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Abstract

In 1928, the Artin-Hasse Exponential E(x) was created and it’s considered an analogue
of the exponential function that comes from infinite products. It also has applications
in formal group schemes and is studied in the p-adic number system. In this paper,
fundamental results about the field of the p-adic rationals, @, like completion, are
proven while smaller propositions are left to the reader. The integrality of E(x) is
shown using Dwork’s Lemma and extensions of the Artin Hasse exponential are further
discussed.

1 Introduction

n
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The exponential above is the Artin-Hasse Exponetial discovered by Artin and Hasse in
1928. It’s a function that is a composition of two functions with p-adically large coefficents,
where those coefficents are bounded. We define exp(x) as the formal power series ), %
in the ring, Qp[[z]]. There are many interesting results regarding this exponential. For
example, despite all the fractions in the exp(x) function, we can prove the integrality of
the coefficents of E(x). We build up to Dwork’s Lemma is proven using induction from
which various corollaries arise. To lay out some groundwork, first, the p-adics have to be

introduced.

2 The p-adic number system

We have to show the properties of the exp(x) and log(x) still hold in the p-adics. We define
the p-adic number system as below.

Definition 1: Let p be a prime number. Define Z,, = {(a1, a2, as,...)|a; € Z/pZ} to be
the set of p-adic integers. Equivalently, one can write an element a € Z, as the power series
a=agp+aip+ap®+... with a; € {0,1,...,p—1}.



2 THE P-ADIC NUMBER SYSTEM

We can write a number n as a formal power series, or as in base p in the p-adics. Notice
that we cannot rigidly define the p-adics like we can do for Z or Q. To write a number in
the p-adics, we need to be able to find solutions to congruences mod p,p?, p® and so on.
Hensel’s Lemma states this explicitly.

Hensel’s Lemma: Let f(z) € Z,[z] and a; € Z,. Assume that f(a;) =0 (mod p) and
f'(a1) # 0 (mod p). Then there is a unique a € Zj, such that f(a) =0 and a = a; (mod p)

Example 1: Consider the equation 22 = 2 (mod 7") in Z. It can be easily verified that
the solutions taken mod 7 are x = +3. Then, z = Tk £ 3 for some integer k. Now let us
consider the equation mod 49. Then, 2% = (7k + 3)? = 49k? £ 42k +9 = 7k + 9 = 2 (mod
49) = 47k =-7 (mod 49) — k=41 (mod 7) = n=7(Tk+1)+3 =410 (mod
49). Notice how the exponent is building.

Proof. Let us assume a; exists and show that a unique a exists. We know that f(a;) =0
(mod p) and a1 = a (mod p). Let a = bp + a; for some b € Z. Let us create a function
f. Then, f(a) = f(bp+a1). We already know that a; exists, so we want to show that a does.

Taking the Taylor Series of f centered at a; gives:

) = fo) + Flan)e —an) + L0l SO

Then,

f(a) = f(bp+ar) = f(a1)+f'(a1)(bp)

+W+..-+W+~- =0 (mod p)

n!

Thus we know f(a) = 0 (mod p) = f(a) = pk for some k € Z. Like our above
example, now let us consider mod p?:

f(a) = f(ar) + f'(a1)(bp) = f(a) + f'(a1)(bp) = pk + f'(a1)(bp) = 0 (mod p?)
Dividing everything through by p gives
k+ f(a)b =0 (mod p)
Since f(a1) Z 0 ( mod p), we know that it has an inverse. Thus we can take
b= (=k)(f'(a1))”" (mod p)

Since k is unique and f’(a1) is unique, b must be unique. Thus we have shown that we
can construct a unique a that satisfies f(a) =0 and a = a; (mod p).
O
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Definition 2: Q, = Zp[]%] where Q,, is the field of p-adic rationals. Moreover, we have
two p-adic numbers, 1% and pim equal only if ap™ = bpF.

For example, note that we have (1’4’113") + (3’33’3") + (2’5’914“') € Zs.

But, the above is not equal to (1,4,13...) + (1,1,1...) + (%, %, 1@4...). The division above

is merely used as notation and does not directly translate to above. More generally, any
element of Q, is ag + %1 + ;—5 + g—g + ... and taking p* as the common denominator we get

aotaiptasp’+... _ a
Pk pre

Definition 3: We define the p-adic absolute value (or norm) to be the function |.|,:

Q — R, such that for ¢ € Q, |q|, = p~*»(9), where v,(q) is the exponent of the largest power
of p that divides q. This is the analogue of the absolute value in Z for the p-adics.

Proposition 1: Q) is the completion of Q with respect to |-|.

Proof. To show that @, is the completion of Q, we must show that all Cauchy sequences
of rationals converge to some value in @@, and that for all a € Q,, there exists a Cauchy
sequence of rationals which converges to a.

Claim 1: For all a € Q,, there exists a Cauchy sequence of rationals which converges
to a.

Fix a € Qp. For some k € Z, we may write the p-adic expansion of a to be:
oo
a = ppa® + ppp1a" T + priodtt 4L = Zpkﬂai
i=0

Define the partial sums S, = > i, p*Ta;, and note that Vn € Zs, S, € Q.

Consider the sequence (Sp, S1, 52, ...) in Q. We claim that this sequence is Cauchy, and
converges to a. To see that it is Cauchy, we note that Ve > 0, 3N € N such that 0 < ;%N < e.

Note that Ym,n € N such that m > n > N — k, we have:

Sm — Sn = Zpk+iai —
karn’(Sm —5p) =
pN’(Sm - 5p) =

1
‘Sm_Sn|p§]9W<6
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It follows that our sequence (Sp,Si,S2,...) is Cauchy. Moreover, we claim that this
sequence converges to a in Q. Ve > 0, 3N € N such that 0 < I%N < €. Vn > N — k, note
that:

o0
a— S, = Zpl””an =
i=n

pk+”](a -5, =
pN](a -5, =

1
‘G—Sn|p§piN<€

Thus (Sp, S1,S2,...) is a Cauchy sequence converging to a in Q,.

Claim 2: Every Cauchy sequence of QQ, converges to some a in Q.

Let (z1,x2,23,...) be an arbitrary Cauchy sequence of elements in Q,. We may write
each x; as a p-adic expansion. Let each x; = Zj’;kl p’a;j, for some k; € Z.

We note that for all g € Z, there exists IV, € N such that the p? coefficient of x,, for all
n > Ny is the same.

This is because as (x1, z2, 3, ...) is Cauchy, for all ¢ € Z there exists N, € N such that
for all m,n > Ng:

1
|y — X |p < }E —

Py — 2y =
ij(amj — anj) =0 =
Ji<q

mj = Anj, V] < q

Specifically we obtain a,,q = angq, as desired. For each q € Z, let by be the unique coeffi-
cient of p? for which there exists N, € N such that all z;,, with n > N; have a p? coefficient
of b;. Take a € Q, such that the p? coefficient of a is b;. We claim that a is the limit of
(331, 9, T3, .. )

Ve > 0, AM € N such that 0 < piM < e. Take N € N to be the maximum of N, for

all ¢ < M. Note that Vn > N, x,, has p/ coefficients of bj for all j < M. It follows that
Vn > N:
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M (

a—x,) =

la — x|, < <€

pM
Thus (x1, 2,23, ...) converges to a € Q), as desired.
Combining our two claims, it follows that Q, is the completion of Q. O

3 Radius of Convergence

We want to examine all properties of E(x), and this logically includes the radius of conver-
gence since we are dealing with a polynomial.

Proposition 2: The radius of convergence r of a power series X,,>pa,z", is equal to

(lim sup |y |) !

Proof. We start by dividing our proof into three cases: r = 0, r = oo, and r € (0, c0)

Case 1: r = 0. Our goal is to show that f(z) doesn’t converge for x # 0 in Q,. For

r =0, we have lim,, 00| ay| n = 00, 80 we know that some sub-sequence of {/|a,| approaches
oo. For z € Q, — {0}, we want to prove that f(z) isn’t convergent.

If x # 0, then |z| > 0= /]a,| > ﬁ = |apx™| > 1 for infinitely many n.
Therefore, since ¥,,>0a,z" doesn’t converge because the general sum never approaches
Z€ro.

Case 2; R = oo. Our goal for this case is to show that f(z) converges Vax € Q.
(lim sup |an|%)_1 =0 so |an|% = 0. We know that the convergence f(z),z =0 (Case 1) is
obvious, so for x € Q,, we have:

1 1
|an|% < —— for n > 0 implies |a,z"| < on for sufficiently large

2|

Therefore, by the convergence of E|%| in R implies the convergence of ¥a,z"
Case 3: r € [0,00]. Our goal is to show that Vr in the range [0, R], \an]% converges.

1 . 1
0<|z]<R=0< o= (im sup ,,—y00|a@n|™)

1
We know that there is a value €, 0 < € < 1, such that % < ﬁ Therefore, lim sup o0 |an |7 <
l—e
|] _ '
the comparison test, ¥,>o|a,z™| converges in Q. O

= |apz"| < (1 — €)™ for n sufficiently large. Because X,,>0(1 — €)™ in r converges, by
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3.1 The p-adic exponential and logarithm
Definition 4: We define exp(z) =}, - (n), and log(z) = >, % in the ring Qp[[x]]

Proposition 3: The properties listed below are true in the p-adics.
L. exp(x+y) = exp(x)exp(y)

2. exp(nx) = exp(z)"

3. lexp(x —y)lp = |z —ylp

We can prove the first part of Proposition 1.

Proof. So we need to use formal power series to prove this p-adically. We know that

ZE:O %, so we can use the binomial theorem where we have (a+b)", sowe Y\ n 22:0 (D)
a™~*b* which is true from the Binomial Theorem, and we know that the binomial coefficients

are () = #k:),k, So the nl’s cancel, and then we get > -, Zk 0 k,?nkz),, where it’s

i k

> >0 Zk —0 TR H which is what we desire. O

Exercise 1: Prove statements 2 and 3 in Proposition 1.

-1
Proposition 4: The radius of convergence of exp(x) is pr—1I.

Proof. Now we continue by using Proposition 3, which states the radius of convergence for

a power series. We are working in the p-adics so we will use the p-adic norm. We want to
vp(n!)
find that lim,_eop n just plugging in n! into the radius of convergence formula.

We need to know vp,(n!). From Legendre’s Theorem, we can say that v,(n!) = 7";‘1";”)
vp(nl) 1
So, vp(n!) < 5%7- So U”( ) < 571 Thus, p S < prl. O

We also want to talk about log(x), given it’s not as important for our purposes. We
notice that the logarithm is the inverse of the exponential, but we want to prove this.

Proposition 5: exp(x) and log(x) inverse functions of each other in the p-adics.
This means that we want to show exp(log(z)) = x and log(exp(x)) = . We will only

prove one direction here, and the other is left as an exercise to the reader.

Proof. exp(log(x)) = x. We see that Lelos(1+2) = =€ elo9(1+2) - Generally, we see that

(1+z) L(f(2)) = f(z). Let’s make a functlon flx) =307 apa™. We can write...

o0 [o¢]
1—1—3:)-2 an-nxn_lzg ap - x"

On the LHS, we have a; + (a1 + a2)x + (2a2 + 3a3)x? + .... On the RHS, we have that
ag + ar1r + (az)?2?... Equating coefficients we get that...
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apg = aj
a1+ 2a2 = a1

2a9 + 3a3 = (a2)2

This means, as = az = a4 = .... = 0. Only the constant terms are equal, which is what
we want. This implies that any expression satisfying f(x) is a constant multiple (1+z). O

4 Integrality of E(x)

Contrary to the form of E(x), the coefficents of the polynomial are integers and we can
prove this fact with a powerful lemma that can be proved using induction.

Dwork’s Lemma: Let f(z) € 1+ 2Qp[[z]] be a power series with p-adic rational

coefficients. Then f(z) € 1+ 2Zp[[z]] <= ;Ei;ﬁ € 1+ paZyl[x]].

Exercise 2: Prove the forward direction of this statement. (Hint: Utilize the general-
ization of Freshman’s Dream)

Proof. For the other direction, we proceed by induction. Suppose for some f(z) € 1+

xQpl[[x]], we have that ;Ef;g € 1+ xZp[[z]], and thus there exists g(x) € 1 + pxZy[[x]] such

that f(a?) = f(x)" - g(a).

Base Case: we note that the constant term of our polynomial must be 1 by the as-
sumption that f(z) € 1+ 2Q,[[z]]. Note that 1 € Z,.

Inductive Step: Suppose for some N > 1, we have that for all n € N such that n < N,
the 2™ coefficient of f(z) is in Z,,.

Firstly, we claim that the Nth coefficient of f(x)P - g(z) is congruent to the Nth coeffi-
cient of (3, -y anx™)? in Z,. We note that as f(x) has no coefficients of negative x powers,
we can truncate f(x) up to the Nth term when we are considering just the coefficient of
zV. So the Nth coefficient of f(z)P - g(x) is congruent to that of (3, -y anz™)? - g(z). As
g(w) € 1+ paZy[[z]], it follows that the Nth coefficient of f(x)P - g(x) is congruent to that
of (3, <y ana™)P in Zj, as desired.

Now we show that ay is in Z,, considering two cases:

Case 1: p/ N
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Recall f(2P) = f(x)P - g(x). Note that if p / N, the coefficient of 2V on the LHS is 0.
Thus we have that 0 is equivalent to the zV coefficient of (3", -y anz™)? in Z,. To form
a term of 2V from (Y, -y an2™)P, we can combine the ayz term in (3°, -y anz™) with
p — 1 other constant terms ag = 1, in p ways. a

N

All other ways to combine terms of (>, -y anz™)? to yield an = coefficient do not

involve a term of ayz®, and by our inductive hypothesis are comprised only of a product of
coefficients in Z,. By the multinomial theorem, each of these terms occurs with a coefficient
divisible by p, and thus we may equate coefficients on the left and right hand sides to write
that 0 = pay + ¢ in Zj, for some ¢ € pZ,. Thus it must be that ay € Z,, completing our
inductive hypothesis in this case.

Case 2: p|N

Once again, consider f(zP) = f(x)P - g(x). Note that the " coefficient on the LHS is
an. On the right hand side, the 2™V coefficient is equivalent to that of (3, -y anz™)P in
> <

N

Zy,. We note that we can form an 2V term by combining n terms of anz .
p

We can also form such a term by taking the ayz™ term in (3", - 5 @nz™) with p—1 other
constant terms ag = 1, in p ways. By our inductive hypothesis, we note that all other terms
of 2V are comprised only of a product of coefficients in Zy. By the multinomial theorem,
each of these terms occurs with a coefficient divisible by p. Equating coefficients on the left
and right, we have ay = apﬂ + pan + c in Z,, for some c € pZ,.

P P

By our inductive hypothesis we have that aN € Zp, and thus ab N = =a ¥ in Z;, by Fermat’s

Little Theorem in Z,. So we have that aN = aN + pan + ¢ in Zp, and thus 0=pany+cin

Zy,, which implies ay € Zy, as ¢ € pZy. ThlS completes our inductive hypothesis in this case.

Combining cases 1 and 2, we have completed our inductive step, and thus we have that
for all n € N, a,, € Z,. As ap = 1, it follows that f(z) € 1+ zZ,[[z]], completing our
backwards direction. O

Proposition 6: exp(—pz) € 1 + pxZy[[z]]

Proof. We have that exp(—px) =}, < % =1+ 5 (7%‘4)”.

For n > 1, by Legendre’s Theorem recall that v,(n!) = (%’@), where s,(n) is the

sum of the digits of n in base p. Thus, Up((fz?n)) =n-— (%"in)) >n— (z%) = 71(;;;:12)) >0,
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and so vp((_p)n)) > 1, from which we obtain } -, (cpa)” ¢ paZp|[x]]. Thus 3, <, (=pa)” ¢

U pezyllal] = exp(—pr) € 1+ pat[s] : m
O

Proposition 7: gg;ﬁ = exp(—pz).

Proof. We will need to utilize some of the exponential properties listed in Proposition 3.

p" P p"
T T

xP" xP"
yr=lep| > ]| =exp PZPT = exp P$+Pzp7 = exp(pr)-exp | Y

pn
n>0 n>0 n>1 n>1

B

8

p(n+1) p\p"
& = exp(px) -exp | Y (=)

n>0

= exp(pr) - exp Z = exp(pz) - E(zP)

7 n
>0 p p

It follows that ggi;z exp%px)

= exp(—pz), as desired. [

Corollary 1: E(z) € Zy[[z]]

As we have shown that exp(—px) € 1 + pxZy[z], it follows that:

E(xP)
E(x)p

E(xP)
E(x)r

= exp(—pr) =

€ 1+ paZy[[z]]
. By Dwork’s Lemma we have that E(z) € 1 + 2Zy[[z]], and thus E(x) € Z,[[z]]. O

4.1 Radius of Convergence of E(x)

—1
We found that the radius of convergence of exp(x) is pr—1, but we can come up with a
stricter radius for E(x). To do this, we will utilize a different definition of exp(x).

—u(n) —u(n)
Definition 5: exp(x) = [[,5,(1 —2") " then we get E(x) = [ (1—2") C
Thus, the radius of convergence of E(x) is 1 from above. We can see the above definition
is true from taking the log of both sides of exp(x). From the formal power series of exp(x) we
1

have that the radius of convergence is 1 for E(x), which is more tightly bounded then pﬁ
(Proposition 3). To note, there are many more properties of the Artin Hasse Exponential,
but many require advanced p-adic analysis to dig deeper into.
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