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A Random Coding Approach to Performance

Analysis of the Ordered Statistic Decoding

With Local Constraints
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Abstract

This paper is concerned with the ordered statistic decoding with local constraints (LC-OSD) of

binary linear block codes, which is a near maximum-likelihood decoding algorithm. Compared with the

conventional OSD, the LC-OSD significantly reduces both the maximum and the average number of

searches. The former is achieved by performing the serial list Viterbi algorithm (SLVA) or a two-way

flipping pattern tree (FPT) algorithm with local constraints on the test error patterns, while the latter

is achieved by incorporating tailored early termination criteria. The main objective of this paper is to

explore the relationship between the performance of the LC-OSD and decoding parameters, such as

the constraint degree and the maximum list size. To this end, we approximate the local parity-check

matrix as a totally random matrix and then estimate the performance of the LC-OSD by analyzing

with a saddlepoint approach the performance of random codes over the channels associated with the

most reliable bits (MRBs). The random coding approach enables us to derive an upper bound on the
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performance and predict the average rank of the transmitted codeword in the list delivered by the LC-

OSD. This allows us to balance the constraint degree and the maximum list size for the average (or

maximum) time complexity reduction. Simulation results show that the approximation by random coding

approach is numerically effective and powerful. Simulation results also show that the RS codes decoded

by the LC-OSD can approach the random coding union (RCU) bounds, verifying the efficiency and

universality of the LC-OSD.

Index Terms

List size, ordered statistic decoding with local constraints (LC-OSD), performance bounds, random

codes, serial list Viterbi algorithm (SLVA).

I. INTRODUCTION

As a central problem in coding theory, the maximum-likelihood decoding (MLD) of a general

binary linear code is considered to have no efficient algorithms due to its NP-completeness [1].

The ordered statistics decoding (OSD) investigated by Fossorier and Lin [2] is a near-optimal

list decoding algorithm but requires a large number of searches, leading to high complexity. The

OSD algorithm first sorts the reliability vector and then selects k linearly independent positions

with the most reliabilities, referred to as the most reliable basis. By re-encoding, the OSD lists all

codewords with Hamming distance no greater than t (a preset nonnegative integer) in the MRB

and delivers the most likely candidate codeword as output. As a list decoding algorithm, three

issues about OSD naturally arise: 1) for what candidate codewords to search, 2) in which order

to search, and 3) when to stop the search. To solve these issues, many improvements to OSD

have been proposed. For reducing search space, segmentation-discarding OSD (SD-OSD) [3] and

linear-equation OSD (LE-OSD) [4] have been proposed; for early stopping, probability-based

OSD (PB-OSD) [5] can significantly reduce the number of searches.

Recently, a variant of OSD called OSD with local constraints (LC-OSD) was proposed further

to reduce the decoding complexity [6], [7]. The basic idea of the LC-OSD is to consider an
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extended subset of reliable positions by including δ extra positions next to the MRB, which

was proposed in a report [8] of NASA as early as 1979 and widely used in the information set

decoding (ISD) algorithms of cryptography [9]–[11]. The local constraints can be characterized

as a trellis specified by a local parity-check matrix, and a list of candidate codewords can be

generated by performing the serial list Viterbi algorithm (SLVA) [6]. Aided by tailored early

stopping criteria, the LC-OSD can reduce the number of searches/re-encodings to within ten in

the high signal-to-noise ratio (SNR) region [7]. We further proposed an algorithm, the two-way

flipping pattern tree, for replacing the SLVA in the LC-OSD algorithm to reduce the overhead

of the SLVA in the high SNR (low average number of searches) region.

The main contributions of the manuscript are listed below.

1) Theoretically, we derived an upper bound on the performance gap between the LC-OSD

and the MLD performance for a general code. The performance gap is estimated by the

random coding approach. This implies that the gap between the LC-OSD and the MLD is

less relevant to the code structure, suggesting the universality of the LC-OSD. In particular,

simulation results show that RS codes can approach the random coding union (RCU) bound

in a wide range of code rates. We also proposed a semi-simulation method to speed up

the calculation of the proposed bound, which is powered by the saddlepoint method [12],

[13].

2) Based on the idea of “search-on-demand,” we provided in Sec. IV-A an implementation

of SLVA with an intuitive example. For a C [N,K] binary linear codes, the time com-

plexity of this implementation is O(N(2N−K + ℓ)), which is highly reduced from the

PLVA (parallel list Viterbi algorithm), where ℓ denotes the average number of searches.

This implementation is asymptotically lower than that of [14] and [15] with complexities

of O(N(2N−K + ℓ2)) and O(N(2N−K + ℓ) + ℓ2), respectively.

3) The list-generating algorithm (LGA) is a procedure generating a list of codewords, which

is used in searching for MRB codewords (Sec. III-B2). As a substitution, we provide an
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algorithm, the two-way flipping pattern tree (tFPT) algorithm in Sec. IV-B, to reduce the

overhead of producing the first candidate. The tFPT algorithm uses a similar technology

as the box-and-match (BMA) algorithm [16], which reduces computation in the high SNR

region. More details about tFPT algorithm are given in Sec. IV-B.

The rest of this paper is organized as follows. In Sec. II, we illustrate the system model,

describe the implementation of the LC-OSD, and analyze the complexity of the LC-OSD. In

Sec. III, we derive the theoretical results and present some related examples. In Sec. IV, we

present two LGAs, the SLVA and the tFPT and their performance and/or complexity (throughput).

II. LC-OSD

A. System Model

Let F2 = {0, 1} be the binary field1 and C [n, k] be a binary linear code of length n and

dimension k. Let G be a generator matrix of C and H be a parity-check matrix of C . The

generator matrix of size k × n and the parity-check matrix of size (n− k)× n are related by

GHT = O. (1)

Let u ∈ Fk
2 be an information vector to be transmitted, which is first encoded into c ∈ Fn

2 by

c = uG, (2)

and then modulated by the binary phase shift keying (BPSK) into a signal vector x ∈ Rn as

xi = (−1)ci , 1 ≤ i ≤ n. (3)

Then the signal vector x is transmitted over an AWGN channel, resulting in a received vector

y ∈ Rn given by

y = x+w, (4)

1In this paper, when it is clear from the context, we also convert naturally 0 and 1 in F2 to the real numbers.
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where w ∼ Normal(0, σ2In) is a sample vector of white Gaussian noise. The bit-wise hard-

decision vector z ∈ Fn
2 is given by

zi ≜


0, if yi ≥ 0

1, if yi < 0

, 1 ≤ i ≤ n. (5)

The log-likelihood ratio (LLR) vector, denoted by r ∈ Rn, is defined as

ri ≜ log
fy|c(yi | 0)
fy|c(yi | 1)

=
2yi
σ2

, 1 ≤ i ≤ n, (6)

where fy|c(· | ·) is the conditional probability density function. The reliability of zi refers to as

|ri|. Also, the test error pattern (TEP) e ∈ Fn
2 for a test codeword v ∈ Fn

2 is given by

e ≜ z − v. (7)

The MLD is to find one of the codewords v∗ such that2

v∗ = argmax
v∈C

fy|c(y | v), (8)

which is equivalent to

v∗ = argmin
v∈C

log
fy|c(y | z)
fy|c(y | v)

. (9)

Definition 1. (Soft weight3) The soft weight of the TEP e ∈ Fn
2 is defined as

Γ(e) ≜ log
fy|c(y | z)

fy|c(y | z − e)
=

n∑
i=1

log
fy|c(yi | zi)

fy|c(yi | zi − ei)
=

n∑
i=1

ei|ri|. (10)

For convenience, we also write the soft weight of e as an inner product. That is,

Γ(e) = ⟨e, |r|⟩ (11)

where | · | denotes the element-wise absolute value.

We see that the MLD is equivalent to the lightest-soft-weight decoding.

2If two or more codewords achieve the maximum, we simply select one at random.

3This is called weighted Hamming distance in [17] and ellipsoidal weight in [18].
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B. OSD With Local Constraints

In this subsection, we focus on an arbitrary binary linear code C [n, k] specified by a parity-

check matrix H ∈ F(n−k)×n
2 . For a preset constraint degree δ (0 ≤ δ ≤ n− k) and a maximum

number of searches ℓmax, we restate the LC-OSD algorithm in the following.

1) Upon receiving y, calculate the bit-wise hard-decision vector z by (5) and the LLR vector

r by (6).

2) Sort the LLR vector r into rΠ such that the first (n−k−δ) columns of the corresponding

permuted parity-check matrix, HΠ, are linearly independent with least reliabilities. To be

precise, Π is a permutation matrix satisfying:

a) the first (n− k− δ) columns of HΠ is column full rank, i.e., rank (HΠ)[1,n−k−δ] =

n− k − δ, and

b)
∑n−k−δ

i=1 (|r|Π)i is as small as possible, where (|r|Π)i stands for the i-th element of

the permuted reliability vector (|r|Π).

This method is equivalent to that of the box-and-match (BMA) [16] algorithm and can be

accomplished by a greedy algorithm, summarized in Algorithm 1 for completeness.
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Algorithm 1 Find a permutation matrix for the LC-OSD

Input: The parity-check matrix H ∈ F(n−k)×n
2 , the reliability vector |r| ∈ Rn, the constraint

degree δ (0 ≤ δ ≤ n− k).

Output: A permutation matrix Π satisfying the requirements (2a–2b).

1: function GET-PERMUTATION(H, |r|, δ)

2: Π← an ascending sorted permutation of vector |r| ▷ That is, (|r|Π) is non-decreasing.

3: i′ ← n− k − δ + 1

4: for i = 1, 2, . . . , n− k − δ do

5: while rank (HΠ)[1,i] < i do ▷ (HΠ)[1,i] is formed by the first i columns of HΠ.

6: swap(Πi,Πi′) ▷ Swap the columns i and i′ of Π.

7: i′ ← i′ + 1

8: return Π

For convenience, we denote the permuted z by z̃, i.e.,

z̃ ≜ zΠ, (12)

and use similar notations for vectors r, e,v etc.

3) Perform the Gaussian elimination for HΠ, resulting in H̃ = QHΠ of form

H̃ =



n−k−δ columns k+δ columns

I P1

n
−
k
−
δ

ro
w

s

O P2 δ
ro

w
s


(13)

where I denotes the identity matrix of order n− k − δ.

4) A test vector v = z − e is a codeword of C if and only if the TEP e satisfies the
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parity-check equation

vHT = (z − e)HT = 0, (14)

or equivalently, in the permuted form,

ṽH̃T = (z̃ − ẽ)H̃T = 0. (15)

So, searching a (permuted) codeword ṽ is equivalent to searching a TEP ẽ because z̃ is

fixed upon receiving y. If we divide ẽ (and z̃) into two parts of lengths (n− k − δ) and

(k + δ), namely

ẽ =

[ n−k−δ bits k+δ bits

ẽL ẽR

]
, z̃ =

[ n−k−δ bits k+δ bits

z̃L z̃R

]
, (16)

where the left part is known as the least reliable bits (LRBs) and the right part is the

MRBs. Then by expanding (15), we can obtain equations with unknowns ẽ = (ẽL, ẽR),

ẽL + ẽRP
T
1 = s̃1, (17)

ẽRP
T
2 = s̃2, (18)

where the right-hand sides (RHSs) of (17) and (18) are given by

s̃1 ≜ z̃L + z̃RP
T
1 , (19)

s̃2 ≜ z̃RP
T
2 , (20)

which will be calculated and stored before searching codewords to avoid replicated com-

putations.

As in (10), the soft weight of ẽ is denoted as4

Γ(ẽ) ≜ ⟨ẽ, |r̃|⟩. (21)

4Strictly speaking, it should use Γ̃(ẽ) instead of Γ(ẽ) for r̃.
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Similarly,

Γ(ẽL) ≜ ⟨ẽL, |r̃L|⟩,Γ(ẽR) ≜ ⟨ẽR, |r̃R|⟩. (22)

We have

Γ(ẽ) = Γ(ẽL) + Γ(ẽR). (23)

5) From (17), we see that ẽL (and ẽ by (16)) are uniquely determined by ẽR. Hence, we only

need to search for ẽR instead of ẽ (or ṽ). Intuitively, we should make a list of ẽR

ẽ
(1)
R , ẽ

(2)
R , . . . , ẽ

(ℓmax)
R (24)

satisfying (18) in an order such that the partial soft weights are non-decreasing, i.e.,

Γ(ẽ
(1)
R ) ≤ Γ(ẽ

(2)
R ) ≤ · · · ≤ Γ(ẽ

(ℓmax)
R ). (25)

This can be achieved by an LGA, such as the SLVA [14] and the tFPT. See Sec. IV for

details.

6) For each ẽ
(j)
R (1 ≤ j ≤ ℓmax), solve for ẽ(j) by (17) and (16).

7) Finally, output the codeword corresponding to one of the ẽ(j) with the lightest soft weight.

For the sake of clarity, the LC-OSD is summarized in Algorithm 2 with an optional early

stopping criterion (see Sec. III-A for details).
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Algorithm 2 OSD with local constraints (LC-OSD)
Input: H, y, δ, ℓmax, an early stopping criterion Ψ (optional).

Output: The optimal searched codeword v.

1: function LC-OSD(H,y, δ, ℓmax,Ψ)

2: z ← the bit-wise hard decision vector of y ▷ Calculate by (5).

3: r ← the LLR vector of y ▷ Calculate by (6).

4: Π← GET-PERMUTATION(H, |r|, δ) ▷ Get a permutation matrix by Algorithm 1.

5: Permute z, r into z̃, r̃ by Π ▷ Permute as (12).

6: H̃← Gaussian eliminated matrix of HΠ ▷ Elminate into the form as (13).

7: P1,P2 ← the top-right and bottom-right sub-matrices of H̃ ▷ Extract as (13).

8: s̃1 ← z̃L + z̃RP
T
1 ▷ Calculate the RHS of (19).

9: s̃2 ← z̃RP
T
2 ▷ Calculate the RHS of (20).

10: ẽopt ← z̃ ▷ Note that z̃ is a valid TEP for test.

11: for ℓ = 1, 2, . . . , ℓmax do

12: ẽ
(ℓ)
R ←LGA(P2, |r̃R|, s̃2, ℓ) ▷ Generate the ℓ-th lightest TEP (Sec. IV).

13: ẽ
(ℓ)
L ← s̃1 − ẽ

(ℓ)
R PT

1 ▷ Solve from (17).

14: ẽ(ℓ) ← (ẽ
(ℓ)
L , ẽ

(ℓ)
R )

15: if Γ(ẽopt) > Γ(ẽ(ℓ)) then ▷ Update the optimal TEP with LSW.

16: ẽopt ← ẽ(ℓ)

17: if the early stopping criterion Ψ is satisfied then ▷ See Sec.III-A for details.

18: break

19: v ← z − ẽoptΠ
−1

20: return v

Remarks. If δ = 0, Algorithm 2 reduces to the OSD algorithm [2] with a search order the

same as that of the FPT; if δ = n− k, it is indeed the MLD.
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C. Complexity Analysis

In this subsection, we focus on the time and space complexity of the LC-OSD (Algorithm 2).

1) Time Complexity: We analyze the time complexity of the algorithm by evaluating the

number of floating point operations (FLOPs) or binary operations (BOPs) required by each step.

The time complexity consists of three dominant parts:

1) Gaussian elimination. Reducing H into a block upper triangular matrix as shown in (13)

requires O((n− k)(n− k − δ)) elementary row operations, each taking O(n) BOPs.

2) Re-encoding. With initializations done, searching a candidate ẽ
(j)
R (j > 1) by the SLVA

(line 12, Algorithm 2) requires O(n) FLOPs and re-encoding ẽ
(j)
L by (17) (line 13, Algo-

rithm 2) requiresO((n−k−δ)(k+δ)) BOPs (recalling that P1 is of size (n−k−δ)×(k+δ)).

3) The LGA. As analyzed in Sec. IV, different LGAs may have different time complexities,

denoted by T LGA.

To summarize, the overall average time complexity is

T tot
avg = O(n(n− k)(n− k − δ))︸ ︷︷ ︸

Gaussian elimination

+ ℓavgO((n− k − δ)(k + δ))︸ ︷︷ ︸
re-encoding

+ T LGA
avg︸ ︷︷ ︸

the LGA

, (26)

where ℓavg denotes the average number5 of searches per frame, and the overall worst-case time

complexity is

T tot
max = O(n(n− k)(n− k − δ)) + ℓmaxO((n− k − δ)(k + δ)) + T LGA

max . (27)

2) Space Complexity: We analyze the space complexity of the algorithm by calculating the

number of bytes used. The space complexity consists of two dominant parts:

1) Matrices and vectors. The algorithm needs to store matrices H, P1 and P2 of size O((n−

k)× n) and several vectors of length O(n).

2) The LGA. Different LGAs may have different space complexities, denoted by SLGA.

5Usually, ℓavg is much less than ℓmax due to the early stopping criteria (Sec. III-A).
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Fig. 1. Numerical illustration of the relationships among soft weights Γ(·). The data are obtained by simulating a C [128, 64]

code at Eb/N0 = 2.5 dB, where the LC-OSD parameters are (δ, ℓmax) = (8, 27).

In summary, the overall space complexity is given by

S tot
max = O(n(n− k))︸ ︷︷ ︸

matrices and vectors

+ SLGA
max︸ ︷︷ ︸

the LGA

. (28)

III. PERFORMANCE ANALYSIS OF THE LC-OSD

A. Early Stopping Criteria

The analysis in Sec. II-C suggests that the complexity can be reduced by limiting the maximum

number of tests along with properly designed early stopping criteria. Let ẽ(ℓ) = (ẽ
(ℓ)
L , ẽ

(ℓ)
R ) be

the ℓ-th searched TEP in the LC-OSD algorithm (Algorithm 2) and denote by ẽ
(j)
opt the up-to-date

optimal TEP after the j-th iteration. That is,

ẽ
(j)
opt = argmin

ẽ(ℓ):1≤ℓ≤j

Γ(ẽ(ℓ)). (29)

Example 1. To illustrate the relationship among

ẽ
(ℓ)
R , ẽ

(ℓ)
L , ẽ(ℓ), ẽ

(ℓ)
opt, (30)

we have simulated a C [128, 64] code at Eb/N0 = 2.5 dB. The numerical results are shown in

Fig. 1, from which we have the following observation.
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1) For all ℓ, the heights (soft weights) of the red bar (MRBs) and the green bar (LRBs) add

up to that of the small black circle (whole TEP). This is consistent with (23).

2) The heights of the red bars keep increasing, which is one of the main features (25) of

LC-OSD.

3) The height of the blue solid line (soft weight of up-to-date optimal TEP) is non-increasing,

and all small black circles are located above the blue line as expected by the definition (29).

Another trivial but not least fact is that whenever the red bar reaches the blue line, i.e.,

Γ(ẽ
(j)
opt) ≤ Γ(ẽ

(j)
R ) (31)

for the minimum j (1 ≤ j ≤ ℓmax), the optimal TEP ẽ
(j)
opt is already guaranteed to be ML. This

leads to the following trivial stopping criterion.

Definition 2. (Trivial stopping criterion) If, for some j, Γ(ẽ(j)
opt) ≤ Γ(ẽ

(j)
R ), terminate the LC-OSD

algorithm and deliver v = z − ẽ
(j)
optΠ

−1 as the output.

Proposition 1. If the LC-OSD is stopped with the trivial stopping criterion being satisfied (usu-

ally requiring a sufficiently large ℓmax), the output is an ML codeword.

Proof: For all ℓ > j, we have

Γ(ẽ
(j)
opt) ≤ Γ(ẽ

(j)
R ) (by assumption) (32)

≤ Γ(ẽ
(ℓ)
R ) (Γ(ẽ

(j)
R ) is non-decreasing) (33)

≤ Γ(ẽ(ℓ)). (by (23)) (34)

On the other hand, definition (29) ensures that Γ(ẽ
(j)
opt) ≤ Γ(ẽ(ℓ)) also holds for all ℓ ≤ j.

Therefore ẽ
(j)
opt is the TEP of an ML codeword.

This proposition implies that using the trivial stopping criterion would not incur performance

loss, as confirmed numerically in Fig. 1. However, as we can see from the figure, the termination
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raised by the trivial stopping criterion is quite behind the location of the true TEP. So, if we

could know Γ(ẽL) in advance, the LC-OSD can terminate significantly earlier. Based on this

idea, we propose several early stopping criteria.

Let ẽ denote the true TEP, i.e.,

ẽ ≜ z̃ − c̃, (35)

where c̃ = cΠ is the permuted sent codeword.

Definition 3. (Ideal stopping criterion) Assume that Γ(ẽL) were known. If for some j, Γ(ẽ(j)
opt) <

Γ(ẽL) + Γ(ẽ
(j)
R ), terminate the LC-OSD algorithm and deliver v = z − ẽ

(j)
optΠ

−1 as the output.

Proposition 2. If the LC-OSD were stopped with the ideal stopping criterion being satisfied, the

performance of the LC-OSD would be no worse (or even better)6 than that of the MLD.

Proof: When the LC-OSD is stopped by the ideal stopping criterion, there are two cases.

• The first case is that the true TEP ẽ has already been searched, i.e., ẽR = ẽ
(ℓ)
R for some

ℓ ≤ j. In this case, it is not necessary to continue the remaining search.

• The second case is that the true TEP ẽ has not been searched, indicating that Γ(ẽR) ≥

Γ(ẽ
(j)
R ). By assumption, it follows that

Γ(ẽ
(j)
opt) < Γ(ẽL) + Γ(ẽ

(j)
R ) ≤ Γ(ẽL) + Γ(ẽR) = Γ(ẽ), (36)

which implies that the MLD must be in error and further search is unnecessary either.

The ideal criterion is useless for decoding because we do not know Γ(ẽL) in advance.

Definition 4. (Approximate ideal stopping criteria) If for some j, Γ(ẽ(j)
opt) < τ+Γ(ẽ

(j)
R ), terminate

the LC-OSD algorithm, where the threshold τ is a nonnegative number to be determined.

6This is not surprising since knowing Γ(ẽL) in advance is an ideal but impractical assumption.
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We can see from the approximate ideal stopping criteria that the greater the threshold τ ,

the earlier the termination and hence the lower the complexity. However, a large threshold can

lead to premature termination and performance loss. So how large can we set for τ without

compromising the performance of LC-OSD? The following proposition provides a bound on the

threshold to promise the MLD performance.

Proposition 3. If the LC-OSD is stopped with the approximate ideal stopping criterion being

satisfied and

τ ≤ Γ(ẽL) + ∆Γ, (37)

then the performance of the LC-OSD is no worse than that of the MLD. Here, the tolerance ∆Γ

is positive and defined as

∆Γ ≜


Γ(ẽ

(j∗−1)
opt )− Γ(ẽ

(j∗−1)
R )− Γ(ẽ

(j∗)
L ), if j∗ > 1

+∞, otherwise
, (38)

where j∗ is the rank of the ML codeword in the search list of LC-OSD.7

Proof: Since ẽ(j∗) is the ML TEP, all preceding TEPs are heavier. Hence, for j∗ > 1, we

have

∆Γ = Γ(ẽ
(j∗−1)
opt )− Γ(ẽ

(j∗−1)
R )− Γ(ẽ

(j∗)
L ) (39)

≥ Γ(ẽ
(j∗−1)
opt )− Γ(ẽ

(j∗)
R )− Γ(ẽ

(j∗)
L ) (40)

= Γ(ẽ
(j∗−1)
opt )− Γ(ẽ(j∗)) (41)

> 0. (42)

The inequality (40) follows from the monotonicity of Γ(ẽ(j)
R ), the equality (41) follows from (23),

and the inequality (42) follows from the hypothesis that j∗ is the rank of the ML codeword.

7If two or more codewords are ML, we refer to the first one (i.e., j∗ ≜ min{argminj Γ(ẽ
(j))}).
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When the sent codeword is not ML, the LC-OSD is naturally no worse than the MLD.

Therefore, we only need to consider the case when the sent codeword is ML, i.e.,

Γ(ẽ) = Γ(ẽ(j∗)). (43)

For j∗ = 1, the ML codeword is always in the list. For j∗ > 1, we have

Γ(ẽ
(j∗−1)
opt )− τ − Γ(ẽ

(j∗−1)
R ) (44)

≥ Γ(ẽ
(j∗−1)
opt )−

(
Γ(ẽL) + Γ(ẽ

(j∗−1)
opt )− Γ(ẽ

(j∗−1)
R )− Γ(ẽ

(j∗)
L )

)
− Γ(ẽ

(j∗−1)
R ) (45)

= Γ(ẽ
(j∗)
L )− Γ(ẽL) (46)

=

(
Γ(ẽ(j∗))− Γ(ẽ

(j∗)
R )

)
−
(
Γ(ẽ)− Γ(ẽR)

)
(47)

= Γ(ẽR)− Γ(ẽ
(j∗)
R ) (48)

≥ 0 (49)

The equality (48) follows from (43), and the inequality (49) follows from the hypothesis that j∗ is

the rank of the first ML codeword and the sent is one of the ML codewords. The inequality (49)

indicates that the approximate ideal stopping criterion can not be satisfied at (j∗−1) and before,

ensuring the ML codeword is in the search list of the LC-OSD.

Proposition 3 suggests that the threshold of the ideal stopping criterion can be increased

without degrading the performance. However, the ideal criterion (τ = Γ(ẽL)) is not helpful in

practice, we replace τ by its expectation (or approximation), as presented in the following.

Definition 5. (Dynamic approximate ideal (DAI) stopping criterion) The approximate ideal

stopping criterion (Definition 4) with τ = τDAI is called the DAI stopping criterion, where

the DAI threshold is defined by

τDAI ≜ E
[
Γ(ẽL)

∣∣ r]. (50)
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Now, we show how to calculate the DAI threshold τDAI. Upon receiving y, the LLR vector r

can be calculated out by (6). Then, by definition, we have

Γ(ẽL) = ⟨ẽL, |r̃L|⟩ =
n−k−δ∑
i=1

ẽi|r̃i|, (51)

and hence

τDAI = E
[
Γ(ẽL)

∣∣ r] = E
[ n−k−δ∑

i=1

ẽi|r̃i|
∣∣∣∣r] = n−k−δ∑

i=1

E
[
ẽi|r̃i|

∣∣ r] = n−k−δ∑
i=1

E
[
ẽi
∣∣ r] · |r̃i| (52)

The i-th bit of the true TEP ẽi is a random variable with

P[ẽi = 0 | r] = 1

1 + exp(−|r̃i|)
, (53)

P[ẽi = 1 | r] = 1

1 + exp(|r̃i|)
. (54)

Therefore,

τDAI =
n−k−δ∑
i=1

1

1 + exp(|r̃i|)
· |r̃i|. (55)

Given r, the threshold τDAI is computable. The performance of the LC-OSD with the DAI

criterion is closely related to whether or not τDAI ≤ Γ(ẽL) + ∆Γ, which in turn depends on the

realization of r. Hence, we have the following proposition from Proposition 3.

Proposition 4. The LC-OSD with the DAI stopping criterion performs as well as the MLD with a

probability of at least P[τDAI ≤ Γ(ẽL)+∆Γ], where the tolerance ∆Γ is defined in Proposition 3.

Proof: This follows immediately from Proposition 3 by taking into the randomness of the

noisy channel (or the LLR vector r).

To reduce the overhead of online calculation, one may use the following stopping criterion

instead, which pre-calculates the SNR-dependent thresholds for use.

Definition 6. (Static approximate ideal (SAI) stopping criterion) The approximate ideal stopping

criterion (Definition 4) with τ = τSAI is called the SAI stopping criterion, where the SAI threshold
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τSAI ≜ (n− k − δ)E
[
e|r|

∣∣ |r| ≤ α
]

(56)

is the approximation of E[Γ(ẽL)] and α is the (n− k− δ)-th n-quantile for the random variable

|r|.

Formally, the (n− k − δ)-th n-quantile for the random variable |r| can be defined as

α ≜ F−1
|r|

(
n− k − δ

n

)
, (57)

where F−1
|r| (·) is the inverse function of F|r|(·), the cumulative distribution function (CDF) of

|r|, i.e.,

f|r|(r) =
σ

2
√
2π

exp

(
−(σ2r − 2)2

8σ2

)
+

σ

2
√
2π

exp

(
−(σ2r + 2)2

8σ2

)
, r ≥ 0, (58)

F|r|(r) =

∫ r

0

f|r|(t) dt =
1

2
erf

(
σ2r − 2

2
√
2σ

)
+

1

2
erf

(
σ2r + 2

2
√
2σ

)
, r ≥ 0, (59)

and erf(·) is the error function defined as

erf(x) ≜
2√
π

∫ x

0

exp(−t2) dt. (60)

Therefore, τSAI (56) can be calculated by

τSAI = (n− k − δ)E
[
e|r|

∣∣ |r| ≤ α
]

(61)

=
n− k − δ

P[|r| ≤ α]

∫ α

0

r

1 + exp(r)
f|r|(r) dr (62)

=
n− k − δ

F|r|(α)

∫ α

0

r

1 + exp(r)
f|r|(r) dr (63)

= n

∫ α

0

r

1 + exp(r)
f|r|(r) dr (64)

From the definition (56), the SAI threshold does not depend on the LLR vector r. Therefore,

to reduce the computational costs, we can calculate offline and store the SAI thresholds for

different SNRs. See Table I for an example.

Example 2. For a better understanding of the quantile α, we have provided in Fig. 2 an example
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(b) The PDF of |r|, where the shaded region is of area (n− k−

δ)/n.

Fig. 2. Sketches of (n− k − δ)-th n-quantile for |r|, where (n, k, δ) = (128, 64, 8) and Eb/N0 = 2.0 dB.

with the CDF and probability density function (PDF) of |r|.

Example 3. To illustrate the accuracy of the approximation, we compare τSAI with the statistic

value of E[Γ(ẽL)] by 107 simulations in Table I. We can see from the table that the relative error

of τSAI is small, justifying the negligible performance loss (caused by the SAI stopping).

TABLE I

THE RELATIVE ERROR∗ OF τSAI WITH DIFFERENT COMBINATION OF (n, k, δ).

(n, k, δ) (128, 32, 8) (128, 32, 12) (128, 64, 8) (128, 64, 12) (128, 92, 8) (128, 92, 12)

Eb/N0 τSAI Error τSAI Error τSAI Error τSAI Error τSAI Error τSAI Error

0.0 dB 18.34 +0.18% 17.30 +0.16% 12.07 +0.44% 11.04 +0.40% 4.528 −0.03% 3.431 −0.68%

1.0 dB 18.91 +0.27% 17.98 +0.27% 12.34 +0.60% 11.45 +0.62% 5.081 +0.80% 3.983 +0.35%

2.0 dB 19.01 +0.33% 18.23 +0.34% 11.96 +0.66% 11.29 +0.72% 5.348 +1.51% 4.396 +1.45%

3.0 dB 18.48 +0.33% 17.88 +0.37% 10.78 +0.56% 10.36 +0.66% 5.031 +1.70% 4.382 +2.08%

4.0 dB 17.19 +0.30% 16.79 +0.34% 8.880 +0.36% 8.668 +0.43% 4.033 +1.26% 3.718 +1.84%

∗Here, the relative error is defined to (τSAI − E[Γ(ẽL)])/(E[Γ(ẽL)])
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(b) Average number of searches.

Fig. 3. Simulation results of the LDPC code CLDPC[128, 64] constructed in [19].

Example 4. Consider the rate-1/2 LDPC code CLDPC[128, 64] constructed in [19]. The constraint

degree δ = 8 and the maximum number of searches ℓmax = 214. Several decoders are compared

in terms of the frame error rate (FER) and the average search number, as shown in Fig. 3, where

the OSD with FTP [6] using trivial stopping criterion is a low-complexity implementation for

OSD that has the same performance as OSD. The MLD lower bound in Fig. 3a is a simulated

bound as presented in [20] and calculated by utilizing the LC-OSD (see Algorithm 3).

Algorithm 3 Lower bound on error counter for MLD
Input: H, δ, ℓmax, transmission-receiving pair (c,y)

Output: MLD error is detected or not.

1: function MLD-ERROR-COUNTER(H, δ, ℓmax, c,y)

2: ĉ← LC-OSD(H,y, δ, ℓmax) ▷ Search for the optimal codeword by the LC-OSD.

3: return fy|c(y | ĉ) > fy|c(y | c) ▷ An MLD error is detected if ĉ is more likely than c.

Example 5. To demonstrate the effect of various criteria on the LC-OSD, we present the
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Fig. 4. Simulation results of the RS codes CRS[31, k]25 , which are mapped into F155
2 for LC-OSD(8, 214).

simulation results for Reed-Solomon (RS) codes with different code rates in Fig. 4. The simulated

RS codes are defined over the field F25 , denoted by CRS[31, k]25 with k as the dimension. They

are mapped into F155
2 and decoded by the LC-OSD. The performances are shown in Fig. 4a,

from which we see that the approximate ideal stopping (including SAI and DAI) criteria perform

as well as the trivial stopping criterion. In Fig. 4b, we compare the RS codes with the RCU
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bounds, from which we can see that the achieving code rates of the RS codes are close to the

RCU bounds. This suggests that the RS codes are good codes in the finite length region. Further,

we present the average list size ℓavg for different code rates and target FER. As shown in Fig. 4b,

when the RS codes run on their working regions (FER ≈ 10−5), the average numbers of searches

are reduced to tens or even a few. Equipped with the tailored stopping criteria, LC-OSD is indeed

a sub-ML decoding algorithm for short block codes. In Fig. 4c, we show the average number of

searches of LC-OSD at different FERs, which correspond to different SNRs for different code

rates. For example, to achieve FER = 10−4, the required SNRs range from about −1.75 dB for

the lowest code rate to about 9.5 dB for the highest code rate. The results show that, in the low

FER region, the average number of searches can be very low, suggesting potential applications

in future communications where the target reliability is 99.99999%.

For the reason that the LC-OSD with the DAI stopping criterion has much lower time

complexity without incurring noticeable performance loss8, we use the LC-OSD with the DAI

stopping criterion for simulations in the rest of this paper.

B. Influences of Decoding Parameters

Recalling that δ = 0 implies the original OSD algorithm and δ = n − k implies the MLD,

we can safely infer that, as the increase of δ, the maximum number of searches can be re-

duced. Therefore, in this subsection, we discuss the relationship between FER and the decoding

parameters (δ, ℓmax).

1) The Channel of MRBs: The channel of each MRB is nearly9 an “order statistic” AWGN

channel

ỹi = x̃i + w̃i, n− k − δ < i ≤ n. (65)

8This was also verified by simulations in [7] and holds for a wide class of short codes.

9This is because the linear dependency of columns of H and hence |r̃| is not always non-decreasing.
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Formally, |ỹi| (n− k − δ < i ≤ n) is the i-th order statistic of |yi| [2], [17], whose probability

density function given by

f|ỹi|(y) =
n!

(i− 1)!(n− i)!
f|y|(y)(F|y|(y))

i−1(1− F|y|(y))
n−i, (66)

where f|y|(·) and F|y|(·) are the probability density function and cumulative distribution function

of |y|, respectively, i.e.,

f|y|(y) =
1√
2πσ

exp

(
− (y − 1)2

2σ2

)
+

1√
2πσ

exp

(
− (y + 1)2

2σ2

)
, y ≥ 0, (67)

F|y|(y) =

∫ y

0

f|y|(t) dt =
1

2
erf

(
y − 1√
2σ

)
+

1

2
erf

(
y + 1√
2σ

)
, y ≥ 0. (68)

2) The MRB Code: After preprocessing, the MRB part of the code C [n, k] is determined.

Definition 7. (MRB code) The MRB code CMRB[k + δ, k] is a code from puncturing C [n, k],

where the LRBs (see Sec. II) are punctured.

Proposition 5. Up to a column permutation, the local-constraint matrix P2 (see Sec. II) is a

parity-check matrix of the MRB code.

Proof: The proof follows immediately from (15).

From the Definition 7 and Proposition 5, we can see that the MRB code is a semi-random

code due to the randomness of the LLR vector r.

In the following, instead of ẽR, ỹR, r̃R and z̃R, we use for simplicity the notations e, y, r

and z to denote the MRB part of the TEP, the received vector, the LLR vector, and the bit-wise

hard decision vector, respectively.

Denote the number of MRB codewords lighter than the sent MRB codeword by L, i.e.,

L ≜
∣∣{v ∈ CMRB : Γ(f) < Γ(e),f = z − v

}∣∣. (69)

Then the FER of the MRB code under the optimal list decoder10 with the list size of ℓmax is

10Here, the optimal list decoder generates a list containing the ℓmax lightest TEPs.
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given by

εMRB ≜ P[L ≥ ℓmax]. (70)

3) The Random Code and Performance Approximation:

Definition 8. (Random code) Let Ĉ be a multi-subset of FN
2 with 2K elements. If all elements of

Ĉ are independently and uniformly drawn from FN
2 , then we call Ĉ as a random code, denoted

as Ĉ [N,K].

Similarly, the list FER performance of the random code, denoted ĈMRB[k+ δ, k], is defined as

ε̂MRB ≜ P[L̂ ≥ ℓmax], (71)

where L̂ denotes the number of codeword lighter the sent codeword in ĈMRB, i.e.,

L̂ ≜
∣∣{v ∈ ĈMRB : Γ(f) < Γ(e),f = z − v

}∣∣. (72)

Here, we introduce a set

D ≜
{
f ∈ Fk+δ

2 : Γ(f) < Γ(e)
}

(73)

of all sequences lighter than the correct TEP e and denote its cardinality as

D ≜ |D| =
∑

f∈Fk+δ
2

I
[
Γ(f) < Γ(e)

]
, (74)

where I[·] is the indicator function. Due to the symmetry, we can safely assume that the all-zero

codeword 0 (of CMRB or ĈMRB) is sent.

The cardinality D of the set D depends only on the LLR vector r, denoted D(r), which does

not rely on any specific code. One way to calculate D(r) is to directly count the number by

listing all vectors in the set D with algorithms such as the FPT (Sec. IV-B). This is suitable

for short codes (n ≤ 64) but is time-consuming for longer codes. In the latter case, we use the

saddlepoint method to approximate the cardinality D(r).
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To do so, we first introduce a probability model over Fk+δ
2 . Formally, let f be a random

sequence distributed uniformly over Fk+δ
2 . That is, the probability of any f ∗ ∈ Fk+δ

2 is

P[f = f ∗] = 2−(k+δ). (75)

With this probability model, we can rewrite the cardinality as

D(r) = 2k+δ · P[Γ(f) < Γ(e)|r] (76)

= 2k+δ · P

[
k+δ∑
i=1

fi|ri| <
k+δ∑
i=1

ei|ri|

∣∣∣∣∣ r
]

(77)

= 2k+δ · P

[
k+δ∑
i=1

(fi − ei)|ri| < 0

∣∣∣∣∣ r
]

(78)

= 2k+δ · P

[
k+δ∑
i=1

Wi < 0

∣∣∣∣∣ r
]

(79)

= 2k+δ · P [W < 0| r] , (80)

where Wi = (fi − ei)|ri| and W =
∑k+δ

i=1 Wi. Recalling that ei = I[ri < 0], we can show that

Wi (1 ≤ i ≤ k + δ) are independent random variables with probabilities

P[Wi = 0|r] = P[fi = ei|r] = 1/2, (81)

P[Wi = ri|r] = P[fi ̸= ei|r] = 1/2. (82)

Therefore, the calculation of the cardinality is equivalent to evaluating the tail probability, which

can be solved by saddlepoint approximation [12], [13]. To be precise, let κ(s) be the cumulant

generating function of the summation W , then

κ(s) ≜ logE[esW ] (83)

=
k+δ∑
i=1

logE[esWi ] (84)

=
k+δ∑
i=1

log
(1
2
+

1

2
esri
)
. (85)
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By using saddlepoint method [13], (given r,) the PDF of W can be approximated by

fW (w) ≈ exp (κ(ŝ)− ŝw) · 1√
2πκ′′(ŝ)

exp

(
−(w − κ′(ŝ))2

2κ′′(ŝ)

)
, (86)

where κ′ (or κ′′) is the first (or second) derivative of κ and ŝ is the solution11 of κ′(s) = 0.

Therefore, the cardinality can be approximated by

D(r) = 2k+δ · P [W < 0| r] (87)

= 2k+δ ·
∫ 0

−∞
fW (w)dw (88)

≈ 2k+δ · 1
2
exp

(
κ(ŝ)− ŝκ′(ŝ) +

1

2
ŝ2κ′′(ŝ)

)
· erfc

(
κ′(ŝ)− ŝκ′′(ŝ)√

2κ′′(ŝ)

)
, (89)

where κ(s) is defined in (83) and erfc(·) is the complementary error function defined as

erfc(x) ≜ 1− erf(x). (90)

Example 6. In this example, we employ two techniques to get the complementary CDF (CCDF)

of D(r), formulated by

F c
D(d) ≜ P[D(r) > d], (91)

in which r is a random vector generated by simulations. The first method utilizes the FPT

method (Sec. IV-B) to count the exact number of sequences in D. The second method employs

the saddlepoint approach presented in (89). The simulation results are shown in Fig. 5, from

which we see that the results from the saddlepoint method match well with those from the

counting. We also see that, as Eb/N0 increases, D(r) decreases in statistical sense, as expected.

For example, the rank of the true TEP is less than 102 for about 70% realizations of r at

Eb/N0 = 2 dB while about 90% at Eb/N0 = 3 dB.

11It can be proven that κ′(s) is an increasing function and has exactly one root if (maxi ri)(mini ri) < 0.

DRAFT December 28, 2023



SUBMITTED PAPER 27

100 101 102 103 104 105 106
10−4

10−3

10−2

10−1

100

d

T
he

C
C

D
F
F

c D
(d
)

Counting Saddlepoint (89), Eb/N0 = 0 dB
Counting Saddlepoint (89), Eb/N0 = 1 dB
Counting Saddlepoint (89), Eb/N0 = 2 dB
Counting Saddlepoint (89), Eb/N0 = 3 dB

Fig. 5. The CCDF of D(r), where the randomness comes from the LLR vector r. Here (n, k, δ) = (128, 64, 8).

Once the cardinality of D is obtained, L̂ is randomly distributed as the binomial distribution.

L̂ ∼ Binomial
(
D(r), 2−δ

)
(92)

with the probability mass function (PMF) given by

P[L̂ = ℓ | D(r)] =

(
D(r)

ℓ

)(
2−δ
)ℓ(

1− 2−δ
)D(r)−ℓ (93)

Hence, we can derive the FER of the random code ĈMRB as follows.

ε̂MRB = P[L̂ ≥ ℓmax] = Er[P[L̂ ≥ ℓmax | D(r)]]. (94)

Example 7. In this example, we present in Fig. 6 the list decoding FERs12 of four types of

codes: CA-polar, RM, eBCH, and RBL codes. The results show that the list decoding FERs for

different codes are well estimated by the proposed approximation (94).

12In this paper, the list decoding FER is defined as the probability of the sent codeword not presented in the list, denoted

εMRB.
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Fig. 6. List decoding FERs εMRB of CA-polar, RM, eBCH, and RBL codes (markers) with varying list size ℓmax, comparing

with the estimation by random code (dashed lines), where (n, k, δ) = (128, 64, 8).

Remarks. It is worth pointing out that the above analysis, starting from the definition (71)

of ε̂MRB, does not depend on any specific code. Since we do not have a closed-form expression

for the distribution of D(r), the approximation (94) still relies on simulating r. However, the

proposed analysis approach is very different from the conventional simulations, at least in the

sense that first, the simulation does not require decoding, and second, the simulation results do

not rely on any specific codes but are applicable to analyzing all specific codes with the same

code length and code rate, as confirmed by Example 7.

Also notice that, εMRB and ε̂MRB are functions of ℓmax, denoted as εMRB(ℓmax) and ε̂MRB(ℓmax)

respectively. Then we can write the PMF of L (and L̂) by

P[L = ℓ] = P[L ≥ ℓ]− P[L ≥ ℓ+ 1] = εMRB(ℓ)− εMRB(ℓ+ 1), (95)

P[L̂ = ℓ] = P[L̂ ≥ ℓ]− P[L̂ ≥ ℓ+ 1] = ε̂MRB(ℓ)− ε̂MRB(ℓ+ 1). (96)

Example 8. To illustrate the accuracy of the approximation, we use P[L = ℓ] ≈ P[L̂ = ℓ]

to estimate the PMF of L and compare it with the statistic value by simulating two different
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(a) The eBCH code CeBCH[128, 64].
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(b) The RBL code CRBL[128, 64].

Fig. 7. The statistical histogram of L, the number of codewords better than the sent codeword, in the case of δ = 8 and

Eb/N0 = 2.0 dB.

codes, an extended Bose-Chaudhuri-Hocquenghem (eBCH) code CeBCH[128, 64] (Fig. 7a) and

a random binary linear (RBL) code CRBL[128, 64] whose parity-check matrix is randomly con-

structed (Fig. 7b). As seen from Fig. 7, the statistic values are quite close to the predicted values

from (71) and (96) and are less relevant to the structure of the code. Hence, we have E[L] ≈ E[L̂]

and use ε̂MRB to estimate εMRB in the following analysis.

Conditional on the transmitted codeword being in the list, we have

E[L | L < ℓmax] ≈ E[L̂ | L̂ < ℓmax], (97)

where the RHS can be calculated as

E[L̂ | L̂ < ℓmax] =
1

1− ε̂MRB(ℓmax)

(
ℓmax−1∑
ℓ=1

ε̂MRB(ℓ)− (ℓmax − 1) · ε̂MRB(ℓmax)

)
. (98)

Example 9. We have simulated the left-hand side (LHS) of (97) of the eBCH code CeBCH[128, 64]

as well as the RBL code CRBL[128, 64]. The results are shown in Fig. 8. Also shown in Fig. 8

are the numerical values calculated by (98). We can see that the simulated values are close to
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Fig. 8. Conditional expectation of L of the eBCH code CeBCH[128, 64] and the RBL code CRBL[128, 64] along with their

predictions.

each other and also to the calculated values, validating the assumption on the randomness of

CMRB.

4) Performance Bound: Denote by ε and εML the FER of the LC-OSD and MLD, respectively.

Then we have

ε = P[{e is not in the list}] + P[{e is in the list but is not the most likely one}] (99)

≤ P[{e is not in the list}] + P[{e is not the most likely one}] (100)

= εMRB + εML (101)

Hence, the performance gap between the LC-OSD and the MLD can be approximately upper

bounded by ε̂MRB as

ε− εML ≤ εMRB ≈ ε̂MRB (102)

which does not depend on the structure of the code.

Example 10. Fig. 9 shows the performance of the RBL code CeBCH[128, 64]. We also plotted
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Fig. 9. Performance and approximate upper bound of the eBCH code CeBCH[128, 64].

the approximate upper bound (102) of CeBCH[128, 64]. The values of ε̂MRB in this example are

calculated by the saddlepoint approximation discussed in Example 6. As shown in Fig. 9 we can

observe that the performance of CeBCH[128, 64] improves as ℓmax or δ increases. Additionally, we

note that the approximate upper bounds are highly accurate due to the accuracy of (71), which

has already been verified in Example 8 and Example 9.

C. Decoding Parameters Tuning

The tight performance upper bound deduced in Sec. III-B4 for the LC-OSD becomes a helpful

tool in many situations. In this subsection, we will give examples that explain how we could tune

the decoding parameters (δ, ℓmax) to satisfy the diversified requirements depending on application

scenarios.

To evaluate the time consumption of the LC-OSD, we need to write out the time factor (in
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the case when the SLVA (see Sec. IV-A for details) is taken as the LGA) (26) and (27), namely,

T tot
avg ≈ ρ1 · n(n− k)(n− k − δ) + ρ2 · 2δ(k + δ) + ρ3 · ℓavg(n− k − δ)(k + δ), (103)

T tot
max ≈ ρ1 · n(n− k)(n− k − δ) + ρ2 · 2δ(k + δ) + ρ3 · ℓmax(n− k − δ)(k + δ), (104)

where ρi (i = 1, 2, 3) are called the time factor constants. We can measure these time factor

constants by implementing the LC-OSD on a specific computer (or device).

Example 11. Table II shows the values of these time factor constants for reference13.

TABLE II

REFERENCE VALUES OF TIME FACTORS.

Time factor constants ρ1 ρ2 ρ3

Measured values (ns) 0.0816 26.4 0.728

Then, we may tune the decoding parameters as required by applications.

1) Minimum Average Time Complexity: In the scenarios where the power consumption is

concerned, we need to optimize (δ, ℓmax) to minimize the average time complexity T tot
avg.

Example 12. We have simulated the average number of searches of the LC-OSD for the eBCH

code CeBCH[128, 64] using different decoding parameters (δ, ℓmax). From Fig. 10a, we see that

the worse the channel is, the higher complexity of the LC-OSD is, as in line with our intuition.

We have implemented the LC-OSD algorithm with SLVA on the desktop computer and tried to

optimize the speed as much as possible.

2) Minimum Worst-case Time Complexity: In the scenarios where the maximum delay is

concerned, we need to limit the maximum list size ℓmax to control the worst-case decoding time.

13We have measured these values on a desktop computer with a CPU of 11th Gen Intel(R) Core(TM) i7-11700F @ 2.50GHz.
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Fig. 10. Average time complexity of the LC-OSD with ℓmax = 214 for the eBCH code CeBCH[128, 64].

Recalling the definition in (71), ε̂MRB is a function of (δ, ℓmax), denoted as ε̂MRB(δ, ℓmax).

Intuitively, ε̂MRB(δ, ℓmax) is a non-increasing function of ℓmax for a fixed δ. Therefore, given a

target FER ε̂∗MRB, let ℓ∗max(δ) be the minimum ℓmax for a fixed δ under the constraint of the target

FER, i.e,

ℓ∗max(δ) ≜ min
ε̂MRB(δ,ℓmax)≤ε̂∗MRB

ℓmax. (105)

To meet the requirement of minimum worst-case time complexity, we can adjust the decoding

parameter to (ℓ∗max, δ).

Example 13. Intuitively, as δ increases, the constraint specified by P2 becomes more “global”,

and hence, the number of searches required for the LC-OSD to have near MLD performance

decreases. In the extreme case when δ reaches its maximum value (n−k), ℓmax = 1 is sufficient.

This intuition can be verified by the simulation. Fig. 11a shows the required ℓmax versus δ for

the LC-OSD to have near MLD performance. As expected, the larger δ is, the smaller ℓmax is

required.

Example 14. At first glance, it seems that a larger δ has higher decoding efficiency. However, this
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Fig. 11. Tuning parameters on (105) for the LC-OSD of the eBCH code CeBCH[128, 64] to have near MLD performance (ε̂∗MRB =

FERML).

is not always the case. On the one hand, smaller δ values lead to larger ℓmax values, resulting

in slower searches. On the other hand, large δ values (which result in small ℓmax) can have

significant delays caused by initialization (as discussed in Sec. II-C1). As a result, the maximum

time complexity is dominated by search when δ is small and by initialization when δ is large.

Therefore, it is meaningful to carefully tune the values of δ and ℓmax for achieving high decoding

efficiency. This has been verified by the simulation shown in Fig. 11b.

3) Limited Maximum Space Complexity: In the scenarios where the maximum memory usage

is concerned, we need to consider the problem of parameter tuning in the case of limited space.

The examples in these cases are similar to the previous scenarios and will not be repeated here.

IV. TWO LGAS FOR LC-OSD

The above analysis for LC-OSD is independent of the LGA. In practice, we need an algorithm

that can generate MRB sequences one by one in the order of increasing soft weight (see

Sec. II-B). In this section, we provide two LGAs for LC-OSD, which are applicable to general
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linear block codes and hence to the MRB code (see Definition 7) with length N and dimension

K.

A. List Viterbi Decoding Algorithm

The list Viterbi decoding algorithms (LVAs) (including the parallel LVA, see, for example, [21],

and the serial LVA) produce an ordered list of the ℓ best candidates.

1) Trellis and Viterbi Algorithm: A code (block or convolutional) can be represented graphi-

cally by a trellis [22]–[24], which makes it possible (also convenient) to implement the MLD with

reduced complexity. The most well-known trellis-based MLD algorithm is the Viterbi algorithm.

A binary linear code C [N,K] with a parity-check matrix P can be represented by a trellis

with N sections and at most 2N−K states at each section. The state space at level-i, written as

Σi(C ), is the set of allowable states at the i-th level. In the trellis, every vertex at level-i has

a path from the starting state. Every vertex in the trellis has at least one incoming edge except

for the starting state and at most two outgoing edges except for the states at the last level. For

i > 0, the two outgoing edges from a state at the (i− 1)-th level represent the bit 0 and bit 1,

leading the state σ ∈ Σi−1(C ) to (σ + 0) ∈ Σi(C ) and (σ + Pi) ∈ Σi(C ), respectively, where

Pi is the i-th column of P.

Once a trellis of a code is constructed, the ML codeword could be obtained by running the

Viterbi algorithm over the trellis. Equivalently, the Viterbi algorithm can be implemented to find

the shortest path (lightest error pattern) e from the starting state 0 to the ending state PzT over

the trellis, where the soft weights of the dashed edges are 0 and that of the solid edges are the

bit reliability |ri|. See the discussion in Sec. II.

2) Parallel LVA: The parallel LVA (PLVA) searches for the ℓmax best paths at the same time

by updating the ℓmax best paths into each state level by level. Therefore, the time complexity of

the PLVA is

TPLVA = O(ℓmax2
N−KN), (106)
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which could be significantly reduced by the “calculate-when-requested” technique presented in

below.

3) Serial LVA: The serial LVA (SLVA) searches for the ℓmax most probable candidates, one by

one, starting with the most probable path. The main advantage of this algorithm is that the ℓ-th

best path is only computed when the previously found ℓ− 1 paths are not good enough, such as

not fulfilling the global constraints. More importantly, after the first path is calculated, the SLVA

can produce each following path in linear time and space complexity, which is done by using

the intermediate results from previous calculations. This avoids many unnecessary computations

of the PLVA.

Here, we present a recursive implementation of SLVA (Algorithm 4)14. The algorithm first

allocates an array to store paths and costs for all trellis vertexes. Then, the algorithm visits

the ending state vertex and queries the ℓ-th best path. When visiting a vertex σ ∈ Σi(C ), the

algorithm is going to visit recursively the two incoming vertexes (predecessors σ ∈ Σi−1(C ) and

σ−Pi ∈ Σi−1(C )) and select the better one. If an unallowable state vertex is reached, it returns

a path with the cost of +∞. Finally, the ℓ-th best path at the ending state vertex is presented

after a recursive search.

When ℓ ≥ 2, the vertex only requests the predecessor on the (ℓ−1)-th path to generate a new

candidate for comparison with the unused but available candidate at the other predecessor. For

example, let vertexes A and B be the predecessors of C. The first path to C (denoted
[ 1st
⇝ C

]
)

is obtained by comparing
[ 1st
⇝ A → C

]
and

[ 1st
⇝ B → C

]
. Say

[ 1st
⇝ A → C

]
is better, then[ 1st

⇝ C
]
=
[ 1st
⇝ A → C

]
. If required,

[ 2nd
⇝ C

]
is obtained by comparing

[ 2nd
⇝ A → C

]
(newly

generated candidate) and
[ 1st
⇝ B → C

]
(unused but available candidate). This is illustrated in

14The basic idea of the SLVA was initially presented by Seshadri and Sundberg in [14]. The description in Sec. IV-A is

based on Wenchao Lin’s thesis [25], which is believed to be more general than that given in [14].
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Fig. 12. A process of selecting ℓ best paths for vertex C, which is assumed to have two predecessors A and B. The notation[ j-th
⇝ X → C

]
stands for the j-th path to X and then one step to C.

Fig. 12. Therefore, the time complexity of the SLVA is

T SLVA
avg = O(2N−KN)︸ ︷︷ ︸

the first candidate

+O((ℓavg − 1)N)︸ ︷︷ ︸
other candidates

= O((2N−K + ℓavg)N). (107)
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Algorithm 4 Serial list Viterbi Algorithm (SLVA)

Input: The parity-check matrix P ∈ F(N−K)×N
2 , the reliability vector |r| ∈ RN , the ending state

send ∈ FN−K
2 , the rank of TEP to search ℓ.

Output: The ℓ-th lightest TEP e(ℓ) that satisfies the parity-check constraints.

1: nodes← a sequence array of N ×
∣∣FN−K

2

∣∣ of (path, cost) pairs ▷ Allocate globally.

2: function SLVA(P, |r|, send, ℓ)

3: sstart ← 0 ▷ Set the starting state.

4: function SLVA-IMPL(i, s, ℓ) ▷ A recursive implementation.

5: if i = 0 then ▷ Boundary of recursion.

6: if s = sstart and ℓ = 1 then ▷ The starting state sstart has only 1 legal path.

7: return (ε, 0) ▷ Empty string and initial cost.

8: return (ε,+∞) ▷ Infinity cost for unreachable states.

9: while length(nodes[i][s]) < ℓ do ▷ Check whether it is calculated or not.

10: for b = 0, 1 do ▷ enumerate the incoming edges.

11: sb ← s− b ·PT
i ▷ Minus operator is defined in vector space FN−K

2 .

12: tb ← the number of paths end with b in nodes[i][s]

13: (pathb, costb)← SLVA-IMPL(i− 1, sb, tb + 1) ▷ Recursive search.

14: costb ← costb + b · |ri| ▷ Cost accumulation.

15: pathb ← pathb ∥ b ▷ Append a single bit.

16: b∗ ← argminb∈{0,1} costb ▷ The optimal transition.

17: nodes[i][s]← nodes[i][s] ∥ (pathb∗ , costb∗) ▷ Append to information sequence.

18: return nodes[i][s][ℓ] ▷ The ℓ-th information of nodes[i][s].

19: (e(ℓ), cost)← SLVA-IMPL(N, send, ℓ)

20: return e(ℓ)

Example 15. To better understand the SLVA, we present as an example to show how to generate
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Fig. 13. An illustration example of SLVA over a trellis for the [7, 4] Hamming code. The digit in each circle counts the number

of candidates, while empty circles imply no candidate. The updated states are highlighted in orange.

candidates through the trellis defined by the parity check matrix of the (7, 4) Hamming code

P =


1 0 1 0 1 0 1

0 1 1 0 0 1 1

0 0 0 1 1 1 1

. (108)

The trellis representation15 of the Hamming code is shown in Fig. 13b. It is worth noting that

the trellis does not correspond to the Hamming code but its cosets.

15The edges are directed from left to right, while the arrows are omitted for the sake of clarity.
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Suppose that the LLR vector is

r = [−2.0, 3.0, 4.0,−6.0, 7.0, 10.0, 14.0], (109)

resulting in the bit-wise hard-decision vector

z = [1, 0, 0, 1, 0, 0, 0]. (110)

Initially, the space of size 2N−K ×N for the trellis is “blanked”, meaning that no branches exist

between the states, as shown in Fig. 13a. Then the syndrome, i.e., the ending state of the trellis,

is given by

send ≜ zPT = [1, 0, 1]. (111)

By the SLVA, the best eight candidates e(i), 1 ≤ i ≤ 8, are generated serially, shown in the

yellow boxes along with their soft weights, and highlighted in blue paths through the trellis

in Figs. 13b-13i. The first candidate e(1) is generated by the VA with the complexity of order

O(2N−KN), which starts from the initial state sstart = [0, 0, 0] and implicitly generates all (prefix)

best paths, labeled by 1 in the orange circles. Now, to generate the second (best) path, the

ending state compares the two paths, the second path entering the state 1A and the first path

entering the state 1B (since 1B has not been used). That is, the state 1A needs to generate

the second path, while the state 1B does not have to. Then, the state 1A takes on the same

role as the ending state. This process continues recursively and requires the complexity of order

O(N). To avoid updating unnecessary states, the SLVA uses the same processes to generate the

subsequent candidates, reducing the time complexity compared to the PLVA.

We conclude (without proof) that when searching for the ℓ-th candidate (ℓ > 1), the states to

be updated must lay on the (ℓ−1)-th path. Therefore, searching for the ℓ-th candidate consumes

only O(N) time whenever ℓ > 1.

Example 16. Fig. 14 shows that the performance of the eBCH code CeBCH[128, 64] improves as
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Fig. 14. Simulation results of the eBCH code CeBCH[128, 64].

ℓmax increases but saturates at a certain level of ℓmax. This is reasonable because the performance

of the LC-OSD is lower bound by that of the MLD, regardless of how large ℓmax is.

B. Flipping Pattern Tree and Its Variants

This subsection presents the flipping pattern tree (FPT) algorithm and its variants.

1) Introduction of FPT: FPT is a tree taking vectors in FN
2 as vertexes; the FPT algorithm is

an algorithm that runs on the FPT to generate an ordered list of the ℓ best candidates. Without

causing ambiguity, we also refer to the FPT algorithm simply as the FPT. Unlike the LVA,

the candidates of the FPT are not constrained. Formally, let N be the candidate’s length, and

|r| ∈ RN is the reliability vector. Without loss of generality, we assume that the reliability vector

is non-decreasing, i.e.,

|r1| ≤ |r2| ≤ · · · ≤ |rN |. (112)

The FPT can output one candidate at a time (and at most 2N candidates in total), with non-

decreasing soft weight, i.e.,

Γ(e(1)) ≤ Γ(e(2)) ≤ · · · ≤ Γ(e(ℓ)) ≤ · · · ≤ Γ(e(2N )). (113)
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A brute-force implementation of FPT is to generate all 2N candidates, sort them by soft

weights in ascending order, and output them one by one. This brute-force method is suitable for

small N but does not work for large N due to its exponential complexity. To circumvent such

a brute-force search, we give the following definition.

Definition 9. (Precedence)16 For two TEP e, e′ ∈ FN
2 , we say e precedes e′ (denoted e ⪯ e′)

if and only if there exists an injection π : supp(e) → supp(e′) such that i ≤ π(i), where the

support supp(·) is defined as

supp(e) ≜ {i ∈ {1, . . . , N} : ei ̸= 0}. (114)

Here, the injection π is called a witness of e ⪯ e′.

Proposition 6. If for all positive integer j, the inequality

| supp≥j(e)| ≤ | supp≥j(e
′)|. (115)

holds, then e ⪯ e′ with a witness π that maps the t-th greatest element of supp(e) to the t-th

greatest element of supp(e′). To be precise, let

supp(e) = {i1, i2, . . . , iw}, w = | supp(e)|, it > it+1 (1 ≤ t < w), (116)

supp(e′) = {i′1, i′2, . . . , i′w′}, w′ = | supp(e′)|, i′t > i′t+1 (1 ≤ t < w′). (117)

Then π(it) = i′t (1 ≤ t ≤ w).

Here supp≥j(·) is defined as

supp≥j(e) ≜ {i ∈ supp(e) : i ≥ j}. (118)

Proof: By substituting j = 1 in (115), we know that w ≤ w′ and hence π is a well-

defined injection. For 1 ≤ t ≤ w, we have t = | supp≥it(e)| ≤ | supp≥it(e
′)|, implying that

i′t ∈ supp≥it(e
′) and hence it ≤ i′t = π(it). Therefore, π is a witness of e ⪯ e′.

16This is investigated in constructions of polar codes, such as [26] and [27].
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Taking into account the fact that

π(supp≥j(e)) ⊆ supp≥j(e
′), (119)

we see that Proposition 6 is actually an equivalent definition for “⪯” (Definition 9). That is,

e ⪯ e′ ⇐⇒ ∀j ∈ Z+
(
| supp≥j(e)| ≤ | supp≥j(e

′)|
)
. (120)

Proposition 7. (FN
2 ,⪯) is a partial order set.

Proof: Let e(a), e(b), e(c) ∈ FN
2 .

1) Reflexivity. The identity map is a witness of e(a) ⪯ e(a).

2) Transitivity. Assume π(ab) and π(bc) are witnesses of e(a) ⪯ e(b) and e(b) ⪯ e(c), respec-

tively. Let π(ac) ≜ π(bc)π(ab). Then π(ac) : supp(e(a)) → supp(e(c)) is an injection. By

Definition 9, we have

i ≤ π(ab)(i) ≤ π(bc)(π(ab)(i)) = π(ac)(i). (121)

Therefore π(ac) is a witness of e(a) ⪯ e(c).

3) Antisymmetry. Assume π(ab) and π(ba) are witnesses of e(a) ⪯ e(b) and e(b) ⪯ e(a),

respectively. Let π(aa) ≜ π(ba)π(ab). Then π(aa) : supp(e(a)) → supp(e(a)) is a bijection.

Moreover, because π(aa) is a witness of e(a) ⪯ e(a), π(aa) must be an identity map (which

can be proven by induction). By Definition 9, we have

i ≤ π(ab)(i) ≤ π(ba)(π(ab)(i)) = π(aa)(i) = i. (122)

Hence, π(ab)(i) = i and thus supp(e(a)) ⊆ supp(e(b)). Analogously, supp(e(b)) ⊆ supp(e(a)).

Therefore, supp(e(a)) = supp(e(b)) and thus e(a) = e(b).

December 28, 2023 DRAFT



44 IEEE TRANSACTIONS ON INFORMATION THEORY

Example 17. Let N = 4. We have

0000 ⪯ 1000 ⪯ 0100 ⪯ 0010 ⪯ 0001, (123)

1000 ⪯ 1100 ⪯ 1010 ⪯ 1001 ⪯ 0111, (124)

1001 ̸⪯ 0110, 0110 ̸⪯ 1001, (125)

0001 ̸⪯ 1010, 1010 ̸⪯ 0001, (126)

0000 ⪯ e ⪯ 1111, ∀e ∈ FN
2 . (127)

Proposition 8. If e ⪯ e′ and |r| is a non-decreasing vector, then Γ(e) ≤ Γ(e′).

Proof: Let π be a witness of e ⪯ e′. By Definition 1, we have

Γ(e) =
∑

i∈supp(e)

|ri| ≤
∑

i∈supp(e)

|rπ(i)| =
∑

j∈π(supp(e))

|rj| ≤
∑

j∈supp(e′)

|rj| = Γ(e′). (128)

Proposition 8 says that the precedence preserves the order of soft weights. Conversely, we

have the following proposition.

Proposition 9. If e ̸⪯ e′, then there exits a non-decreasing vector |r| such that Γ(e) > Γ(e′).

Proof: From Proposition 6, we know that there exists a positive integer j such that

| supp≥j(e)| > | supp≥j(e
′)|. (129)

Assigning

ri =


0, if i < j

1, if i ≥ j

, (130)

we have Γ(e) = | supp≥j(e)| > | supp≥j(e
′)| = Γ(e′).
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(a) Graph of the “precedence” priority, some edges are
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(b) Reduced graph of (a).
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(c) The spanning tree of (b).
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(d) The same tree as (c), but in a horizontal form.

Fig. 15. Graph representations of the FPT.

If one can build a graph (see Fig. 15a for example) on the “precedence” partial order, i.e.,

take TEPs as vertexes and “⪯” as directed edges, one can generate candidates through the

topological sort algorithm [28]. The time complexity is generally proportional to the average

degree of the graph, which is (2N − 1)/2 in our case (the proof is omitted here). For reducing

the complexity (or the average degree), one can equivalently run the topological sort on the

reduced graph (see Fig. 15b for example).

However, the reduced graph has an average degree of (N + 1)/4 (the proof is omitted here).

If we build a spanning tree (see Fig. 15c) from the reduced graph, the average degree can be

reduced to less than one. Here, we give the method of systematically building a spanning tree
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from the reduced graph on the precedence partial order.

Definition 10. (Flipping pattern tree)17 The flipping pattern tree (FPT) is a directed graph with

TEPs as vertexes and edges defined in the following. For a TEP e, denote S ≜ supp(e). If

1 /∈ S, the TEP e has an out-edge to the TEP with SL(e) as the support set, where

SL(e) ≜ S ∪ {1}; (131)

if S ≠ ∅, minS < N and (minS + 1) /∈ S, the TEP e has an out-edge to the TEP with SR(e)

as the support set, where

SR(e) ≜ S \ {minS} ∪ {minS + 1}. (132)

We will see in the next example (Example 18) that the flipping pattern tree is a rooted binary

tree with the all-zero TEP as the root. For a TEP e with S = supp(e), we may refer to the TEP

specified by SL as the left child and SR as the right child.

Example 18. From Definition 10, we see that the left child (if it exists) of a TEP is generated

by setting its leftmost position to 1, and the right child (if it exists) is generated by shifting its

leftmost one to the right. Therefore, we can classify the TEPs into several types by inspecting

their parent and children. From the table below (Table III), we can conclude that the FPT takes

(00 · · · 0) as root, vectors of the form (11X · · ·X) as leaves, and the remaining vectors as inner

vertexes. An inner vertex has two children if and only if it is in the form of (00 · · · 010X · · ·X),

i.e., its leftmost one occurs in the context of the form 010.

17This idea of building a tree for TEPs was proposed in [20] (with an earlier version [29]) for decoding of RS codes and was

applied to semi-LDPC-CCs [30]. Similar trees for binary codes were also constructed in [5, Algorithm 1] and [31, Algorithm 2].

Because the FPT is a spanning tree (Fig. 15c) of the reduced graph (Fig. 15b) instead of the full graph (Fig. 15a), a careful

inspection (the details are omitted here) can find that the tree in this paper is the most effective in memory load.
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TABLE III

PARENT AND CHILDREN FOR DIFFERENT TYPES∗ OF TEPS.

Type pattern (00 · · · 0) (00 · · · 01X · · ·X) (1X · · ·X)

Parent − (00 · · · 10X · · ·X) (0X · · ·X)

Type pattern (00 · · · 0) (00 · · · 01) (00 · · · 010X · · ·X) (00 · · · 011X · · ·X) (10X · · ·X) (11X · · ·X)

Left child (10 · · · 0) (10 · · · 01) (10 · · · 010X · · ·X) (10 · · · 011X · · ·X) − −

Right child − − (00 · · · 001X · · ·X) − (01X · · ·X) −
∗Here, ‘X’ is a placeholder for either 0 or 1.

Based on the FPT, we proposed the FPT algorithm (Algorithm 5). In fact, the FPT algorithm

is the specialization of topological sort on the FPT.

Algorithm 5 Flipping pattern tree (FPT) algorithm
Input: the ascending sorted reliability vector |r| ∈ RN , the rank of TEP to search ℓ.

Output: The ℓ-th lightest TEP e(ℓ).

1: Q ← {0} ▷ A priority queue allocated globally.

2: function FPT(|r|, ℓ) ▷ This should be called in order of ℓ = 1, 2, . . . , ℓmax.

3: e(ℓ) ← argmin
e∈Q

Γ(e)

4: Q ← Q \ {e(ℓ)}

5: if SL(e
(ℓ)) exists then ▷ Left child, defined in (131).

6: Q ← Q∪ {the TEP specified by SL(e
(ℓ))}

7: if SR(e
(ℓ)) exists then ▷ Right child, defined in (132).

8: Q ← Q∪ {the TEP specified by SR(e
(ℓ))}

9: return e(ℓ)

The time complexity of line 3 is proportional to log |Q| if we use the priority queue as the

data structure. Since the FPT is a binary tree, the FPT algorithm removes 1 element and adds at
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most 2 to the set Q at each call. Hence, the cardinality |Q| ≤ ℓ. Other lines of the FPT algorithm

are some naive sequence manipulations with a computational time of O(N). Therefore, the total

time complexity18 of the FPT algorithm is

T FPT
avg = O

(
Eℓ

[ ℓ∑
j=1

log j

])
︸ ︷︷ ︸

priority queue

+ O(ℓavgN)︸ ︷︷ ︸
sequence manipulation

= O(ℓavg(log ℓmax +N)), (133)

where the first term is simplified by

Eℓ

[ ℓ∑
j=1

log j

]
≤ Eℓ

[ ℓ∑
j=1

log ℓmax

]
= Eℓ[ℓ log ℓmax] = ℓavg log ℓmax. (134)

2) Two-way FPT: The FPT algorithm presented above is aimed at generating an un-constrained

sequence over FN
2 . We can use the FPT under constraints using the BMA [16] algorithm.

The two-way FPT (tFPT), like the SLVA, can generate ℓ best codewords of a binary linear

code C [N,K] with a parity-check matrix P. The basic idea of the tFPT is to separate the

TEP into two halves, denoted by part A and part B. Part A (part B) is searched by the FPT

algorithm, generating a list, called list A (list B), of ordered but un-constrained candidates. Then,

two parts of TEPs, one from list A and the other from list B, are merged into a valid TEP if

and only if the sum of their (partial) syndromes matches the total syndrome. Finally, all valid

TEPs will be sorted before output. In practice, the above procedure can be implemented in a

“calculate-when-request” manner to reach a low complexity.

In the following example (Example 19), we use the tFPT as the LGA for the LC-OSD and

measure the (simulated) throughput of LC-OSD at different SNRs.

Example 19. In Fig. 16, we present the performance of two CRC-aided polar (CA-polar)

codes with different lengths, namely CCA-polar[128, 64] and CCA-polar[256, 192], both of which are

with 11 bits CRCs. The simulated throughput of the LC-OSD and the SCL decoders are also

presented, where both the LC-OSD and the SCL decoders [33] are implemented in C++. All of

18Because the priority queue can only store the soft weights and references to TEPs, its time cost is irrelevant to N .
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(c) Performance of the CA-polar code CCA-polar[256, 192].
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Fig. 16. Simulation results of the CA-polar codes, comparing the LC-OSD with the SCL decoding [32].

the above decoders are run on the same computer with the same environment19. From Figs. 16b

and 16d, we can see that, as the SNR increases, the throughputs of LC-OSDs (including the

tFPT and SLVA versions) in the presented examples keep increasing, which is consistent with

our predictions. In contrast, the throughput of a (particular) SCL decoder is relatively steady, no

19We have measured the throughput in a single thread, respectively, on a desktop computer with a CPU of 11th Gen Intel(R)

Core(TM) i7-11700F @ 2.50GHz.
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matter how high the SNR is. Comparing with the performance as well as the throughput, we

conclude that the LC-OSD outperforms the successive cancellation list (SCL) decoding [32],

especially in the high SNR region. From the figure, we also see that the LC-OSD with tFPT has

a higher throughput than the SLVA in the high SNR region. This is due to the great portion of

time consumed by the first candidate of the SLVA, which is also consistent with our predictions.

V. CONCLUSION

In this paper, we have presented an extended version of OSD called the OSD with local con-

straints (LC-OSD) algorithm. The LC-OSD uses more MRBs than the original OSD and solves

the local constraint by list-generating algorithms (LGAs). The two presented LGAs, namely the

SLVA and the tFPT, are suitable for different scenarios, where the SLVA is suitable for low

SNR (typically requiring a significant amount of searches), and tFPT is for high SNR (typically

requiring a small number of searches). We have also presented several early stopping criteria for

the LC-OSD that significantly reduce computational complexity without noticeable performance

loss. To analyze LC-OSD performance, we have proposed a method that uses random code to

approximate the local constraint over MRBs. Several examples show that the approximation is

quite accurate and does not depend on the structure of the codes. Based on the high accuracy of

the approximation, we have proposed a tight approximate upper bound of the LC-OSD, which

is applicable to different codes and decoding parameters. The random coding approach can lead

to many research and applications related to the LC-OSD, one of which is tuning the decoding

parameters according to applications.
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