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Abstract

The divergence method, a lightweight approach for estimating emission fluxes from satel-
lite images, relies on a number of tacit assumptions. This paper explicitly outlines these
assumptions by deriving the method from first principles. The assumptions are: the en-
hanced mass flux is dominated by advection, normal fluxes vanish at the top and bot-
tom of the atmosphere, steady-state conditions apply, sources are multiplications of tem-
poral and spatial functions, sinks are described as first-order reactions, and effective wind
fields are made by weighing the fields with the enhanced concentration profiles. No such
assumptions have to be assumed for the background field. The commonly used ’topog-
raphy correction term’ does not follow from this analysis and likely corrects data arti-
facts. The cross-sectional flux method follows naturally from the derived theory, and the
methods are compared. Effects of discrete pixels and finite-difference operations are ex-
plored, leading to recommendations, primarily the recommendation to work with small
regions only to minimize the influence of noise. Numerical examples featuring Gaussian
plume and COSMO-GHG simulated plumes are provided. The Gaussian plume exam-
ple suggests that the divergence method might underestimate emissions when assuming
only advection in the presence of cross-wind diffusion. Conversely, the cross-sectional flux
method remains unaffected, provided fluxes are integrated across the entire plume. The
COSMO-GHG example reveals frequent violations of steady-state assumption, although
the assumption remains valid proximal to the source (<20 km in this example). It is the
hope that this paper provides a solid theoretical foundation for the divergence and cross-
sectional flux methods.

Plain Language Summary

Power plants, megacities, and other regions can be places where considerable amounts
of gases are emitted into the atmosphere. Satellite data is capable of recording the en-
hanced concentrations in the atmosphere due to these sources. How does one estimate
emissions of these sources based on this data? Typically by running an atmospheric in-
verse model; but one computationally lightweight method gaining popularity is the ‘di-
vergence method’. With this method, one applies a simple mathematical operation to
the satellite image multiplied by the horizontal wind speeds — the result of which is re-
lated to the emission strength. The method has been used before, but here we system-
atically state the assumptions involved; factors like how gases are transported horizon-
tally and over time, and what happens when we apply the method on pixelated data (such
as satellite images). We find that some other analyses in the literature may be incorrect.
Another popular method (the ‘cross-sectional flux’) is easily derived from the same the-
ory. Synthetic examples are used to illustrate that various assumptions are not met in
realistic data; although the examples also show that one can work around these limita-
tions by a careful application of the methods, and by acquiring more estimates over many
days.

1 Introduction

Turning trace gas concentration satellite observations into quantified source con-
tributions is a hard inverse problem. The relation between the source emissions on the
one hand, and the satellite observations on the other, depends on atmospheric transport.
Solving this inverse problem thus typically involves the use of an atmospheric transport
model (see, e.g., Jacob et al., 2016; Broquet et al., 2018). However, atmospheric trans-
port simulations at plume-resolving scale, i.e., at a resolution of the order of 1 km or bet-
ter (Brunner et al., 2023; Koene & Brunner, 2023), are computationally very expensive.

It can be expected that the upcoming Copernicus CO Monitoring (CO2M) satellite mis-
sion (Janssens-Maenhout et al., 2020; Meijer et al., 2020) will observe up to 60000 plumes
globally every year; that is, 900 strong point sources (> 3.5 Mt/yr) and up to 300 megac-
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ities, imaged about 50 times annually, e.g., when conditions are cloud-free (Kuhlmann

et al., 2021; Wang et al., 2020; Koene et al., 2021). Automatically carrying out 60 000
plume-resolving numerical inversions yearly using transport models is currently unsuit-
ably expensive. Hence, the use of simplified inversion methods is of interest for imple-
menting a relatively inexpensive monitoring and verification system (MVS) to track trace
gas emissions over space and time (Pinty et al., 2017).

Several light-weight inversion approaches tailored to satellite or airborne total col-
umn observations have been presented in the literature, which may be grouped into three
general classes:

1. Fitting of simulated data to observed data using simplified transport
models. Replacing a complex atmospheric transport model by a simplified model
can save orders of magnitudes of computational cost. Examples of simplified mod-
els that are able to represent the main features of plume transport and dispersion
are Gaussian plume models (e.g., Stockie, 2011; Bovensmann et al., 2010; Zheng
et al., 2020) and Lagrangian particle dispersion models (e.g., Wu et al., 2018), though
the latter is already much more expensive than the former. The inverse problem
is then reduced to fitting the simulated plumes to the observed plumes, which di-
rectly provides the likely source emission rates.

2. Direct application of mass conservation. Atmospheric transport takes place
through advective, turbulent and convective transport. Whatever the transport
mechanism, however, the principle of mass conservation holds: net outflow of mass
plus net accumulation of mass in a volume corresponds (for a non-reactive gas)
directly to the generation and/or depletion of mass within that region. Hence, com-
putations of the mass flux based on the satellite image and known meteorologi-
cal transport velocities can be used to estimate source emission rates. Examples
of such mass balance methods are the cross-sectional flux (e.g., Conley et al., 2017;
Varon et al., 2018; Kuhlmann et al., 2019) and the divergence methods (e.g., Beirle
et al., 2019, 2021; Hakkarainen et al., 2022).

3. Learning-based methods. Whereas the first two classes are based on an induc-
tive and a deductive step (i.e., choosing a physical model, then estimating emis-
sions based on that model), the learning-based methods take a transductive step.
They immediately estimate the emission rates from a set of known input-output
pairs. For example, the integrated mass enhancement (IME) method relates the
total integrated plume mass estimated from a satellite image directly to the source
emission rate, after calibrating the relation between IME and effective wind for
simulated cases in a range of meteorological settings (Varon et al., 2018). A ma-
chine learning approach can be similarly used to obtain such a direct inversion (e.g.,
Bréon et al., 2021; Dumont Le Brazidec et al., 2023; Koene et al., 2021).

In this paper, we take a close look at the theory for methods in the second iden-
tified class, i.e., those based on considerations of mass conservation, with a particular
focus on the divergence method. That there is a link between the divergence and cross-
sectional flux method is straightforward to appreciate through Gauss’ divergence the-
orem (nicely illustrated in Conley et al., 2017), and we will explicitly show how this equal-
ity applies also for 2D integrated columns.

Furthermore, we will show the assumptions implicitly made in the formulation of
the divergence method, which has not been previously discussed in detail in the liter-
ature. For example, we show why it is advantageous (and physically sound) to remove
the background component prior to computing divergence maps, and discuss the find-
ing of Sun (2022) that a topography correction is required. Furthermore, we derive the
method in Cartesian and spherical coordinates to aid processing of data in either coor-
dinate systems. Finally, we show a number of numerical examples to demonstrate the



theoretical and practical applicability of, and differences between, the divergence and cross-
sectional flux methods.

2 Mathematical framework and assumptions

We will make a derivation of the divergence method in Cartesian as well as spher-
ical coordinates. The Cartesian coordinate grid corresponds to a projected planar co-
ordinate system, e.g., the transverse Mercator projection. Conversely, when working in
spherical coordinates, we consider the projection of observations onto a latitude-longitude
coordinate system, e.g., with reference to the Earth’s center of mass as in WGS 84.

2.1 The continuity equation in Cartesian and spherical coordinates

The conservative form of the mass continuity equation for points (x,y, z) in Carte-
sian coordinates and at time ¢ states that the net addition of sources and sinks (.S) mi-
nus the time-varying accumulation of mass equals the net mass outflow through a vol-

ume V,
/// <5(x,y,z,t) - 8p($’y’z’t)> dv = // V.-F(z,y,z,t;p,v)dV, (1)
v ot v

where S |kg m™ s7!] describes the source (positive) and sink (negative) contribution
within volume V, p [kg m~3| here describes the density field of the considered trace gas
(not the density of air, as common in meteorology), and F(z,y, z,t; p,v) = pv |[kg m~2
s~ 1] is the mass flux vector field for density p multiplied with transport vector v, which
will be described in more detail in the next section. In Cartesian space, we use the vol-
ume element dV = dx dy dz. We take x to be the coordinate in the easterly direction,

y the coordinate in the northerly direction, and z represents the vertical coordinate. It
will be helpful to consider that our density field can be decomposed into two parts, p =
pBG + pE, where ppg is a background component and pg is an enhancement over the
background. Because the divergence operator and the mass flux vector are linear func-
tions, use of this density decomposition in eq. (1) yields two simultaneous equations whose
sum corresponds to the total continuity equation,

Opn (@, 2 t) ) gy (@9, 2t puev) AV, (2)
I (s ) - a’JE(W’z’”) _/// ) .pBG
[ (5920 ! )dV - //VV-F(ar,y,z,t,pE,v) av. ()

The background field is that part of the density field which passively enters our domain
via a mass flux through the boundaries (i.e., devoid of any internal source or sink com-
ponent, which is strictly only true for a non-reactive trace gas), while we define the en-
hanced field as the density field which was generated (or depleted) within the domain

of interest. We only require eq. (3) to obtain estimates of sources and sinks, and it is thus
the equation that we study further. Note that in the rest of the text, a reader can al-
ways take ppg = 0 for pg = p at no loss of generality. We do however see two partic-

ular reasons to recommend removing the background and working only with the enhanced
field, which will become clear later:

1. We only require the wind field around the plume (usually within the planetary bound-
ary layer) rather than over the entire vertical column.

2. We need to make no assumptions (such as the stringent assumption of steady-state
conditions) on this background field.

Such a background removal has been shown to be important to improve the results of
the divergence method with synthetic CO5 satellite observations (Hakkarainen et al., 2022).
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When working in spherical coordinates, the expressions take on a similar form, but
a point in space is instead described in terms of its radius r from the center of the earth,
while 6 and ¢ (in radians) are the latitude and longitude of the point in geographical co-
ordinates, respectively. The coordinate (6, ¢) = (0,0) corresponds to the intersection
between the equator and the Greenwich meridian. The continuity equation is then writ-

ten as
///V<S(r,0,¢,t)‘%(’gw> dV://VVF(nM,t;pE,v)dV’, @

where we have an elementary volume element dV = r2 cos() dr dd d¢.

2.2 The definition of the mass flux vector

The mass flux field F describes the flow of density per unit time through a unit area.
In Cartesian coordinates it is given as

vm(x,yv Z7t)
F(l”vy,%t;ﬂEaV) :PE(QC,Z/,ZJ) vy(x,y,z7t) ) (5)
vx (2, Y, 2, 1)

where the vector (v, vy, v.)T describes the transport velocities in the respective z, y and
z directions. This transport can be described by a variety of mechanisms, e.g., advec-
tion, turbulent mixing, and moist convection. While advective transport is explicitly re-
solved by atmospheric transport models, turbulent mixing needs to be parameterized as
a sub-grid scale process. The simplified representation of turbulence often represents a
major source of uncertainty in atmospheric transport models, especially in terms of ver-
tical mixing in the atmospheric boundary layer (Karion et al., 2019; Brunner et al., 2023;
Katharopoulos et al., 2022).

We will now make our first assumption, which allows us to circumvent the com-
plexities introduced by turbulent mixing. Potential limitations of this assumption will
be discussed in Section 6.

Assumption 1. We assume the mass flux is dominated by advection. (6)
Thus, we assume (v, vy, v;)? = (u,v,w)T where u, v and w are the grid-resolved east-

erly, northerly, and vertical wind speeds, respectively. Under Assumption 1, we assume
the following definition for the flux vector,

u(x,y, z,t) F.(x,y,z2,t)
F(x7y7 Z7t) E pE(x7 y? Z7 t) v(x’ y7 Z7 t) = Fy('r7 y7 Z’ t) N (7)
w($7yvz7t) FZ(x7y?Z7t)

The Cartesian mass flux field may be written as F = F,i 4+ F,j + F,k for unit basis
vectors i, j, k in the easterly, northerly and vertical directions, respectively.

In spherical coordinates and under Assumption 1, we write the mass flux vector
field as

U(T,9,¢7t) F¢(T,9,¢,t)
F(T,9,¢,t) = pE(T79u¢at) U(T,0,¢,t) = F@(T767¢a t) . (8)
’LU(T, 97 ¢’ t) E’(T7 07 ¢7 t)

The mass flux in spherical coordinates may be written as F = Frr+Fy0+ Fy¢, using

the standard spherical coordinate unit basis vectors r, 8 and ¢ in their respective or-
thogonal directions. Note that the wind field in spherical coordinates is still given in units
of [m s™!| as in the Cartesian case.
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2.3 Integrating over columns

We will now simplify the expression for the integrated flux divergence in Egs. (1)
and (4), by focusing on a column stretching between the earth surface and the top of the
atmosphere as typically measured from a satellite. We will make an assumption concern-
ing the fluxes at these limits:

Assumption 2. The normal fluxes at the top and bottom of the atmosphere vanish, F-i = 0.
(9)

That is: we assume the species will neither leak to space, nor penetrate into the ground

(as the wind speed normal to the surface goes to 0).

In Cartesian coordinates, we define the volume of such a column as the set of points
satisfying Va = { (z,y,2) | (z,y) € Sa, 20 < z < zr }, where Sy describes a horizon-
tal slice or surface through the column, and where z = zg(x, y) describes the (possibly
spatially varying) ground surface and z = z7 describes the top of the atmosphere, see
Figure 1. Under this assumption, the volume integration over volume V may be carried
out as a vertical integration from z = 2z to z = zp, followed by the horizontal inte-
gration. We define fi(z9) = V(z — zo(z,y)) as the normal vector pointing out of the
surface defined by the plane z — zy(z,y) = 0, and fi(2r) = V(z — zp(z,y)) as the
normal vector pointing out of the surface defined by the plane z—zr(z,y) = 0. Using
the fundamental theorem of calculus ( fab f/(x)dx = f(b)— f(a) for a continuous func-
tion f(x)) and Leibniz’ integral rule for interchanging integration and differentiation op-
erators ([1(0) f'(x,2)dz = [[oe] f(2,2)d2) + a/(2) f(z,a(x)) — b(2) f(2,b(x))), we

then obtaln

2T [ OF,( F, F
// Y Flr.y. . t)dVs // / (0 Ty, 2, t) d y($,y7z,t)+8 z(:vvy,zi))dzdSA’
Va 3y 32

// <8fz Fzy,ztd 8f Fy(z,y,z,t)dz
0 +
Sa

dy

0z 9z
_JF (-T7 Y,zr, t) - JFU(J?? Y,zr, t) + FZ(.’I}, Y, =1, t) +
oz 9y
F(z7)-0(z1r)=0
+%F$(x,y, ZO;t) + %ZyOFy(‘T,ya ZOat) - Fz(ac,y,zo,t) dSA’
—F(20)1i(20)=0
(11)
Sa

as we assumed F(zr) - fi(zr) = F(20) - 01(20) = 0 following Assumption 2, and where
we define the horizontal divergence operator V, , = (8/0z,0/9y)" applied to a ver-
tically integrated vector field F% = fZZOT (Fyi+ Fyj)dz = F/i+ F/j.

The finding of Sun (2022) (in our notation, it is found by setting F.(x,y, zo,t) =
0 in eq. (11)) leaves a term proportional to the gradient of the surface elevation and the
surface fluxes; but such a term does not follow from our derivation. Interestingly, the gradient-
of-the-surface-elevation term is known to improve results with the divergence method
in areas with considerable topography (e.g., Beirle et al., 2023). However, such a fix doesn’t
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follow from the theory as presented here, suggesting that the cause of this improvement
actually lies elsewhere, which should provide an interesting avenue for further research.

We come back on one potential source of a topographic dependency in the discussion of
Section 6.

T

Top of atmosphere
0S 4=Ly

Enclosing horizontal
surface

Va
Volume of integration

Figure 1. The integration domain V4 consists of a column ranging from the ground (z = zo)
to the top (z = zr) of the atmosphere, enclosed by the two blue ellipsoids. A horizontal slice of

the column is given by the area Sa (in red), enclosed by the line 9Sa = La.

For the case of a spherical coordinate system, we carry out similar steps, but de-
fine the column as a volume given by the set of points satisfying Vg = { (r,0,9) | (6, ¢) €
Sg, Ry < r < Rr}, where Sp describes a slice through the column, and coordinate
r = Ro(0, ¢) describes the ground surface while r = Rr (0, ¢) describes the top of the
atmosphere, see Figure 2. Then we find analogously to the Cartesian case (suppressing
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the (r, 0, ¢,t) dependencies momentarily for brevity) that

B Rr ( 9F, O(cos(0)Fy) o(r?F,)
//VB V- -F(r,0,¢,t)dVs = //SB /RO <T8¢ +rT +cos¢‘)ar> dr df do,

(13)

= // Voo F7(0,0,t) + Rj cos(0) V (Ro(0,¢) — ) - F(Ro) | dfdg,
S

—F(Ro)1(Ro)=0

_ / Vo - F(0,0,t)d0do, (15)
SB

where we used F(Rr)-A(Rr) = F(Ry)-0(Ry) = 0 following Assumption 2, and define
a divergence operator Vg 4 = (0/0¢,0/00)T applied to FF = IfOT (rFy¢+rcos(0)Fy0) dr =
Flle + Fj'6.

z 0Sg = L

Figure 2. The integration domain Vg (in blue) consists of a spherical cone ranging from the
a surface (Ro) to the top of the atmosphere (Rr). It is assumed that the normal flux (here:
o(r,0,¢,t)w(r,0,$,t)) vanishes at the bottom and top of this column. A slice perpendicular to
the radial direction is given by the area Sp (in red), enclosed by the line 9Sg = Lg.

2.4 Computing fluxes for total vertical column observations

Satellite data will not provide the integrated fluxes needed in Egs. (12) or (15). In-
stead, the satellite product will be an estimate of the total vertical column density (TVCD),
which is an integration of the chemical species’ density over a column, divided by the
column area. In Cartesian coordinates this corresponds to

xz,y,z,t)dV,
TVCDg, (t) = fffVA pfff deAt) :
Sa
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For the decomposed density function (p = ppc + pr) that we are considering, we fur-
thermore define the background column (BG),
BG\T, Y, Z, t d‘/vA
BGg, () = ffva pBG( ) (17)
ffsA dSa

and the enhanced vertical column density (EVCD),

BVCDs, (1) = D P20V yyuen ) Bag, (1), (18)

ffsA dSa

We may further pose that we can formulate a simple density model that inverts re-
lation (18),
PE(%%%” = EVCDSA(t)CO(x7y,Zat)7 (19)

with a concentration function for which it holds that [ Codz =1 and []] fVA CodVp =
1. Sa dSa. To provide a simple example with a Dirac delta distribution, the concentra-
tion function Cy(x,y, z,t) = 6(z,—z) would simply imply that a species’ enhancement

is fully present at a uniform altitude of z.. Using this expression for the density, we may
obtain an expression for FZ in Eq. (12) as

zZT t)
FZ(z,y,t :/ Ly, 2t [“(wyz }d, 20
(0.0 zou,y)pE(xyz M vy, =) | 20)
_ o u(z,y, 2,t)
= EVCDg, (t) /’zo(x’y) Co(z,y,2,t) { o(@.y, 2. 1) ] dz, (21)
_ UZ(-ryyvt)

where Uz and V are the wind speeds weighed by the function Cy as per Eq. (21). As
mentioned before, here lies one of the advantages of working with the enhanced concen-
trations rather than the full concentration field, as the wind fields are only needed around
the plume enhancement, which will generally be the wind field close to the Earth’s sur-
face. Conversely, if we work with the total vertical column density (e.g., when using COq
columns), we would need the wind field and concentration profile accurately known for
the entire atmospheric column. Conversely, for a plume within a well-mixed planetary
boundary layer, a density-weighted average wind speed within the layer would be a good
approximation.

For the situation in spherical coordinates, we equally define an enhanced vertical

column density,
EVCDg, (t) = My, pr(r,0,¢,t) dVs
Spl\l) = ffSB cos(0)dfde

giving a result with units of kg st~ (i.e., kilograms per steradian). Conversion from [kg/sr]
to [kg/m?] follows approximately through a multiplication with R3 ~ 6371000%, and

vice versa. The fields TVCD and BG may be similarly found in spherical coordinates.

Like the Cartesian case, we again formulate a density model pg = EVCDg,Cy(r, 0, ¢, 1),
with property [ Cor?dr = 1 and NIy, CodVa = [[, cos(f)dfde. For example, a
concentration function of the form Cy = §(Ro+7.—7)/r? would imply that a species’
enhancement is only present at a radially uniform altitude of r. over Ry. Using the pro-
posed density model in eq. (23) would indeed return the EVCD. Its use in eq. (15) gives

(23)

for u(r,0, ¢, t)r
P00 = [ st | o (24)
_EveDs (1) [ Colr.0.6.0) { u(r, 0, 6, t)r ] dr (25)
B Ro 0T 70 % v(r, 0, ¢,t)r cos(0) ’
— EVCDg, (1) [ A } 7 (26)
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where Vi and Ug are the winds weighed following Eq. (25).

At this stage we managed to write equivalent systems for both the Cartesian and
the spherical coordinate systems. That is, the vectors F# and F? are simply the enhanced
vertical column density multiplied with a weighed wind field; the divergence operators
are simply differentiations applied along the respective coordinate axes (x and y for the
Cartesian system, or 6 and ¢ for the spherical coordinate system); which may be used
to obtain the right-hand sides of the continuity equations (3) and (4).

2.5 The left-hand side of the continuity equation

As we managed to write two equivalent systems for the Cartesian and spherical co-
ordinate systems, we can continue a derivation just for the Cartesian case, knowing that
the case in spherical coordinates will follow analogously if we replace FZ by F¥, coor-
dinates = by 6 and y by ¢, and wind fields Uz by Ui and Vz by Vg. Our analysis thus
far was mostly concerned with rewriting the right-hand side of the continuity equation
(1) in terms of the enhanced vertical column density. The left-hand side corresponds to
the sum of the sources and sinks within V' and its ground surface, and the temporal ac-
cumulation of mass.

Mass can accumulate in a transient situation with temporally changing wind fields
or changing sources and sinks. However, as we generally just have a single overpass im-
age, we state the next assumption,

Assumption 3. We assume steady-state conditions during the time of overpass,

ve ot . ot

If we had access to the instantaneous evolution of the enhanced vertical column density
(say, we had access to the EVCD at two time instances a few minutes apart), we could
estimate the expression in Eq. (27). This could be possible for a geostationary but not
for a polar orbiting satellite. Instead, one can hope that the error introduced by the steady
state assumption follows a normal Gaussian distribution in time and space, such that

this error decreases when multiple independent estimates from different overpass days

or different integrating areas can be obtained. Note that we do not have to assume steady
state conditions for the background field ppg, which does not appear in Eq. (27), apart
from the assumption that we could successfully compute the enhanced field pg = p —
pBc. Here lies the second big advantage of removing the background field and only work-
ing with the enhanced columns — we require no assumptions on the field we do not take
into account. And as mentioned before, such a background-correction step was shown

to considerably improve COs divergence results (Hakkarainen et al., 2022).

Two final assumptions remain. The first considers the source term within volume
Va and its bottom boundary. We will assume that we can write the source and sink field
as the product of @; (the emission rate of source 4 in units of kg/s) with a Dirac delta
distribution for each source.

Assumption 4. Sources are given as emission rates multiplied with delta distributions,

///VAZQz‘(t)é(:c—xi,y—ymZ—zi)dVA = Z Q:(). (298

1 if (xi,y,;)GSa

(Note that other assumed horizontal distributions, like 2D Gaussians or rectangular func-
tions, are possible too, but then this must be accounted for in the further theory. We
merely provide a nice way to discretize our source fields).

The final assumption concerns the sink term within the volume. A zero-th order
assumption is to assume no presence of sinks — but if this assumption is incorrect we will

—10-
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generally underestimate the emission rates. An alternative assumption made in Beirle
et al. (2019) is that of a first-order reaction, following the partial differential equation
Opg/0t = —kpg, i.e., where the concentration decays proportional to the concentra-
tion field itself, with a rate & describing the decay constant (for half-life ¢, /5 = In(2)/k).

Rewriting the expression for a sink as fffVA Opg(z,y,2,1)/0tdVs = fffVA —k(z,y,2)pE(x,y, z,t) dVa,

and using our density model of eq. (19) we can find

Assumption 5. Sinks are described by first-order reactions: // —ka(x,y)EVCD(z,y,t) dSa,
Sa
(29)

where kp = fz Cyk dz is the vertically weighed reaction rate, similar to how the wind-
field is weighed vertically. This allows us to account for a vertically varying rate (e.g.,
due to temperature-dependent chemical reactions). It is typical to make the assumption
of a constant rate, i.e., ka(z,y) = k.

Gathering all five assumptions made up to this point, we obtain the final form for
continuity equation,

7 if (zi,yi)esa

The expression in spherical coordinates is entirely analogous.

3 The divergence method and cross-sectional flux method

We are now at a point where we can define the divergence method to estimate source
emission rates @Q; [kg/s].

3.1 The divergence method

Equation (30) contains the divergence method as described by Beirle et al. (2019).
Following their notation, a divergence field D(z,y,t) = Va,y - FZ(z,y,t) is defined,
which is averaged over multiple satellite images. After adding the chemical sink term (if
applicable) as per Eq. (30) and integrating over many small horizontal slices Sy, this pro-
vides a map of emission rates within each element.

We can describe the full process by defining a horizontal slice S as a small rect-
angular patch, formally defined by Sy = {(x,y) | 20 <z < 21,y0 <y < y1 }. Then,
Eq. (12) yields (following the fundamental theorem of calculus),

Tl Y1
// vLy-FZ(x,y,t)dsA:/ / Vay FZ(z,y,t)dody, (31)
Sa zo Yo
Y1

:/ (Fg;Z(xhy?t)_sz(x07y7t))dy
o (32)
+/ (FyZ(xvylat)_FyZ(x7y0at))dx7

0
~ (sz(flvy7t) - FzZ(fUmyat)) Ay+ (FyZ(£E7y17t) - FyZ(xvy(lat)) va
(33)

for Az = z1 — xg and Ay = y1 — yo. In this discretized approximation of the inte-
grated divergence field, we have assumed that F, is constant in the y direction, while
F, is constant in the z direction. Repeating the computation of Eq. (33) for a grid of
small patches in the x and y directions then gives an approximate map of emission rates
per patch. An example of this process is shown in Figure 3(c). Then, following Eq. (30)
we can relate the obtained values to emission rates per cell.
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Figure 3. Schematic example of the divergence method and the cross-sectional method ap-
plied to a source producing a Gaussian plume. (a) The effective transport (explicitly not just
wind-)speeds in the easterly and northerly directions, Uy and Vp respectively, form a transport
vector at every position. Their explicit form is given in eq. (41). (b) The total vertical column
density (TVCD) can be used to compute the vertically integrated flux vector Fy. Then, defin-
ing an arbitrary area S enclosing the source, we have that the area integral of the divergence

of the flux equals the closed line integral of the normal flux along the area, 9S. (c¢) The diver-
gence method consists of evaluating the divergence for small patches. Under the steady-state
assumption, without presence of sinks, and assuming the transport vectors Uy and Vp are known
accurately, this will only yield a non-zero value at the location of the emission source. (d) The
cross-sectional method consists of computing the closed line integral. The curve part in the ‘up-
stream’ direction (Lg), and two sections parellel but far away from the plume center line (L; and
L3) can be assumed to not contribute to the total line integral. As a result, only a cross-sectional

line section (L2) remains.

—12—



381

397

3.2 The cross-sectional flux method

As an aside, we point out that the cross-sectional flux method follows from an ap-
plication of Gauss’ divergence theorem to Eq. (12),

/// V~F(z,y,z,t)dVA:// Vz7y~FZ(x,y,t)dSA:§1§ FZ(z,y,t)-ndLs, (34)
Va Sa OSA

where ndL s = idy—jdz, using n as the outward pointing unit vector on every point

of the closed curve 9Sa = La (see Figure 1). A reader may confirm that for an iden-
tical rectangular choice of the horizontal slice Sa, equations (32) and (34) are indeed iden-
tical, hence, the cross-sectional method and divergence method are mathematically iden-
tical. A judicious choice for the coordinates of the closed contour La enclosing the known
source can simplify the equations. An example is shown in Figure 3(d), where Ly = LoU
L1ULyUL3 is the union of four straight lines, of which three are (approximately) zero
because they lie upstream of the source or parallel to the source at large offsets. Equa-
tion (34) can then thus be computed as the line integral of the flux field along the only
line that crosses through the source enhancement field. Then, following Eq. (30) we can
relate the obtained values to emission rates within the area under consideration.

3.3 The difference between the two methods

Although the divergence method and cross-sectional flux methods are identical from
a mathematical point of view, it is worth pointing out that they differ in practice. We
note the following six important differences:

e In the divergence method, one first produces a map of emission rates; this map
is then used to quantify the emissions for specific sources of interest (Beirle et al.,
2019, 2021; Hakkarainen et al., 2022). Conversely, in the cross-sectional flux method,
one first picks a source of interest, and then emissions are quantified by choosing
an appropriate integrating contour surrounding this source. The order of opera-
tions is thus opposite (‘compute-emissions-then-pick’ in the divergence method,
versus ‘pick-then-compute-emissions’ for the cross-sectional method).

« The divergence method ‘ignores’ additional information from the plume downwind,
whereas the cross-sectional method can use data from multiple offsets along the
plume (see, e.g., Kuhlmann et al., 2020, 2021).

e Both the divergence and cross-sectional methods require that multiple emission
estimates are made, to overcome issues with noisy and uncertain data and pro-
cessing. For the divergence method, the only means of getting more estimates is
to repeat the estimation for multiple satellite overpasses. The cross-sectional method
(per the previous point) can compute multiple estimates from a single image alone.
The obtained signal from the cross-sectional method can thus, potentially, be su-
perior, as more estimates can be obtained from the same data.

« By averaging over multiple instances in time, the divergence method may pick up
on small sources that in a single image produce only a faintly discernible plume
enhanced over the background, visible in the pixel overlapping with the source and
a few next to it. The cross-sectional method applies primarily to large plumes that
are clearly visible in instantaneous images, not to plumes that are only faintly present
in a handful of pixels.

e The divergence method requires little input of the user to run. Conversely, the cross-
sectional flux method requires multiple steps to be carried out (e.g., selecting the
point source of interest, selecting corresponding pixel enhancements over the back-
ground, selecting suitable integrating contours, making sure plumes are not over-
lapping). Therefore, the divergence method is easily automated, while the cross-
sectional flux method requires a very tuned algorithm to carry out the required
steps for the chosen product (satellite and trace gas) in an automated fashion.
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« The divergence method is ‘receptive’ to the first-order derivative of the enhanced
field (i.e., requires sharp discontinuities to find sources), while the cross-sectional
method is ‘receptive’ to just the amplitude of the enhanced field (i.e., requires large
enhancements to find sources). The divergence method may thus struggle to find
sources that are not well-described as point-sources (e.g., cities or other area sources),
while the cross-sectional method is not hindered by this restriction (e.g., see Hakkarainen
et al., 2022; Kuhlmann et al., 2021). Conversely, the cross-sectional method is only
dependent on large enhancements over the background, not their first-order deriva-
tives.

4 Considerations of discretization for the divergence method

The enhanced vertical column density will only be known at discrete pixels rather
than as a continuous field. Calculus operations like line integrals and divergence oper-
ations must thus be replaced with their discrete counterparts. In this section we shortly
describe the effect of working with discretized data when using the divergence method.

4.1 Finite-difference and finite-volume differentiation

Given the discrete nature of the enhanced vertical column density field, we will in-
troduce an additional subscript notation of the form f; ;(¢t) = f(iAx, jAy,t) where f
is any function and i and j are integers. Then the mass flux FZ given in Eq. (22) can
be written as

F.I/Zl7_/(t) . UZ\i,j(t) .
FA ] - [ Vz1ig (1) }EVCDM(” (35)

We consider this formulation a ‘coincident’ definition of the flux, as the wind and den-
sity fields are defined at coincident locations. In practice, this will require interpolation
of the satellite observations and the wind fields to a common Cartesian or spherical grid.
From this definition we may compute a discrete version of the divergence using centered
finite-differences (FD) using the following smallest possible stencil,

Fji,5(8) = Fojim1,45(t) N Fyjiji1(t) = Fyjij—1(t)
2Azx 2Ay )

Note that the computation at position (iAx,jAy) is independent of EVCD; ;.

(Vay - F7)i5(t) = DG (t) = (36)

An alternative is to use a finite-volume approximation of the divergence method,
which could already be discerned in Eq. (33): instead of a centered FD approach, we could
use the flux at the cell boundaries. In this case, the wind field would be interpolated to
the cell boundaries, whereas the satellite observations would be interpolated to the cell
centers. We can use the concept of an ‘upwind’ flux to compute the fluxes at cell edges
as

EVCD; ;(t if Uyj,i1 () >0,
Fnﬁﬂ-l '(t):UZ|i+lj(t)>< () 1 Z|7Ajé,]()— (37)
20 2’ EVCD;11,;(t) otherwise,
EVCD, (1)  if Vg, 2 (t) >0
FZ., =V, .. 1(t) x »J Z|,j+5 ’ 38
sig+1 () = Va1 () {EVCDZ-,jH(t) otheraise (38)

In other words, we transport the mass of the cell upstream from the wind direction into
the downstream direction. Then, the divergence can be approximated using a more com-
pact stencil,

z Uy Fwirds®) = Py O By = Fyay 3 (@)
The divergence approximation with eq. (39) uses spatial offsets of Az and Ay rather than
2Az and 2Ay. Furthermore, unlike eq. (36), the computation at position (iAx, jAy) now

(39)
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depends on EVCD; ; at the same location. Hence, one can expect that the divergence
as computed with the upwind fluxes results in a more ‘focused’ emissions estimation; at
the cost of shifting the estimated fluxes (and thus the enhancements) to the border of

a pixel containing a source rather than the center of a pixel. Hence, the estimated emis-
sions would be slightly offset with respect to the true source location.

4.1.1 Gaussian plume example

Consider an example of the two divergence computations for a vertically integrated
Gaussian plume for a point-source at (x,y) = (0,0) with source rate @,
Q 1 _—y?
Gx,y) = H(x) = ———e2%@) 40
(#9) = H)E s (40)
where H(z) is the (Heaviside) step function, U is the wind speed in the x direction to
describe the advective process, and o(x) = H(x)/2K,x/U describes the crosswind dif-
fusion through the eddy diffusion coefficient K,. The transport speed in the y direction
due to turbulence can be found to be V = Uy/(2x), following, e.g., Stockie (2011). We
horizontally integrate eq. (40) to form pixels of Az by Ay using a numerical quadrature,
to compute EVCD; ;. For the effective wind, we use

(i+3)Az r(+3)A Us
Ji-tae Jo-Hay C@v)3 dedf”

7 A
f(:, ~ f((fi) Y G(x,y) dy da

Uzij = U, Vzlig = (41)

The expression for V implies that we weigh the local cross-wind transport velocity Uy/(2x)
with the horizontal concentration field, as indicated in eq. (21). Note that this defini-

tion of the effective wind field is analogous to what is proposed in Roberts et al. (2023),
who point out that using the full transport speed of a Gaussian plume corrects for un-
derestimated divergence estimates. The integrals may be either computed using calcu-

lus methods or by the same numerical quadrature used to compute the EVCD; ; pixels.

Now, when comparing the divergence as computed using the coincident and the up-
wind flux definitions in Fig. 4, we note that the latter method gives a figure that is con-
siderably more ‘focused’. The reason for this is that the divergence using the upwind flux
definition is a more localized operation compared to the coincident flux version. Note,
furthermore, in Fig. 4 that even in this simple analytical example, the divergence map
is not actually restricted to just the pixels at, or surrounding, the source position. The
reason for this is the fact that we replaced the continuous divergence operation with an
FD approximation. The FD approximation is erroneous for higher wavenumbers (i.e.,
sharp features, such as around a point source), with as a result a blurring (or, more pre-
cisely, a wavenumber-dependent phase shift) of the originally expected point source re-
sult.

4.2 Numerical integration

Just as differentiation is replaced with finite-difference approximations, we must
replace integration with numerical summations over discrete values. Assuming we want
to integrate over a rectangular area of N, Az by N,Ay, the numerical integration can
be carried out as

N,—1Ny—

//SA(VW ))dSa ~ Z Z D ;(t)AzAy, (42)

=0 75=0

where D; ; represents the discretely computed divergence field. If we use this formula-
tion on the divergence results of Fig. 4, we find () = 3 for both the finite difference and
finite volume versions, which was also used to model the Gaussian plume.
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Figure 4. Coincident flux versus upwind flux definitions lead to different results when creat-
ing the divergence map V - FZ. The source position is indicated with a red dot, and pixel values
are indicated with circles. The upwind fluxes are staggered with respect to the input data. Note
that the divergence map using the upwind flux definition is more focused, less smeared, than the
divergence map created using the coincident flux definition. However, it is not centered on the

source location but shifted towards the right, following the wind direction.

—16—



551

The structure of the discrete divergence operator D; ; can be treated as a telescop-
ing series of internally cancelling contributions, such that only the terms at the borders
of the domain remain (which is a numerical demonstration of Gauss’ divergence theo-
rem). That is, for the coincident flux definition of the divergence, we could also compute

Ny—1Ny— Ny—1 Ny—1

—Fy_15— Fro . Fon,—1;+ Fun, j
Z ZD t)AzAy = Ay Z[ 5 +Z 5
=0 j=0 7=0 7=0
-y i ~ [ Fyji,n,—1 +F\ N.
—Lyli,—-1 y ,0 yli — ylt,
+Aw<z [t~ Fue] b { D
=0 1=0
(43)
and for the upwind flux definition of the divergence, we have that
Np—1Ny—1 Ny—1 N,—1
x Y —F, 1 Y F 1
z|—5,] z|Ny—3,]
S 3 laray =y | | 3 2
i=0 75=0 7=0 7=0 (44)
No—l —F‘- 1 No—1 F‘-N 1
A Ylr,— 3 Y|, Ny —3 )
rae(3 [P 5 [P

Note that eq. (43) contains the spatial average between two cells to the locations explic-
itly indicated in (44). This formulation is one possible basis upon which a cross-sectional
flux implementation rests. It will become relevant in the next section that the numer-
ical integral for the coincident flux depends on 8 EVCD values, while the integral using
the upwind fluxes depends only on 4 EVCD values.

4.3 Noise

Assume that independent and identically distributed (i.i.d.) Gaussian additive noise
is present in the computed mass flux vector, such that we can only work with the noisy
flux, F;ﬁ’;y = Fy;; + N; j, with noise component N; ; ~ N(0,0?) for a zero-mean
Gaussian distribution A with variance o2. In that case, the coincident divergence com-
putation in eq. (36) becomes

nlc?isy — nlc?isy , nl‘?is,y — nlc,)is,y
DyC,{noisy 1) = z|i+1,j z|i—1,j yli,j+1 yli,j—1 45
(t) N + Ay ; (45)

Nit1; —Nic1j | Nijyr — Nija
— DC (¢ i1, i—1, i,j J 46
o)+ Rerd s Roget i, (16)
1 1

~N (DS (t),0% | — + ——=1| ). 47
( ”( )0 2Ax? + 2Ay2 (47)

Hence, the finite-difference approximation of the coincident divergence operator would
be a random variable centered around the noise-free divergence approximation, with a
variance inversely proportional to the cell dimensions. Substituting the same noise model
in the numerical integral of the divergence, eq. (43), yields

N—1Ny—1 Ny—1Ny—1

> Z DO () AxAy ~ N (Y Z DY, () AzAy, [N, Az? + NyAy?lo? | . (48)
=0 j5=0 =0 j=0

We can repeat the computation for the upwind definition of the fluxes, eq. (39),
to find

Fn‘mby Fn‘omy ) Fn‘(nby _ n‘omy L
DU,_noisy £ = zlit3,] zli—L,j ylij+3 yli,j—3 49
) = + ) : (49)
2 2
U 2
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and (for eq. (44))

Np—1Ny—1 No 10y 1
Z Z DUnOlsy () AzAy ~ Z Z D (t)AzAy, 2[N,, Az? +N2Ay] , (51)
1=0

This means that the noise variance for integrating the divergence map with the upwind
flux definition is expected to be exactly twice as large as with the coincident flux; even
though the divergence map computed with eq. (50) has a noise variance four times as
high. The reason for this was highlighted in the previous section, which showed that twice
as many cells are summed in a numerical integration of the coincident flux integration,

q. (43), than for the upwind flux integration, eq. (44).

4.3.1 Gaussian plume example with noise
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Figure 5. Coincident flux versus upwind flux definitions lead to different results when cre-
ating the divergence map V- FZ1°8Y with a 0.1 SNR. Compare to Fig. 4. The divergence map
using the upwind flux definition remains more strongly elevated over the background noise and

less smeared than the divergence map created using the coincident flux definition.

—18—



581

Analogous to the previous noise-free Gaussian plume example, we now provide an
example of the coincident and upwind flux definitions in Fig. 5 with a pseudo ‘noisy’ satel-
lite image with signal-to-noise ratio SNR = EVCD,(ZWerage /o2, = 0.1. Compared to Fig.

4, we see that the upwind divergence map remains more ‘focused’ around the true source
location (that is: on a single image; the result would start to approach the results of the
divergence method if we would average over many images with various wind directions).
Hence, if the sole purpose of computing the divergence map is to locate sources, it is clear
that the upwind flux map may continue to yield a superior result. However, if the pur-
pose is to compute source emissions accurately, the coincident flux definition is more ro-
bust to noise. Repeating the source estimation step 1000000 times, we can show a ker-
nel density plot like Fig. 6 to show the distribution in the estimated emissions for this
Gaussian plume example. As derived, the coincident flux source estimate follows a Gaus-
sian distribution with o2, 2 (N,Az?+N,Ay?)U?cZ , while the upwind flux estimates

follow a distribution with 202;.

Density plot for 1000 000 Gaussian plume realizations
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Figure 6. Kernel density plot for source estimations based on 1000000 realizations of a noisy
Gaussian plume image with a SNR=0.1. One such realization is shown in Fig. 5. The coincident
flux divergence method is more precise in estimating the emissions than the upwind divergence

method under presence of noise.

4.3.2 Recommendations

The results from eqs. (47)—(51) indicate five general recommendations for keeping
the noise level of the source estimations in check:

1. Obtain more estimates. If we can make M estimates of the emissions Q;(t),
then their arithmetic mean will have its variance decreased by a factor 1/M. For
example, with the cross-sectional flux method, one might be able to estimate the
emissions from a single source at multiple offsets, and apply an appropriate av-
eraging operation to decrease the uncertainty of emissions from a single image (e.g.,
see Kuhlmann et al., 2019, 2021).

2. Denoise the image. If we can work with an image that has its noise variance
o2 reduced through some denoising procedure, less noise can leak into the final
result. This was for example explored by Hakkarainen et al. (2022), where it was
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shown that application of a mean filter increased the possibility of obtaining ac-
curate source estimates for a number of point sources using a simulated CO2M
satellite dataset (Kuhlmann et al., 2019). Alternatively, as Beirle et al. (2019) ex-
plored, averaging over many temporal instances of the flux field also achieves a
denoising of the flux map by bringing down the sample error per cell.

3. Include a robust fitting process before integrating. Following eqs. (47)—
(51), the divergence estimate is inversely proportional to the cell dimensions while
the source emission estimate is directly proportional to the integration size. Hence,
to reduce the error we may attempt to perform a robust fitting procedure prior
to the integration step. For example, Beirle et al. (2019) proposes to fit 2-D Gaus-
sian distributions to the divergence map for possible source locations rather than
integrating the divergence map directly.

4. Compute the divergence first, prior to further processing. Temporal av-
eraging and divergence computations (and area integrals) are linear operators, thus
they commute from a mathematical point of view. Computing area integrals over
temporally averaged divergence maps (Beirle et al., 2023), or over divergence com-
putations of time-averaged flux maps (Beirle et al., 2019), thus seem mathemat-
ically identical. However, when working with finite data (e.g., a finite swath length,
patchy data due to cloud cover, ...) commutativity breaks down. For instance
(to give a simple example), if each satellite overpass yields just one usable pixel,
divergence computations are not possible with the individual overpass images. Con-
versely, if one first bins and time-averages these pixels, one can suddenly compute
the divergence. However, this latter divergence map would likely be erroneous as
each pixel is drawn from a different distribution, invalidating a steady-state as-
sumption (e.g., if each overpass featured different emission rates, the divergence
computation is not giving a meaningful result). Clearly, the order of operations
matters. Thus, as is also done in Beirle et al. (2023), it is imperative to take the
average of the divergences rather than the other way around, as this is the desired
result. With regards to the question of whether one should bin the pixels first and
then compute the divergence, or compute the divergence first and then bin the re-
sults, Beirle et al. (2023) shows that the latter version produces superior results.
This makes sense as the swath is the best approximation of the continuous field,
and binning (as a non-linear operator) weakens this continuity. Hence, the best
results can be obtained by computing the divergence result prior to the binning,
averaging and integration steps, both in theory and in practice.

5. Estimate the source rate over the smallest region possible to avoid noise.
Equations (48)—(51) with Gaussian i.d.d. noise suggest that using a large integra-
tion region around a source negatively affects the results of the divergence method.
The primary reason is that, when integrating over a larger region, we are simply
adding random noise of pixels that are not related to the source, which increases
the variance of the estimate without improving upon its expected value.

5 Examples
5.1 Numerical example for a Gaussian plume

We already considered two examples for a Gaussian plume model in Figures 4 and
5. However, we will show one additional Gaussian plume example, where we explore the
effect of making the assumption of pure advection while knowing that the Gaussian plume
transport speeds are described as both advective (downwind) and diffusive (cross-wind).
Furthermore, we will consider the effect of different integration areas on the results. Fig-
ure 7 shows results for both the divergence method (top) and the cross-sectional-flux method
(bottom). The left panels work from the assumption that only an advective flux is present,
while the right panels make the assumption that both the advective and diffusive trans-
port speeds are used to compute the flux fields. The example shows that the assump-
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Figure 7. An example of a Gaussian plume to which we applied the divergence method (top
panels) and the cross-sectional flux method (bottom panels). In the left panels we assume that
only an advective flux is present, while in the right panels we assume the full 2-D flux vector for
the Gaussian plume model. The emissions for this example are = 3 (in arbitrary but consis-
tent units). Shown in color in the top panels are the corresponding divergence maps. Shown in
grayscale in the bottom panels is the TVCD of the Gaussian plume.
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tion of an advective flux yields no errors, provided that the area of integration is chosen
with straight lines crossing the entire plume (as in the ‘blue’ dotted domain). Conversely,
when we choose arbitrary different domains, missing the diffusive component of the flux
underestimates the obtained emissions (as in the ‘green’ and ‘red’ dotted domains). Note,
furthermore, that the divergence map is more ‘focused’ when the full flux vector is used,
even when we are using the coincident flux method here. This result is in line with find-
ings of Roberts et al. (2023) who recommend modifying the flux map using the full trans-
port vector rather than just the wind. In Figure 7 we can moreover see that we can com-
pute the line integral for a single cross-sectional line (shown in ‘cyan’) downwind of the
source, to obtain a good estimate of the emission rate. Note that this line does not have
to be perpendicular to the wind direction, it merely has to be straight and cross the whole
plume; as then the cross-wind fluxes cancel. We show this mathematically in Appendix
A. This follows from the assumptions shown in Figure 3(d), namely that the upwind and
far-away parallel fluxes along the plume do not contribute to the line integral (when the
background field is removed appropriately). There is no analogous single-line method

for the divergence method.

The conclusion we can draw from this Gaussian plume example is that the assump-
tion of only an advective flux is appropriate provided that we can sample full plume cross-
sections along straight lines (as in the blue, black and cyan line sections of Fig. 7). Con-
versely, when we do not sample the entire plume cross-section along a straight line, the
assumption leads to underestimations (as in the green and red line sections). This con-
clusion has a negative consequence for the divergence method /It is relevant to remark
here that taking the area integral of the divergence map is yet another commuting lin-
ear operator; so whether one first time-averages all divergence maps and then integrates
to estimate the source strength, or one integrates all divergence maps to get individual
source strength estimates and then time-averages the results, one obtains the same re-
sults. In this example we see that the latter approach may underestimate source emis-
stons on single images, and thus the total average over many Gaussian plumes in arbi-
trary directions will also be negatively biased.]: one can generally expect that the inte-
gration domain on which the divergence is computed is not cutting through the plume
in a straight line. The best solution for this problem is thus likely the one pointed out
by Roberts et al. (2023): include the diffusive flux prior to taking the divergence. For
the cross-sectional flux method, we see that as long as we can take a cross-section along
a straight line (which should generally be possible), we obtain accurate results, regard-
less of whether we do or do not include the effects of diffusion.

Of course, we remark that these conclusions are based on a Gaussian plume model.
In the next section we take a closer look at more realistically modeled plumes.

5.2 Example using a COSMO-GHG modeled enhanced plume

As an alternative to the theoretical and analytical model of the Gaussian plumes,
we run a full-fledged atmospheric transport model, COSMO-GHG, to generate a more
realistic and time-varying plume (Jihn et al., 2020). COSMO-GHG is run with a rotated
latitude-longitude grid at approximately 1km x 1km resolution and 60 vertical levels
extending to 23 km altitude. As meteorological initial and boundary conditions we use
the ECMWF operational analysis data. We simulate a point source with constant emis-
sions of 1241 kg COs /s at the location of the Belchatow power station in Poland. We
prescribe a vertical emission profile to account for buoyant plume rise, with the major-
ity of the emissions centered around 600 m altitude (Brunner et al., 2019, 2023). Out-
put is generated in time steps of 15 minutes, on June 5, 2018. By vertically integrating
the simulated CO; field we compute pseudo satellite TVCD images of COs |kg/sr].
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Figure 8. The source emission estimates for a synthetic TVCD at various integration ranges
at 07:45 UTC. Panel (a) shows the TVCD at 07:45 UTC, panel (b) shows the divergence map
(multiplied with the cell areas) for this region, panel (c) a zoom of (b) close to the source, panel
(d) shows the difference between TVCDs at 08:00 UTC and 07:30 UTC. In the legend of (b) and
(d) we report the integral of the divergence and tendency area integrals for two distances denoted
with L, respectively. Panel (e) shows the estimation of the source strength for a large range of L
values. The divergence is estimated for a varying distance along the plume (see Fig. 8). We can
see that the temporal area integral compensates for over-estimations otherwise resulting from the

divergence area integral and vice versa.
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5.2.1 Single time — varying distances

We begin our examination by considering a morning-time plume at 07:45 UTC (Fig-
ure 8(a)), for which we compute the (coincident flux) divergence field; the result is shown
in Fig. 8(b)—(c). We can see that the divergence map has a clear maximum around the
location of the point-source (clear to see in Figure 8(c)); though some positive and neg-
ative fluctuations also exist at downstream locations (clear to see in Figure 8(b)). The
reason for this is (1) that tracer transport in COSMO-GHG is not just (wind-based) ad-
vective transport but also contains a diffusive component, (2) the situation is not a steady-
state situation and is thus not fully described by the divergence computation alone, and
(3) we are only approximating the divergence operation with a finite-difference opera-
tor.

Further drawn in Fig. 8(b)—(d) are two integration areas denoted in dashed blue
(at about 2 km distance to the source) and dotted orange (at about 93 km from the source).
Within these integration ranges, we compute the area integrals [[ dTVCD/dtdA (the
integral of the tendency) and [[ V-FZ dA (the integral of the divergence). The tendency
term is what is typically assumed to be 0 following Assumption 3, i.e., it corresponds to
the deviation from the steady-state situation. We calculate this term using simulated
TVCD values at time steps immediately before and after 07:45, namely at 07:30 and 08:00,
via a central finite-difference approximation.

In Fig. 8(e), emissions estimates are presented for 100 integration ranges with vary-
ing distances L along the plume. We can see that merely integrating the area up to a
distance of about 50 km along the plume would over-estimate the true emissions by a
factor 2; while integration to around a distance of 100 km along the plume would under-
estimate the emissions by about 25%. Conversely, when taking the area integral of the
temporal difference, we see that it plays a compensating role — with negative values where
the divergence computation yields overly large values, and positive values where the di-
vergence computation yields overly small values. If we take the average over the 100 es-
timates along the plume, we would estimate emissions of about 1465 kg/s when just look-
ing at the divergence map, while we obtain an average of about 1215 kg/s when taking
the temporal component into account, which is considerably closer to the true simulated
value of 1240 kg/s.

5.2.2 Multiple times — one distance

Alternatively, we can fix the spatial integration domain and slice the dataset at dif-
ferent times between 04:00 UTC up to 14:45 UTC. The result of this procedure is shown
in Figure 9. We can see that Fig. 9(d) is remarkably similar to Fig. 8(e), despite the dif-
ferent horizontal axis to display the data. Again, the tendency area integral (i.e., the in-
tegral of the 9TVCD/d¢ term) can compensate for instances where the plume is consid-
erably over- or under-estimated by the divergence area integral. In other words, using
the full continuity equation without assuming steady-state conditions leads to better es-
timates. Unlike in the previous figure, we observe that between 12:00 and 13:00, the source
emissions are under-estimated even when taking both the divergence and temporal com-
ponent into account. The reason for this is likely (1) that tracer transport takes place
through more mechanisms than wind alone in COSMO-GHG, and (2) that the tempo-
ral finite-difference approximation using instantaneous model outputs is a too coarse ap-
proximation of the true tendency, missing small scale turbulent wind fluctuations.

5.2.3 Multiple times — multiple distances

In Figure 10 we illustrate the case for multiple times and multiple distances, i.e.,
summarize the over-all results from the previous subsections. We observe the same trends
as already described before, which are that neglecting the temporal variations may lead

—24—



741

(a) TVCDo7.00 Pg/Sli o (b) TVCDo9:30 Pg/SIi 0 (c) TVCD12:00 Pg/Sr1 0

0.12
_ JITmeRda= 43kgss _ J[dA= 125 ks _ JJRda= -38 kass
0.10 1 [V FdA= 1153 kg/s 08 | [[V-FdA= 1411 kg/s 0.8 | [[v-FdA= 1087 kg/s 0.8
B RN R 0.6 o1l 0.6 o1l 0.6
= " . .
< 0.081 O E Sy e S m— E SO~
5 <J. D o 0.4 <. Rl 0.4 < Page s me— YW1
z ~< bk’ ~< b’ Sellk’
0.061 02 | 02 | 0.2
0.04 T T T T 0.0 T T T T 0.0 T T T T 0.0
0.095 0.100 0.105 0.110 0.115 0.120 0.095 0.100 0.105 0.110 0.115 0.120 0.095 0.100 0.105 0.110 0.115 0.120
East [rad] East [rad] East [rad]
(d) Estimating emissions for various times with 60 km integration range
30001 EEE Divergence area integral —e«- Divergence + tendency integral
w ‘ I Tendency area integral =~ -e--- True emissions: 1241 kg/s
S 2000 A <
~
z 'Lm""‘ v SRR b i SRt L, "’\"
© 1000 = V
o
[=4
£ 0
<
<<
—1000 -
4 6 8 10 12 14
Hour (UTC)

Figure 9. The divergence is estimated for a synthetic TVCD with an area reaching 60 km
distance along the plume, at every 15 minutes between 04:00-14:45 UTC on June 5, 2018. Panels
(a)—(c) show four different TVCDs corresponding to their subscripted times. Panel (d) shows the
estimated emissions. We can see that the temporal area integral compensates for over-estimations
otherwise resulting from the divergence area integral and vice versa. The average for just the

divergence area integral is 1369 kg /s, while the average for both components lies at 1223 kg/s.

to large deviations from the true fluxes; though that smaller errors still remain even af-
ter taking the tendency area integral into account.
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Figure 10. The divergence is estimated for a synthetic TVCD at varying distances and vary-
ing times on June 6 2018 (see Figs. 8-9). The true source emission rate is Q = 1241 kg/s, around
which the colormap of (a) and (c) is centered. Panel (a) corresponds to the divergence estimate
for various times and different along-plume integration ranges; panel (b) corresponds to the ten-
dency area integral for the same data; panel (¢) corresponds to the sum of panels (a) and (b).

We can see that the tendency area integral largely compensates for over-estimations otherwise

resulting from the divergence area integral and vice versa.
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Figure 11. The difference between TVCDs half an hour apart, for 6 consecutive hours of the
COSMO simulation. The degree to which the values deviate from zero is indicative of deviations

from the steady state.

It is interesting to see that the errors have a spatio-temporal consistency. For ex-
ample, an overly large divergence estimate (panel Fig. 10(a)) is visible in red from 07:00
UTC at a distance along the plume between 20-50 km, and this overly large estimate
appears to propagate along the plume for later times. The tendency area integral (panel
Fig. 10(b)) exhibits the same spatio-temporal trends, but with a reversed sign. When
taking the sum of Fig. 10(a) and Fig. 10(b), as seen in Fig. 10(c), the two integrals largely
cancel out, getting much closer to the desired value of Q=1241 kg/s. Thus, a deviation
from the steady state can propagate through the domain with some consistency. This
is further demonstrated in Fig. 11, where it can indeed be seen that the difference be-
tween TVCDs shows a signal that appears to propagate downstream (e.g., in Fig. 11(a)
through Fig. 11(c)).

An important observation from Fig. 10(b) is that the tendency integral is small-
est, close to the source. Hence, at a distance close to the source (i.e., less than 20 km
in this case), the steady-state assumption appears to be most valid. This further mo-
tivates the use of a small integration domain when using the divergence method, as As-
sumption 3 (steady-state) is more valid for small domains.

6 Discussion

In the derivation of the divergence and mass balance methods, we made a num-
ber of assumptions. We will now shortly discuss their validity.

1. Mass flux is dominated by linear advection. This is generally a good assump-
tion, but it can be problematic in situations with low wind speeds and high tur-
bulence. Probably the assumption is also better at larger distances downstream
where plumes become more homogeneously mixed. In the initial phase, plumes
spread out rapidly (like in the Gaussian case) in across-wind direction. The Gaus-
sian plume example (Fig. 7) shows that the divergence map is not as focused as
it can be when we assume purely advective wind and disregard the diffusive mix-
ing. In the theory and examples we show that the cross-sectional method is rel-
atively robust under the assumption of linear advection in the downstream direc-
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tion (see Fig. 7): if we can truly take cross-sections cutting straight through the
plume, the result is not affected by cross-wind mixing.

For the divergence method, which can’t easily be rotated around a specific source,
an underestimation of the source strength may occur due to underestimating the
full transport vector. The observation that diffusion (following Fick’s law of dif-
fusion) must be added into the divergence method was explicitly proposed by Roberts
et al. (2023). One proposed fix by them is to integrate over a large enough area

to account for this problem, which for both synthetic and real data essentially re-
moves the underestimation problem. However, as shown in this paper, using a larger
integration range increases noise receptivity and makes the result more suscepti-

ble to non-steady-state features. An alternative is to follow Roberts et al. (2023)
and after going through the full calculus for topographically varying boundaries,

eq. (30) may be written including advection and diffusion as

> Q0= [ (Vey Py - KEVCD Gy
i if (4,:)€Sa Sa (52)
_Kvi,y (EVCD($7 Y, t) + pE(xv Y, o, t)ZO(l‘7 y))) dSA;

with K a constant assumed eddy covariance term that must be estimated for the
data. Note that there is an added term proportional to the second derivative of
the topography multiplied with ground concentrations. A potential problem is that
this procedure of computing second-order derivatives of real satellite images will
be very sensitive to noise. Alternatively, if one manages to fit a local coordinate
system to individual point sources prior to taking the divergence, one can follow
the Gaussian plume example given in this paper and include diffusion by adopt-
ing a cross-wind speed V' = Uy/(2z) together with along-wind speed U.

An additional factor that must be considered for very large plumes are Coriolis
effects that add an additional (virtual) transport velocity (see, e.g., Potts et al.,
2023, for more details).

. The normal fluxes at the bottom and top of the atmosphere vanish. The

assumption regarding a vanishing flux at the top of the atmosphere is certainly
valid for space-based remote sensing. If one works with remote sensing at lower
altitudes, one needs to be more careful and cannot simply ignore such a term if
there is considerable vertical wind at the instrument altitude. Regarding the van-
ishing transport flux at the bottom of the atmosphere, this assumption is also phys-
ically sound as there is no transport into the ground. We remark that any source
or sink at or through the surface (e.g., seepage, dry deposition) will still be quan-
tified if it is captured in the satellite image (as the flux F describes the advective
transport, not the additive emission flux).

Regardless of assumptions, we mention again that our derivation at this stage dif-
fers from Sun (2022), who added an additional term to account for the presence
of topography. We cannot find the need for such a term on theoretical grounds;

if such a term improves the results this is a surprising but interesting avenue for
further research, likely related to the properties of the satellite product itself.

. Conditions are steady-state during the time of overpass. This assump-

tion is strictly incorrect, and the COSMO-GHG example shows that the assump-
tion can lead to significant over- and under-estimations by ignoring temporal vari-
ability. The example (Fig. 10) additionally shows that the effect is smallest close
to the source. The use of two satellites spaced only a few minutes apart, and with
a good SNR, would help to estimate the temporal variability. The deviations due
to the non-steady-stateness of real weather situations potentially cancel out if ob-
servations are made multiple times on different days. However, since the satellite
typically overpasses at the same local time, systematic diurnal variability in wind
patterns could induce systematic errors that do not cancel out.

. Sources are given as emission rates multiplied with delta distributions.

This is a relatively minor assumption, and merely a way to express that the source
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consists of a spatial distribution multiplied with a temporal distributions. Regard-
less, the examples show that our use of finite-difference operations does not re-
cover the source as a delta distribution (which would occupy just a single cell).
Instead, the use of the FD operations introduces a blurring of the result. Hence,
the integration area to determine the emissions for a point source must encom-
pass more cells than just the cell containing a source.

5. Sinks are described by first-order reactions. The assumption of first-order
reactions is attractive because it gives a way to estimate chemical activity straight
from the observations. However, it is likely that this is a severe simplification of
the actual chemical activity in the atmosphere. An example is the conversion of
NO to NOg which only happens in the presence of OH and O3 which is depleted
faster at the edges of a plume than at the center — indicating that the chemistry
is likely far from linear. Adapting the method for higher-order chemistry schemes
applied to vertical column density images is, however, far from straightforward.

A topic not mentioned yet in this paper is the effect of missing pixels (e.g., due to
cloud cover, or being located at the edge of the domain). We cannot make particular gen-
eral remarks about what to do in case of cloud cover, this will be implementation-specific
and up to the implementing party. For example, in Kuhlmann et al. (2019, 2021) Gaus-
sian distributions were fitted through cross-sectional slices, which could effectively ac-
count for missing pixels, by assuming a plume cross-section is roughly Gaussian. For the
divergence method, we would generally recommend to use the central finite-difference
stencil away from cloudy pixels, but use an upwind finite-difference approximation at the
edge of missing pixels (as the stencil is smaller, it is capable of recovering more data).
Finally, we refer to the various tips and tricks given in Beirle et al. (2023) for further rec-
ommendations of using the divergence method in practice.

7 Conclusions

We have derived the divergence and cross-sectional flux method based on first prin-
ciples, and shown the five assumptions made in that process. The divergence and cross-
sectional flux method are, mathematically speaking, identical methods. However, in prac-
tice they differ in various aspects. For the purposes of estimating emissions from point
sources, the primary difference is that the divergence method is most sensitive around
the source location itself (i.e., related to the derivative of the observation field), whereas
the cross-sectional flux method is sensitive also in the downstream directions (i.e., re-
lated to the amplitude of the observation field). We show an interesting result related
to existing literature, namely that we cannot reproduce the result of Sun (2022) who sug-
gests that a topography correction must be applied in the divergence method. The the-
ory does not suggest that such a term is needed. However, such a correction has also been
found helpful in, e.g., Beirle et al. (2023). This should be an interesting avenue for fu-
ture research. One potential cause may be found in eq. (52), where a second-order deriva-
tive of the surface topography appears.

The transport speed of a species is not necessarily the same as the wind speed, which
can cause errors in the divergence and cross-sectional flux methods. However, if we po-
sition our integration area perpendicular to the along-plume axis, this effect can be min-
imized (see Fig. 7). We show this for a Gaussian plume case, and demonstrate that for
the cross-sectional flux method, as long as we take the cross-section truly perpendicu-
lar to the plume, we don’t suffer from unaccounted for cross-wind transport effects. For
the divergence method it’s advised to integrate over a large-enough area to minimize this
error (see Roberts et al., 2023), or to modify the system into a form like eq. (52). How-
ever, this conflicts with the recommendation to keep the integration area small to avoid
issues with the assumption of steady-state conditions and minimize noise. It will there-
fore be necessary to find a suitable compromise to minimize uncertainties.
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We furthermore show that the effective wind in the divergence and cross-sectional
flux methods should correspond to our a priori estimate of the concentration distribu-
tion in space (horizontally as well as vertically), weighed over each pixel. Use of plume-
rise calculations for specific point-sources may be of relevance in this context, while at
distances further downstream one should likely average over the entire planetary bound-
ary layer (assuming an overpass in the late morning and afternoon).

We show that the divergence method can be made more receptive to the finding
of point-sources by using the upstream flux around a source, which results in a more com-
pact finite-difference stencil. Conversely, we show that in presence of Gaussian additive
white noise, source emission estimations are more robust against noise by using a cen-
tral finite-difference approximation. Still, in presence of many missing pixels (e.g., due
to patchy cloud cover) the upwind method may have some use.

Our derivation shows that removing the background eliminates the steady-state as-
sumption for the background component, so removing the background can already fix
a lot of the error introduced through this assumption, and is thus recommended (as pre-
viously also observed in Hakkarainen et al., 2022).

A number of examples are given to demonstrate the performance of the method
on synthetic data. The primary effect observed is that the steady-state assumption is
faulty and may lead to big (i.e, a factor 2) over- and underestimations of the true source
strength even without presence of noise. If the error made in this context is roughly Gaus-
sian distributed in space and time, it will reduce when we can make many emission es-
timates. In particular, with the cross-sectional method we can make more estimates with
a single image (for different downstream slices) and thus potentially suffer less from such
effects.

Appendix A Cross-sectionally integrating (Gaussian plumes

In Fig. 7 it can be seen that the cross-sectional flux for a Gaussian plume computes
the correct source flux @) as long as we integrate along a straight line through the en-
tire plume; whether or not we assume the diffusive flux and whether or not the line lies
perpendicular to the wind. We mathematical confirm this result in this appendix. We
note that the cross-sectional flux in eq. (34) for a straight line segment from (zq, —yo)
to (z1,yo) for positive z locations can be written as

(xl,yo) Yo T1
/( F7(2,y) - (idy —jda) = [ EZ(a(y).y)dy — / FZ(z,y(x))dz, (A1)

Z0,—Y0) —Yo zo

where we can use the line descriptions y(z) = yo(xo + 1 — 22) /(20 — 1) and z(y) =
y(x1 — 20)/(2yo) + (zo + x1)/2 assuming x¢ # x1 and yo # 0.

The fluxes for a Gaussian plume may be written explicitly as FZ = G(z,y)U and

F7 = G(x,y)Uy/(2x) for the advective and diffusive case, using G(x,y) from eq. (40).

The integrals in eq. (A1) may then be found. For this, we use the following two iden-

ties:
(b—2az)?

2ab 7b — 2a(£ (b — 2@1’)67 dcx
< erf = A2
or ( NG )) 2072 : (A2)

9 (\/ﬁe
ox

and

g ( E (e 22b- erf (ay +2b ) + erf (y ))) = 46_ 2C(gy+b> (A3)
dy 2 av2c/ay + b V2e\/ay ¥ b Vay+b’
where erf represents the error function erf(z) = 2/y/7 [, et dt and d(erf(z))/ dz =

%e*“j. They serve as useful primitive functions (i.e., anti-derivatives) for evaluating
t{:e integrals that follow.
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To start with the F} integral first,

T T _ y2(z)
/ FyZ(;zc,y(x)) dz = / MLe 202(0) de, (A4)
z 2o 2T \27mo(x)

0

To+xz1—2x
o Yo Zo—Z%1

N /mo 2 s \/7 e TN ds, (A9)

] To+x1—2x Tg—x]
QVU 1 yo T N - oK
N TR e R
Y T

0

We note that the integrand is the right-hand side of eq. (A2) with a = yo/(xg — 1),
b=yo(xo+ x1)/(x0 — 1), ¢ = K,,/U. Thus, by inspection, the integral is solved as

o v (zote)U —zo—z1—2z z1
/ FyZ(cL‘,y(:v))d QVU Jr 762“0 T2y orf T Can
"o 2VKr 2 /2K, U
T=x0
si(eote)U s 4 1
=< ¢ o=y rf Y~ womar (~0). (A8)
2 V20 (z)
T=xq

When the argument of the error function approaches 2, the error function reaches its asymp-
totic value of 1. Thus, for a large enough value of yg, we will effectively subtract two iden-
tical numbers, such that eq. (A8) approaches 0.

The F, integral can similarly be solved as

o vo Q EETLICON
/ F’I'Z(x(y)?y) dy = —————e 27°GW) dy, (A9)
vo —yo V2mo(x(y))
y2 (e
= /y0 Q 6_QKy('y/yo(m1fi?c)))+(zg+zl)) dy
—Yo \/ﬂ\/Ky(y/yo(wl—go)-k(mﬁml)) )
(A10)
T Ky W/yol y2(z))+( +z1))
U Yo o By W/yol@y —@g)t(@o+ay
Q\/> € U dy_ (All)

B V2Eym J—y, \/(y/yo(fﬂl — o) + (zo + 1))

We note that the integrand is the right-hand side of eq. (A3) with a = (z1 — x0)/%o,
b= (zo + 1) and ¢ = K, /U. Thus, by inspection the integral is solved as

Yo y3 (zo+z1)U Z1=%0 4 gy +
/ sz(x(y),y) dy = Q 82(1‘1*(1'0)71{11 erf i lyO_L (%0 ) +erf (y)
- 2 L0 /20 (2(y)) V20 (x(y))

Yo

Y=—Yo
(A12)
2 —zo—z1 —2z(y) Yo
Q [ 2mlrore)l T y
= 2 | ¢ (w1202 Ky orf Yo——=——— 0— %1 +erf [ ——
2 V2o (a(y) Vaswwn ) )|,
(A13)

The first term in eq. (A13) is identical to eq. (A8), as z(yo) = x1 and x(—yo) = =
at the limits. Thus, if we compute the full cross-sectional flux integral (Al) by collect-
ing both integrals, we obtain

(z1,90) 2y Co Q Y% ~
( )Fadv+dif($vy) (dy —jdo) = ert \fa(a:o) ot V2o(ai))) @
Zos—Yo

(A14)
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When the argument of the error function approaches 2, the error function approaches
its asymptotic value of 1. Hence, for a large enough g, the cross-sectional flux approaches

Q.

If we assume F,, = 0 and thus assume only advection takes place, eq. (Al) results
in

(%1,%0) Yo
[ Faey Gu-je = [ Fewpwse A1)

Z0,—Y0) —Yo

The approximation to @ of eq. (A15) follows identical to our comment at eq. (A8), as
the subtraction of two nearly identical error functions largely cancels, provided yq is cho-
1 h Th (5317?!0) FZ (3 d . .d ~ (ley[)) FZ .
sen large enough. Thus, f(wo,iyo) vraie(w,y) - (idy — jdz) =~ f(zo)iyo) Z(z,y)

(idy — jdz).

Hence, the accuracy of the cross-sectional flux method for Gaussian plumes hardly
changes, whether one chooses (a) g = x7 or 9 # 1, and/or whether one assumes
(b) advection and diffusion, or merely advection, as long as one integrates over a straight
line segment with large enough y offsets.

Appendix B Open Research

The Jupyter Notebooks to execute the analysis in the paper can be found at https://
mybinder.org/v2/gh/efmkoene/divergence_method_figures/HEAD, are hosted at https://
github.com/efmkoene/divergence_method_figures and are preserved at [this will be
uploaded to Zenodo once accepted|.”
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