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Abstract—The increasing penetration of converter-interfaced
generators (CIGs) in power systems has posed great challenges
in frequency stability analysis, as the frequency dynamics of
CIGs may be strongly coupled with voltage dynamics. However,
existing analytical models for system frequency generally cannot
precisely account for the impact of voltage dynamics, leading to
potentially incorrect results. The main challenge here is how
to understand system frequency in the case of non-constant
bus voltages, and how to integrate the voltage dynamics of
devices at different bus locations into the system frequency model.
To address this issue, this article defines the voltage-influenced
common-mode frequency (VCMF), serving as a system frequency
analysis model considering voltage dynamics. The VCMF is
derived through the decomposition of bus frequency responses,
leveraging the connection between the consistent part of bus
frequencies and the rotational invariance of power flow. The
decomposition process introduces voltage dynamics of devices
into the system frequency response, represented as a global term
that interconnects all devices through the power network. To
address the complexity of this global term, an algebraic graph
theory-based network partitioning method is introduced. This
method effectively divides the globally coupled term into several
locally coupled components, making the analysis of the VCMF
more manageable. Finally, simulations are used to validate the
proposed methods and confirm their validity.

Index Terms—Frequency stability, voltage-influenced common-
mode frequency (VCMF), system frequency model, voltage dy-
namics, network partitioning.

I. INTRODUCTION

Power systems are experiencing rapid development due to
the large-scale integration of renewable energy sources that
are connected to power grids via power electronic converters.
The low inertia and weak frequency regulation capability of
Converter-Interfaced Generators (CIGs) pose great challenges
to the frequency stability of power systems [1]. Notably,
recent blackouts in England and Texas have demonstrated
the vulnerability of system frequency, leading to substantial
frequency deviations and necessitating widespread load shed-
ding [2], [3]. Therefore, it becomes imperative to conduct a
comprehensive analysis of the frequency responses of modern
power systems to support the rapid development of renewable
energy sources.

While bus frequency responses of power systems exhibit
spatial variations, frequency stability analysis predominantly
focuses on the consistent part of bus frequencies, namely the
system frequency (also known as global frequency); see, for
instance, the frequency stability analysis in the recent IEEE
power system stability classification [4]. To analyze the sys-
tem frequency, there are two primary categories of methods:
simulation-based and analytical approaches [5]. Simulation-
based method requires the construction of complex high-order
models for the whole power system. While this approach

provides a high level of accuracy, it lacks mechanism expla-
nations. Furthermore, conducting simulations under various
conditions can be computationally demanding. Conversely,
analytical approaches generally rely on relatively low-order
models. They offer deeper physical insights, demand fewer
computational resources, and have gained extensive utilization
in practice [6].

Since the system frequency represents the consistent part of
bus frequencies, it is intuitive to establish an equivalent single-
generator system model to simplify the analysis. To achieve
this, it is necessary to address two fundamental and well-
connected questions: What exactly is the system frequency,
and how can various devices at different buses be integrated
into a single-generator model?

Regarding the first question, the Center of Inertia (CoI) is a
widely-acknowledged method for defining and understanding
system frequency. By combining swing equations of all gener-
ators in a power system, we can determine the CoI frequency
with an equivalent single generator, whose inertia, mechanical,
and electrical power are the collective sum of all generators. If
we further assume that all governors and loads are exclusively
influenced by the CoI frequency (neglecting the effects of bus
frequency deviations and voltage fluctuation), we arrive at the
classical Average System Frequency (ASF) model [7]. This
is the traditional approach to tackling the second question,
i.e., aggregate frequency regulation capacities (active power
response) of devices while neglecting the influence of their
voltage dynamics. Although CoI and ASF originated in tra-
ditional power system, much contemporary research remains
fundamentally aligned with their principles. For example, in
CIG-integrated power systems, many researchers still consider
CoI as the system-wide frequency [8], and integrated the
frequency regulations of CIGs into the ASF to assess their
impacts [9]–[11]. It is noteworthy that the System Frequency
Response (SFR) model and its recent derivatives are also
grounded on the ASF [12].

Despite remarkable results have been achieved based on
CoI and ASF, they do not provide a rigorous answer for
the two questions mentioned earlier, as they have their own
assumptions and limitations. Moreover, with the increasing
integration of CIGs, the applicability of CoI and ASF will
gradually be reduced, as discussed below.

Firstly, it is evident that the CoI frequency does not ac-
curately represent the true system frequency. For instance,
in a microgrid comprised entirely of droop-controlled CIGs,
we can observe consistency in bus frequencies, indicating the
presence of system frequency. However, due to the absence
of inertia, it is not possible to calculate the CoI. We note
that system frequency lacks a concrete physical entity, which
makes it challenging to unveil its fundamental essence.
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Secondly, existing system frequency models, such as ASF,
are inadequate in considering the voltage dynamics of buses.
A substantial body of literature has demonstrated that volt-
age dynamics can significantly impact system frequency re-
sponse [13]–[15]. For example, simulation studies of the 9.19
Jinping-Sunan DC lock event found that rapid disconnection
of the DC filter capacitor following the incident could raise the
frequency nadir from 49.56 Hz to 49.7 Hz, due to decreased
voltage level and load power [13]. Ref. [14] assessed the
inertia of Nordic power system using measured frequency and
power trajectories, revealing that voltage-dependent loads can
provide a substantial level of equivalent inertia for the system,
e.g., constituting nearly 50% of the total inertia.

Furthermore, numerous recent studies have introduced de-
vice control strategies that leverage the interplay of frequency
and voltage. For example, [16] used the reactive power con-
trol of SGs to provide frequency regulation, leading to a
remarkable increase in the frequency nadir. Ref. [8], [17] pro-
posed several integrated frequency-voltage and active-reactive
power control method for CIGs, such as the F-Q droop.
Similarly, [18] applied a hybrid frequency-voltage control
in HVDC to enhance the system stability. These controls
intensify the coupling of frequency and voltage, resulting
in larger frequency analysis errors when using methods like
ASF. It is worth mentioning that a recent concept known
as “complex frequency” has emerged, encompassing both
voltage and frequency aspects simultaneously. It offers a new
interpretation of frequency that takes into account the voltage
dynamics [19]. However, this concept is defined at a per-
bus level and currently is unclear how to derive the system
frequency based on this concept. Overall, the lack of a system
frequency model that considers voltage dynamics complicates
the frequency stability analysis and may impede the refinement
in frequency regulation designs of CIGs.

This paper aims to account for the voltage dynamics in
the system frequency analysis from a new perspective. Firstly,
we introduce the concept of the Voltage-influenced Common-
Mode Frequency (VCMF), as an extension of our previous
work Common-Mode Frequency (CMF) [20]. The VCMF
is developed by decomposing bus frequencies with non-
constant voltages, leveraging the rotational invariance of power
flow [21], which is exactly the essence of system frequency.
Following the decomposition, the VCMF reflects the influence
of voltage dynamics. To be specific, in addition to the direct
frequency-active power (F-P) response (like inertia, Primary
Frequency Control, PFC), voltage dynamics induce an indirect
F-P response, characterized as “F-Q-V-P”. It is exemplified
through test systems involving CIGs equipped with F-Q droop
(as proposed in [17]) and nearby Constant Impedance Loads
(CILs). When frequency (F) drops, the reactive power (Q)
output of CIG decreases, leading to a reduction in load voltage
(V) and its active power (P) consumption. On this basis, the
main contributions of this work are as follows:

1) The VCMF introduces a new perspective for understand-
ing the system frequency. It shows that the consistency of
bus frequencies results from the rotational invariance of power
flow rather than inertia-weighted averaging. Thus, VCMF can
be employed even in scenarios with zero inertia, where CoI

does not apply.
2) The VCMF analytically describes how voltage dynamics

of buses affect the system frequency, leading to significantly
improved accuracy in frequency analysis. For example, the
VCMF illustrates that the combination of F-Q droop control
and nearby CILs is equivalent to F-P droop. This relationship,
however, cannot be revealed using tradition methods as ASF.

3) The indirect F-P response in VCMF exhibits globally
coupled nature as it involves all devices, making the analysis
complicated. Thus, a network partitioning method is proposed,
which identifies and cuts off weak paths in the indirect F-P
response based on the algebraic connectivity, effectively trans-
forming it from a globally coupling term into several locally
coupling terms. It facilitates the calculation and understanding
of how voltage affects the system frequency, especially in
large-scale power systems.

The rest of this paper is organized as follows: In Section
II, the modeling of modern power systems is presented, and
some general properties of the systems are introduced for
the subsequent derivation. Section III defines the VCMF by
decomposing the frequency response, then it is compared
with several existing methods. Section IV proposes a network
partitioning method using algebraic graph theory. In Section
V, the proposed VCMF and network partitioning method are
verified through numerical simulations. Finally, conclusions
are drawn in Section VI.

Notation: We denote by 0 and 1 the column vectors or
matrices with appropriate dimensions, whose elements are
respectively all 0 and 1. We use ω0 to denote the nominal
frequency in rad/s. Given a vector x = [x1, ..., xn]

T or a
set of variables xi, diag(x) or diag(xi) denotes the diagonal
matrix whose i-th diagonal element is xi. We use triu(A)
to denote the upper triangular matrix of A. We use “s” to
denote the Laplace variable, and “s” to denote the diagonal
matrix diag(si) with appropriate dimensions. For notational
simplicity, “s” is omitted if not confusing the understanding.

II. MODELING OF POWER SYSTEMS FOR SYSTEM
FREQUENCY ANALYSIS WITH NON-CONSTANT VOLTAGE

This section presents power system models for analyzing
the system frequency under non-constant voltage scenarios. In
addition, some properties of the generation devices and the
transmission network are introduced, which will be utilized in
the derivation and simplification of VCMF in Sections III and
IV, respectively.

A. Modeling of power systems
Generally, power systems can be conceptualized as multi-

input multi-output feedback control systems [22] as depicted
in Fig. 1, which can be divided into two parts: generation
devices (such as SGs and CIGs) and transmission network. In
the following, we will model these two parts separately.

1) Generation Devices: The generation devices are repre-
sented by Jacobian transfer function matrixes, where the input
is the phase angle/voltage amplitude, and the output is the
active/reactive power:[

∆P
∆Q

]
= −

[
GθP(s) GVP(s)
GθQ(s) GVQ(s)

] [
∆θ
∆V

]
(1)
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where ∆ denotes the perturbed value of a variable. The vectors
∆P and ∆Q (composed of ∆Pi and ∆Qi, respectively)
represent the active and reactive power outputs of generation
devices, where i ranges from 1 to n, with n being the total
number of generation devices. Similarly, the vectors ∆θ and
∆V (composed of ∆θi and ∆Vi, respectively) represent phase
angles and amplitudes of the device internal voltages, where
∆θ = ω0s

−1∆ω , ∆ω is the frequency vector composed
of ωi. The transfer function matrix G⋆(s) = diag(G⋆,i(s))
describes the dynamics of devices, where the subscript ⋆ ∈
{θP,VP, θQ,VQ} denotes the input and output. The negative
sign before the transfer function matrix is due to the fact that
devices provide positive active and reactive power responses
when there is a frequency and voltage drop.

Three types of devices are considered: SGs, Grid-FoLlowing
(GFL) converters and Grid-ForMing (GFM) converters [23].
While they have distinct physical characteristics and control
schemes, the analysis in this paper is generic and does not
depend on these specific characteristics. Therefore, the specific
models and Jacobian matrices of the devices are not presented
in the main text, for the sake of clarity and readability, but are
instead provided in the Appendix.

It is worth noting that loads can be viewed as special de-
vices. Particularly, CILs can also be interpreted as components
of the network. We will briefly discuss these two perspectives
in the case study. But for the purpose of simplifying the anal-
ysis, CILs are predominantly treated as parts of the network,
leading to a smaller number of devices.

2) Transmission Network: The transmission network is
characterized by the power flow equations, which are adequate
for the analysis of system frequency, as follows [24], [25]:[

∆P
∆Q

]
= −

[
LθP LVP

LθQ LVQ

] [
∆θ
∆V

]
(2)

where L⋆ is the Jacobin matrix of the network. The explicit
expressions of their (diagonal and off-diagonal) elements are

LθP[i, i] = Vi

n∑
j∈i

Vj(−Gij sin θij0 +Bij cos θij0)

LθP[i, j] = ViVj(Gij sin θij0 −Bij cos θij0)

LVP[i, i] =
n∑
j∈i

Vj(Gij cos θij0 +Bij sin θij0) + 2ViGii

LVP[i, j] = Vi(Gij cos θij0 +Bij sin θij0)

LθQ[i, i] = Vi

n∑
j∈i

Vj(Gij cos θij0 +Bij sin θij0)

LθQ[i, j] = ViVj(−Gij cos θij0 −Bij sin θij0)

LVQ[i, i] =
n∑
j∈i

Vj(Gij sin θij0 −Bij cos θij0)− 2ViBii

LVQ[i, j] = Vi(−Gij sin θij0 +Bij sin θij0)
(3)

where j ∈ i means bus j is adjacent to bus i; Gij and Bij are
elements of the network admittance matrix Y = GB + jBB,
θij0 is the steady angle difference between bus i and j, and
Vi0 is the steady voltage amplitude of bus i.

3) Closed-loop System: As illustrated in Fig. 1, by com-
bining the devices and the network and applying power

Fig. 1. Closed-loop model for system frequency analysis.

disturbance (∆PD and ∆QD), the closed-loop response of the
system can be expressed as (7), where H⋆(s) = G⋆(s)+L⋆.[

∆θ
∆V

]
=

[
HθP(s) HVP(s)
HθQ(s) HVQ(s)

]−1 [
∆P
∆Q

]
(4)

B. Some general properties of the devices and the network

To facilitate the subsequent derivations in Section III and
IV, some properties of the Jacobian matrix of the devices and
the network are introduced here.

First, for devices, it is generally observed that GθP(s) ≈ 0
and GθQ(s) ≈ 0 in the low-frequency range. Additionally,
devices with good voltage regulation capability, such as SGs
and virtual synchronous generators (VSGs), can be effectively
modeled as with a large GVQ(s). The reasons are as follows.

1) Based on its physical meaning, we can conducted that
GθP,i(s) tends to KSFC/ω0 when s becomes small (KSFC

is the gain of secondary frequency control, SFC). Generally,
KSFC/ω0 is either zero or very small, considering that ω0

is large (314 rad/s or 377 rad/s). 2) As for the GθQ(s), if
it does not approach zero as s tends to zero, the reactive
power output (and thus its voltage) will continue to increase
or decrease in the quasi-steady state after frequency dips.
Devices are not designed to exhibit such behaviors. 3) A
large GVQ(s) indicates that the device can provide significant
reactive support with a small voltage dip, enabling it to
maintain a nearly constant voltage.

The next property to be introduced is the rotational in-
variance of power flow (with respect to phase angles) [21],
which means that the power flow remains the same when
the phase angles of all the buses are uniformly increased.
Mathematically, it is manifested by the fact that both the
network matrices LθP and LθQ have a right eigenvector of 1
with a corresponding eigenvalue of 1. In other words,

LθP1 = 0, LθQ1 = 0 (5)

This property serves as the foundation for the derivation of
both the CMF and the VCMF. Note that the coherency of bus
phase angles corresponds to the coherency of bus frequencies.

Another important property to keep in mind is that large-
scale power networks can typically be divided into multiple
regions based on the electrical distance, where buses within
each region are strongly interconnected while the couplings
between regions are relatively weak [26]. Mathematically,
this property is reflected in the approximate block diagonal
dominance of network Jacobian matrices, indicating that the
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magnitudes of entries in the diagonal blocks are relatively
larger than those outside the blocks. This property is useful
when simplifying the calculation of VCMF, which will be
discussed further in Section IV.

III. VOLTAGE-INFLUENCED COMMON-MODE FREQUENCY

This section defines VCMF by decoupling the bus frequen-
cies to extract the common component. A comparison is then
made among the VCMF and traditional CoI frequency, ASF,
and the previous CMF to showcase its superiority.

A. Derivation of VCMF
In our previous work, the CMF is derived by decomposing

bus frequency responses, leveraging the rotational invariance
of power flow. However, this method cannot be directly ex-
tended to non-constant voltage scenarios, since the invariance
of power flow is only with respect to phase angles but
not voltages. To tackle this issue, it is crucial to recognize
that the incorporation of voltage dynamics aims to achieve
a more theoretically rigorous and accurate representation of
the system frequency, rather than focusing on the analysis of
voltage itself. Thus, voltage variables in (4) can be eliminated
via a matrix transformation, as follows:

∆V = −H−1
VQ(s)HθQ(s)∆θ +H−1

VQ(s)∆QD (6)

In addition, the frequency response to active and reactive
power disturbances can be analyzed separately using the super-
position principle. Since active power disturbance dominates
frequency response, we will consider this disturbance in the
following. Substitute ∆QD = 0 and (6) into (4) yields

∆θ =
(
GθP(s) +LθP −HVP(s)H

−1
VQ(s)HθQ(s)

)−1

︸ ︷︷ ︸
:=R−1(s)

∆PD

(7)
where R−1(s) is the closed-loop transfer function between
active power disturbance and phase angle response.

Strictly decomposing the phase angle in (7) still remains
challenging. In this regard, we propose an approximate de-
composition method by using the properties of R−1(s) in the
low-frequency band. For the convenience of discussion, let
λk(s), uk(s), and vk(s) (k = 1, ..., n) respectively denote the
k-th eigenvalue, right and left eigenvector of R(s), i.e.,

R(s) =

n∑
k=1

λk(s)uk(s)v
H
k (s) (8)

Consider that GθP(s) ≈ 0 and GθQ(s) ≈ 0 when s is small
(as discussed in Section II-B), then R(0) can be written as

R(0) = LθP −HVP(0)H
−1
VQ(0)LθQ (9)

By combining (5) and (9), we can observe that 1 is a
right eigenvector of R(0), with eigenvalue 0, i.e., λ1(0) = 0,
u1(0) = 1. For the convenience of discussion, we denote by
c/n (a column vector with elements ci/n) the corresponding
left eigenvector v1(0), which satisfies vT

1 (0)u1(0) = 1.
If we treat R(s) as the perturbation of R(0), then according

to the matrix perturbation theory [27], λ1(s) can be approxi-
mately expressed as

λ1(s) ≈ vT
1 (0)R(s)u1(0) (10)

By substituting (8) and (9) into (7), and assuming that
u1(s) ≈ u1(0), v1(s) ≈ v1(0), then we can approximately
obtain one component of ∆θ, whose differentiation is

∆ωVCM(s) =
sω−1

0 cT∆PD(s)
n∑

i=1

ciGθP,i(s) + VCT
1

VCT := −cTHVP(s)H
−1
VQ(s)HθQ(s)1

(11)

This frequency component is consistent across all the buses,
which is defined as the “VCMF” in this paper. It can be in-
ferred from the derivation that the consistency is a result of the
rotational invariance of power flow, rather than being attributed
to inertia-weighted averaging. It is also worth mentioning that
ci can represent the weighting of each bus, similar to CMF.

The VCMF encompasses both the direct F-P response
(GθP,i(s)), as well as the indirect one, i.e., the second
term in the denominator, where the reactive power/voltage
responses of all devices are coupled through the network,
following the action path of F-Q-V-P. If all bus voltages are
maintained constant, this term becomes zero and is hence
referred to as the Voltage Coupling Term (VCT). In traditional
controls, reactive power/voltage are typically independent of
frequency. However, recent advancements in CIG controls
have introduced complex couplings between frequency and re-
active power/voltage [16]–[18]. When combined with voltage-
dependent loads, e.g., CILs, the F-Q-V-P pathway is activated.
In such scenarios, relying solely on the direct F-P response is
inadequate for accurately analyzing system frequency.

The derivation of VCMF relies on some approximations,
e.g., we assume u1(s) ≈ u1(0) = 1, v1(s) ≈ v1(0). They
are valid in the low-frequency range as discussed in Section
II-B, where dynamics of the system frequency mainly belong
to. Case studies show that with these approximations, VCMF
can persistently represent the system frequency.

In the presence of SFC, GθP(0) ̸= 0, there might be
discrepancies between u1(0) and 1, resulting in variations
in the VCMF across buses. In fact, it aligns with physical
intuition. For example, when frequency gradually recover
after a disturbance, devices equipped with SFC experience
a continuous increase in active power output. Consequently,
their phase angle differences with other devices (not equipped
with SFC) also grow, leading to disparities in bus frequencies.
We note that these differences are typically very small, as
demonstrated in the case study in Section V-B.

B. Comparison of VCMF with existing methods

For a comprehensive understanding, the VCMF is compared
with existing system frequency define/representation methods
(CoI frequency) and frequency analysis models (ASF). TABLE
I summarizes the comparisons.

1) System frequency define/representation methods
The CoI frequency is the most widely accepted method for

defining/representing system frequency. However, it lacks a
rigorous theoretical foundation and is essentially heuristic. For
example, it cannot account for the concept of system frequency
in zero-inertia power systems.

Compared to CoI frequency, CMF/VCMF is obtained by
decoupling bus frequencies based on the rotational invariance
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TABLE I
COMPARISON OF REPRESENTATIONS AND ANALYTICAL MODELS OF SYSTEM FREQUENCY

CoI ASF CMF VCMF

Theoretical foundation Heuristic Averaging of bus frequencies Decoupling of bus frequencies
(∆V = 0)

Decoupling of bus frequencies
(∆V ̸= 0)

Expression ∆ωCoI =
JT∆ω
JT1

∆ωAS =
sω−1

0 1T∆PD∑
GθP,i(s)

∆ωCM =
sω−1

0 cT∆PD∑
ciGθP,i(s)

∆ωCM =
sω−1

0 cT∆PD∑
ciGθP,i(s)+VCT

Suit for zero-inertia system? No Yes Yes Yes

Could analyze bus weighting? - No Yes Yes

Could analyze voltage impact? - No No Yes

of power flow. Thus, they are more theoretically rigorous and
more applicable, e.g., for zero-inertia systems.

We acknowledge that there are alternative frequency def-
initions, like “complex frequency” [19]. However, complex
frequency is defined for individual buses, which is not in the
scope of this paper (i.e., analyzing system frequency).

2) System frequency analysis models
The ASF is a traditional system frequency analysis model,

whose basic idea is to represent CoI frequency [7]. Its
derivation relies on certain assumptions, including constant
voltages, which may lead to inaccuracies in the analysis.
Strictly speaking, the ASF will lose its theoretical basis in
zero-inertia systems due to its derivation is dependent on
CoI. Nevertheless, the ASF expression itself does not directly
correlate with CoI. As a result, it can still find application in
zero-inertia systems, albeit as a pragmatic approach.

The CMF and VCMF are based on decomposition rather
than CoI, thus they are more theoretically rigorous. We note
that VCMF is consistent with CMF if the voltage is constant.
In such cases, the VCT is zero and the weighing coefficients
ci of CMF and VCMF are both determined by LθP. If the
network is further lossless (no CILs), their expressions will
be the same as ASF, since ci = 1 in this case [20].

In summary, VCMF is more theoretically rigorous than
CoI frequency and ASF. It can be viewed as the extension
of ASF and CMF. The consideration of the VCT allows for
the analysis of voltage impact, which makes the VCMF more
accurate and comprehensive.

However, the VCT couples the dynamics of all devices,
making it challenge to analyze. To solve this problem, the next
section gives a method to decompose the VCT into several
low-order terms, which helps to simplify the analysis and
understand the impacts of voltage on the system frequency.

IV. DECOUPLING OF VOLTAGE COUPLING TERM

This section approximately decomposes the VCT into sev-
eral terms based on the block diagonal property of the network
matrix, which simplifies the analysis of VCMF.

A. Decoupling method of the VCT
For the sake of clarity, the VCT in (11) is rewritten as:

−cTHVP(s)H
−1
VQ(s)HθQ(s)1 =

− cT(GVP(s) +LVP)︸ ︷︷ ︸
row

· (GVQ(s) +LVQ)︸ ︷︷ ︸
square

·GθQ(s)1︸ ︷︷ ︸
column

(12)

Fig. 2. Schematic diagram of the decoupling of VCT.

where LθQ1 = 0 is used.
The above equation shows that the VCT is computed by

multiplying three parts: a row vector, a square matrix, and
a column vector. The i-th element of the row vector/column
vector is only related to the i-th device. But the elements in
the inverse of the middle square matrix may be relevant to
almost all the devices in the system, due to the fact that LVQ

is typically full (passive buses are reduced). Thus, it can be
concluded that the inverse of the middle matrix introduces the
coupling among all the devices, and the key to simplifying the
VCT is to simplify the LVQ matrix.

As analyzed in Section II-B, the matrix LVQ is generally
block diagonally dominated. If the elements in the off-diagonal
block can be ignored, then the VCT is approximately decom-
posed into several terms, and each term is only related to
the devices in each block, as illustrated in Fig. 2. We note
that the simplification of LVQ can be interpreted as cut off
some weak Q-V path in the F-Q-V-P response. It transforms
the VCT from globally coupling to locally coupling, which
simplifies the analysis of VCT and VCMF.

Suppose that the power system is already partitioned into
m regions (how to partition will be discussed in the next
subsection), and denote the simplified LVQ matrix by LVQ,blk,
then the approximate VCMF (xVCMF) can be expressed as:

∆ωxVCM(s) =
sω−1

0 cT∆PD(s)
n∑

i=1

ciGθP,i(s)−
m∑
i=1

HVP,blk,iH
−1
VQ,blk,iHθQ,blk,i

(13)

where HVP,blk,i, HθQ,blk,i and HVQ,blk,i are respectively the
i-th sub-vector/diagonal block of HVP, HθQ and HVQ. The
“s” is omitted for notational simplicity.
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B. Partitioning of the network

Power system partitioning is a widely studied problem,
and there are many well-established methods [28], [29]. For
the concern of this paper, the partitioning problem can be
described as the following optimization problem

min
e∈E

δ

s.t. max
i

size(LVQ,blk,i) ≤ Nmax
(14)

where E denotes the set of all partitioning strategies and e
is one of them. The notation size(A) denotes the number
of rows of matrix A. The constraint ensures the number of
devices in each block is not greater than the allowed value
Nmax, which makes the calculation and analysis of VCMF
simple enough. The choice of Nmax depends on the desired
calculation burden. A larger Nmax yields more accurate results
but also increases the computational complexity. It should be
noted that if the devices are reasonably aggregated firstly (e.g.,
aggregating wind turbines in a wind farm), the Nmax can be
significantly reduced while achieving the same accuracy. δ
denotes the relative error of the middle matrix in VCT and its
simplification, as in (15). Minimizing δ ensures the xVCMF
is as accurate as possible.

δ =
||(GVQ(s) +LVQ)

−1 − (GVQ(s) +LVQ,blk)
−1||

||(GVQ(s) +LVQ,blk)−1||
(15)

where ||A|| denotes the matrix norm of A, e.g., H∞ norm.
The optimization problem (14) is combinatorial and compu-

tationally hard, considering the number of possible partitioning
strategies is huge. Here we propose a method to obtain the
suboptimal solution based on algebraic graph theory.

Given a Laplacian matrix of a graph, the second-smallest
eigenvalue, known as the algebraic connectivity, is a measure
that provides insights into the connectivity and structure of the
graph [30]. Smaller algebraic connectivity indicates a stronger
separation between two subgraphs, i.e., with fewer edges
(or their weightings are smaller) connecting the two parts.
Additionally, the sign of the elements in the corresponding
eigenvector can be used to distinguish the two subgraphs [31].

To minimize δ, it is crucial to carefully select the small
off-diagonal elements of LVQ (weak V-Q connection in the
system) to be neglected. In this regard, a Laplacian matrix can
be formulated based on LVQ to identify these weak couplings.
Thus, a suboptimal yet effective solution to the optimization
problem (17) can be obtained as follows.

1) Define Laplacian matrix LVQ,L = triu(LVQ) +
triu(LVQ)

T − diag((triu(LVQ) + triu(LVQ)
T)1), which is

a Laplacian constructed based on the upper triangle of LVQ.
Note that LVQ exhibits near symmetry, making use of either its
upper or lower triangle equivalent. Then partitioning the power
system (LVQ) into two regions (two diagonal-block) according
to the algebraic connectivity and corresponding eigenvector of
LVQ,L.

2) For each region, if the number of containing devices
exceeds the given Nmax, partition the region into two sub-
regions similar to step 1.

3) Repeat step 2 iteratively until the number of devices in
all regions is not greater than Nmax.

Fig. 3. (a) 2-gen test system, (b) 10-gen test system.

The proposed method significantly reduces the computa-
tional complexity compared to an exhaustive search, making
it applicable to large-scale power systems. Then xVCMF can
be calculated and analyzed easily.

V. CASE STUDY

In this section, the effectiveness of VCMF and xVCMF are
validated via numerical simulations using MATLAB/Simulink.
While the analysis is linearized, the simulations are conducted
with high-fidelity and nonlinear models.

A. Test system descriptions

Two test systems are utilized in case studies, illustrated in
Fig. 3. The power base value for both systems is 600 MVA,
and the nominal frequency is 60 Hz. There are three types of
generation devices, i.e., SGs, GFL and GFM converters. The
GFL converters are equipped with F-P and F-Q droop [17],
with gain DGFL and KFQ respectively. The GFM operates
as a VSG, with virtual inertia JGFM and damping coefficient
DGFM. Models and main parameters of these devices can be
founded in Appendix-A, unless otherwise specified.

The 2-gen system is employed to illustrate the influence of
voltage dynamics on frequency and the validity of VCMF.
It briefly explores the difference between treating CILs as
network or devices (in the latter case, the system consists of 3
devices). Additionally, it demonstrates the influence of SRC.
The system comprises a GFL converter, a GFM converter and
a CIL. The parameters of the load and transmission lines are
RL = 1 pu, XL = 8pu, and X1 = X2 = 0.2 pu.

The 10-gen system is utilized to further demonstrate the
applicability of VCMF and its simplification xVCMF in larger-
scale power systems. The test system consists of 5 GFL
converters, 3 GFM converters and 2 SGs. Loads locate at bus
15, 16, 18, 21, 24, 26, 27 and 28 (same as [20]), collectively
consume approximately 8 pu active power and 1 pu reactive
power. The network parameters are identical to the IEEE
standard 39-bus system [32].
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TABLE II
WEIGHTING VECTORS OF TEST SYSTEMS

Test
system weighting coefficients

2-gen c1 = 0.983 c2 = 1.017 c
(3)
1 = 1.000 c

(3)
2 = 1.036 c

(3)
3 = 0.964

(load as a part of network) (load as a device)

10-gen c1 = 1.001 c2 = 1.053 c3 = 1.059 c4 = 1.030 c5 = 1.020
c6 = 0.966 c7 = 0.965 c8 = 1.080 c9 = 0.826 c10 = 1.000

TABLE III
COMPARISON OF QUASI-STEADY-STATE FREQUENCY OBTAINED BY

SIMULATIONS AND THEORETICAL ANALYSES

KFQ/pu Simu/Hz ASF/Hz CMF/Hz VCMF/Hz

2-
gen

0 -0.587 -0.600
(2.3%)

-0.590
(0.5%)

-0.590
(0.5%)

-20 -0.435 -0.600
(38.0%)

-0.590
(35.6%)

-0.441
(1.5%)

-40 -0.342 -0.600
(75.3%)

-0.590
(72.2%)

-0.353
(3.0%)

KFQ/pu Simu/Hz ASF/Hz xVCMF/Hz VCMF/Hz

10-
gen

0 -0.214 -0.250
(16.8%)

-0.221
(3.2%)

-0.221
(3.2%)

-20 -0.177 -0.250
(24.5%)

-0.187
(5.8%)

-0.184
(4.2%)

-40 -0.150 -0.250
(66.3%)

-0.162
(8.1%)

-0.158
(5.3%)

Fig. 4. Time-domain simulation and theoretical results in the 2-gen system.
(a) Comparison of the frequency trajectories obtained by simulations, ASF
and VCMF. (b) Trajectories of load voltage.

TABLE II presents the weighting coefficients of the two
systems according to (9).

B. Case Studies on the 2-gen Test System

In the 2-gen system, the virtual inertia of the CIGs is set to
0, resulting in a zero-inertia system. Thus, the CoI frequency
do not apply in this system.

Considering a power step of 0.2 pu in G1 (∆PD,1(s) =
−0.2/s), Fig. 4 (a) depicts the bus frequency trajectories for
different KFQ. As KFQ increases, the frequencies show a
significant rise, which can be explained by Fig. 4 (b). When
the frequency drops, the negative F-Q droop gain causes the

Fig. 5. Time-domain simulation and theoretical results in the 2-gen system
when SFC exists.

Fig. 6. Frequency trajectories obtained by time-domain simulations and
theoretical analyses in the 10-gen system.

converter to output less reactive power. Consequently, the load
voltage and active power consumption decrease, resulting in a
reduction in the frequency drop.

According to (11) and TABLE I, the VCMF and ASF in
this system is as follows (CMF is the same as VCMF in the
case of KFQ = 0).

∆ωVCM =
c1∆PD1(s)

c1DGFM + c2DGFL − (c1LVP,12+c2LVP,22)KFQ

LVQ,22

=
c1∆PD1(s)

c1DGFM + c2DGFL − 0.336KFQ
(16)

∆ωAS =
∆PD1(s)

DGFM +DGFL
(17)

It can be inferred from (16) that the F-Q droop has a similar
effect to the F-P droop. Its effect is influenced by network
structure, parameters (including reduced load) and the value
of KFQ. When KFQ = −20 pu or −40 pu, the equivalent
frequency damping is respectively 6.72 pu and 13.44 pu, which
is comparable to the damping provided by converters.

Fig. 4 (a) also shows the VCMF, CMF and ASF obtained by
(16) and (17). TABLE III provides the error analysis, where the
simulation results serve as the reference. Notably, the relative
errors of the ASF and CMF can reach up to 70%, whereas
that of VCMF remains below 5%. These results demonstrate
the influence of voltage dynamics and the efficacy of VCMF.

The VCMF can also be calculated if the CIL is viewed as a
device, as in (18), where the superscript “(3)” denotes 3-gen. It
can be clearly observed that the equivalent damping is mainly
the result of the combination of F-Q droop and CIL load. If
the numerator and denominator in (16) and (18) are divided
by c1 or c(3)1 at the same time, respectively, the two results are
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Fig. 7. Partitioning results for different Nmax. (a) The heatmap of LVQ with
split lines, where the order of devices is readjusted. (b) relative error δ.

exactly the same, which is verified in Fig. 4 (a) (taking the case
of KFQ = −40 pu as an example). Because considering loads
as parts of the network can significantly reduce the number of
devices, we will adopt this perspective in the next test system.

∆ω
(3)
VCM =

c
(3)
1 ∆PD1(s)

c
(3)
1 DGFM + c

(3)
2 DGFL − (0.021 + 0.321R−1

L )KFQ
(18)

To illustrate the impact of SFC on VCMF, we set the KSFC

of G1 (GFM) to be 40 pu in the case of KFQ = −20 pu.
This results in u1(0) = [0.99, 1.01]T, deviating slightly from
1. It means that the VCMF trajectory of G1 is 0.98 times
that of G2, which is confirmed by simulation results in Fig. 5.
Notably, even with a relatively large SFC gain in this case,
the difference between u1(0) and 1 remains quite small. This
implies that this difference is typically negligible in practice.

C. Case Studies on the 10-gen Test System

In the 10-gen system, considering a power step disturbance
of 0.5 pu occurring in G9, Fig. 5 presents the VCMF and
bus frequency trajectories obtained by simulations. The corre-
sponding relative errors are also provided in TABLE III. It can
be observed that as the system scale and complexity increase,
the errors of VCMF slightly increase compared to the previous
test system, but it remains significantly more accurate than
ASF. Notably, even when KFQ = 0, ASF differs considerably
from the simulation results, due to the assumption of equal
weightings for each bus. However, c9 is only 0.826, indicating
that the impact of the disturbance located at G9 is 17.4% less
significant than suggested by ASF.

Next, we verify the effectiveness of the network partitioning
method and xVCMF. Fig. 7 gives the partitioning results and
the relative error δ (by (15)) for different Nmax. Each pair of
split lines in Fig. 7 (a) correspond to a step of δ in Fig. 7
(b). For instance, when Nmax is set to 10, there is no need
for partitioning, and the δ is zero. When Nmax ∈ [6, 9], the
network will be divided into two regions, i.e., G1-G3, G8-G10
and G4-G7, and δ rises to 2.3%.

It can be observed from Fig. 7 (a) that most off-diagonal
elements in LVQ matrix is very small, which allows the
proposed partitioning method to effectively separate the power
network while preserving main couplings. Even when Nmax

is set to 2, the relative error δ is only 5.0%. Thus, we choose

TABLE IV
EQUIVALENT FREQUENCY DAMPING OF EACH REGION PROVIDED BY

F-Q DROOP (PU VALUES)

Nmax G1 G2 G3 G8 G9 G10 G4 G5 G6 G7 Sum

1 0 1.67 0 2.74 0 0 17.43 1.01 0 2.80 25.64

2 0 1.67 2.74 0 36.12 2.80 43.32

3 1.67 2.74 36.12 2.80 43.32

4-5 1.67 2.74 41.02 45.42

6-9 4.45 41.02 45.47

10 47.08 47.08

Nmax = 2 to calculate the xVCMF. The xVCMF is compared
to VCMF in Fig.6 and TABLE III. The results illustrate that
xVCMF closely approximates VCMF and is significantly more
accurate than ASF, even in the case of KFQ = −40 pu.

For a comprehensive understanding, TABLE IV shows the
equivalent frequency damping provided by F-Q droop in each
partitioned region, considering the case of KFQ = −40 pu.
It can be observed that although all GFL converters share
the same KFQ, the damping values of each converter (or
region) vary significantly. This discrepancy is closely related
to the distribution of converters and loads within the system.
Additionally, the sum of damping across all regions is found to
be monotonically non-decreasing as Nmax increases. Notably,
when Nmax = 2 , the sum of damping is very close to
that obtained when Nmax = 10. This further validates the
effectiveness of the network partitioning method the xVCMF.

Combining the case studies in this section, it can be con-
cluded that the proposed VCMF is suitable for representing
system frequency even in the scenario of zero-inertia, where
CoI frequency cannot be calculated. Besides, when voltage dy-
namics play a significant role, the VCMF proves to be highly
effective in accurately characterizing the system frequency
responses. In contrast, ASF and earlier CMF exhibit notable
deviations from the system frequency. Additionally, the par-
titioning of the network in large-scale power systems can be
achieved by selectively ignoring certain non-diagonal elements
of the LVQ matrix, based on the algebraic connectivity of
the constructed Laplacian matrix. This partitioning approach
greatly facilitates the calculation and analysis of VCMF.

VI. CONCLUSIONS AND DISCUSSIONS

Various novel control strategies of CIGs intensify the cou-
pling between frequency and voltage in power systems, leading
to a reduced applicability of traditional frequency analysis
methods. To this end, this paper defined VCMF to understand
and analyze the system frequency when impacts of voltage
dynamics cannot be ignored. It has been demonstrated that:

1) The VCMF offers an improved understanding of system
frequency compared to CoI. It demonstrates that the system
frequency is not be an inertia-weighted average but rather a
common component of the bus frequencies, which stems from
the rotational invariance of power flow. This new perspective
allows for understanding the system frequency even in zero-
inertia systems.

2) By incorporating the indirect F-P responses caused by
voltage dynamics, VCMF provides a more precise and com-
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TABLE V
MAIN PARAMETERS OF GENERATION DEVICES (PU VALUE)

JSG = 10 DSG = 0 KSG = 20 K1 = 0.22 K3 = 0.22

K5 = 0.3 K7 = 0.26 T1 = 0.2 T2 = 0 T3 = 0.1

T4 = 0.25 T5 = 4 T6 = 4 T7 = 0.4 DGFL = 10

JGFM = 10 DGFM = 10

prehensive characterization of the system frequency behaviors,
compared to ASF and CMF. This is demonstrated through
test systems where converters are equipped with F-Q droop.
Simulation results indicate that VCMF significantly reduces
the error in determining the frequency response (reducing the
error from up to 60%-70% to approximately 5%).

3) Analyzing VCMF in large-scale power systems can be
challenging due to the complexity and computational burden
associated with the globally coupling term. To address this,
a network partitioning method is proposed based on the
algebraic connectivity of the constructed LVQ,L matrix. This
method selectively neglects the small non-diagonal elements
in the network matrix, effectively cutting the weak Q-V
path, decomposing the globally coupling term into several
locally coupling terms. The resulting xVCMF exhibits similar
behaviors to the original VCMF, but is much easier to analyze.

We acknowledge that the analysis of VCMF is more com-
plex compared to existing methods, such as ASF. For example,
VCMF requires power flow information (for weighting vector
c) and the voltage response models of devices. However, it
is essential to emphasize that VCMF provides a way for
integrating these factors into the system frequency model,
while tradition methods cannot accommodate them. When this
information is lacking, VCMF is not rendered inapplicable. If
voltage response models of certain devices are unavailable, a
rough approximation is to assume them have constant voltages.
Besides, if power flow data is unavailable, we can simplify the
VCMF by setting the weighting vector c to zero. Notably, in
these scenarios, the analysis accuracy of the VCMF will not
be lower than traditional methods.

The analysis of VCMF is under the assumption of lin-
earization, which may be necessary considering the complexity
of large-scale nonlinear systems. There are some practical
methods for addressing the nonlinearity, e.g., replace the
transfer functions GθP,i(s) with nonlinear models [20]. We
note that it is possible to rigorously extend VCMF to the
nonlinear case, considering that the foundation of VCMF,
namely the rotational invariance of power flow, still holds in
the nonlinear case. We consider this as a future direction.

APPENDIX A
MODELS OF GENERATION DEVICES AND LOADS

Models of the SG, GFL and GFM converter used in sim-
ulations are shown in Fig. 8. Loads are CILs, i.e., parallel
resistance RL and reactance XL. In Fig. 8 (b), the F-P and
F-Q droop can be expressed as (19), where DGFL and KFQ

are respectively the gains.{
P ref = P0 −DGFL(ωPLL − 1)

Qref = Q0 −KFQ(ωPLL − 1)
(19)

Fig. 8. Models of (a) SG, (b) GFL converter and (c) GFM converter.

Main parameters of these three types of generation devices
are given in TABLE V. Due to page limits, we do not give the
detailed explanation of the models, as well as the parameters,
they can be referred to [23], [33], [34].

APPENDIX B
SIMPLIFIED JACOBINE TRANSFER FUNCTION MATRIXES

The accurate Jacobian matrices based on above models
are typical of a high order, which poses challenges in the
calculation of VCMF. For instance, it is difficult to precisely
obtain the expression of the inverse of (GVQ(s) + LVQ).
Thus, simplified Jacobian matrices are employed in theoretical
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analysis, as follows:

(SG)

[
sω−1

0 (JSGs+DSG +GT(s)) 0
0 η

]
(GFL)

[
sω−1

0 DGFL 0
sω−1

0 KFQ 0

]
(GFM)

[
sω−1

0 (JGFMs+DGFM + s−1KSFC) 0
0 η

]
(CIL)

[
0 2V0R

−1
L

0 2V0X
−1
L

]
(20)

where GT(s) is the transfer function of turbine and governor,
as shown in Fig. 8 (a); η is a large number, such as 1× 106.

The above simplification is justified by the following rea-
sons: for SGs and GFMs, they can maintain nearly constant
voltages, allowing them to be approximated with a high gain in
the voltage-reactive power (V-Q) loop, as discussed in Section
II-B. For GFL and GFM converters, their power regulation
dynamics are typically fast. In this case, the F-P and F-Q
loops can be accurately characterized by parameters such as
DGFL and KFQ.

We note that these simplifications may not suit all de-
vices, e.g., where control delays of CIGs cannot be ignored.
However, the primary focus of this paper is to address the
recognition and calculation of system frequency in the scenario
of non-constant voltages, and these models are considered
sufficient to demonstrate the effectiveness of the proposed
VCMF. Dealing with more complex models and achieving
more accurate calculations using high-order models will be
the subject of future research.
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