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Abstract

Volcanic crises are often associated with magmatic intrusions or pressurization of magma
chambers of various shapes. These volumetric deformation sources dilate the country rocks
changing their density, and cause uplift. Both the net mass of intruding magmatic flu-

ids and these deformation effects contribute to surface gravity changes. Thus, to esti-
mate the intrusion mass from gravity changes the deformation effects must be accounted
for. We develop point-source analytical solutions and computer codes for the gravity changes
caused by triaxial sources of expansion. This establishes fully coupled solutions for joint
inversions of deformation and gravity changes. Such inversions can constrain both the
intrusion mass and the deformation source parameters more accurately. In the absence

of vertical displacement data, gravity changes together with horizontal displacements can
be inverted to retrieve both the intrusion mass and the deformation source parameters.

Plain Language Summary

Volcanic crises are usually associated with magmatic fluids that intrude and de-
form the host rocks before potentially breaching the Earth’s surface. It is important to
estimate how much fluid (mass and volume) is on the move. Volume can be determined
from the measured surface uplift. Mass can be determined from surface gravity changes.
The fluid intrusion increases the mass below the volcano, thereby increasing the grav-
ity, and pressurizes the rocks. This dilates parts of the host rock and compresses other
parts, changing the rock density and redistributing the rock mass. This causes secondary
gravity changes, called deformation-induced gravity changes. The measured gravity change
is always the sum of the mass and deformation-induced contributions. Here we develop
mathematical equations for rapid estimation of these deformation-induced gravity changes
caused by arbitrary intrusion shapes. This way we can tell the mass contribution apart
from the deformation contribution. We show that by using this solution not only the in-
trusion mass, but also other intrusion parameters including the volume, depth and shape
can be calculated more accurately. This work extends the role of volcano gravimetry be-
yond its conventional role, allowing the gravimeters to play a role similar to that of the
GPS.

1 Introduction

Intrusion of magma through the host rock or into an existing magma chamber de-
forms the Earth’s crust and also changes the surface gravity field. The intrusion mass
is a key information for characterizing the nature of the activity and its possible future
evolution. Joint analyses of the measured surface displacements and gravity changes can
constrain the intrusion mass, beside the other parameters of the deformation source, that
is, its location, shape, spatial orientation, and some strength parameter (pressure or vol-
ume change; Okubo et al., 1991; Battaglia et al., 1999, 2003).

Both the mass transport and the ensuing country-rock deformations contribute to
the gravity changes (Hagiwara, 1977; Walsh & Rice, 1979; Bonafede & Mazzanti, 1998;
Lisowski, 2007). Such deformation-induced effects may be substantial for non-spherical
sources, as shown through numerical models based on the finite element method (FEM;
see Currenti et al., 2007, 2008; Trasatti & Bonafede, 2008; Currenti, 2014). The defor-
mation effects caused by tabular sources such as dikes and sills can be estimated through
the Okubo (1992) analytical solutions. There are no analytical solutions for other source
geometries, such as ellipsoids, yet rigorous joint inversions of surface displacements and
gravity changes demand fully-coupled models accounting for the source shape (Amoruso
et al., 2008).

A source model composed of three orthogonal tensile dislocations can simulate the
deformation field associated with triaxial sources (Lisowski et al., 2008; Bonafede & Fer-
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rari, 2009; Amoruso & Crescentini, 2013). Based on this concept, Nikkhoo et al. (2017)
developed the point Compound Dislocation Model (point CDM), which represents the
far-field deformation of generic triaxial sources. This source model spans a wider param-
eter space than ellipsoids (Ferrari et al., 2015) while retaining the simplicity of the Mogi
(1958) model.

In this study we use the Okubo (1991) expressions to derive analytical solutions
for the gravity changes associated with the point CDM. We show how gravity changes
due to point and finite ellipsoidal sources can be calculated by using the point CDM. We
compare the point CDM gravity changes with the Hagiwara (1977) and Trasatti and Bonafede
(2008) solutions. Finally, we elaborate on the potential of the model for coupled inver-
sions of surface displacements and gravity changes.

2 Methods

In the following we assume a homogeneous, isotropic elastic half-space as a model
for the Earth’s crust. We denote the Poisson’s ratio, shear modulus and bulk modulus
in the medium by v, p and K, respectively. We adopt a right-handed zyz Cartesian co-
ordinate system with the origin at the free surface and the z axis pointing upward. By
“gravity change” we refer to the change in the absolute value of the gravity vector’s z
component. Thus, a positive mass change (mass increase) below a gravimeter leads to
a positive gravity change (gravity increase).

2.1 Gravity changes caused by magma chamber pressurization

Suppose that magma degassing pressurizes a magma chamber (Figure 1). We as-
sume that the exsolved gases all gather at the interface between the chamber walls and
the degassed magma, forming a shell-shaped cavity. The formation of this interface cav-
ity is accompanied by outward expansion of the chamber walls and inward compression
of the magma, leading to the oppositely signed chamber volume change, 6V, and magma
volume change, §V;,, respectively. The total volume created by the expansion-compression
process—namely, the interface volume change, AV —is given by

A‘/int = 5Vc - 5Vm; (1)

or equivalently by
AVins = Ve = Vi, (2)

where V., =V 4§V, and V,,, = V 4§V}, are the chamber volume and magma volume in

the deformed state, respectively, and V represents both the chamber volume and magma

volume in the undeformed state. The chamber expansion also uplifts the surface by dh

and generates a strain field, €;;, in the surrounding rocks. This changes the density of

the rocks by dp, = —prexk, where p, is the rock density in the undeformed state and exr = €11 + €22 + €33
is the volumetric strain or dilatation—a positive dilatation reduces the density (see Fig-

ure 1). Similarly, the magma density change, dp,, due to the compression is related to

the magma compressibility, Sy, through §pm = pmBmdp, where py, is the magma den-

sity in the undeformed state and dp is the pressure change in the chamber (Rivalta &

Segall, 2008). Provided that S, and dp are known, we have

Vi = V Bmp. (3)

The density change in the dV, portion is —p; and the density change in the 6V}, portion
is —pm. The other zone of substantial density change is the Earth’s surface, where ar-
eas of uplift and subsidence are subjected to density changes +p, and —p,, respectively.

The same deformation-induced density changes exist if instead of exsolved gases,
the interface cavity is formed by, and filled with, the intrusion of some external fluids.
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Figure 1. Schematic mass redistribution and surface uplift caused by chamber pressuriza-
tion. Compressed magma (red) is surrounded by the interface cavity. The dashed ellipse depicts
chamber walls prior to pressurization and separates the §V;, and 6V, portions of the interface
cavity (see equation 1). The country rocks are subjected to positive dilatation/density decrease
(light gray and white contours) and negative dilatation/density increase (dark gray and black
contours). Thick black contour marks zero dilatation. Due to the uplift a mass layer is added to

the surface and a gravity station (black triangle) has moved upward by dh.

In such case, the interface cavity is filled with a net mass
AM = pintA‘/inta (4)

where piyt is the intrusion density.

In general, magma chamber expansions involve the following surface gravity change
contributions:

. Agg, due to density change dpy, in the magma volume in the deformed state, Vi,

. Agsv,,, due to density change —py, within the 0V}, volume,

. Agsvy,, due to density change —p, within the §V; volume,

. Age,, , due to density changes dp, throughout the country rocks,

. Agsm, due to addition of a surface mass layer with density +p, and thickness dh
during the uplift,

. Agra, due to the free air change in gravity associated with dh,

. Agawm, due to the added intrusion mass AM that leads to density change piy; within
the interface cavity,

T W N =

~N O
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for a total surface gravity change of

0g = Agp + Agsv,, + Agsv, + Age,,, + Agsm + Agra + Aganr. (5)

We can estimate the intrusion mass from Agays in equation (5); however, this re-
quires all the other terms in equation (5) to be quantified first. dg can be determined
through repeated gravity measurements. Also, from repeated geodetic measurements dh
can be determined, from which Agpa can be estimated as

where v ~ —0.3086 x 107°s72 is the free air gradient; and also, for flat topographies
Agsm can be estimated from
Agsm = 21Gp,8h, (7)

where G is the gravitational constant. The other terms in equation (5) can be estimated
only by using a deformation model for the chamber pressurization. It is useful to regroup
these subsurface contributions as

Agavi, = Agsv, + Agsv,,, (8)

where Agav,, is the contribution of the interface cavity (see equation 1), and as
Agup = Agﬁ + AGey, 9)

where Agnp is the contribution of the medium dilatation in both the country rocks and
magma chamber.

2.1.1 The far field approxrimations

The far field gravity changes caused by the intruded fluid mass can be calculated
through a point-mass approximation as

d
Agam = GAM?S? (10)

where d is the depth to the center of the chamber and r is the distance between the can-
ter of the chamber and the surface observation point. This approximation can be applied
also to the far field gravity changes caused by the other density changes in the cham-
ber, as

d
d
AgéVm = Gpm(ﬂ/m?a
r
d
Ag5VC - *Gprcs‘/c*gv
r
d
Agavi,, = *GPrAVintrfy (11)
The conservation of the initial magma mass in the chamber implies 6o, Vin = —pmd Vi,
which together with equation (11) yields
Ags + Agsv,, = 0. (12)

This leads to the simplified, far-field form of equation (5)
09 = Agsv, + Age,,. + Agsm + Agra + Agan, (13)

which states that the far field gravity changes caused by the pressurization of the cham-
ber (the deformation effects) are not sensitive to the density and compressibility of the
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Figure 2. Triaxial volumetric sources. a) A point CDM with potencies AV, (yellow), AV,
(green) and AV, (blue), where AV, = AV, > AV.. Inlet shows the equivalent CDM (see Nikkhoo
et al., 2017). b) A uniformly pressurized cuboidal source with K, = K. The two interface cavity
portions V.S and V.S are indicated, where AVC™ = §V.CU 4 6V,$UP. ¢) Same as (b), but
for a uniformly pressurized ellipsoidal source. The interface cavity portions are 5V and V!,
with AVEY = sVE 4 5VEL Note that 6V, £ §VE and sV,$ £ 6VEY but AVERP = AVEL
d) A set of N point CDMs uniformly distributed within the ellipsoidal cavity in c. The point
CDM in (a) represents the far field of all the finite sources in (b), (¢) and (d). Provided N — oo,

the near fields of (c¢) and (d) are equivalent.

chamber contents. Thus, simulating the magma chamber as a pressurized cavity or as
a pressurized chamber filled with some arbitrary material, both yield the same results
for Agsv, + Age,,, -

In the derivation of equations (1-13) no assumptions on the magma chamber shape
are necessary; thus, these equations are valid for any magma chamber shape.
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2.2 Gravity changes caused by the point CDM

The Nikkhoo et al. (2017) point CDM represents the far field of triaxial sources of
expansion with arbitrary spatial orientations. The point CDM is composed of three mu-
tually orthogonal point tensile dislocations (see Figure 2a) constrained to either expand
or contract together. The strength of each point tensile dislocation is determined by its
potency, defined as the product of dislocation surface and opening (Aki & Richards, 2002;
Nikkhoo et al., 2017, see also Appendix A). The point CDM has 10 parameters: 3 lo-
cation coordinates, 3 rotation angles, 3 potencies specifying the expansion intensity along
the three principal axes of the source, and v. The total potency of the point CDM, de-
noted by AV, is the sum of the three potencies. AV has the units of volume but it is
only a measure of the source strength and it represents the volume of the interface cav-
ity, that is, AV = AVjy, provided that K, = K, where K,, = 1/, is the bulk mod-
ulus of magma.

Triaxial sources of differing shapes, but identical far field deformation, have the same
point CDM representation. However, in order to have the same §V; these sources must
have also identical shapes. For example, the uniformly-pressurized cuboidal and ellip-
soidal chambers in Figure 2 have the same potencies but their volume changes are dif-
ferent.

Gravity changes caused by arbitrary point tensile dislocations can be calculated
through the Okubo (1991) analytical expressions (Appendix A). By superimposing the
gravity changes associated with three mutually orthogonal point dislocations (equations Al—
A2) we derive the analytical gravity changes associated with the point CDM as

89 = Agay + Agump + Agsm + Agra + Agans- (14)

Calculating Agsy, requires knowledge of the chamber shape. As the point CDM does
not assume any specific shape for the triaxial sources, the individual contributions Agsv.,
and Ag,,, cannot be determined through the Okubo (1991) solutions. However, equa-
tions (8), (9) and (12), written for the point CDM, yield

Agvp + Agav = Agsv, + Age,, - (15)

Knowing from section 2.1.1 that the far field gravity changes are not sensitive to the prop-
erties of the chamber contents, equation (15) leads to

Agup + Agavi,, = Agsv, + Agey, - (16)

Combined with equation (15) it can be concluded that the dg from equation (14) and
the dg from equation (13) are equivalent and thus, the point CDM can be used to sep-
arate the deformation effects from the total gravity changes in order to uniquely con-
strain AM.

2.2.1 Gravity changes caused by point and finite pressurized ellipsoidal
cavities

For any point ellipsoidal model after Davis (1986) there is an equivalent point CDM,
related to the elastic parameters of the medium and the ellipsoid semi-axes and pressure
change through the Eshelby (1957) tensor (see Nikkhoo et al., 2017). Thus, equation (14)
also holds for point ellipsoidal sources. By calculating dV. for ellipsoidal cavities, again
through the Eshelby (1957) tensor, Agsy, (equation 11) and thus, Ag.,, (equation 15)
can be determined for ellipsoidal sources.

Assume a point CDM with potencies (AV,, AV,, AV,) represents the far field of
a pressurized ellipsoidal cavity with semi-axes (a, b, ¢). Then, a set of N point CDMs with
potencies (AV,/N, AV, /N, AV,./N), uniformly distributed within the ellipsoid (see Fig-
ure 2d), approximates the near field deformations of the pressurized cavity (Eshelby, 1957;
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Davis, 1986; Yang et al., 1988; Amoruso et al., 2008; Segall, 2010; Amoruso & Crescen-
tini, 2011). Provided that N — oo, this procedure leads to an accurate solution, unless
the cavity is immediately below the free surface (Yang et al., 1988; Segall, 2010; Amoruso
& Crescentini, 2011). In practice, a few dozens of point CDMs already converge to sat-
isfactory accuracies for most applications. The same procedure can be used to calculate
the gravity changes caused by a finite pressurized ellipsoidal cavity.

3 Results
3.1 Comparisons with other gravity change solutions

Hagiwara (1977) derived closed-form expressions for the gravity change contribu-
tions caused by the Mogi (1958) source, later used to validate analytical (Okubo, 1991)
and numerical solutions (Currenti et al., 2007, 2008; Trasatti & Bonafede, 2008).

An isotropic point CDM is equivalent to the Mogi (1958) model (Bonafede & Fer-
rari, 2009). Assuming potency AVMee) and depth d for such a point CDM, eq. Al yields:

ogi 1 hd
Agl(v[N]I)g) = ngr (1-2v) AV(MOg’)ﬁ,
ogi 2 ogi d
Mg = G (L4 v) AV T,
; ) d
Aghiios) prrAv<M°g*>73. (17)

Also, by using equations (11) and (15) and noting that AV (Meeh) — 3((11_;:)) sV Mol (see

Aki & Richards, 2002; Bonafede & Ferrari, 2009; Ichihara et al., 2016), we rewrite equa-
tions (17) in terms of SV Mo

ogi ogi d
Mg = =Gpe (1= 20) V) 5,
ogi : d
Agéll\\/[/[ gl _ 2Gp: (1 —v) 5VC(M°g‘)r—3,
ogi i d
Agiyos) = ~Gpe bV, (18)

which are equivalent to the Hagiwara (1977) expressions, (see also Hagiwara, 1977; Run-
dle, 1978; Walsh & Rice, 1979; Savage, 1984; Okubo, 1991). This validates the gravity
change solution for the point CDM in the case of point spherical cavities.

We now show that the gravity change solutions for the point CDM also provide a
basis for rigorous benchmarking of numerical solutions. We use the point CDM and the
N-point CDM to calculate the surface displacements (Figure 3a) and gravity changes
(Figure 3b) associated with the Trasatti and Bonafede (2008) FEM solution for a pres-
surized vertical prolate spheroidal cavity.

In the far field, the point CDM and the N-point CDM displacements are undis-
tinguishable. The FEM solution shows a small deviation which can be attributed to the
finite domain of the model. In the near field, the N-point CDM and the FEM displace-
ments show a very good agreement. The ~ 8% difference between the N-point CDM and
the point CDM reflects the difference between a point-source and a finite-source solu-
tion.

There is also a good agreement between the gravity changes from all approaches
(Figure 3b). The subtle differences between the N-point CDM and the FEM gravity change
contributions reflect the errors in the FEM vertical displacements and cavity volume change,
due to the FEM finite model size, discretized chamber walls, meshing of the domain. The
largest difference between the Trasatti and Bonafede (2008) and the other solutions is
slightly above 1 pGal, which is more than double the error that Trasatti and Bonafede
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(2008) estimated by comparison with Hagiwara (1977). This suggests that comparing
numerical models with the solution for spherical cavities only may underestimate the nu-
merical computation errors.

3.2 The contribution of gravity changes for the retrieval of deformation
source parameters

Dieterich and Decker (1975) showed that different source shapes produce almost
undistinguishable uplift patterns if the source depth is appropriately adjusted. However,
the associated horizontal displacements will be completely different. The implication is
that in order to constrain all source parameters reliably, horizontal and vertical displace-
ment data must be inverted together. Similar to horizontal and vertical surface displace-
ments, the deformation-induced gravity changes depend on the deformation source pa-
rameters. Thus, gravity changes can potentially help better constrain them (Trasatti &
Bonafede, 2008). We use the point CDM to simulate the radial and vertical displacements
and the gravity changes associated with three different radially-symmetrical deforma-
tion sources: a horizontal sill, an isotropic source and a prolate source (see Figure 4).

The source depths in Figure 4a lead to similar vertical displacements (Figure 4c),
but distinct horizontal displacements (Figure 4d). Note that the gravity changes (free
air contribution removed) are also completely distinct (Figure 4b), and thus, together
with the vertical displacements alone, can constrain the source shape and depth. Ad-
justing the source depths differently (Figure 4e) such that the horizontal displacements
match (Figure 4h), leads to distinct vertical displacements (Figure 4f) and distinct grav-
ity changes (Figure 4g). Thus, gravity changes together with horizontal displacements
alone can also constrain the source parameters.

4 Discussion

Volcano gravity changes caused by the net mass of intruding magmatic fluids and
the induced host rock deformations may have comparable magnitudes to those of hydro-
logical origin, such as changes in the water table. Such hydrogravimetric disturbances
can be corrected for by employing hydrological monitoring and modeling techniques (Battaglia
et al., 2003, 2006; Creutzfeldt et al., 2010; Van Camp et al., 2010; Lien et al., 2014; Kazama
et al., 2015) or by analyzing time-lapse gravity data (Giintner et al., 2017). Thus, the
mass of intruding fluids at volcanoes can be inferred reliably once such effects are cor-
rected for.

Low-cost and accurate gravimeters are providing gravity time series at volcanoes
at an unprecedented spatio-temporal resolution (Carbone et al., 2017, 2020). Permanent
networks provide opportunities for new insight on magmatic plumbing systems (Battaglia
et al., 2008; Carbone et al., 2019). One main challenge associated with these develop-
ments is to perform both detailed Bayesian inferences for in-depth understanding of the
volcano and rapid inversions for hazard assessment and early warning.

The available FEM gravity change models can incorporate various chamber shapes
(Currenti et al., 2007, 2008; Trasatti & Bonafede, 2008; Currenti, 2014), the Earth’s sur-
face topography (Currenti et al., 2007; Charco et al., 2009), crustal density and mate-
rial heterogeneities (Wang et al., 2006; Currenti et al., 2007, 2008; Trasatti & Bonafede,
2008), viscoelasticity of the Earth’s crust (Currenti, 2018), self-gravitation effects (Ferndndez
et al., 2001, 2005; Charco et al., 2005, 2006) and magma compressibility (Currenti, 2014).
Besides difficulties in implementing the FEM such as meshing issues, this powerful method
is computationally too demanding to be used for detailed inverse modelling. In contrast,
the point CDM is a half-space model, but has already proven to be suitable for explor-
ing the parameter space in both detailed Bayesian inferences (see Lundgren et al., 2017)
and rapid and unsupervised inversions of deformation data (see Beauducel et al., 2020).
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The gravity change solutions for the point CDM, which we provide here, extend this po-
tential to joint inversions of surface displacements and gravity changes. Volcanic defor-
mation sources are often deep or far enough from the observation point to be treated as
far field sources. The point CDM can provide a first order solution which can be later
improved by more sophisticated numerical models. Some complexities such as layering

or viscoelasticity can be accounted for (Amoruso et al., 2008) by using appropriate Green’s
functions for point dislocations (Okubo, 1993; Sun & Okubo, 1993; Wang et al., 2006).
Besides, theory errors, arising from ignoring real Earth complexities, can be estimated

in terms of noise covariance matrices within a Bayesian framework (see Minson et al.,
2013; Duputel et al., 2014; Vasyura-Bathke et al., 2021).

Finite pressurized ellipsoidal cavities can be approximated by a set of point CDMs
uniformly distributed in the cavity volumes. With a high number of point CDMs, this
approach can be used for benchmarking numerical models. A few dozens of uniformly-
distributed point CDMs provide satisfactory results for finite-source inversions (Amoruso
et al., 2008). A practical compromise for finite pressurized ellipsoids at intermediate depths
is the quadrupole approximation, which in its basic form involves seven point CDMs of
appropriate potencies and locations on the axes of the ellipsoid (Amoruso & Crescen-
tini, 2011).

We showed that by using our model it is possible to use either horizontal or ver-
tical displacements along with the gravity changes to constrain all the deformation source
parameters and the intrusion mass (Figure 4). The free-air and the surface mass con-
tributions can be determined once the vertical displacements are known (equations 6 and 7).
Measuring accurate vertical displacements along with gravity in real time monitoring is
challenging. If the vertical displacements are not available or are inaccurate, the verti-
cal displacements from the deformation model can be used within the inversion proce-
dure to calculate the contributions above. We will explore this feature in a future study.

Fully coupled inversions of surface displacements and gravity changes constrain the
deformation source parameters and the intrusion mass without making any assumption
on the properties of the intruding fluid. The intrusion density can be estimated from the
inferred mass only if the interface volume change, AV, is known (see equation 4) (AViy
should not be mistaken for the chamber volume change 0V.). It can be shown from equa-
tions (2) and (3) that the determination of AV, requires knowledge of the fluid com-
pressibility. This shows that unlike mass change estimates, the estimates of the intru-
sion density are prone to large uncertainties.

5 Conclusions

1. Surface gravity changes are sensitive to both the intruding fluid mass and the deformation-
induced surface uplift (subsidence) and country rock dilatation. Due to this cou-
pling between the gravity changes and host rock deformations, gravity changes can
be used also to constrain deformation source parameters, namely, the location, spa-
tial orientation and potency of triaxial source models for expanding reservoirs.

2. We provide analytical solutions and MATLAB codes for the surface displacements
and gravity changes caused by the point CDM as a model for triaxial sources of
expansion.

3. By using the point CDM, fully coupled inversions of surface displacements and
gravity changes can now be performed. These inversions constrain the mass changes
and deformation source parameters simultaneously.

4. The analytical solutions for the total gravity changes and individual gravity change
contributions associated with the point CDM can be used to validate new semi-
analytical and numerical gravity change models. By using a uniform distribution
of multiple point CDMs, finite-source solutions with arbitrary accuracies can be
achieved. A configuration of seven point CDMs according to the Amoruso and Cres-
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353 centini (2011) quadrupole approximation provides an appropriate solution for in-

354 versions involving finite pressurized ellipsoidal sources at intermediate depths.

355 5. Joint inversions of gravity changes and either vertical or horizontal displacements
356 can fully recover all the deformation source parameters and the intrusion mass.

357 This implies that accurate horizontal displacements can cover for the lack of ac-

358 curate vertical displacements at all stations of a monitoring network.

350 Appendix A Gravity changes caused by point tensile dislocations

360 Following the conventions in section 2 and based on Okubo (1991) expressions, a

361 point tensile dislocation below the origin with depth d, azimuth 0, dip angle §, potency
362 AV and filled with an intrusion mass AM causes the gravity change contributions Agay,

363 Agup, Agsm and Agpa at (x,y,0), such that

d
364 AgAV = —GprAva37
r
d 1 2?(2r 4 d)
A = GpAV(1—2v)|— — sin” &
365 gMD P ( v) 3 r(r + d) + T3(T+d)2 s o,
366 AgSM = 27TGpr(5h,
367 Agra = 70h,
d
368 AQA]M = GAM*?), (Al)
r
369 where r = (3:2 +9% 4+ d2)1/2, and &h is the surface uplift associated with the point dis-
370 location (see Okada, 1985; Okubo, 1991). It follows that
a1 Ag = Agav + Agsm + Agsm,
d 3 . 2
a2 = —G,orAVr—3 1- T—Q(x sind + dcosd)”|. (A2)
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