherical Bessel function of the first kind and
hn is the spherical Hankel function of the second kind. The
far-field mode strength in the S2H domain is given by [30]

b̃n(k, r)

=


4πin

α
(n+1)
1 β

jn(kr) : open sector

4πin

α
(n+1)
1 β

(
jn(kr)− j′n(kra)

h′
n(kra)

hn(kr)
)

: rigid sector,

(16)

where (.)′ denotes the first derivative. The second term in the
far-field mode strength for a rigid spherical sector is due to
the scattering that occurs on the surface of the rigid sector of
radius ra. Also, from (15), we see that the Hankel function
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captures the range of the near-field source. Note that jn(kra)
becomes negligible as n >> kra [7], so for higher order n, the
strength of the far-field mode and, by extension, the strength
of the near-field mode diminishes. Thus, we can truncate the
summation in (14) to a sufficiently high finite order N without
introducing significant errors.

We now present a condition that the radial distance of the
source has to satisfy for it to be considered a near-field source
in the S2H domain. The condition is based on the mode
strength rather than the Fraunhofer distance [20]. From the
S2H near-field and far-field mode strength expressions, the
two become similar when krl ≈ N as shown in Fig. 3. So,
the near-field radial boundary should be

rnf ≈ N

k
. (17)

Also, the near-field source has to be outside the spherical
sector, so rl ≥ ra. So, the radial distance for a near-field
source should satisfy

ra ≤ rl ≤ ra
kmax

k
, (18)

where kmax = N/ra. Thus, a spherical sector array’s near-
field is defined by the frequency of operation and the radial
distance of the source. Beyond this range, the source can be
considered to be in the far-field of the array.

III. NEAR-FIELD SPHERICAL SECTOR ARRAY DATA
MODEL

With all the information presented in the previous section,
we now develop the array model of a spherical sector array
with Q microphones placed in the wavefield of L near-field
sources emitting spherical waves in the S2H domain. Once
again, the location of the qth microphone and the lth source
are denoted as rq and rl, respectively. In a non-reverberant
environment, at discrete time instant t, the pressure at the
qth microphone due to the signal sl(t) from the lth near-field
source is given by

pql(t) =
sl(t− τq(Ψl))

∥rq − rl∥
, (19)

where τq(Ψl) is the time-delay of the signal between the two
points rq and rl and is expressed as τq(Ψl) =

∥rq−rl∥
c . The

total pressure at the qth microphone from all the L sources is

pq(t) =
∑L

l=1

sl(t− τq(Ψl))

∥rq − rl∥
+ gq(t), (20)

where gq(t) is the additive noise at the qth microphone. The
noise is assumed to be uncorrelated to the source signals.
The total number of time snapshots considered is Ns, i.e.
t = 1, 2, . . . , Ns. Applying discrete Fourier transform (DFT)
to (20), we get

Pq(fν) =

L∑
l=1

e−i2πfντq(Ψl)

∥rq − rl∥
Sl(fν) +Gq(fν), (21)

ν = 1, 2, . . . , Ns,

where the frequency fν is related to the FFT index Iν as fν =
Iν

TsNs
(Ts is the sampling frequency). Sl(fν) and Gq(fν) are

the FFT of sl(t) and gq(t), respectively. Putting the expression
of τq(Ψl) in (21) with kν = 2πfν/c, we get the total pressure
at the qth microphone in the frequency domain as

Pq(k) =

L∑
l=1

e−ik∥rq−rl∥

∥ri − rl∥
Sl(k) +Gq(k). (22)

We have dropped ν from (22) for notational simplicity. Com-
bining the pressure at all the Q microphones into a matrix
form, we finally get the near-field spherical sector signal model
as

P(k) = V(r,Ψ)S(k) +G(k) (23)

where P(k) = [P1(k), P2(k), . . . , PQ(k)]
T, S(k) is the L×Ns

signal matrix and G(k) is the Q×Ns noise matrix. V(r,Ψ) is
the Q×L steering matrix that contains the delay information
of all the near-field sources to all the microphones and is
expressed as

V(r,Ψ) = [v(r1,Ψ1),v(r2,Ψ2), . . . ,v(rL,ΨL)], (24)

where v(rl,Ψl) is the steering vector of the lth source given
by (dependence of steering vector on k is omitted in notation)

v(rl,Ψl) =

[
e−ik∥r1−rl∥

∥r1 − rl∥
,
e−ik∥r2−rl∥

∥r2 − rl∥
, . . . ,

e−ik∥rQ−rl∥

∥rQ − rl∥

]T
.

(25)
Each term in the steering vector represents a unit-amplitude

spherical wave and hence, we can use (14) to represent the
steering vector (and by extension the steering matrix) in the
S2H domain. Truncating the summation in (14) to order N
(where N is referred to as the array order), each term in the
steering vector can be written as

e−ik∥rq−rl∥

∥rq − rl∥
=

N∑
n=0

n∑
m=−n

b̃n(k, rl, ra)[T
m
n (Ψl)]

∗Tm
n (Φq).

(26)
Then, we can express the steering matrix as

V(r,Ψ) = T(Φ)[B(r1)tH(Ψ1), . . . ,B(rL)tH(ΨL)],
(27)

where T(Φ) is a Q × (N + 1)2 sized matrix whose qth row
is expressed as

t(Φq) =
[
T 0
0 (Φq), T

−1
1 (Φq), T

0
1 (Φq), T

1
1 (Φq), . . . , T

N
N (Φq)

]
.

(28)
t(Ψl) is a 1 × (N + 1)2 row vector which is defined in the
same way as (28) with Φq replaced by Ψl. B(rl) is a diagonal
matrix of size (N + 1)2 × (N + 1)2 and is expressed as

B(rl) = diag(b̃0(k, rl,ra), b̃1(k, rl, ra), b̃1(k, rl, ra),

b̃1(k, rl, ra), . . . , b̃n(k, rl, ra)). (29)

The dependence of B(rl) on ra and k is omitted for notational
brevity. If the pressure were continuously observed over the
entire spherical sector, then the S2H transformation of the
pressure would be obtained by the integral in (4). However, in
our case, the spherical sector microphone array only samples
the pressure field at discrete spatial locations over the sector.
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Hence, in practical cases, the S2H transform of the pressure
field is approximated by a summation as

Pnm(k, r) ≊
Q∑

q=1

γqPq(k)[T
m
n (Φq)]

∗. (30)

where γq is the qth microphone’s sampling weight. The
weights are usually chosen based on various sampling schemes
as presented in [36]. Now, for all 0 ≤ n ≤ N and −n ≤ m ≤
n, the S2H transform in (30) can be written in a matrix form
as

Pnm(k, r) ≊ TH(Φ)ΓP(k), (31)

where Γ = diag(γ1, γ2, . . . , γQ) and Pnm = [P00, P1(−1),
P10, P11, . . . , PNN ]T. Using the orthonormality condition of
the S2H basis function, the following condition holds

TH(Φ)ΓT(Φ) = I(N+1)2 , (32)

where I(N+1)2 is an identity matrix of size (N+1)2×(N+1)2.
Now, substituting (27) into the array signal model (23) and
left-multiplying both sides by TH(Φ)Γ, we can write the near-
field data model in the S2H domain as

Pnm(k) = [B(r1)tH(Ψ1), . . . ,B(rL)tH(ΨL)]S(k)

+ Gnm(k), (33)

where Gnm(k) = TH(Φ)ΓG(k). We can write the array
model in (33) in a compact manner as

Pnm(k) = Vnm(r,Ψ)S(k) +Gnm(k), (34)

where Vnm(r,Ψ) is the near-field steering matrix in the S2H
domain and is expressed as

Vnm(r,Ψ) = [B(r1)tH(Ψ1), . . . ,B(rL)tH(ΨL)]. (35)

In the next section, we propose our near-field localization
techniques based on the array signal model in (34).

IV. PROPOSED LOCALIZATION OF NEAR-FIELD SOURCES
USING SPHERICAL SECTOR MICROPHONE ARRAY

The steering vector of a near-field source located at r =
(r,Ψ) in the S2H domain, based on the array model in (34),
can be expressed as

vnm(r,Ψ) = B(r)tH(Ψ). (36)

We now present near-field localization techniques for jointly
estimating the range, elevation and azimuth locations of the
source. The range has to searched over r as in (18) and Ψ has
to be searched over θ1 ≤ θ ≤ θ2 and ϕ1 ≤ ϕ ≤ ϕ2.

A. Spherical Sector Harmonics MUSIC for Near-Field Local-
ization (NF-S2H-MUSIC)

MUSIC is a subspace-based algorithm wherein we need the
covariance matrix of the array signal to obtain the noise sub-
space. For our model, the covariance matrix can be expressed
as

RPnm = E[Pnm(k)PH
nm(k)]. (37)

In practical situations with limited snapshots, the covariance
matrix is estimated using the sample covariance matrix as

R̂Pnm = 1
Ns

∑Ns

ν=1 Pnm(kν)P
H
nm(kν). The proposed NF-

S2H-MUSIC magnitude spectrum is now calculated as

DNF-S2H-MUSIC(r,Ψ) =
1

vH
nm(r,Ψ)UnmUH

nmvnm(r,Ψ)
,

(38)
where Unm is the noise subspace of R̂Pnm . The noise
subspace is obtained by using the lowest ((N + 1)2 − L)
eigenvalues of R̂Pnm . As the steering vectors of the near-field
sources are orthogonal to the noise subspace, the denominator
of the NF-S2H-MUSIC spatial spectrum tends to zero when-
ever (r,Ψ) corresponds to any of the source locations. This
means that the NF-S2H-MUSIC spectrum gives a peak at the
locations of the sources.

B. Spherical Sector Harmonics MVDR for Near-Field Local-
ization (NF-S2H-MVDR)

MVDR is a beamforming based source localization tech-
nique that minimizes the interference-plus-noise power while
maintaining a distortionless constraint (or a unity gain) to-
wards the desired source direction. For our case of near-field
localization using the array model (34), the proposed NF-S2H-
MVDR spectrum is calculated as

DNF-S2H-MVDR(r,Ψ) =
1

vH
nm(r,Ψ)R̂−1

Pnm
vnm(r,Ψ)

. (39)

The NF-S2H-MVDR also gives peaks at the location of L near-
field sources. As MVDR can also be used as a beamformer,
we develop an MVDR-based near-field beamformer in the S2H
domain in Sec. V.

C. Analysis of the Cramer-Rao Bound
In estimation theory, the CRB provides a lower bound on

the variance of any unbiased estimator for a parameter in
a statistical model. The CRB for DOA estimation of far-
field sources and source localization of near-field sources in
the SH domain was derived in [37] and [23], respectively.
Following the formulation in these two works, we derive the
CRB for near-field source localization in the S2H domain
in this subsection. The vector of unknown parameters to be
estimated is

η = [r1, r2, . . . , rL, θ1, θ2, . . . , θL, ϕ1, ϕ2, . . . , ϕL]
T. (40)

The Fisher Information Matrix (FIM) of the parameters is
written as

M =

Mrr Mrθ Mrϕ

Mθr Mθθ Mθϕ

Mϕr Mϕθ Mϕϕ

 . (41)

where r = [r1, r2, . . . , rL]
T,θ = [θ1, θ2, . . . , θL]

T and ϕ =
[ϕ1, ϕ2, . . . , ϕL]

T. The individual blocks of the FIM can be
obtained by replacing the far-field steering vector in [37] with
the near-field steering vector in (36) as

Mrθ = 2Re
{
(RSV

H
nmR−1

P VnmRS)
T ⊙ (V̄H

nmr
R−1

P V̄nmθ
)

+ (RSV
H
nmR−1

P V̄nmr)
T ⊙ (RSV

H
nmR−1

P V̄nmθ
)
}
,

(42)

Mθϕ = 2Re
{
(RSV

H
nmR−1

P VnmRS)
T ⊙ (V̄H

nmθ
R−1

P V̄nmϕ
)

+ (RSV
H
nmR−1

P V̄nmθ
)T ⊙ (RSV

H
nmR−1

P V̄nmϕ
)
}
,

(43)
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where V̄nmr =
∑L

l=1 V̄nmrl
and V̄nmrl

= ∂Vnm(r,Ψ)
∂rl

.
V̄nmθ

and V̄nmϕ
are defined similarly. RS = E[S(k)SH(k)].

Other blocks in the FIM can be defined by replacing the
appropriate parameters in (42) and (43). The derivative of
the steering matrix Vnm(r, θ, ϕ) with respect to r, θ and ϕ is
provided in Appendix B. The CRB for the different parameters
can finally be obtained as

CRB[η]i = [M]−1
i,i . (44)

V. NEAR-FIELD S2H MVDR BEAMFORMER

The location of the desired near-field source can be esti-
mated using the source localization techniques introduced in
the previous section. After localization, a beamformer can be
steered towards the desired location to increase the gain in
that location and suppress the interfering signals from other
locations. In this section, we present a near-field beamformer
capable of radial and angular filtering in the S2H domain based
on the MVDR principle. Let wnm be the beamforming filter
and vnm(rl,Ψl) be the steering vector of the desired source
in the S2H domain. Since the array model in (34) is similar to
the model in the spatial domain [4], the weights of the near-
field MVDR beamformer in the S2H domain can be obtained
by solving the following optimization problem analogous to
the MVDR beamformer formulation in the spatial domain

min
wnm

wH
nmR̂Pnmwnm s.t. wH

nmvnm(rl,Ψl) = 1. (45)

The objective function of the beamformer minimizes the power
of the beamformer output, while the constraint puts a unity

gain towards the desired location. The solution of (45) is
obtained as

wnm =
R̂−1

Pnm
vnm(rl,Ψl)

vH
nm(rl,Ψl)R̂

−1
Pnm

vnm(rl,Ψl)
(46)

For every possible spatial location (r,Ψ), the beampattern of
the near-field MVDR beamformer can now be obtained as

Z(r,Ψ) = |wH
nmvnm(r,Ψ)|. (47)

Once again, the radial range of the beampattern is given by
(18) and the angular range is θ1 ≤ θ ≤ θ2 and ϕ1 ≤ ϕ ≤ ϕ2.

In all our proposed algorithms, we have assumed that the
source is present in the same angular sector as the array. In
Appendix A, we present a formulation for cases where the
source is not restricted to the same angular sector as the array
and can be present anywhere.

VI. SIMULATION PERFORMANCE

In this section, we perform various near-field simulations to
analyze the performance of the proposed algorithms. Unless
otherwise mentioned, for all the simulations, we consider a
rigid array with 20 microphones placed on a sector given by
α1 = 2, α2 = −1 and β = 1 with radius ra = 0.042m. This
corresponds to a hemispherical sector with an elevation range
of [0◦, 90◦] and an azimuth range of [0◦, 360◦). The array is
capable of capturing a wavefield of order N = 3. The sources
will be present in the same angular sector as the array in all
the simulations.

(a) (b) (c)

(d) (e) (f)

Fig. 4. Magnitude of the spatial spectrum of (a) NF-S2H-MUSIC and (b) NF-S2H-MVDR at fixed range; (c) NF-S2H-MUSIC and (d) NF-S2H-MVDR at fixed
elevation & (e) NF-S2H-MUSIC and (f) NF-S2H-MVDR at fixed azimuth. Two near-field sources are present at (0.05m, 40◦, 150◦) and (0.07m, 50◦, 165◦).
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A. Spatial Spectrum of the Proposed Source Localization
Methods

We place two closely spaced near-field sources at r1 =
(0.05m, 40◦, 150◦) and r2 = (0.07m, 50◦, 165◦) that are
emitting spherical waves onto the spherical sector array. The
frequency of the two signals is 2 kHz and the signal-to-noise
(SNR) is set at 10 dB. We now apply NF-S2H-MUSIC and
NF-S2H-MVDR to jointly estimate the range, elevation and
azimuth locations of both sources. Fig. 4 shows the magnitude
of the spatial spectrum of both algorithms. Fig. 4(a) and (b)
show the elevation and azimuth plot for a fixed range. We can
see that both algorithms show a peak at the location of the two
sources. NF-S2H-MUSIC, being a subspace-based algorithm,
has a better resolution than NF-S2H-MVDR. Fig. 4(c) and (d)
show the range and azimuth plot for a fixed elevation, and once
again, both algorithms show peaks at the desired location. The
lower resolution of NF-S2H-MVDR is more clearly visible
in the case of range estimation when compared to the high-
resolution plot of NF-S2H-MUSIC. Similar conclusions can
be drawn from Fig. 4(e) and (f), which show the range and
elevation plot for a fixed azimuth.

B. CRB Plots

In this subsection, we plot the CRB for near-field range,
elevation and azimuth estimation. We consider two different
spherical sector arrays. Sector 1 is the same as described
before and sector 2 is given as α1 = 2, α2 = −1 and β = 3
(i.e. θ ∈ [0◦, 90◦] and ϕ ∈ [0◦, 120◦]). Both sectors are of
radius 0.042m and have 20 microphones. We assume a single
source is placed at (0.085m, 40◦, 30◦). Fig. 5 shows the CRB
for range estimation for different frequencies. The figure shows
that the CRB for sector 1 is lower than sector 2 whereas the
CRB for f = 1500 Hz is higher than for f = 500 Hz.
This indicates that a larger sector leads to lower CRB, and
a lower frequency leads to lower CRB for range estimation.
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(a) f = 500 Hz
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(b) f = 1500 Hz

Fig. 5. CRB for range estimation using two different spherical sector arrays.
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(a) f = 500 Hz
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(b) f = 1500 Hz

Fig. 6. CRB for elevation and azimuth estimation using two different spherical
sector arrays.

TABLE I
RMSE OF RANGE, ELEVATION AND AZIMUTH ESTIMATION USING

NF-S2H-MUSIC

SNR (Ns = 2000)

5 dB 10 dB 15 dB 20 dB 25 dB 30 dB

r (m) 0.0179 0.0061 0.0029 0.0015 0.0009 0.0005
θ (◦) 2.2731 0.6663 0.2989 0.1649 0.0707 0.0216
ϕ (◦) 4.8124 2.0842 1.6266 0.5374 0.2990 0.1299

Number of snapshots (SNR = 10 dB)
500 1000 1500 2000 2500 3000

r (m) 0.0167 0.0089 0.0067 0.0058 0.0045 0.0043
θ (◦) 2.0146 1.1742 0.8326 0.6490 0.5138 0.4800
ϕ (◦) 3.8509 3.0672 2.7649 2.0353 1.6215 1.2821

Fig. 6 shows the CRB for elevation and azimuth estimation
for different frequencies. The figure shows that the CRB for
sector 1 is higher than sector 2 whereas the CRB for f = 1500
Hz is lower than for f = 500 Hz for elevation and azimuth
estimation, which is the opposite to the behaviour of CRB for
range estimation.

C. RMSE Performance of Range, Elevation and Azimuth Es-
timation

Here, we evaluate the root mean square error (RMSE)
performance of NF-S2H-MUSIC. RMSE for range estima-

tion is calculated as RMSE =
√

1
ZL

∑Z
z=1

∑L
l=1(r̂l,z − rl)2,

where r̂l,z is the estimated range of the lth source in the
zth trial and Z is the total number of trials. The RMSE for
elevation and azimuth estimation is defined likewise. To obtain
the RMSE for range estimation, we consider two sources at
(0.085m, 40◦, 165◦) and (0.2m, 40◦, 165◦) with a frequency
of f = 400 Hz. Table I shows the RMSE values averaged over
Z = 200 trials for different SNRs and number of snapshots
(Ns). From the table, we see that NF-S2H-MUSIC performs
well even for low SNR and number of snapshots, with its
performance significantly improving for high SNR and number
of snapshots. Similar conclusions can be drawn for elevation
and azimuth estimation.

D. Probability of Resolution of Range Estimation

To evaluate the probability of resolution, we assume
two near-field sources close to each other with the same
azimuth and elevation angle at (0.065m, 40◦, 165◦) and
(0.095m, 40◦, 165◦). The probability of resolution (PR) is

0 5 10 15 20 25 30
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0.2

0.4

0.6

0.8

1

(a) Ns = 500

0 5 10 15 20 25 30

0

0.2

0.4

0.6

0.8

1

(b) Ns = 1000

Fig. 7. Probability of resolution for range estimation of the proposed
localization algorithms with varying SNRs.
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(a)

(b)

Fig. 8. Beampattern of the proposed near-field S2H MVDR beamformer with
the desired source present at (0.3m, 40◦, 70◦) and the interfering source
present at (0.1m, 30◦, 50◦).

defined as the ratio of successful range estimation of both
sources to the total number of trials. Range estimation is
considered a success if the condition |r̂l,z − rl| < 0.005m
is satisfied for both the sources. Fig. 7 shows the PR for both
localization algorithms for varying SNRs and two different
number of snapshots. The figure shows that PR improves with
increasing SNR and number of snapshots. The figure once
again highlights the better resolution capability of NF-S2H-
MUSIC over NF-S2H-MVDR as the latter is unable to resolve
the sources for lower SNRs.

E. Beampattern Analysis of Near-Field S2H MVDR Beam-
former

To analyze the beampattern of the proposed beamformer
in Sec. V, we place two near-field sources at locations given
by source 1: (0.1m, 30◦, 50◦) and source 2: (0.3m, 40◦, 70◦).
The frequency of operation is considered to be 500 Hz and the
SNR is fixed at 10 dB. Source 2 is considered to be the desired
source and source 1 is the interfering source. The beampattern
obtained from (47) is plotted in Fig. 8. Fig. 8(a) shows the
beampattern for elevation and azimuth with a fixed range. The
figure shows that the array gain in the desired direction is
0.84 dB while the gain towards the interfering direction is
−50.98 dB. Fig. 8(b) shows the beampattern for range and
azimuth with fixed elevation. The gain at the desired location
is almost −1.22 dB (close to unity gain), while the gain at the
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(b) r = 0.3m
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(c) ϕ = 50◦
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(d) ϕ = 70◦

Fig. 9. 2D beampattern of the proposed near-field S2H MVDR beamformer
with the desired source present at (0.3m, 40◦, 70◦) and the interfering source
present at (0.1m, 30◦, 50◦).

interfering source location is approximately −27.54 dB. Thus,
the proposed beamformer is capable of both radial as well as
angular spatial filtering.

Fig. 9 shows the 2D version of Fig. 8. Fig. 9(a) and (b) show
the beampattern for different azimuth angles at the undesired
range of r = 0.1m and the desired range of r = 0.3m for
a fixed elevation, respectively. From Fig. 9(a), the array gain
is much lower at the azimuth angle of source 1 than source
2 as desired. From Fig. 9(b), there is no sudden drop in the
array gain around the undesired azimuth angle. Fig. 9(c) and
(d) show the beampattern for different ranges at the undesired
azimuth of ϕ = 50◦ and the desired azimuth of ϕ = 70◦

for a fixed elevation, respectively. From Fig. 9(c), the array
gain is much lower at the range of source 1 than source 2
as desired. From Fig. 9(d), there is a drop in the array gain
around the undesired range. So, from Fig. 9(a) and (c), the
beamformer filters out the signal coming from the undesired
location. And from Fig. 9(b) and (d), we can conclude that the
beamformer is more sensitive to radial variation than azimuth
variation around the desired location. This can be beneficial in
applications where a slight variation in the azimuth direction
of the desired source is anticipated.

F. Performance of Near-Field Localization with Increasing
Range of the Source

In this subsection, we analyse the performance of the
proposed near-field source localization methods as the source
moves further away from the array. A single source is con-
sidered with direction (40◦, 60◦) with a frequency of 1500
kHz. For this frequency with N = 3 and ra = 0.042m,
the near-field range is 0.042m ≤ rl ≤ 0.108m. We plot the
spatial spectrum of NF-S2H-MUSIC and NF-S2H-MVDR for
three values of rl = 0.06m, 0.1m and 0.7m. All the spatial
spectrum plots are shown in Fig. 10. Since, rl = 0.06m
is closest to the array and well within the near-field range,
the spectrum in Fig. (a) and (b) for both NF-S2H-MUSIC
and NF-S2H-MVDR give a precise and narrow peak at the
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(a) (b)

(c) (d)

(e) (f)

Fig. 10. Spatial spectrum of NF-S2H-MUSIC (first column) and NF-S2H-
MVDR (second column) as the source moves away from the array. Both
algorithms localize the source better in the near-field as seen in (a) and (b)
than in the far-field as seen in (e) and (f), respectively.

TABLE II
COMPUTATIONAL REQUIREMENT OF THE PROPOSED ALGORITHMS.

Run Time (s) CPU (%) Memory usage (MB)

NF-S2H-MUSIC 6.3727 29.57 2522.1

NF-S2H-MVDR 5.2707 25.34 2486.2

source location. For rl = 0.1m, which is at the near-field
border, the width of the peak is still narrow for NF-S2H-
MUSIC while the peak for NF-S2H-MVDR becomes broader.
Finally, for rl = 0.7m, which is outside the near-field range,
the peak of NF-S2H-MUSIC broadens while the spectrum
of NF-S2H-MVDR is unusable. Thus, the near-field methods
degrade in performance in the far-field region. Fig. 10 also
again highlights the difference in resolution of the NF-S2H-
MUSIC and NF-S2H-MVDR methods.

G. Computational Complexity Analysis

Finally, we tabulate the computational resources required by
the proposed localization algorithm in Table II. The algorithms
were run on a system with Intel(R) Core(TM) i5-9500 CPU
with a clock frequency of 3 GHz and 20 GB of RAM.
The run times of the algorithm were calculated using the tic

and toc functions in MATLAB version R2021b. The memory
requirement and CPU usage were obtained through Microsoft
Window’s system information app [38]. The acoustic scenario
laid out in VI-A was considered. From the table, NF-S2H-
MVDR is slightly less computationally expensive than NF-
S2H-MUSIC. However, it is to be noted that NF-S2H-MUSIC
performs significantly better, especially in range estimation.

VII. CONCLUSION

This work introduces near-field acoustic localization and
beamforming using a spherical sector microphone (S2MA)
array. Unlike a spherical array where microphones are placed
over the entire surface of the sphere, in an S2MA, the
microphones are placed only in a specific sector of the sphere’s
surface. This generalizes the design of spherical arrays and
makes S2MAs suitable for many applications. We begin our
work by first decomposing the spherical waves from near-
field sources in the S2H domain using the orthonormal S2H
basis functions. Then, using the decomposition, we developed
a novel near-field array data model in the S2H domain. Based
on the data model, acoustic localization and beamforming
techniques are proposed for near-field sources. The CRB
for near-field localization in the S2H domain is also pre-
sented. Various near-field simulations have been performed
to highlight the performance of the proposed algorithms. In
the future, sparsity-based localization, dereverberation, blind
source separation, speech diarization, etc. of near-field sources
can be developed in the S2H domain based on the array model
presented in this work.

APPENDIX

A. Near-field source not present in the angular sector of the
array

We note that due to the presence of the term Tm
n (Ψl) in (26),

the source is restricted to lie in the same angular as that of the
spherical sector array. So, Tm

n (Ψl) is an appropriate choice
if the source is located in the angular sector of the array.
However, if a source is located anywhere other than the sector,
then the unit amplitude near-field pressure can be modified as

e−ik∥rq−rl∥

∥rq − rl∥
=

N∑
n=0

n∑
m=−n

b̈n(k, rl, ra)[Y
m
n (Ψl)]

∗Tm
n (Φq),

(48)
where Y m

n (Ψl) is the spherical harmonics basis function
defined as

Y m
n (θ, ϕ) =

√
(2n+ 1)(n−m)!

4π(n+m)!
Pm
n (cos θ)eimϕ,

∀ 0 ≤ n ≤ N, 0 ≤ m ≤ n

= (−1)|m|Y |m|∗
n (θ, ϕ), ∀ − n ≤ m < 0 (49)

and the modified nth order strength of the near-field mode
b̈n(k, rl, ra) is related to the modified nth order strength of
the far-field mode strength b̈n(k, ra) in the same way as (15)

b̈n(k, rl, ra) = i−(n−1)kb̈n(k, ra)hn(krl), (50)
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where b̈n(k, ra) is expressed as

b̈n(k, r)

=


4πin√

α
(2n+1)
1 β

jn(kr) : open sector

4πin√
α

(2n+1)
1 β

(
jn(kr)− j′n(kra)

h′
n(kra)

hn(kr)
)

: rigid sector,

(51)

Now, the entire formulation of near-field source localization
can be carried out as presented in Section III and IV using the
transformation in (48) for the case when the source is not in
the angular sector.

B. Derivative of the S2H near-field steering vector

We rewrite the near-field steering matrix in the S2H domain

Vnm(r,Ψ) = [B(r1)tH(Ψ1), . . . ,B(rL)tH(ΨL)]. (52)

We note that only the lth column of Vnm(r,Ψ) has the
parameters (rl, θl, ϕl). So,

∂Vnm(r,Ψ)

∂rl
=

[
0,0, . . . ,

∂B(rl)tH(Ψl)

∂rl
, . . . ,0,0

]
(53)

The derivative of B(rl) with respect to rl depends on the
derivative of hn(krl). To facilitate that, we use the following
recursive relations of the spherical Hankel function [23], [35]

2n+ 1

x
hn(x) = hn−1(x) + hn+1(x)

h′
n(x) = hn−1(x)−

n+ 1

x
hn(x),

which leads to

h′
n(x) =

n

x
hn(x)− hn+1(x). (54)

Substituting x = krl, we finally get

∂hn(krl)

∂rl
=

n

rl
hn(krl)− khn+1(krl). (55)

In a similar manner, the derivative of Vnm(r,Ψ) with respect
to θl will result in zero columns except at the non-zero lth

column ∂B(rl)t
H(Ψl)

∂θl
, which involves the derivative of the

shifted ALP P̃m
n (cos θ). To facilitate that, we use the following

recursive relations of ALPs [39]

(2n+ 1)xPm
n (x) = (n+m)Pm

n−1(x) + (n−m+ 1)Pm
n+1(x)

∂Pm
n (x)

∂x
=

1

x2 − 1
[xnPm

n (x)− (n+m)Pm
n−1(x)],

which leads to

∂Pm
n (x)

∂x
=

1

x2 − 1
[(n−m+ 1)Pm

n+1(x)− (n+ 1)xPm
n (x)].

(56)

Substituting x = α1 cos θ + α2, we get

∂P̃m
n (cos θ)

∂θ
=

α1 sin θ

1− (α1 cos θ + α2)2
[(n−m+ 1)P̃m

n+1(cos θ)

− (n+ 1)(α1 cos θ + α2)P̃m
n (cos θ)].

(57)

Finally, the lth non-zero column ∂B(rl)t
H(Ψl)

∂ϕl
involves the

derivative of the scaled exponential function ẽimϕ which
results in

∂Tm
n (Ψl)

∂ϕl
= imβTm

n (Ψl). (58)

The expressions in (55), (57) and (58) can be used to obtain
V̄nmr , V̄nmθ

and V̄nmϕ
to calculate the CRB for near-field

sources in the S2H domain.
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