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Abstract17

The divergence method, a lightweight approach for estimating emission fluxes from satel-18

lite images, relies on a number of tacit assumptions. This paper explicitly outlines these19

assumptions by deriving the method from first principles. The assumptions are: the en-20

hanced mass flux is dominated by advection, normal fluxes vanish at the top and bot-21

tom of the atmosphere, steady-state conditions apply, sources are multiplications of tem-22

poral and spatial functions, sinks are described as first-order reactions, and effective wind23

fields are made by weighing the fields with the enhanced concentration profiles. No such24

assumptions have to be assumed for the background field. The commonly used ’topog-25

raphy correction term’ does not follow from this analysis and likely corrects data arti-26

facts. The cross-sectional flux method follows naturally from the derived theory, and the27

methods are compared. Effects of discrete pixels and finite-difference operations are ex-28

plored, leading to recommendations, primarily the recommendation to work with small29

regions only to minimize the influence of noise. Numerical examples featuring Gaussian30

plume and COSMO-GHG simulated plumes are provided. The Gaussian plume exam-31

ple suggests that the divergence method might underestimate emissions when assuming32

only advection in the presence of cross-wind diffusion. Conversely, the cross-sectional flux33

method remains unaffected, provided fluxes are integrated across the entire plume. The34

COSMO-GHG example reveals frequent violations of steady-state assumption, although35

the assumption remains valid proximal to the source (<20 km in this example). It is the36

hope that this paper provides a solid theoretical foundation for the divergence and cross-37

sectional flux methods.38

Plain Language Summary39

Power plants, megacities, and other regions can be places where considerable amounts40

of gases are emitted into the atmosphere. Satellite data is capable of recording the en-41

hanced concentrations in the atmosphere due to these sources. How does one estimate42

emissions of these sources based on this data? Typically by running an atmospheric in-43

verse model; but one computationally lightweight method gaining popularity is the ‘di-44

vergence method’. With this method, one applies a simple mathematical operation to45

the satellite image multiplied by the horizontal wind speeds – the result of which is re-46

lated to the emission strength. The method has been used before, but here we system-47

atically state the assumptions involved; factors like how gases are transported horizon-48

tally and over time, and what happens when we apply the method on pixelated data (such49

as satellite images). We find that some other analyses in the literature may be incorrect.50

Another popular method (the ‘cross-sectional flux’) is easily derived from the same the-51

ory. Synthetic examples are used to illustrate that various assumptions are not met in52

realistic data; although the examples also show that one can work around these limita-53

tions by a careful application of the methods, and by acquiring more estimates over many54

days.55

1 Introduction56

Turning trace gas concentration satellite observations into quantified source con-57

tributions is a hard inverse problem. The relation between the source emissions on the58

one hand, and the satellite observations on the other, depends on atmospheric transport.59

Solving this inverse problem thus typically involves the use of an atmospheric transport60

model (see, e.g., Jacob et al., 2016; Broquet et al., 2018). However, atmospheric trans-61

port simulations at plume-resolving scale, i.e., at a resolution of the order of 1 km or bet-62

ter (Brunner et al., 2023; Koene & Brunner, 2023), are computationally very expensive.63

It can be expected that the upcoming Copernicus CO2 Monitoring (CO2M) satellite mis-64

sion (Janssens-Maenhout et al., 2020; Meijer et al., 2020) will observe up to 60 000 plumes65

globally every year; that is, 900 strong point sources (> 3.5 Mt/yr) and up to 300 megac-66
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ities, imaged about 50 times annually, e.g., when conditions are cloud-free (Kuhlmann67

et al., 2021; Wang et al., 2020; Koene et al., 2021). Automatically carrying out 60 00068

plume-resolving numerical inversions yearly using transport models is currently unsuit-69

ably expensive. Hence, the use of simplified inversion methods is of interest for imple-70

menting a relatively inexpensive monitoring and verification system (MVS) to track trace71

gas emissions over space and time (Pinty et al., 2017).72

Several light-weight inversion approaches tailored to satellite or airborne total col-73

umn observations have been presented in the literature, which may be grouped into three74

general classes:75

1. Fitting of simulated data to observed data using simplified transport76

models. Replacing a complex atmospheric transport model by a simplified model77

can save orders of magnitudes of computational cost. Examples of simplified mod-78

els that are able to represent the main features of plume transport and dispersion79

are Gaussian plume models (e.g., Stockie, 2011; Bovensmann et al., 2010; Zheng80

et al., 2020) and Lagrangian particle dispersion models (e.g., Wu et al., 2018), though81

the latter is already much more expensive than the former. The inverse problem82

is then reduced to fitting the simulated plumes to the observed plumes, which di-83

rectly provides the likely source emission rates.84

2. Direct application of mass conservation. Atmospheric transport takes place85

through advective, turbulent and convective transport. Whatever the transport86

mechanism, however, the principle of mass conservation holds: net outflow of mass87

plus net accumulation of mass in a volume corresponds (for a non-reactive gas)88

directly to the generation and/or depletion of mass within that region. Hence, com-89

putations of the mass flux based on the satellite image and known meteorologi-90

cal transport velocities can be used to estimate source emission rates. Examples91

of such mass balance methods are the cross-sectional flux (e.g., Conley et al., 2017;92

Varon et al., 2018; Kuhlmann et al., 2019) and the divergence methods (e.g., Beirle93

et al., 2019, 2021; Hakkarainen et al., 2022).94

3. Learning-based methods. Whereas the first two classes are based on an induc-95

tive and a deductive step (i.e., choosing a physical model, then estimating emis-96

sions based on that model), the learning-based methods take a transductive step.97

They immediately estimate the emission rates from a set of known input-output98

pairs. For example, the integrated mass enhancement (IME) method relates the99

total integrated plume mass estimated from a satellite image directly to the source100

emission rate, after calibrating the relation between IME and effective wind for101

simulated cases in a range of meteorological settings (Varon et al., 2018). A ma-102

chine learning approach can be similarly used to obtain such a direct inversion (e.g.,103

Bréon et al., 2021; Dumont Le Brazidec et al., 2023; Koene et al., 2021).104

In this paper, we take a close look at the theory for methods in the second iden-105

tified class, i.e., those based on considerations of mass conservation, with a particular106

focus on the divergence method. That there is a link between the divergence and cross-107

sectional flux method is straightforward to appreciate through Gauss’ divergence the-108

orem (nicely illustrated in Conley et al., 2017), and we will explicitly show how this equal-109

ity applies also for 2D integrated columns.110

Furthermore, we will show the assumptions implicitly made in the formulation of111

the divergence method, which has not been previously discussed in detail in the liter-112

ature. For example, we show why it is advantageous (and physically sound) to remove113

the background component prior to computing divergence maps, and discuss the find-114

ing of Sun (2022) that a topography correction is required. Furthermore, we derive the115

method in Cartesian and spherical coordinates to aid processing of data in either coor-116

dinate systems. Finally, we show a number of numerical examples to demonstrate the117
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theoretical and practical applicability of, and differences between, the divergence and cross-118

sectional flux methods.119

2 Mathematical framework and assumptions120

We will make a derivation of the divergence method in Cartesian as well as spher-121

ical coordinates. The Cartesian coordinate grid corresponds to a projected planar co-122

ordinate system, e.g., the transverse Mercator projection. Conversely, when working in123

spherical coordinates, we consider the projection of observations onto a latitude-longitude124

coordinate system, e.g., with reference to the Earth’s center of mass as in WGS 84.125

2.1 The continuity equation in Cartesian and spherical coordinates126

The conservative form of the mass continuity equation for points (x, y, z) in Carte-127

sian coordinates and at time t states that the net addition of sources and sinks (S) mi-128

nus the time-varying accumulation of mass equals the net mass outflow through a vol-129

ume V ,130

˚
V

(
S(x, y, z, t)− ∂ρ(x, y, z, t)

∂t

)
dV =

˚
V

∇ · F(x, y, z, t; ρ,v) dV, (1)131

132

where S [kg m−3 s−1] describes the source (positive) and sink (negative) contribution133

within volume V , ρ [kg m−3] here describes the density field of the considered trace gas134

(not the density of air, as common in meteorology), and F(x, y, z, t; ρ,v) = ρv [kg m−2
135

s−1] is the mass flux vector field for density ρ multiplied with transport vector v, which136

will be described in more detail in the next section. In Cartesian space, we use the vol-137

ume element dV = dxdy dz. We take x to be the coordinate in the easterly direction,138

y the coordinate in the northerly direction, and z represents the vertical coordinate. It139

will be helpful to consider that our density field can be decomposed into two parts, ρ =140

ρBG + ρE, where ρBG is a background component and ρE is an enhancement over the141

background. Because the divergence operator and the mass flux vector are linear func-142

tions, use of this density decomposition in eq. (1) yields two simultaneous equations whose143

sum corresponds to the total continuity equation,144

˚
V

(
−∂ρBG(x, y, z, t)

∂t

)
dV =

˚
V

∇ · F(x, y, z, t; ρBG,v) dV, (2)145

˚
V

(
S(x, y, z, t)− ∂ρE(x, y, z, t)

∂t

)
dV =

˚
V

∇ · F(x, y, z, t; ρE,v) dV. (3)146

147

The background field is that part of the density field which passively enters our domain148

via a mass flux through the boundaries (i.e., devoid of any internal source or sink com-149

ponent, which is strictly only true for a non-reactive trace gas), while we define the en-150

hanced field as the density field which was generated (or depleted) within the domain151

of interest. We only require eq. (3) to obtain estimates of sources and sinks, and it is thus152

the equation that we study further. Note that in the rest of the text, a reader can al-153

ways take ρBG = 0 for ρE = ρ at no loss of generality. We do however see two partic-154

ular reasons to recommend removing the background and working only with the enhanced155

field, which will become clear later:156

1. We only require the wind field around the plume (usually within the planetary bound-157

ary layer) rather than over the entire vertical column.158

2. We need to make no assumptions (such as the stringent assumption of steady-state159

conditions) on this background field.160

Such a background removal has been shown to be important to improve the results of161

the divergence method with synthetic CO2 satellite observations (Hakkarainen et al., 2022).162
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When working in spherical coordinates, the expressions take on a similar form, but163

a point in space is instead described in terms of its radius r from the center of the earth,164

while θ and ϕ (in radians) are the latitude and longitude of the point in geographical co-165

ordinates, respectively. The coordinate (θ, ϕ) = (0, 0) corresponds to the intersection166

between the equator and the Greenwich meridian. The continuity equation is then writ-167

ten as168

˚
V

(
S(r, θ, ϕ, t)− ∂ρE(r, θ, ϕ, t)

∂t

)
dV =

˚
V

∇ · F(r, θ, ϕ, t; ρE,v) dV, (4)169

170

where we have an elementary volume element dV = r2 cos(θ) dr dθ dϕ.171

2.2 The definition of the mass flux vector172

The mass flux field F describes the flow of density per unit time through a unit area.173

In Cartesian coordinates it is given as174

F(x, y, z, t; ρE,v) = ρE(x, y, z, t)

 vx(x, y, z, t)
vy(x, y, z, t)
vz(x, y, z, t)

 , (5)175

where the vector (vx, vy, vz)
T describes the transport velocities in the respective x, y and176

z directions. This transport can be described by a variety of mechanisms, e.g., advec-177

tion, turbulent mixing, and moist convection. While advective transport is explicitly re-178

solved by atmospheric transport models, turbulent mixing needs to be parameterized as179

a sub-grid scale process. The simplified representation of turbulence often represents a180

major source of uncertainty in atmospheric transport models, especially in terms of ver-181

tical mixing in the atmospheric boundary layer (Karion et al., 2019; Brunner et al., 2023;182

Katharopoulos et al., 2022).183

We will now make our first assumption, which allows us to circumvent the com-184

plexities introduced by turbulent mixing. Potential limitations of this assumption will185

be discussed in Section 6.186

Assumption 1. We assume the mass flux is dominated by advection. (6)187

Thus, we assume (vx, vy, vz)
T = (u, v, w)T where u, v and w are the grid-resolved east-188

erly, northerly, and vertical wind speeds, respectively. Under Assumption 1, we assume189

the following definition for the flux vector,190

F(x, y, z, t) ≡ ρE(x, y, z, t)

 u(x, y, z, t)
v(x, y, z, t)
w(x, y, z, t)

 =

 Fx(x, y, z, t)
Fy(x, y, z, t)
Fz(x, y, z, t)

 . (7)191

The Cartesian mass flux field may be written as F = Fxi + Fyj + Fzk for unit basis192

vectors i, j, k in the easterly, northerly and vertical directions, respectively.193

In spherical coordinates and under Assumption 1, we write the mass flux vector194

field as195

F(r, θ, ϕ, t) ≡ ρE(r, θ, ϕ, t)

 u(r, θ, ϕ, t)
v(r, θ, ϕ, t)
w(r, θ, ϕ, t)

 =

 Fϕ(r, θ, ϕ, t)
Fθ(r, θ, ϕ, t)
Fr(r, θ, ϕ, t)

 . (8)196

The mass flux in spherical coordinates may be written as F = Frr+Fθθ+Fϕϕ, using197

the standard spherical coordinate unit basis vectors r, θ and ϕ in their respective or-198

thogonal directions. Note that the wind field in spherical coordinates is still given in units199

of [m s−1] as in the Cartesian case.200
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2.3 Integrating over columns201

We will now simplify the expression for the integrated flux divergence in Eqs. (1)202

and (4), by focusing on a column stretching between the earth surface and the top of the203

atmosphere as typically measured from a satellite. We will make an assumption concern-204

ing the fluxes at these limits:205

Assumption 2. The normal fluxes at the top and bottom of the atmosphere vanish, F·n̂ = 0.
(9)206

That is: we assume the species will neither leak to space, nor penetrate into the ground207

(as the wind speed normal to the surface goes to 0).208

In Cartesian coordinates, we define the volume of such a column as the set of points209

satisfying VA = { (x, y, z) | (x, y) ∈ SA, z0 ≤ z ≤ zT }, where SA describes a horizon-210

tal slice or surface through the column, and where z = z0(x, y) describes the (possibly211

spatially varying) ground surface and z = zT describes the top of the atmosphere, see212

Figure 1. Under this assumption, the volume integration over volume V may be carried213

out as a vertical integration from z = z0 to z = zT , followed by the horizontal inte-214

gration. We define n̂(z0) = ∇(z − z0(x, y)) as the normal vector pointing out of the215

surface defined by the plane z − z0(x, y) = 0, and n̂(zT ) = ∇(z − zT (x, y)) as the216

normal vector pointing out of the surface defined by the plane z−zT (x, y) = 0. Using217

the fundamental theorem of calculus (
´ b
a
f ′(x) dx = f(b)−f(a) for a continuous func-218

tion f(x)) and Leibniz’ integral rule for interchanging integration and differentiation op-219

erators (
´ b(x)
a(x)

f ′(x, z) dz = [
´ b(x)
a(x)

f(x, z) dz]′ + a′(x)f(x, a(x)) − b′(x)f(x, b(x))), we220

then obtain221 ˚
VA

∇ · F(x, y, z, t) dVA =

¨
SA

ˆ zT

z0

(
∂Fx(x, y, z, t)

∂x
+
∂Fy(x, y, z, t)

∂y
+
∂Fz(x, y, z, t)

∂z

)
dz dSA,

(10)

222

=

¨
SA

(
∂
´ zT
z0

Fx(x, y, z, t) dz

∂x
+
∂
´ zT
z0

Fy(x, y, z, t) dz

∂y
+

−∂zT
∂x

Fx(x, y, zT , t)−
∂zT
∂y

Fy(x, y, zT , t) + Fz(x, y, zT , t)︸ ︷︷ ︸
F(zT )·n̂(zT )=0

+

+
∂z0
∂x

Fx(x, y, z0, t) +
∂z0
∂y

Fy(x, y, z0, t)− Fz(x, y, z0, t)︸ ︷︷ ︸
−F(z0)·n̂(z0)=0

 dSA,

(11)

223

=

¨
SA

∇x,y · FZ(x, y, t) dx dy, (12)224
225

as we assumed F(zT ) · n̂(zT ) = F(z0) · n̂(z0) = 0 following Assumption 2, and where226

we define the horizontal divergence operator ∇x,y = (∂/∂x, ∂/∂y)T applied to a ver-227

tically integrated vector field FZ =
´ zT
z0

(Fxi+ Fyj) dz = FZ
x i+ FZ

y j.228

The finding of Sun (2022) (in our notation, it is found by setting Fz(x, y, z0, t) =229

0 in eq. (11)) leaves a term proportional to the gradient of the surface elevation and the230

surface fluxes; but such a term does not follow from our derivation. Interestingly, the gradient-231

of-the-surface-elevation term is known to improve results with the divergence method232

in areas with considerable topography (e.g., Beirle et al., 2023). However, such a fix doesn’t233
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follow from the theory as presented here, suggesting that the cause of this improvement234

actually lies elsewhere, which should provide an interesting avenue for further research.235

We come back on one potential source of a topographic dependency in the discussion of236

Section 6.237

z 0(x,
y), ground surface

n̂(z0)

n̂(zT )

zT

Top of atmosphere

VA

Volume of integration

δSA = LA

Enclosing horizontal
surface

Figure 1. The integration domain VA consists of a column ranging from the ground (z = z0)
to the top (z = zT ) of the atmosphere, enclosed by the two blue ellipsoids. A horizontal slice of
the column is given by the area SA (in red), enclosed by the line ∂SA = LA.

For the case of a spherical coordinate system, we carry out similar steps, but de-238

fine the column as a volume given by the set of points satisfying VB = { (r, θ, ϕ) | (θ, ϕ) ∈239

SB, R0 ≤ r ≤ RT }, where SB describes a slice through the column, and coordinate240

r = R0(θ, ϕ) describes the ground surface while r = RT (θ, ϕ) describes the top of the241

atmosphere, see Figure 2. Then we find analogously to the Cartesian case (suppressing242
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the (r, θ, ϕ, t) dependencies momentarily for brevity) that243

˚
VB

∇ · F(r, θ, ϕ, t) dVB =

¨
SB

ˆ RT

R0

(
r
∂Fϕ

∂ϕ
+ r

∂(cos(θ)Fθ)

∂θ
+ cos θ

∂(r2Fr)

∂r

)
dr dθ dϕ,

(13)

244

=

¨
SB

∇θ,ϕ · FR(θ, ϕ, t) +R2
0 cos(θ)∇ (R0(θ, ϕ)− r) · F(R0)︸ ︷︷ ︸

−F(R0)·n̂(R0)=0

dθ dϕ,

(14)

245

=

¨
SB

∇θ,ϕ · FR(θ, ϕ, t) dθ dϕ, (15)246
247

where we used F(RT )·n̂(RT ) = F(R0)·n̂(R0) = 0 following Assumption 2, and define248

a divergence operator ∇θ,ϕ = (∂/∂ϕ, ∂/∂θ)T applied to FR =
´ RT

R0
(rFϕϕ+r cos(θ)Fθθ) dr =249

FR
ϕ ϕ+ FR

θ θ.250

x

y

z

r

R0

∂SB = LB

φ
∆φ

∆θ

θ

RT

Figure 2. The integration domain VB (in blue) consists of a spherical cone ranging from the
a surface (R0) to the top of the atmosphere (RT ). It is assumed that the normal flux (here:
ρ(r, θ, ϕ, t)w(r, θ, ϕ, t)) vanishes at the bottom and top of this column. A slice perpendicular to
the radial direction is given by the area SB (in red), enclosed by the line ∂SB = LB.

2.4 Computing fluxes for total vertical column observations251

Satellite data will not provide the integrated fluxes needed in Eqs. (12) or (15). In-252

stead, the satellite product will be an estimate of the total vertical column density (TVCD),253

which is an integration of the chemical species’ density over a column, divided by the254

column area. In Cartesian coordinates this corresponds to255

TVCDSA(t) =

˝
VA

ρ(x, y, z, t) dVA˜
SA

dSA
. (16)256
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For the decomposed density function (ρ = ρBG + ρE) that we are considering, we fur-257

thermore define the background column (BG),258

BGSA(t) =

˝
VA

ρBG(x, y, z, t) dVA˜
SA

dSA
(17)259

and the enhanced vertical column density (EVCD),260

EVCDSA(t) =

˝
VA

ρE(x, y, z, t) dVA˜
SA

dSA
= TVCDSA(t)− BGSA(t). (18)261

We may further pose that we can formulate a simple density model that inverts re-262

lation (18),263

ρE(x, y, z, t) = EVCDSA(t)C0(x, y, z, t), (19)264

with a concentration function for which it holds that
´
z
C0 dz = 1 and

˝
VA

C0 dVA =265 ˜
SA

dSA. To provide a simple example with a Dirac delta distribution, the concentra-266

tion function C0(x, y, z, t) = δ(ze−z) would simply imply that a species’ enhancement267

is fully present at a uniform altitude of ze. Using this expression for the density, we may268

obtain an expression for FZ in Eq. (12) as269

FZ(x, y, t) =

ˆ zT

z0(x,y)

ρE(x, y, z, t)

[
u(x, y, z, t)
v(x, y, z, t)

]
dz, (20)270

= EVCDSA(t)

ˆ zT

z0(x,y)

C0(x, y, z, t)

[
u(x, y, z, t)
v(x, y, z, t)

]
dz, (21)271

= EVCDSA(t)

[
UZ(x, y, t)
VZ(x, y, t)

]
, (22)272

273

where UZ and VZ are the wind speeds weighed by the function C0 as per Eq. (21). As274

mentioned before, here lies one of the advantages of working with the enhanced concen-275

trations rather than the full concentration field, as the wind fields are only needed around276

the plume enhancement, which will generally be the wind field close to the Earth’s sur-277

face. Conversely, if we work with the total vertical column density (e.g., when using CO2278

columns), we would need the wind field and concentration profile accurately known for279

the entire atmospheric column. Conversely, for a plume within a well-mixed planetary280

boundary layer, a density-weighted average wind speed within the layer would be a good281

approximation.282

For the situation in spherical coordinates, we equally define an enhanced vertical283

column density,284

EVCDSB(t) =

˝
VB

ρE(r, θ, ϕ, t) dVB˜
SB

cos(θ) dθ dϕ
, (23)285

giving a result with units of kg sr−1 (i.e., kilograms per steradian). Conversion from [kg/sr]286

to [kg/m2] follows approximately through a multiplication with R2
0 ≈ 63710002, and287

vice versa. The fields TVCD and BG may be similarly found in spherical coordinates.288

Like the Cartesian case, we again formulate a density model ρE = EVCDSBC0(r, θ, ϕ, t),289

with property
´
r
C0r

2 dr = 1 and
˝

VB
C0 dVB =

˜
SB

cos(θ) dθ dϕ. For example, a290

concentration function of the form C0 = δ(R0+re−r)/r2 would imply that a species’291

enhancement is only present at a radially uniform altitude of re over R0. Using the pro-292

posed density model in eq. (23) would indeed return the EVCD. Its use in eq. (15) gives293

FR(θ, ϕ, t) =

ˆ RT

R0

ρE(r, θ, ϕ, t)

[
u(r, θ, ϕ, t)r

v(r, θ, ϕ, t)r cos(θ)

]
dr, (24)294

= EVCDSB(t)

ˆ RT

R0

C0(r, θ, ϕ, t)

[
u(r, θ, ϕ, t)r

v(r, θ, ϕ, t)r cos(θ)

]
dr, (25)295

= EVCDSB(t)

[
UR(θ, ϕ, t)
VR(θ, ϕ, t)

]
, (26)296

297
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where VR and UR are the winds weighed following Eq. (25).298

At this stage we managed to write equivalent systems for both the Cartesian and299

the spherical coordinate systems. That is, the vectors FZ and FR are simply the enhanced300

vertical column density multiplied with a weighed wind field; the divergence operators301

are simply differentiations applied along the respective coordinate axes (x and y for the302

Cartesian system, or θ and ϕ for the spherical coordinate system); which may be used303

to obtain the right-hand sides of the continuity equations (3) and (4).304

2.5 The left-hand side of the continuity equation305

As we managed to write two equivalent systems for the Cartesian and spherical co-306

ordinate systems, we can continue a derivation just for the Cartesian case, knowing that307

the case in spherical coordinates will follow analogously if we replace FZ by FR, coor-308

dinates x by θ and y by ϕ, and wind fields UZ by UR and VZ by VR. Our analysis thus309

far was mostly concerned with rewriting the right-hand side of the continuity equation310

(1) in terms of the enhanced vertical column density. The left-hand side corresponds to311

the sum of the sources and sinks within V and its ground surface, and the temporal ac-312

cumulation of mass.313

Mass can accumulate in a transient situation with temporally changing wind fields314

or changing sources and sinks. However, as we generally just have a single overpass im-315

age, we state the next assumption,316

Assumption 3. We assume steady-state conditions during the time of overpass,˚
VA

∂ρE(x, y, z, t)

∂t
dVA =

¨
SA

∂EVCD(x, y, t)

∂t
dSA ≈ 0.

(27)317

If we had access to the instantaneous evolution of the enhanced vertical column density318

(say, we had access to the EVCD at two time instances a few minutes apart), we could319

estimate the expression in Eq. (27). This could be possible for a geostationary but not320

for a polar orbiting satellite. Instead, one can hope that the error introduced by the steady321

state assumption follows a normal Gaussian distribution in time and space, such that322

this error decreases when multiple independent estimates from different overpass days323

or different integrating areas can be obtained. Note that we do not have to assume steady324

state conditions for the background field ρBG, which does not appear in Eq. (27), apart325

from the assumption that we could successfully compute the enhanced field ρE = ρ−326

ρBG. Here lies the second big advantage of removing the background field and only work-327

ing with the enhanced columns – we require no assumptions on the field we do not take328

into account. And as mentioned before, such a background-correction step was shown329

to considerably improve CO2 divergence results (Hakkarainen et al., 2022).330

Two final assumptions remain. The first considers the source term within volume331

VA and its bottom boundary. We will assume that we can write the source and sink field332

as the product of Qi (the emission rate of source i in units of kg/s) with a Dirac delta333

distribution for each source.334

Assumption 4. Sources are given as emission rates multiplied with delta distributions,335 ˚
VA

∑
i

Qi(t)δ(x− xi, y − yi, z − zi) dVA =
∑

i if (xi,yi)∈Sa

Qi(t). (28)336

337

(Note that other assumed horizontal distributions, like 2D Gaussians or rectangular func-338

tions, are possible too, but then this must be accounted for in the further theory. We339

merely provide a nice way to discretize our source fields).340

The final assumption concerns the sink term within the volume. A zero-th order341

assumption is to assume no presence of sinks – but if this assumption is incorrect we will342

–10–



manuscript submitted to JGR: Atmospheres

generally underestimate the emission rates. An alternative assumption made in Beirle343

et al. (2019) is that of a first-order reaction, following the partial differential equation344

∂ρE/∂t = −kρE, i.e., where the concentration decays proportional to the concentra-345

tion field itself, with a rate k describing the decay constant (for half-life t1/2 = ln(2)/k).346

Rewriting the expression for a sink as
˝

VA
∂ρE(x, y, z, t)/∂tdVA =

˝
VA

−k(x, y, z)ρE(x, y, z, t) dVA,347

and using our density model of eq. (19) we can find348

Assumption 5. Sinks are described by first-order reactions:
¨

SA

−kA(x, y)EVCD(x, y, t) dSA,

(29)
349

where kA =
´
z
C0k dz is the vertically weighed reaction rate, similar to how the wind-350

field is weighed vertically. This allows us to account for a vertically varying rate (e.g.,351

due to temperature-dependent chemical reactions). It is typical to make the assumption352

of a constant rate, i.e., kA(x, y) ≡ k.353

Gathering all five assumptions made up to this point, we obtain the final form for354

continuity equation,355 ∑
i if (xi,yi)∈Sa

Qi(t) =

¨
SA

(
∇x,y · FZ(x, y, t) + kA(x, y)EVCD(x, y, t)

)
dSA. (30)356

357

The expression in spherical coordinates is entirely analogous.358

3 The divergence method and cross-sectional flux method359

We are now at a point where we can define the divergence method to estimate source360

emission rates Qi [kg/s].361

3.1 The divergence method362

Equation (30) contains the divergence method as described by Beirle et al. (2019).363

Following their notation, a divergence field D(x, y, t) = ∇x, y · FZ(x, y, t) is defined,364

which is averaged over multiple satellite images. After adding the chemical sink term (if365

applicable) as per Eq. (30) and integrating over many small horizontal slices SA, this pro-366

vides a map of emission rates within each element.367

We can describe the full process by defining a horizontal slice SA as a small rect-368

angular patch, formally defined by SA = { (x, y) | x0 ≤ x ≤ x1, y0 ≤ y ≤ y1 }. Then,369

Eq. (12) yields (following the fundamental theorem of calculus),370

¨
SA

∇x,y · FZ(x, y, t) dSA =

ˆ x1

x0

ˆ y1

y0

∇x,y · FZ(x, y, t) dxdy, (31)371

=

ˆ y1

y0

(
FZ
x (x1, y, t)− FZ

x (x0, y, t)
)
dy

+

ˆ x1

x0

(
FZ
y (x, y1, t)− FZ

y (x, y0, t)
)
dx,

(32)372

≈
(
FZ
x (x1, y, t)− FZ

x (x0, y, t)
)
∆y +

(
FZ
y (x, y1, t)− FZ

y (x, y0, t)
)
∆x,

(33)
373

374

for ∆x = x1 − x0 and ∆y = y1 − y0. In this discretized approximation of the inte-375

grated divergence field, we have assumed that Fx is constant in the y direction, while376

Fy is constant in the x direction. Repeating the computation of Eq. (33) for a grid of377

small patches in the x and y directions then gives an approximate map of emission rates378

per patch. An example of this process is shown in Figure 3(c). Then, following Eq. (30)379

we can relate the obtained values to emission rates per cell.380
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UZ

V
Z

(a) n S

(synthetic) EVCDFZ = EVCD
[

UZ

VZ

]

∫∫
S∇ · FZ dS

=∮
∂S FZ · n d∂S

(b)

∫∫
S0∇ · FZ dS0 6= 0

∫∫
S1∇ · FZ dS1 = 0

∫∫
S2∇ · FZ dS2 = 0

(c)

FZ · n

∫
L1 FZ · n dL1 = 0

∫
L

2 F
Z
·n

d
L

2 6=
0

∫
L3 FZ · n dL3 = 0

∫ L
0
FZ
·n

dL
0

=
0

(d)

Figure 3. Schematic example of the divergence method and the cross-sectional method ap-
plied to a source producing a Gaussian plume. (a) The effective transport (explicitly not just
wind-)speeds in the easterly and northerly directions, U0 and V0 respectively, form a transport
vector at every position. Their explicit form is given in eq. (41). (b) The total vertical column
density (TVCD) can be used to compute the vertically integrated flux vector FV. Then, defin-
ing an arbitrary area S enclosing the source, we have that the area integral of the divergence
of the flux equals the closed line integral of the normal flux along the area, ∂S. (c) The diver-
gence method consists of evaluating the divergence for small patches. Under the steady-state
assumption, without presence of sinks, and assuming the transport vectors U0 and V0 are known
accurately, this will only yield a non-zero value at the location of the emission source. (d) The
cross-sectional method consists of computing the closed line integral. The curve part in the ‘up-
stream’ direction (L0), and two sections parellel but far away from the plume center line (L1 and
L3) can be assumed to not contribute to the total line integral. As a result, only a cross-sectional
line section (L2) remains.
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3.2 The cross-sectional flux method381

As an aside, we point out that the cross-sectional flux method follows from an ap-382

plication of Gauss’ divergence theorem to Eq. (12),383

˚
VA

∇ · F(x, y, z, t) dVA =

¨
SA

∇x,y · FZ(x, y, t) dSA =

˛
∂SA

FZ(x, y, t) · n dLA, (34)384

385

where ndLA = i dy−jdx, using n as the outward pointing unit vector on every point386

of the closed curve ∂SA = LA (see Figure 1). A reader may confirm that for an iden-387

tical rectangular choice of the horizontal slice SA, equations (32) and (34) are indeed iden-388

tical, hence, the cross-sectional method and divergence method are mathematically iden-389

tical. A judicious choice for the coordinates of the closed contour LA enclosing the known390

source can simplify the equations. An example is shown in Figure 3(d), where LA = L0∪391

L1∪L2∪L3 is the union of four straight lines, of which three are (approximately) zero392

because they lie upstream of the source or parallel to the source at large offsets. Equa-393

tion (34) can then thus be computed as the line integral of the flux field along the only394

line that crosses through the source enhancement field. Then, following Eq. (30) we can395

relate the obtained values to emission rates within the area under consideration.396

3.3 The difference between the two methods397

Although the divergence method and cross-sectional flux methods are identical from398

a mathematical point of view, it is worth pointing out that they differ in practice. We399

note the following six important differences:400

• In the divergence method, one first produces a map of emission rates; this map401

is then used to quantify the emissions for specific sources of interest (Beirle et al.,402

2019, 2021; Hakkarainen et al., 2022). Conversely, in the cross-sectional flux method,403

one first picks a source of interest, and then emissions are quantified by choosing404

an appropriate integrating contour surrounding this source. The order of opera-405

tions is thus opposite (‘compute-emissions-then-pick’ in the divergence method,406

versus ‘pick-then-compute-emissions’ for the cross-sectional method).407

• The divergence method ‘ignores’ additional information from the plume downwind,408

whereas the cross-sectional method can use data from multiple offsets along the409

plume (see, e.g., Kuhlmann et al., 2020, 2021).410

• Both the divergence and cross-sectional methods require that multiple emission411

estimates are made, to overcome issues with noisy and uncertain data and pro-412

cessing. For the divergence method, the only means of getting more estimates is413

to repeat the estimation for multiple satellite overpasses. The cross-sectional method414

(per the previous point) can compute multiple estimates from a single image alone.415

The obtained signal from the cross-sectional method can thus, potentially, be su-416

perior, as more estimates can be obtained from the same data.417

• By averaging over multiple instances in time, the divergence method may pick up418

on small sources that in a single image produce only a faintly discernible plume419

enhanced over the background, visible in the pixel overlapping with the source and420

a few next to it. The cross-sectional method applies primarily to large plumes that421

are clearly visible in instantaneous images, not to plumes that are only faintly present422

in a handful of pixels.423

• The divergence method requires little input of the user to run. Conversely, the cross-424

sectional flux method requires multiple steps to be carried out (e.g., selecting the425

point source of interest, selecting corresponding pixel enhancements over the back-426

ground, selecting suitable integrating contours, making sure plumes are not over-427

lapping). Therefore, the divergence method is easily automated, while the cross-428

sectional flux method requires a very tuned algorithm to carry out the required429

steps for the chosen product (satellite and trace gas) in an automated fashion.430
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• The divergence method is ‘receptive’ to the first-order derivative of the enhanced431

field (i.e., requires sharp discontinuities to find sources), while the cross-sectional432

method is ‘receptive’ to just the amplitude of the enhanced field (i.e., requires large433

enhancements to find sources). The divergence method may thus struggle to find434

sources that are not well-described as point-sources (e.g., cities or other area sources),435

while the cross-sectional method is not hindered by this restriction (e.g., see Hakkarainen436

et al., 2022; Kuhlmann et al., 2021). Conversely, the cross-sectional method is only437

dependent on large enhancements over the background, not their first-order deriva-438

tives.439

4 Considerations of discretization for the divergence method440

The enhanced vertical column density will only be known at discrete pixels rather441

than as a continuous field. Calculus operations like line integrals and divergence oper-442

ations must thus be replaced with their discrete counterparts. In this section we shortly443

describe the effect of working with discretized data when using the divergence method.444

4.1 Finite-difference and finite-volume differentiation445

Given the discrete nature of the enhanced vertical column density field, we will in-446

troduce an additional subscript notation of the form fi,j(t) = f(i∆x, j∆y, t) where f447

is any function and i and j are integers. Then the mass flux FZ given in Eq. (22) can448

be written as449 [
FZ
x|i,j(t)

FZ
y|i,j(t)

]
=

[
UZ|i,j(t)
VZ|i,j(t)

]
EVCDi,j(t). (35)450

We consider this formulation a ‘coincident’ definition of the flux, as the wind and den-451

sity fields are defined at coincident locations. In practice, this will require interpolation452

of the satellite observations and the wind fields to a common Cartesian or spherical grid.453

From this definition we may compute a discrete version of the divergence using centered454

finite-differences (FD) using the following smallest possible stencil,455

(∇x,y · FZ)i,j(t) ≈ DC
ij(t) =

Fx|i+1,j(t)− Fx|i−1,j(t)

2∆x
+

Fy|i,j+1(t)− Fy|i,j−1(t)

2∆y
. (36)456

457

Note that the computation at position (i∆x, j∆y) is independent of EVCDi,j .458

An alternative is to use a finite-volume approximation of the divergence method,459

which could already be discerned in Eq. (33): instead of a centered FD approach, we could460

use the flux at the cell boundaries. In this case, the wind field would be interpolated to461

the cell boundaries, whereas the satellite observations would be interpolated to the cell462

centers. We can use the concept of an ‘upwind’ flux to compute the fluxes at cell edges463

as464

FZ
x|i+ 1

2 ,j
(t) = UZ|i+ 1

2 ,j
(t)×

{
EVCDi,j(t) if UZ|i+ 1

2 ,j
(t) ≥ 0,

EVCDi+1,j(t) otherwise,
(37)465

FZ
y|i,j+ 1

2
(t) = VZ|i,j+ 1

2
(t)×

{
EVCDi,j(t) if VZ|i,j+ 1

2
(t) ≥ 0,

EVCDi,j+1(t) otherwise
(38)466

467

In other words, we transport the mass of the cell upstream from the wind direction into468

the downstream direction. Then, the divergence can be approximated using a more com-469

pact stencil,470

(∇x,y · FZ)i,j(t) ≈ DU
ij(t) =

Fx,i+ 1
2 ,j

(t)− Fx,i− 1
2 ,j

(t)

∆x
+

Fy,i,j+ 1
2
(t)− Fy,i,j− 1

2
(t)

∆y
. (39)471

472

The divergence approximation with eq. (39) uses spatial offsets of ∆x and ∆y rather than473

2∆x and 2∆y. Furthermore, unlike eq. (36), the computation at position (i∆x, j∆y) now474
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depends on EVCDi,j at the same location. Hence, one can expect that the divergence475

as computed with the upwind fluxes results in a more ‘focused’ emissions estimation; at476

the cost of shifting the estimated fluxes (and thus the enhancements) to the border of477

a pixel containing a source rather than the center of a pixel. Hence, the estimated emis-478

sions would be slightly offset with respect to the true source location.479

4.1.1 Gaussian plume example480

Consider an example of the two divergence computations for a vertically integrated481

Gaussian plume for a point-source at (x, y) = (0, 0) with source rate Q,482

G(x, y) = H(x)
Q

U

1√
2πσ(x)

e
−y2

2σ2(x) , (40)483

where H(x) is the (Heaviside) step function, U is the wind speed in the x direction to484

describe the advective process, and σ(x) = H(x)
√

2Kyx/U describes the crosswind dif-485

fusion through the eddy diffusion coefficient Ky. The transport speed in the y direction486

due to turbulence can be found to be V = Uy/(2x), following, e.g., Stockie (2011). We487

horizontally integrate eq. (40) to form pixels of ∆x by ∆y using a numerical quadrature,488

to compute EVCDi,j . For the effective wind, we use489

UZ|i,j = U, VZ|i,j =

´ (i+ 1
2 )∆x

(i− 1
2 )∆x

´ (j+ 1
2 )∆y

(j− 1
2 )∆y

G(x, y)Uy
2x dy dx

´ (i+ 1
2 )∆x

(i− 1
2 )∆x

´ (j+ 1
2 )∆y

(j− 1
2 )∆y

G(x, y) dy dx
. (41)490

491

The expression for VZ implies that we weigh the local cross-wind transport velocity Uy/(2x)492

with the horizontal concentration field, as indicated in eq. (21). Note that this defini-493

tion of the effective wind field is analogous to what is proposed in Roberts et al. (2023),494

who point out that using the full transport speed of a Gaussian plume corrects for un-495

derestimated divergence estimates. The integrals may be either computed using calcu-496

lus methods or by the same numerical quadrature used to compute the EVCDi,j pixels.497

Now, when comparing the divergence as computed using the coincident and the up-498

wind flux definitions in Fig. 4, we note that the latter method gives a figure that is con-499

siderably more ‘focused’. The reason for this is that the divergence using the upwind flux500

definition is a more localized operation compared to the coincident flux version. Note,501

furthermore, in Fig. 4 that even in this simple analytical example, the divergence map502

is not actually restricted to just the pixels at, or surrounding, the source position. The503

reason for this is the fact that we replaced the continuous divergence operation with an504

FD approximation. The FD approximation is erroneous for higher wavenumbers (i.e.,505

sharp features, such as around a point source), with as a result a blurring (or, more pre-506

cisely, a wavenumber-dependent phase shift) of the originally expected point source re-507

sult.508

4.2 Numerical integration509

Just as differentiation is replaced with finite-difference approximations, we must510

replace integration with numerical summations over discrete values. Assuming we want511

to integrate over a rectangular area of Nx∆x by Ny∆y, the numerical integration can512

be carried out as513

¨
SA

(∇x,y · FZ(t)) dSA ≈
Nx−1∑
i=0

Ny−1∑
j=0

Di,j(t)∆x∆y, (42)514

515

where Di,j represents the discretely computed divergence field. If we use this formula-516

tion on the divergence results of Fig. 4, we find Q = 3 for both the finite difference and517

finite volume versions, which was also used to model the Gaussian plume.518
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Figure 4. Coincident flux versus upwind flux definitions lead to different results when creat-
ing the divergence map ∇ · FZ . The source position is indicated with a red dot, and pixel values
are indicated with circles. The upwind fluxes are staggered with respect to the input data. Note
that the divergence map using the upwind flux definition is more focused, less smeared, than the
divergence map created using the coincident flux definition. However, it is not centered on the
source location but shifted towards the right, following the wind direction.
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The structure of the discrete divergence operator Di,j can be treated as a telescop-519

ing series of internally cancelling contributions, such that only the terms at the borders520

of the domain remain (which is a numerical demonstration of Gauss’ divergence theo-521

rem). That is, for the coincident flux definition of the divergence, we could also compute522

Nx−1∑
i=0

Ny−1∑
j=0

DC
i,j(t)∆x∆y = ∆y

Ny−1∑
j=0

[−Fx|−1,j − Fx|0,j

2

]
+

Ny−1∑
j=0

[
Fx|Nx−1,j + Fx|Nx,j

2

]
+∆x

(
Nx−1∑
i=0

[−Fy|i,−1 − Fy|i,0

2

]
+

Nx−1∑
i=0

[
Fy|i,Ny−1 + Fy|i,Ny

2

])
,

(43)

523

524

and for the upwind flux definition of the divergence, we have that525

Nx−1∑
i=0

Ny−1∑
j=0

DU
i,j(t)∆x∆y = ∆y

Ny−1∑
j=0

[−Fx|− 1
2 ,j

1

]
+

Ny−1∑
j=0

[
Fx|Nx− 1

2 ,j

1

]
+∆x

(
Nx−1∑
i=0

[−Fy|i,− 1
2

1

]
+

Nx−1∑
i=0

[
Fy|i,Ny− 1

2

1

])
.

(44)526

527

Note that eq. (43) contains the spatial average between two cells to the locations explic-528

itly indicated in (44). This formulation is one possible basis upon which a cross-sectional529

flux implementation rests. It will become relevant in the next section that the numer-530

ical integral for the coincident flux depends on 8 EVCD values, while the integral using531

the upwind fluxes depends only on 4 EVCD values.532

4.3 Noise533

Assume that independent and identically distributed (i.i.d.) Gaussian additive noise534

is present in the computed mass flux vector, such that we can only work with the noisy535

flux, F noisy
x|i,j = Fx|i,j + Ni,j , with noise component Ni,j ∼ N (0, σ2) for a zero-mean536

Gaussian distribution N with variance σ2. In that case, the coincident divergence com-537

putation in eq. (36) becomes538

DC,noisy
i,j (t) =

F noisy
x|i+1,j − F noisy

x|i−1,j

2∆x
+

F noisy
y|i,j+1 − F noisy

y|i,j−1

2∆y
, (45)539

= DC
i,j(t) +

Ni+1,j −Ni−1,j

2∆x
+

Ni,j+1 −Ni,j−1

2∆y
, (46)540

∼ N
(
DC

i,j(t), σ
2

[
1

2∆x2
+

1

2∆y2

])
. (47)541

542

Hence, the finite-difference approximation of the coincident divergence operator would543

be a random variable centered around the noise-free divergence approximation, with a544

variance inversely proportional to the cell dimensions. Substituting the same noise model545

in the numerical integral of the divergence, eq. (43), yields546

Nx−1∑
i=0

Ny−1∑
j=0

DC,noisy
i,j (t)∆x∆y ∼ N

Nx−1∑
i=0

Ny−1∑
j=0

DC
i,j(t)∆x∆y, [Nx∆x2 +Ny∆y2]σ2

 . (48)547

548

We can repeat the computation for the upwind definition of the fluxes, eq. (39),549

to find550

DU,noisy
i,j (t) =

F noisy
x|i+ 1

2 ,j
− F noisy

x|i− 1
2 ,j

∆x
+

F noisy
y|i,j+ 1

2

− F noisy
y|i,j− 1

2

∆y
, (49)551

∼ N
(
DU

i,j(t), σ
2

[
2

∆x2
+

2

∆y2

])
, (50)552

553
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and (for eq. (44))554

Nx−1∑
i=0

Ny−1∑
j=0

DU,noisy
i,j (t)∆x∆y ∼ N

Nx−1∑
i=0

Ny−1∑
j=0

DC
i,j(t)∆x∆y, 2[Nx∆x2 +N2

y∆y]σ2

 , (51)555

556

This means that the noise variance for integrating the divergence map with the upwind557

flux definition is expected to be exactly twice as large as with the coincident flux; even558

though the divergence map computed with eq. (50) has a noise variance four times as559

high. The reason for this was highlighted in the previous section, which showed that twice560

as many cells are summed in a numerical integration of the coincident flux integration,561

eq. (43), than for the upwind flux integration, eq. (44).562

4.3.1 Gaussian plume example with noise563
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Figure 5. Coincident flux versus upwind flux definitions lead to different results when cre-
ating the divergence map ∇ · FZ,noisy with a 0.1 SNR. Compare to Fig. 4. The divergence map
using the upwind flux definition remains more strongly elevated over the background noise and
less smeared than the divergence map created using the coincident flux definition.
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Analogous to the previous noise-free Gaussian plume example, we now provide an564

example of the coincident and upwind flux definitions in Fig. 5 with a pseudo ‘noisy’ satel-565

lite image with signal-to-noise ratio SNR = EVCD2
average/σ

2
im = 0.1. Compared to Fig.566

4, we see that the upwind divergence map remains more ‘focused’ around the true source567

location (that is: on a single image; the result would start to approach the results of the568

divergence method if we would average over many images with various wind directions).569

Hence, if the sole purpose of computing the divergence map is to locate sources, it is clear570

that the upwind flux map may continue to yield a superior result. However, if the pur-571

pose is to compute source emissions accurately, the coincident flux definition is more ro-572

bust to noise. Repeating the source estimation step 1 000 000 times, we can show a ker-573

nel density plot like Fig. 6 to show the distribution in the estimated emissions for this574

Gaussian plume example. As derived, the coincident flux source estimate follows a Gaus-575

sian distribution with σ2
est

∼= (Nx∆x2+Ny∆y2)U2σ2
im, while the upwind flux estimates576

follow a distribution with 2σ2
est.577

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
Estimated emissions
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0.8

1.0
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Density plot for 1 000 000 Gaussian plume realizations
Coincident emissions
estimate
Upwind emissions
estimate
True emissions
Gaussian distribution

(3, 2
est)

Gaussian distribution
(3, 2 2

est)

Figure 6. Kernel density plot for source estimations based on 1 000 000 realizations of a noisy
Gaussian plume image with a SNR=0.1. One such realization is shown in Fig. 5. The coincident
flux divergence method is more precise in estimating the emissions than the upwind divergence
method under presence of noise.

4.3.2 Recommendations578

The results from eqs. (47)–(51) indicate five general recommendations for keeping579

the noise level of the source estimations in check:580

1. Obtain more estimates. If we can make M estimates of the emissions Qi(t),581

then their arithmetic mean will have its variance decreased by a factor 1/M . For582

example, with the cross-sectional flux method, one might be able to estimate the583

emissions from a single source at multiple offsets, and apply an appropriate av-584

eraging operation to decrease the uncertainty of emissions from a single image (e.g.,585

see Kuhlmann et al., 2019, 2021).586

2. Denoise the image. If we can work with an image that has its noise variance587

σ2 reduced through some denoising procedure, less noise can leak into the final588

result. This was for example explored by Hakkarainen et al. (2022), where it was589
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shown that application of a mean filter increased the possibility of obtaining ac-590

curate source estimates for a number of point sources using a simulated CO2M591

satellite dataset (Kuhlmann et al., 2019). Alternatively, as Beirle et al. (2019) ex-592

plored, averaging over many temporal instances of the flux field also achieves a593

denoising of the flux map by bringing down the sample error per cell.594

3. Include a robust fitting process before integrating. Following eqs. (47)–595

(51), the divergence estimate is inversely proportional to the cell dimensions while596

the source emission estimate is directly proportional to the integration size. Hence,597

to reduce the error we may attempt to perform a robust fitting procedure prior598

to the integration step. For example, Beirle et al. (2019) proposes to fit 2-D Gaus-599

sian distributions to the divergence map for possible source locations rather than600

integrating the divergence map directly.601

4. Compute the divergence first, prior to further processing. Temporal av-602

eraging and divergence computations (and area integrals) are linear operators, thus603

they commute from a mathematical point of view. Computing area integrals over604

temporally averaged divergence maps (Beirle et al., 2023), or over divergence com-605

putations of time-averaged flux maps (Beirle et al., 2019), thus seem mathemat-606

ically identical. However, when working with finite data (e.g., a finite swath length,607

patchy data due to cloud cover, . . . ) commutativity breaks down. For instance608

(to give a simple example), if each satellite overpass yields just one usable pixel,609

divergence computations are not possible with the individual overpass images. Con-610

versely, if one first bins and time-averages these pixels, one can suddenly compute611

the divergence. However, this latter divergence map would likely be erroneous as612

each pixel is drawn from a different distribution, invalidating a steady-state as-613

sumption (e.g., if each overpass featured different emission rates, the divergence614

computation is not giving a meaningful result). Clearly, the order of operations615

matters. Thus, as is also done in Beirle et al. (2023), it is imperative to take the616

average of the divergences rather than the other way around, as this is the desired617

result. With regards to the question of whether one should bin the pixels first and618

then compute the divergence, or compute the divergence first and then bin the re-619

sults, Beirle et al. (2023) shows that the latter version produces superior results.620

This makes sense as the swath is the best approximation of the continuous field,621

and binning (as a non-linear operator) weakens this continuity. Hence, the best622

results can be obtained by computing the divergence result prior to the binning,623

averaging and integration steps, both in theory and in practice.624

5. Estimate the source rate over the smallest region possible to avoid noise.625

Equations (48)–(51) with Gaussian i.d.d. noise suggest that using a large integra-626

tion region around a source negatively affects the results of the divergence method.627

The primary reason is that, when integrating over a larger region, we are simply628

adding random noise of pixels that are not related to the source, which increases629

the variance of the estimate without improving upon its expected value.630

5 Examples631

5.1 Numerical example for a Gaussian plume632

We already considered two examples for a Gaussian plume model in Figures 4 and633

5. However, we will show one additional Gaussian plume example, where we explore the634

effect of making the assumption of pure advection while knowing that the Gaussian plume635

transport speeds are described as both advective (downwind) and diffusive (cross-wind).636

Furthermore, we will consider the effect of different integration areas on the results. Fig-637

ure 7 shows results for both the divergence method (top) and the cross-sectional-flux method638

(bottom). The left panels work from the assumption that only an advective flux is present,639

while the right panels make the assumption that both the advective and diffusive trans-640

port speeds are used to compute the flux fields. The example shows that the assump-641
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Figure 7. An example of a Gaussian plume to which we applied the divergence method (top
panels) and the cross-sectional flux method (bottom panels). In the left panels we assume that
only an advective flux is present, while in the right panels we assume the full 2-D flux vector for
the Gaussian plume model. The emissions for this example are Q = 3 (in arbitrary but consis-
tent units). Shown in color in the top panels are the corresponding divergence maps. Shown in
grayscale in the bottom panels is the TVCD of the Gaussian plume.
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tion of an advective flux yields no errors, provided that the area of integration is chosen642

with straight lines crossing the entire plume (as in the ‘blue’ dotted domain). Conversely,643

when we choose arbitrary different domains, missing the diffusive component of the flux644

underestimates the obtained emissions (as in the ‘green’ and ‘red’ dotted domains). Note,645

furthermore, that the divergence map is more ‘focused’ when the full flux vector is used,646

even when we are using the coincident flux method here. This result is in line with find-647

ings of Roberts et al. (2023) who recommend modifying the flux map using the full trans-648

port vector rather than just the wind. In Figure 7 we can moreover see that we can com-649

pute the line integral for a single cross-sectional line (shown in ‘cyan’) downwind of the650

source, to obtain a good estimate of the emission rate. Note that this line does not have651

to be perpendicular to the wind direction, it merely has to be straight and cross the whole652

plume; as then the cross-wind fluxes cancel. We show this mathematically in Appendix653

A. This follows from the assumptions shown in Figure 3(d), namely that the upwind and654

far-away parallel fluxes along the plume do not contribute to the line integral (when the655

background field is removed appropriately). There is no analogous single-line method656

for the divergence method.657

The conclusion we can draw from this Gaussian plume example is that the assump-658

tion of only an advective flux is appropriate provided that we can sample full plume cross-659

sections along straight lines (as in the blue, black and cyan line sections of Fig. 7). Con-660

versely, when we do not sample the entire plume cross-section along a straight line, the661

assumption leads to underestimations (as in the green and red line sections). This con-662

clusion has a negative consequence for the divergence method [It is relevant to remark663

here that taking the area integral of the divergence map is yet another commuting lin-664

ear operator; so whether one first time-averages all divergence maps and then integrates665

to estimate the source strength, or one integrates all divergence maps to get individual666

source strength estimates and then time-averages the results, one obtains the same re-667

sults. In this example we see that the latter approach may underestimate source emis-668

sions on single images, and thus the total average over many Gaussian plumes in arbi-669

trary directions will also be negatively biased.] : one can generally expect that the inte-670

gration domain on which the divergence is computed is not cutting through the plume671

in a straight line. The best solution for this problem is thus likely the one pointed out672

by Roberts et al. (2023): include the diffusive flux prior to taking the divergence. For673

the cross-sectional flux method, we see that as long as we can take a cross-section along674

a straight line (which should generally be possible), we obtain accurate results, regard-675

less of whether we do or do not include the effects of diffusion.676

Of course, we remark that these conclusions are based on a Gaussian plume model.677

In the next section we take a closer look at more realistically modeled plumes.678

5.2 Example using a COSMO-GHG modeled enhanced plume679

As an alternative to the theoretical and analytical model of the Gaussian plumes,680

we run a full-fledged atmospheric transport model, COSMO-GHG, to generate a more681

realistic and time-varying plume (Jähn et al., 2020). COSMO-GHG is run with a rotated682

latitude-longitude grid at approximately 1 km × 1 km resolution and 60 vertical levels683

extending to 23 km altitude. As meteorological initial and boundary conditions we use684

the ECMWF operational analysis data. We simulate a point source with constant emis-685

sions of 1241 kg CO2/s at the location of the Bełchatów power station in Poland. We686

prescribe a vertical emission profile to account for buoyant plume rise, with the major-687

ity of the emissions centered around 600 m altitude (Brunner et al., 2019, 2023). Out-688

put is generated in time steps of 15 minutes, on June 5, 2018. By vertically integrating689

the simulated CO2 field we compute pseudo satellite TVCD images of CO2 [kg/sr].690
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Figure 8. The source emission estimates for a synthetic TVCD at various integration ranges
at 07:45 UTC. Panel (a) shows the TVCD at 07:45 UTC, panel (b) shows the divergence map
(multiplied with the cell areas) for this region, panel (c) a zoom of (b) close to the source, panel
(d) shows the difference between TVCDs at 08:00 UTC and 07:30 UTC. In the legend of (b) and
(d) we report the integral of the divergence and tendency area integrals for two distances denoted
with L, respectively. Panel (e) shows the estimation of the source strength for a large range of L
values. The divergence is estimated for a varying distance along the plume (see Fig. 8). We can
see that the temporal area integral compensates for over-estimations otherwise resulting from the
divergence area integral and vice versa.
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5.2.1 Single time – varying distances691

We begin our examination by considering a morning-time plume at 07:45 UTC (Fig-692

ure 8(a)), for which we compute the (coincident flux) divergence field; the result is shown693

in Fig. 8(b)–(c). We can see that the divergence map has a clear maximum around the694

location of the point-source (clear to see in Figure 8(c)); though some positive and neg-695

ative fluctuations also exist at downstream locations (clear to see in Figure 8(b)). The696

reason for this is (1) that tracer transport in COSMO-GHG is not just (wind-based) ad-697

vective transport but also contains a diffusive component, (2) the situation is not a steady-698

state situation and is thus not fully described by the divergence computation alone, and699

(3) we are only approximating the divergence operation with a finite-difference opera-700

tor.701

Further drawn in Fig. 8(b)–(d) are two integration areas denoted in dashed blue702

(at about 2 km distance to the source) and dotted orange (at about 93 km from the source).703

Within these integration ranges, we compute the area integrals
˜

dTVCD/ dtdA (the704

integral of the tendency) and
˜

∇·FZ dA (the integral of the divergence). The tendency705

term is what is typically assumed to be 0 following Assumption 3, i.e., it corresponds to706

the deviation from the steady-state situation. We calculate this term using simulated707

TVCD values at time steps immediately before and after 07:45, namely at 07:30 and 08:00,708

via a central finite-difference approximation.709

In Fig. 8(e), emissions estimates are presented for 100 integration ranges with vary-710

ing distances L along the plume. We can see that merely integrating the area up to a711

distance of about 50 km along the plume would over-estimate the true emissions by a712

factor 2; while integration to around a distance of 100 km along the plume would under-713

estimate the emissions by about 25%. Conversely, when taking the area integral of the714

temporal difference, we see that it plays a compensating role – with negative values where715

the divergence computation yields overly large values, and positive values where the di-716

vergence computation yields overly small values. If we take the average over the 100 es-717

timates along the plume, we would estimate emissions of about 1465 kg/s when just look-718

ing at the divergence map, while we obtain an average of about 1215 kg/s when taking719

the temporal component into account, which is considerably closer to the true simulated720

value of 1240 kg/s.721

5.2.2 Multiple times – one distance722

Alternatively, we can fix the spatial integration domain and slice the dataset at dif-723

ferent times between 04:00 UTC up to 14:45 UTC. The result of this procedure is shown724

in Figure 9. We can see that Fig. 9(d) is remarkably similar to Fig. 8(e), despite the dif-725

ferent horizontal axis to display the data. Again, the tendency area integral (i.e., the in-726

tegral of the ∂TVCD/∂t term) can compensate for instances where the plume is consid-727

erably over- or under-estimated by the divergence area integral. In other words, using728

the full continuity equation without assuming steady-state conditions leads to better es-729

timates. Unlike in the previous figure, we observe that between 12:00 and 13:00, the source730

emissions are under-estimated even when taking both the divergence and temporal com-731

ponent into account. The reason for this is likely (1) that tracer transport takes place732

through more mechanisms than wind alone in COSMO-GHG, and (2) that the tempo-733

ral finite-difference approximation using instantaneous model outputs is a too coarse ap-734

proximation of the true tendency, missing small scale turbulent wind fluctuations.735

5.2.3 Multiple times – multiple distances736

In Figure 10 we illustrate the case for multiple times and multiple distances, i.e.,737

summarize the over-all results from the previous subsections. We observe the same trends738

as already described before, which are that neglecting the temporal variations may lead739

–24–



manuscript submitted to JGR: Atmospheres

0.095 0.100 0.105 0.110 0.115 0.120
East [rad]

0.04

0.06

0.08

0.10

0.12

No
rth

 [r
ad

]

(a) TVCD07:00

TVCD
t dA=   43 kg/s
FdA= 1153 kg/s

0.095 0.100 0.105 0.110 0.115 0.120
East [rad]

(b) TVCD09:30

TVCD
t dA= -125 kg/s
FdA= 1411 kg/s

0.095 0.100 0.105 0.110 0.115 0.120
East [rad]

(c) TVCD12:00

TVCD
t dA=  -38 kg/s
FdA= 1087 kg/s

4 6 8 10 12 14
Hour (UTC)

1000

0

1000

2000

3000

Ar
ea

 in
te

gr
al

s [
kg

/s
]

(d) Estimating emissions for various times with 60 km integration range
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Figure 9. The divergence is estimated for a synthetic TVCD with an area reaching 60 km
distance along the plume, at every 15 minutes between 04:00–14:45 UTC on June 5, 2018. Panels
(a)–(c) show four different TVCDs corresponding to their subscripted times. Panel (d) shows the
estimated emissions. We can see that the temporal area integral compensates for over-estimations
otherwise resulting from the divergence area integral and vice versa. The average for just the
divergence area integral is 1369 kg/s, while the average for both components lies at 1223 kg/s.

to large deviations from the true fluxes; though that smaller errors still remain even af-740

ter taking the tendency area integral into account.
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Figure 10. The divergence is estimated for a synthetic TVCD at varying distances and vary-
ing times on June 6 2018 (see Figs. 8–9). The true source emission rate is Q = 1241 kg/s, around
which the colormap of (a) and (c) is centered. Panel (a) corresponds to the divergence estimate
for various times and different along-plume integration ranges; panel (b) corresponds to the ten-
dency area integral for the same data; panel (c) corresponds to the sum of panels (a) and (b).
We can see that the tendency area integral largely compensates for over-estimations otherwise
resulting from the divergence area integral and vice versa.

741
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Figure 11. The difference between TVCDs half an hour apart, for 6 consecutive hours of the
COSMO simulation. The degree to which the values deviate from zero is indicative of deviations
from the steady state.

It is interesting to see that the errors have a spatio-temporal consistency. For ex-742

ample, an overly large divergence estimate (panel Fig. 10(a)) is visible in red from 07:00743

UTC at a distance along the plume between 20–50 km, and this overly large estimate744

appears to propagate along the plume for later times. The tendency area integral (panel745

Fig. 10(b)) exhibits the same spatio-temporal trends, but with a reversed sign. When746

taking the sum of Fig. 10(a) and Fig. 10(b), as seen in Fig. 10(c), the two integrals largely747

cancel out, getting much closer to the desired value of Q=1241 kg/s. Thus, a deviation748

from the steady state can propagate through the domain with some consistency. This749

is further demonstrated in Fig. 11, where it can indeed be seen that the difference be-750

tween TVCDs shows a signal that appears to propagate downstream (e.g., in Fig. 11(a)751

through Fig. 11(c)).752

An important observation from Fig. 10(b) is that the tendency integral is small-753

est, close to the source. Hence, at a distance close to the source (i.e., less than 20 km754

in this case), the steady-state assumption appears to be most valid. This further mo-755

tivates the use of a small integration domain when using the divergence method, as As-756

sumption 3 (steady-state) is more valid for small domains.757

6 Discussion758

In the derivation of the divergence and mass balance methods, we made a num-759

ber of assumptions. We will now shortly discuss their validity.760

1. Mass flux is dominated by linear advection. This is generally a good assump-761

tion, but it can be problematic in situations with low wind speeds and high tur-762

bulence. Probably the assumption is also better at larger distances downstream763

where plumes become more homogeneously mixed. In the initial phase, plumes764

spread out rapidly (like in the Gaussian case) in across-wind direction. The Gaus-765

sian plume example (Fig. 7) shows that the divergence map is not as focused as766

it can be when we assume purely advective wind and disregard the diffusive mix-767

ing. In the theory and examples we show that the cross-sectional method is rel-768

atively robust under the assumption of linear advection in the downstream direc-769
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tion (see Fig. 7): if we can truly take cross-sections cutting straight through the770

plume, the result is not affected by cross-wind mixing.771

For the divergence method, which can’t easily be rotated around a specific source,772

an underestimation of the source strength may occur due to underestimating the773

full transport vector. The observation that diffusion (following Fick’s law of dif-774

fusion) must be added into the divergence method was explicitly proposed by Roberts775

et al. (2023). One proposed fix by them is to integrate over a large enough area776

to account for this problem, which for both synthetic and real data essentially re-777

moves the underestimation problem. However, as shown in this paper, using a larger778

integration range increases noise receptivity and makes the result more suscepti-779

ble to non-steady-state features. An alternative is to follow Roberts et al. (2023)780

and after going through the full calculus for topographically varying boundaries,781

eq. (30) may be written including advection and diffusion as782 ∑
i if (xi,yi)∈Sa

Qi(t) =

¨
SA

(
∇x,y · FZ(x, y, t) + kEVCD(x, y, t)

−K∇2
x,y (EVCD(x, y, t) + ρE(x, y, z0, t)z0(x, y))

)
dSA,

(52)783

with K a constant assumed eddy covariance term that must be estimated for the784

data. Note that there is an added term proportional to the second derivative of785

the topography multiplied with ground concentrations. A potential problem is that786

this procedure of computing second-order derivatives of real satellite images will787

be very sensitive to noise. Alternatively, if one manages to fit a local coordinate788

system to individual point sources prior to taking the divergence, one can follow789

the Gaussian plume example given in this paper and include diffusion by adopt-790

ing a cross-wind speed V = Uy/(2x) together with along-wind speed U .791

An additional factor that must be considered for very large plumes are Coriolis792

effects that add an additional (virtual) transport velocity (see, e.g., Potts et al.,793

2023, for more details).794

2. The normal fluxes at the bottom and top of the atmosphere vanish. The795

assumption regarding a vanishing flux at the top of the atmosphere is certainly796

valid for space-based remote sensing. If one works with remote sensing at lower797

altitudes, one needs to be more careful and cannot simply ignore such a term if798

there is considerable vertical wind at the instrument altitude. Regarding the van-799

ishing transport flux at the bottom of the atmosphere, this assumption is also phys-800

ically sound as there is no transport into the ground. We remark that any source801

or sink at or through the surface (e.g., seepage, dry deposition) will still be quan-802

tified if it is captured in the satellite image (as the flux F describes the advective803

transport, not the additive emission flux).804

Regardless of assumptions, we mention again that our derivation at this stage dif-805

fers from Sun (2022), who added an additional term to account for the presence806

of topography. We cannot find the need for such a term on theoretical grounds;807

if such a term improves the results this is a surprising but interesting avenue for808

further research, likely related to the properties of the satellite product itself.809

3. Conditions are steady-state during the time of overpass. This assump-810

tion is strictly incorrect, and the COSMO-GHG example shows that the assump-811

tion can lead to significant over- and under-estimations by ignoring temporal vari-812

ability. The example (Fig. 10) additionally shows that the effect is smallest close813

to the source. The use of two satellites spaced only a few minutes apart, and with814

a good SNR, would help to estimate the temporal variability. The deviations due815

to the non-steady-stateness of real weather situations potentially cancel out if ob-816

servations are made multiple times on different days. However, since the satellite817

typically overpasses at the same local time, systematic diurnal variability in wind818

patterns could induce systematic errors that do not cancel out.819

4. Sources are given as emission rates multiplied with delta distributions.820

This is a relatively minor assumption, and merely a way to express that the source821
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consists of a spatial distribution multiplied with a temporal distributions. Regard-822

less, the examples show that our use of finite-difference operations does not re-823

cover the source as a delta distribution (which would occupy just a single cell).824

Instead, the use of the FD operations introduces a blurring of the result. Hence,825

the integration area to determine the emissions for a point source must encom-826

pass more cells than just the cell containing a source.827

5. Sinks are described by first-order reactions. The assumption of first-order828

reactions is attractive because it gives a way to estimate chemical activity straight829

from the observations. However, it is likely that this is a severe simplification of830

the actual chemical activity in the atmosphere. An example is the conversion of831

NO to NO2 which only happens in the presence of OH and O3 which is depleted832

faster at the edges of a plume than at the center – indicating that the chemistry833

is likely far from linear. Adapting the method for higher-order chemistry schemes834

applied to vertical column density images is, however, far from straightforward.835

A topic not mentioned yet in this paper is the effect of missing pixels (e.g., due to836

cloud cover, or being located at the edge of the domain). We cannot make particular gen-837

eral remarks about what to do in case of cloud cover, this will be implementation-specific838

and up to the implementing party. For example, in Kuhlmann et al. (2019, 2021) Gaus-839

sian distributions were fitted through cross-sectional slices, which could effectively ac-840

count for missing pixels, by assuming a plume cross-section is roughly Gaussian. For the841

divergence method, we would generally recommend to use the central finite-difference842

stencil away from cloudy pixels, but use an upwind finite-difference approximation at the843

edge of missing pixels (as the stencil is smaller, it is capable of recovering more data).844

Finally, we refer to the various tips and tricks given in Beirle et al. (2023) for further rec-845

ommendations of using the divergence method in practice.846

7 Conclusions847

We have derived the divergence and cross-sectional flux method based on first prin-848

ciples, and shown the five assumptions made in that process. The divergence and cross-849

sectional flux method are, mathematically speaking, identical methods. However, in prac-850

tice they differ in various aspects. For the purposes of estimating emissions from point851

sources, the primary difference is that the divergence method is most sensitive around852

the source location itself (i.e., related to the derivative of the observation field), whereas853

the cross-sectional flux method is sensitive also in the downstream directions (i.e., re-854

lated to the amplitude of the observation field). We show an interesting result related855

to existing literature, namely that we cannot reproduce the result of Sun (2022) who sug-856

gests that a topography correction must be applied in the divergence method. The the-857

ory does not suggest that such a term is needed. However, such a correction has also been858

found helpful in, e.g., Beirle et al. (2023). This should be an interesting avenue for fu-859

ture research. One potential cause may be found in eq. (52), where a second-order deriva-860

tive of the surface topography appears.861

The transport speed of a species is not necessarily the same as the wind speed, which862

can cause errors in the divergence and cross-sectional flux methods. However, if we po-863

sition our integration area perpendicular to the along-plume axis, this effect can be min-864

imized (see Fig. 7). We show this for a Gaussian plume case, and demonstrate that for865

the cross-sectional flux method, as long as we take the cross-section truly perpendicu-866

lar to the plume, we don’t suffer from unaccounted for cross-wind transport effects. For867

the divergence method it’s advised to integrate over a large-enough area to minimize this868

error (see Roberts et al., 2023), or to modify the system into a form like eq. (52). How-869

ever, this conflicts with the recommendation to keep the integration area small to avoid870

issues with the assumption of steady-state conditions and minimize noise. It will there-871

fore be necessary to find a suitable compromise to minimize uncertainties.872
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We furthermore show that the effective wind in the divergence and cross-sectional873

flux methods should correspond to our a priori estimate of the concentration distribu-874

tion in space (horizontally as well as vertically), weighed over each pixel. Use of plume-875

rise calculations for specific point-sources may be of relevance in this context, while at876

distances further downstream one should likely average over the entire planetary bound-877

ary layer (assuming an overpass in the late morning and afternoon).878

We show that the divergence method can be made more receptive to the finding879

of point-sources by using the upstream flux around a source, which results in a more com-880

pact finite-difference stencil. Conversely, we show that in presence of Gaussian additive881

white noise, source emission estimations are more robust against noise by using a cen-882

tral finite-difference approximation. Still, in presence of many missing pixels (e.g., due883

to patchy cloud cover) the upwind method may have some use.884

Our derivation shows that removing the background eliminates the steady-state as-885

sumption for the background component, so removing the background can already fix886

a lot of the error introduced through this assumption, and is thus recommended (as pre-887

viously also observed in Hakkarainen et al., 2022).888

A number of examples are given to demonstrate the performance of the method889

on synthetic data. The primary effect observed is that the steady-state assumption is890

faulty and may lead to big (i.e, a factor 2) over- and underestimations of the true source891

strength even without presence of noise. If the error made in this context is roughly Gaus-892

sian distributed in space and time, it will reduce when we can make many emission es-893

timates. In particular, with the cross-sectional method we can make more estimates with894

a single image (for different downstream slices) and thus potentially suffer less from such895

effects.896

Appendix A Cross-sectionally integrating Gaussian plumes897

In Fig. 7 it can be seen that the cross-sectional flux for a Gaussian plume computes898

the correct source flux Q as long as we integrate along a straight line through the en-899

tire plume; whether or not we assume the diffusive flux and whether or not the line lies900

perpendicular to the wind. We mathematical confirm this result in this appendix. We901

note that the cross-sectional flux in eq. (34) for a straight line segment from (x0,−y0)902

to (x1, y0) for positive x locations can be written as903

ˆ (x1,y0)

(x0,−y0)

FZ(x, y) · (i dy − j dx) =

ˆ y0

−y0

FZ
x (x(y), y) dy −

ˆ x1

x0

FZ
y (x, y(x)) dx, (A1)904

905

where we can use the line descriptions y(x) = y0(x0 + x1 − 2x)/(x0 − x1) and x(y) =906

y(x1 − x0)/(2y0) + (x0 + x1)/2 assuming x0 ̸= x1 and y0 ̸= 0.907

The fluxes for a Gaussian plume may be written explicitly as FZ
x = G(x, y)U and908

FZ
y = G(x, y)Uy/(2x) for the advective and diffusive case, using G(x, y) from eq. (40).909

The integrals in eq. (A1) may then be found. For this, we use the following two iden-910

ties:911

∂

∂x

(√
πce

2ab
c erf

(
−b− 2ax

2
√
cx

))
=

(b− 2ax)e−
(b−2ax)2

4cx

2x3/2
, (A2)912

and913

∂

∂y

(√
πc

2

(
e

2b
a2c erf

(
ay + 2b

a
√
2c
√
ay + b

)
+ erf

(
y√

2c
√
ay + b

)))
=

e−
y2

2c(ay+b)

√
ay + b

, (A3)914

where erf represents the error function erf(z) = 2/
√
π
´ z
0
e−t2 dt and d(erf(x))/ dx =915

2√
π
e−x2

. They serve as useful primitive functions (i.e., anti-derivatives) for evaluating916

the integrals that follow.917
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To start with the Fy integral first,918

ˆ x1

x0

FZ
y (x, y(x)) dx =

ˆ x1

x0

y(x)

2x

Q√
2πσ(x)

e
− y2(x)

2σ2(x) dx, (A4)919

=

ˆ x1

x0

y0
x0+x1−2x

x0−x1

2x

Q
√
2π
√

2xKy

U

e
−
(y0 x0+x1−2x

x0−x1
)
2

4
xKy
U dx, (A5)920

=
Q
√
U

2
√
Kyπ

ˆ x1

x0

y0
x0+x1−2x

x0−x1

2x3/2
e
−
(y0 x0+x1−2x

x0−x1
)
2

4
xKy
U dx. (A6)921

922

We note that the integrand is the right-hand side of eq. (A2) with a = y0/(x0 − x1),923

b = y0(x0 + x1)/(x0 − x1), c = Ky/U . Thus, by inspection, the integral is solved as924

ˆ x1

x0

FZ
y (x, y(x)) dx =

Q
√
U

2
√
Kπ

(
√
π

√
K

U
e
2

y2
0(x0+x1)U

(x0−x1)2Ky erf

(
y0

−x0−x1−2x
x0−x1

2
√

xKy/U

))∣∣∣∣∣
x1

x=x0

, (A7)925

=
Q

2

(
e
2

y2
0(x0+x1)U

(x0−x1)2Ky erf

(
y0

−x0−x1−2x
x0−x1√
2σ(x)

))∣∣∣∣∣
x1

x=x0

(≈ 0). (A8)926

927

When the argument of the error function approaches 2, the error function reaches its asymp-928

totic value of 1. Thus, for a large enough value of y0, we will effectively subtract two iden-929

tical numbers, such that eq. (A8) approaches 0.930

The Fx integral can similarly be solved as931

ˆ −y0

y0

FZ
x (x(y), y) dy =

ˆ y0

−y0

Q√
2πσ(x(y))

e
− y2(x)

2σ2(x(y)) dy, (A9)932

=

ˆ y0

−y0

Q
√
2π
√

Ky(y/y0(x1−x0)+(x0+x1))
U

e
− y2(x)

2
Ky(y/y0(x1−x0)+(x0+x1))

U dy,

(A10)

933

=
Q
√
U√

2Kyπ

ˆ y0

−y0

e
− y2(x)

2
Ky(y/y0(x1−x0)+(x0+x1))

U√
(y/y0(x1 − x0) + (x0 + x1))

dy. (A11)934

935

We note that the integrand is the right-hand side of eq. (A3) with a = (x1 − x0)/y0,936

b = (x0 + x1) and c = Ky/U . Thus, by inspection the integral is solved as937

ˆ y0

−y0

FZ
x (x(y), y) dy =

Q

2

(
e
2

y2
0(x0+x1)U

(x1−x0)2Ky erf

(
y x1−x0

y0
+ 2(x0 + x1)

x1−x0

y0

√
2σ(x(y))

)
+ erf

(
y√

2σ(x(y))

))∣∣∣∣∣
y0

y=−y0

,

(A12)

938

=
Q

2

(
e
2

y2
0(x0+x1)U

(x1−x0)2Ky erf

(
y0

−x0−x1−2x(y)
x0−x1√
2σ(x(y))

)
+ erf

(
y√

2σ(x(y))

))∣∣∣∣∣
y0

y=−y0

.

(A13)

939

940

The first term in eq. (A13) is identical to eq. (A8), as x(y0) = x1 and x(−y0) = x0941

at the limits. Thus, if we compute the full cross-sectional flux integral (A1) by collect-942

ing both integrals, we obtain943

ˆ (x1,y0)

(x0,−y0)

FZ
adv+dif(x, y) · (i dy − jdx) =

Q

2

(
erf

(
y0√

2σ(x0)

)
+ erf

(
y0√

2σ(x1)

))
≈ Q.

(A14)

944

945
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When the argument of the error function approaches 2, the error function approaches946

its asymptotic value of 1. Hence, for a large enough y0, the cross-sectional flux approaches947

Q.948

If we assume Fy = 0 and thus assume only advection takes place, eq. (A1) results949

in950

ˆ (x1,y0)

(x0,−y0)

FZ
adv(x, y) · (i dy − j dx) =

ˆ y0

−y0

FZ
x (x(y), y) dy ≈ Q. (A15)951

952

The approximation to Q of eq. (A15) follows identical to our comment at eq. (A8), as953

the subtraction of two nearly identical error functions largely cancels, provided y0 is cho-954

sen large enough. Thus,
´ (x1,y0)

(x0,−y0)
FZ

adv+dif(x, y) · (idy − jdx) ≈
´ (x1,y0)

(x0,−y0)
FZ

adv(x, y) ·955

(idy − jdx).956

Hence, the accuracy of the cross-sectional flux method for Gaussian plumes hardly957

changes, whether one chooses (a) x0 = x1 or x0 ̸= x1, and/or whether one assumes958

(b) advection and diffusion, or merely advection, as long as one integrates over a straight959

line segment with large enough y offsets.960

Appendix B Open Research961

The Jupyter Notebooks to execute the analysis in the paper can be found at https://962

mybinder.org/v2/gh/efmkoene/divergence_method_figures/HEAD, are hosted at https://963

github.com/efmkoene/divergence_method_figures and are preserved at [this will be964

uploaded to Zenodo once accepted].”965
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