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1 | INTRODUCTION

This paper investigates the linearized elasticity problem for a textile. The domain of the structure is the square Q = (0, L)?,
made of long individual fibers of length L. The distance between the fibers depends on a small parameter €, while the cross
section of each of them depends on a second parameter asymptotically related to the first one r ~ €. The fibers periodically
cross each others in a fixed pattern forming a woven canvas structure. As we can see in Figure [ ] the domain is split into four
parts with respect to the boundary conditions: on Q; the clamp-conditions are set on the left and bottom boundary, while on
the remaining left and bottom boundary the fibers are assumed to be glued. Of fundamental importance for this paper are many
results already obtained in'#, where the assumptions are identical but where the contact sliding between the fibers is bounded
by a strong contact function (of order g, ~ &* or greater) in all three directions. Here, we assume only an in plane contact of
order g, ~ €2 and a non-penetration condition. Due to the presence of contact cone conditions the elasticity problem is stated
as a variational inequality, similar as in74,

Exactly as in'#, small deformations and the sufficient forces applied to the elasticity problem are assumed such that the total

energy remains in the linear regime. For elasticity problems in porous plate in Von-Kéarmén regime one can look into'%, where
however the fibers are glued and contact issues not considered, since the structure can be extended to a periodically perforated

shell. Forthcoming works will deal with nonlinear regime. In such frame we can recommend for now!3,

Due to the loose contact, results in the clamped parts cannot be extended on the not clamped ones and therefore a domain split
is necessary. The homogenization leads to different Leray-Lions type limit problems (see') on each part of the domain. The
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FIGURE 1 The textile domain is split according to partial clamp and glued conditions on the left and bottom boundary. Each
cell has a 2¢ periodic pattern. The distance between fibers is € and their cross-section is » ~ €. The complete structure can be
seen as almost 2D.

inequality is maintained in both scales and we get a macroscopic problem with only in plane constraints and a microscopic
cell problem with the same macro-micro outer plane conditions already found in'#. Moreover, the uniqueness of solutions is
not preserved in the limit. A physical interpretation of the in plane limit contact (see (82)) gives an idea of how the displace-
ments behave on the four parts of the domain (see Figure 2 |left), which is realistic if compared with the real experiments (see
Figure[2 |right). About numerical works devoted to simulation of textiles with contact sliding, one can look through 21920, The
homogenization is made via unfolding method, an equivalent formulation of the two scales convergence. Moreover, a dimension
reduction for beams and plates is additionally applied, which takes micro-structure into account and give rise to a representa-
tive homogeneous plate model. A first application of the unfolding method for boundary value problems has been done in® in
periodically perforated domains. For more literature on the unfolding and homogenization in elasticity we refer to®1% and the
references therein. About dimension reduction of homogeneous plates or rods one can read, for instance, in?2 The combina-
tion of both is a part of current investigations in> “hap- 11 apgl2H143]

The paper is organized as follows. Section 2 are notations, while Sectionrecalls the main results of 14 for the parameterization
of a single curved rod in a fixed and mobile reference frame, giving transformation matrix, symmetric strain tensor and estimates
for the decomposition with Q, interpolation. In Section [ the previous results are extended to two beams of rods, one for each
direction. Boundary and contact conditions are introduced in the domain, defining the the set of admissible displacements. The
elasticity problem is set and existence and uniqueness of solutions are ensured. In Section [5] all the estimates for the displace-
ment fields are given. From the estimates in the clamped parts we port the results in the not clamped ones by using the same
techniques of'%, as Korn inequality, Poincaré inequality and Trace theorem. Worthy to note the improved estimates in the third
direction from''# by using the non penetration and periodic oscillation condition with alternating change of the normal sign (see
Lemmal6), that allows to estimate the outer plane direction without defining an additional upper bound on the admissible deflec-
tion (a gap function g, 5, see 1%) In Section@we pass to the limit for e — 0 and get the fields weak convergences by compactness
results. Applying the unfolding operators, the limit unfolded fields are found as well as the strain tensors, contact conditions and
set of the limit displacements. Section[7]is dedicated to the build of the test-functions which have to satisfy certain properties.
Among the others, the strong convergence via unfolding. In Section[§]all the results are summarized and applied: the weak con-
vergence of the displacements together with the strong convergence of the test function imply integral convergence and the limit
problem is derived. Existence is ensured by the Stampacchia lemma, a version of Lax-Milgram for closed subsets of Hilbert
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FIGURE 2 Left figure gives a sketch of obtained by analysis yarn’s deformations in each textile part. On the right hand-side,
a real experiment for tension of the textile with 45° to the yarn directions is shown.

spaces (see'®), while no uniqueness is expected. Following the strategy in® Section 36 the cell problems with correctors are found,
while the macroscopic problems result to be of LerayLions type with their respective macroscopic in plane contact conditions.

In this paper we use the Einstein convention of summation over repeated indices.

2 | NOTATION

Throughout the paper, the following notation will be used:
e Q= (0, L)% [ > 0is aconstant. For simplicity we assume that % = % where a and b are integers such that (a, b) = 1;
e Y =(0,1)2, Y =(0,2)* are the 1-periodic and 2-periodic cells respectively;
e £ € R is a small parameter such that 2 N, = L and 2en, = I, N, = k,a, n, = kb where k, is an integer;

K, = {(p.q) eNXN | (pe,qe) € Q} = {0,...,2N,}? is the set of nodes;

k € (0,1/3]is a fixed constant and r is a parameter related to £ via r = k€;

o, = (—k, k)* is the reference beam cross-section, while the rescaled one is @, = (—r,r)* = (—ke, k€)%,

UZU-e R =R-¢forie (1,23}

0 = ai, Ox = aix denote the partial derivatives with respect to z; and X respectively fori € {1,2,3};
z, .

1

z = (2,25, 2;) € R? and 2’ = (z,, z,) € R? (if not specified);

(o, ) € {1,2}? and (a, b, ¢) € {0, 1}3 (if not specified);

C is areal strictly positive constant independent of € (if not specified).
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3 | PRELIMINARIES: PARAMETERIZATION OF A CURVED ROD

Many results of this section have been already proved in'# Section 3 Ve start defining the 2-periodic function

-

—x ift € [0, k],
(t —x)? (t—x)? )
D(t) = K<6(1_2K)2 _4(1_2K)3 —1> iftelx,1-xl, "
K ifte[l-x1],
22 -1) if € [1,2]

and we rescale it to a 2e-periodic function setting @, () = £<D<£> which is piecewise C2(R) and overall C'(R). By definition,
€
such a function satisfies

2 "
O, [ ow) + ENPCL N Loy + 1P o) < Ce.
Dealing with curved rods, the centerline of a rod is parameterized by the function
M, (z)) = z,e; + D, (z))e;, z, € [0, L].

This curve has e, as mean direction and oscillations direction e;. We refer the beam to the mobile reference frame (Frenet-Serret),
denoted by (tg, e,, ng) and defined by

oM, 1 . 1
. = £ =—e+¢),e , nE=t€/\e = — _Q/e +e
EEAREANREG =y (el
wherey, = /1 + (<I>’E)2. The unit vector fields t, and n, belong to C'([0, L])*. Their derivatives are
dt, n, ¢
= n, = —C Yl
le CEYE (3 dzl C y
(DZ(ZO

where the piecewise continuous function ¢ (z,) = is the curvature. We denote

YS(Z D
C. = (t.|e;|n,) € SO3)
the basis transformation matrix from the fixed frame (e,, e,, €;) to the mobile one (t,, e,,n,.). We set the straight reference rod
of length L and cross section @,
P.=(0,L) X w,.
The curved rod results to be
Pg i WE(Pr)s
where the function y, : [0, L] X R? — R? is the transition map from the straight to the curved rod and defined by
v, (2) = M (2)) + z,€, + z3n,(Z)).

The Jacobian for the changing of coordinates is

n,(z) = det (Vy,(2)) = v.(z)(1 = z3¢,(z))),  Vz€P,.

As already shown in'4 Remak Al “there exists & € (0, 1/3] depending on the curvature of the parameterization such that, for
every k < &, the Jacobian 7, is bounded from below and above

1

C < ||’75||Lw(pr) <C,
thus the transformation y, from P, onto P, results to be a diffeomorphism with

7. 00 1 nioo
Vy,=C, [0 10| and (Vw,) =0 10|Cl. )
001 001



In particular, there exist two constants C,, C; such that for every ¢ € L*(P,):

Gollpow ll 2py S M@l 2y < Cillpow |l 2(p). ®)
This means that the L? estimates for a function computed on the straight rod (with respect to the variable z) and the estimates
computed on the curved one (with respect to the variable x) will only differ by a constant.

From now on, we will simply denote ¢ the function ¢poy,.

3.1 | The decomposition of displacement

Let u € H'(P.)? be a displacement. From/!! Theorem 3.1 l0iLemma 32 4nd proceeding as in'# Section 33 we have the following
decomposition:
u=U°+u, a.e. in P, or equivalently in P, “)

The quantity u € H'(P.)? is called warping (or reminder term) of the displacement. For a.e. z; € (0, L), it satisfies (see’)

/ﬁ(z,,zz, z3)dz,dz; = 0, /E(zl,zz,ZS) A (2,6, + z3n,(2)))dz,d z; = 0.

, ,

r r

The quantity U¢ € H'(P,)? is called elementary displacement and it is defined by
U(z) = U(z)) + R(z)) A @, (z))es +R(z)) A (2,8, + z3n£(z1))

v
middle line displacement

where the fields U and R belong to H'(0, L)?. Note that the field describing the middle line displacement is decomposed in
a special way according to14 Definition 3.3 Thig i5 made in order to simplify the usual estimates for an elementary displacement
(seell# Lemma34y Namely, we get

||E||L2(11) < Crlle(u)”Lz(Pé)’ ||Va||L2(P&) < C”e(“)”LZ(P&)’ Q)
10 Rl 00) < Se@lipy 10U=R A€o < Slle@llig,. ©)

If the beam is clamped at one extremity, e.g. x = 0, then we have
U) =R(0) =0. @)

The end of this section is dedicated to a secondary splitting for the fields U and R. Specifically, given U,R € H'(0, L)?, we
set the unique decomposition

U= uewh 4 y©, R =RPD L RO a.e.in (0, L), (8)
where UP*D R@wh e L0, L)3 coincide with the original functions on each node:
UPD(pe) = U(pe), ~ R¥(pe) = R(pe),  Vp€{0,...,2N,}

and are then extended by Q, interpolation in between the nodes, while the functions U?, R©® e H(0, L) are reminder terms
which capture the high oscillations and are by definition zero on the nodes:

UQpe) =0, ROpe) = 0, Vp e {0,...,2N,}.
In the following, we recall the estimates of such functions.
Lemma 1. 1#Lemma 3.6 The fynctions U, RO, UP®) and RPWD satisfy
”R(O)”LZ(O,L) + 6”dR(0)”L2(0,L) + 5||dR(wa||L2(0,L) < g”e(u)“LZ(PE),
NN 20,0y + €NAU N 120 1) + €AV 120 1y < Clle@)l 12, ©)

1 I C
”d[U(Pw) — R(Pw ) A e1 ”L2(O,L) S ;”e(u)“LZ(pé).

'The map (z,, z;) = z,€, + z30.(z;) + R(z)) A (zze2 + z3n, (zl)) (z, fixed) represents a small rotation of the cross section.
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Remark 1. On can decompose U and R in another way by setting
U= 0ewh 4 OO, R =R™D 4 RO ae.in (0, L),
where U@ Rwh e wle(0, L)? coincide with the original functions each second node:
UPeh2p'e) = URp'e), RPD2p'e) =R(2p'e), Yp €{0,....N,}.

Then, proceeding as in the proof of!% Lemma36 e obtain for these functions the same estimates as those of Lemma 1} In
particular, one has

C
< =
oD = e ||e(u)||L2(7)é), (10)

0.0 < Clle@ll 2,

IR — WD) ot g”d(R(”w” — R puhy

[ueed _ [D(pwl)“Lz(O,L) + E”d([U(Pwl) _ [D(pwl))

3.2 | Symmetric gradient of the displacement of a curved rod

In this subsection, we give the symmetric gradient of a displacement with respect to the variables (z, z,, z3) (for more details
see 14} Subsection 3.4).

First, for every v € H'(P,)?, equality (@), leads to

n, 00
V,uo= (dlv|620|03v) =VwV,y, =V,vC 0 10}.
001

Hence |
—ov-t, dv-t, du-t,
£
Ccl'vwC, = ”—6lv-e2 0,0-€, 0z0- €, |.
(2
—o,v-n, d,u-n, U -N,
2
As a consequence we get

1

_alv‘te % k
r 11, "
C e, (vC, = §<n—alv-e2+62v-t€> 0,0 - €, * . (11)
%(lalv-n5+63v-te> %(azu-ng+63v-e2) 03U - M,

£

We denote by €,(v) the right hand side of the above equality.

Additionally, in the next sections a vectorial notation for the strain tensor will be used. Indeed, the strain tensor e (v) of a
displacement v € H'!(P,)? is also written as a column vector with six entries by setting

. T
E.(v) = (ex,ll(U) e,n(V) e, 33(V) e, (V) e, 3(v) ex,zs(U)) : (12)
In that way, the symmetric matrix €,(v) = C!e (v)C, is represented by the column vector
~ . ~ ~ ~ ~ ~ ~ T
E.(0) = (€,1,(0) € n(1) €5(0) € p0) € 1;5(0) €50)) . (13)

Hence



where the matrix C, belongs to C([0, L])®*® and is given by

1 (@) @
2 05 0 2%
01 0 0 0
(DIZ (D’
@ L o 2% o
(~: Y: e Ye
= o |.
€ o o0 L o =
. o Ye @ Ye
FOF 0
d)/
000 -2 ¢ 1
Ye Ye

(14)

Below, we use the decomposition (@) of a displacement u € H 1(P.)? to express the matrix €_(U¢) = CETex(Ue)CE. Concerning

the elementary displacement, we have (see!l# Subsection 3.4y

l[(altu—RAel)wlR/\ (<I>Ee3+zze2+z3n£)] ok
.
I

S(UY) = CTe (UC, = | 5— [(altu “RAe)+ORA(De; +zpe, + z3n£)] ey 0 %,

2n
1

13

[(altu —RAe)+ARA (De; + 208, + z3n8)] ‘m, 00

Observe that

0]
oR - ((—E +z3>e2 - z2n£) = (a,R/\ (dDEe3 + z,€, +z3ng)> -t,,

£
_alR . (ZStE + (Deel) = (alR A (‘I’Ee?, + 2262 + Z3n5)> . eza
/

(DE
o,R - (Zztg — —Eez> = (alR A (d)ge3 + z,e, + Z3n5)> -n,.
Y

&

4 | THE TEXTILE STRUCTURE
Let
PO {zeR’ j 2 €O, L), (23,23 €, ),

PYZ{zeR |7, €0.1) (z,7) €w,)

be the straight reference rods in direction e, and e,. For each in plane direction, we define two beams of curved rods by

PO S (R0). PR Sy (PR) ()€K,
where the diffeomorphisms are defined by

w9 (z) = MU9(z)) + zye, + z3n9(z)),

wP(2) = MEP(2)) + z)€) + 23007 (2))

and the middle lines by
M9(z)) = z ) + gee, + (=1)' D, (z))e,

M®P(z,) = pee; + z,e, + (—1)’D(z,)e;.

5)

Note that the quantities (—1)4*! and (—1)? denote the fact that the woven fibers are alternate, allowing crossing between them.

The whole textile structure is given by
2N,-1
S, =shus®,  sw= ] pen,
£=0

(16)
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Each direction has its local mobile frames (til’q), e,, nfgl"’)) and (e, téz’p ), nF}” )) with

] o, M 1 1
() = MG =tz Ae, 7 €0,L]
oy M
azM(zsP)
téz’p)(zz) - ’()—6(2@’ n,(gz’p)(zz) =€ A télp)(zz)’ z, €10, L].
2 e

For simplicity, the displacements u' € H'(P9)3, u@» € H'(PP?)? are also referred to their respective straight reference
frames with the same names:

u” e H'(gee, + PV, u®? € H'(pee, + P2, (p.q) € K.
Hence, we write (z € gee, + Pr(') for 9 and z € pee, + Pr(z) for u®?))
W19(2) = U19(z)) + ROD(z) A (D™D, (z)e; + (25 = qedey + 200 (z)) )+ (2),

a7
u®P(z) = U2 (z,) + R2P(z,) A ((—l)pd)é(zz)e3 +(z) — pe)e; + z3ni2’p)(z2)> +u%P(2).

4.1 | The contact and non penetration condition

The contact between fibers is restricted to the portions where the beams are right above each other. We define such contact
domains in the fixed frame (el, €, e3) by ((p,q) € K,)

cz |J c C,, = (C,,NQ)x {0},  C, = (pe.qe) + @,

(n.9)EK,
By (1) and (17), in C,, the displacements reduce for a.e. (z;, z,) € ®, to

rq’

uD(z) + pe, 2, + ge, (=14 ) = UTD(pe + 2)) + ROD(pe + 2)) A 2,0, + 17,

@n) (18)

uPP(z, + pe. z, + ge. (~1)Pr) = U (ge + 2,) + ROP(qe + 2,) Az, +1i

The beam-to-beam interaction is characterized by the nonnegative gap-functions g, ,, describing an admissible in plane sliding.
We assume
2 7o) 2
8ea =€ & & €C(Q) and therefore ||g£’a||Lz(Q) < Ce ||ga||Lw(Q).

In the internal part of Q2 we do not allow areas where the fibers are glued:
3C; >0 suchthat g,(z) > C;, Vz e Q. (19)

As we will see, this condition plays an important role in the build of the contact condition for the test-functions.

We define the in plane contact conditions by setting

0 — PP < g aein C,, V(p,q) € K,, 20)

pq’

while the outer plane component

0< (=D (u” —ul”)  aein C

3 V(p,q) € K.. @)

rq’
only takes into account the fact that the fibers cannot penetrate each others and the oscillating manner of the beams switching
in the vertical position.

4.2 | Boundary conditions
In order to properly study the textile behavior, we first split the whole domain € in the four domains
Q=int(QUQUQUQ,)
defined by (see Figure[I )
Q =0, Q=(1Lx(01), Q=(010nx({L), Q=(dL)>
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In Q, we assume on both lateral boundaries z; = 0 and z, = 0 that every displacement equals zero. Given the structure (I6),

this implies

(Laq)
|z;=0
u®P =0 for every pe {0,...,2n,}.

|z,=0
Note that such clamp on €, affects the behavior of the diszplacements in the whole Q and justifies the domain splitting. Indeed,

the displacement u) inherits the clamp condition in z; = 0 for all z, € (0, L) (and thus in Q, U Q,), while the displacement
u®#) inherits the clamp condition in z, = 0 for all z, € (0, L) (and thus in Q, U Q).

u =0 forevery q € {0,...,2n_.},

Clamp condition { 22)

In the remaining left and bottom boundary, we assume that the fibers are glued:
uh? = 40 g in Co» 9€1{0,...,2N},

. (23)
b0 = &P g in C,. p€{0,....2N,}.

Glued condition {

4.3 | The admissible displacements of the structure

Given the structure, the boundary and contact conditions, the closed convex set of the admissible displacements is denoted by

2N, 2N,

X, = {u = (u(l’o), ,u(l’ZNf),u(z’O), ,u(z’zNé)) (S H Hl(qsez + Pr(l))3 X H Hl(peel + Pr(z))3 ‘
q=0 p=0
u satisfies @)@@@}
We endow the product space
2N, 2N,
1 3 1 233
[ #'@ee, + PO x [T H' (pee, + P2) (24)
q=0 p=0
with the semi-norm
2N, 2N,
= e (uL.0)||? e (u2)||? .
lul 20 DI, o)+ 20 @I, e
- =

q
By the clamped and glued conditions (22)-(23), we easily check that this semi-norm is in fact a norm, thus &, is a closed convex
subset of the product space (Z4).

4.4 | The elasticity problem

Due to the contact conditions, the elasticity problem is stated as variational inequality (and in vectorial notation):
Find u, € X, such that for every v, € X,:
/Aé E () E (u, —v,) dx < /fé (u, — v,) dx, (25)
S, Se

(3

where f, € L*(S,)? and where the material elasticity law is incorporated by the matrix A,, which satisfies the usual Hooke’s law
o A, € L®(S,)%,
e A_ is symmetric;
e A, is positive definite and therefore coercive: there exists two constants C,,, C; > 0 independent of € such that

ColéP <A, E-E<CE* ae.in S, VEERS (26)

Existence and uniqueness of problem (23) are ensured by Stampacchia lemma (see''®) and the clamped and glued conditions
(22)-(23), which do not allow rigid motions in the kernel of the symmetric strain tensor.
In order to switch the elasticity problem from the mobile to the straight reference frame, we first recall the vector-transformation
matrices (Nj‘(gl"’) (resp. éf”’ )) defined in (T4) and we replace @, by (—1)‘“1(1)5 (resp. (—=1)?®,). Then, we set
2N, 2N,
A, = (AU A0 A0 AZN) e T L=(gee, + PO x T L= (pee, + P)*,
q=0 p=0
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where
e = (T Lg) ¢ en = (T @p P
Ae - (Ce ) AEOWE Ce > Ae - (CE ) AEOWE CE
and the forces ((p,q) € K,) o - ” . "
F7 = f oy 1 a.e.in gee, + P,
2.p) — 2.p) : (2 @7
F7 = fooy, a.e.in pee; + P~
Following the computation in subsection [3.2] for both directions, we port problem (23) in the straight reference frame:
Find u, € X, such that for every v € X,:
2N, 2N,
L) R 1 v 1 1 1 2.0) 2 v 2 1 2
Z Ag Q) Ez(“i )y . Ez(”i @) — 10y p(9) g7 4 Z Ai p) Ez(“(g Py . Ez(“(g P — (1Y @) g 7
qae2+P,“) - pse]+P,(2) (28)
2N, 2N,

1 1 1 1 2 2 2 2
< Fe( ) (”i @ _ ,q)) ’1( Dz + Z Fe( ), (ui ) _ € ,p)) 77( D) 7

q=0

p=0
qee, +P,( D

pee; +P,(2)

where E_(u"?) and E_(u*”) are R® column vectors (see (T2)-(T3)) with entries given by (T3)-(TT) in the respective direction

and where the displacements uS"” and uf"’ ) are defined as in (17).

S | FIELDS ESTIMATES

We want now to estimate the fields involved in problem (28) or, equivalently, those that appear in the representation of
respectively strain tensor (see subsection [3.2)) and displacement (see (I7)). To do so, we first need an extension result.

5.1 | Preliminary decomposition of the displacements

We want to apply the decomposition (§), this time not on a line [0, L] but for the 2D domain Q. Consider the displacements
u™ and u®? defined in and set the spaces

2N, 2N,
L= Jo.nyx{ge},  LP = J{pe} x . L).

4=0 p=0
Given the functions U2, RM9 € H'(LY)’ and U, R*P € H'(LD), (p,q) € K., we denote U, R™® € W=(Q)’
the functions defined on each node (pe, g¢) by:
UD(pe, ge) = U (pe), RV (pe. ge) = R (pe),
U@ (pe, ge) = U (ge). R (pe, ge) = RO (ge).
Then, we extend them by Q, interpolation on the vertexes of every cell £(p, q) + €Y included in Q (see also!# Subscction .1y

Hence, we have
U0 = UV, ge) + U CLge). U = UP(pe, ) + U (pe. ),

RO = RO, qe) + R (.qe), RO = RO(pe, )+ RY (pe. ).

The functions Rgf;), U_Jgf’,) € H! (L(:))3 are the reminder terms covering the fast oscillations and have zero value on each node.

(29)

The following lemma recalls the results of LemmalI] for the new setting.
Lemma 2. 14 Lemma 32 The fields [U(]f;), R(]g) satisfy

(@) (@)
U N 2y + €N0LUR N 20, < Clulls,
¢ (30)
IIRE@IILZ(L@) +e||daR§3>||Lz(Lia>) < ;||u||sf,
The estimates on the warping () are also ported onto the complete structure by (3)), leading to
2N,

2N,
Zho)2 21y )2 =212 21y 2P |2 210,12
< .31
2:4) (”u I qee oy + €7V ”U(qeez+Pf”>) " Z:‘) <”u Ve ey TNV ”L2<pse1+P,‘2>>) < Cetllull, G
q= p=
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5.2 | Global estimates

These estimates are a direct consequence of (6)), decomposition (29) and the extension results in'1# Subsection 5.1,

Lemma 3. 14 Lemma5.3 Ope g

”aaR(a)”U(Q) < ””“56,
eve
C (32)
10,0 = R® A eyl ) < ~=lulls
€
As a consequence of this lemma we get
Lemma 4. The fields UV, U®, RMD and R satisfy
C
”R(])”LZ(Qlugz) + ||R(2)||L2(Qlug23) < “””56’
ev/e
) &) c G
U N 200, + 11U 2,00, < —=llulls, -
Ve
Proof. The proof is a direct consequence of (32)), the Poincaré inequality and the clamp conditions (22). O
Set the left and bottom boundary of Q in the following way:

1, = [0,11x {0} € Q,, [, =[0,L1x {0} cQUQ,,

r, = {0} x[0,/1c Q,, I ={0)x[0,L]C Q UQ,, (34)
Y=y,Ur CcQ, r=r,ul, cQ.

The clamped conditions (22)) and (7)) give the following boundary conditions on U® and R®

UD=RD =0 ae.on y,, UP=RP=0 ae.on y,. (35)

5.3 | Non penetration condition estimates

Since the displacement switches the vertical position and since two fibers cannot penetrate one into the other, we get a sufficient
good estimate for the distance between fibers in the outer plane component without assuming an additional upper bound contact
function g, 5 in Z1).

To show this, we start by giving the warping estimates in the contact areas.

Lemma 5, 14 Lemma5.5 Ope ag - Cma ,
—(l.q —(2,D.
2 (E N+ 17715 ) < Cellully
(P,q)elcs

The main result is shown in the following lemma and due to the heavy computation, the entire proof is shifted to Appendix[I0]

Lemma 6. One has

W _ @
v -v;

< CVelulls,. (36)

M _ 0@
+e||Ra R

(4

LX(Q) LX(Q)

We now give all the estimates for the outer plane fields.

Lemma 7. One has

C
IV N vy + IRP N gy < —=lulls, 37)
E

&€

Proof. Since the proof is analogous, we just show the estimates for direction e;. First, it is easy to prove that the following
inequalities hold:

L

“¢”iz<g) S 27”‘1’”%2(91&)93) + 2L2|Ial¢|IiZ(Q)’ Vd) € L2(93 a])9 (38)
L

1120 < 271 a0y 0 + 2L7 1000 gy V0 € LA(Q105).



1z |

Now, from estimates (32)),, (33), (36). the above (38) and the Q, interpolation properties, we have
1 I 1
IRVl 20y < C(”R‘(X)HLZ(Q,U%) + 10, RPN o))

1 2 2 1 C
<C(IRY = RPNl 2@ + IRl 20,00y + 10RO 12) < —=llulls -
EN/E

i C,a 2 2
||02fo )||L2(Q) < ;”Rf,) - Ri, )”LZ(Q) + C||52R;)||L2(g) < llulls, -

e/
This, together with (32), proves (32)),. We prove now (37)), for « = 1. By (32)), and (37),, we first get that

1 2 C
10, UM 20 + 10,U N 20 < —=lull
g\/;
which together with (36) and the Q,-interpolation properties gives
) Cip®_ @ 6) c
19,U5 M 2 < Z V3 = Uil i) + 10,U57 M 2oy < — = lull,
e\/e

and thus an estimate of the gradient of [Ugl). By the Poincaré inequality and the clamp conditions (22) we get (37), for a = 1.
The proof for @ = 2 is analogous. O

5.4 | Contact estimates

The remaining fields to estimate are the in plane fields in the not supported areas for the domain, that are, in the domains Q; U,
for the fields in direction e; and Q, U Q, for the fields in direction e,. In this sense, the 2D Korn’s inequality and the fact
that estimates (39) allow to switch between the supported direction to the not supported one are used. For more details on this
method. see 14} Subsection 5.5 .

Set
gl oy = llgill Lo + 182l Lo(y-
In the following lemma, we recall the difference between the displacements in the in plane components.

Lemma 8. 14 Lemma5.6 Ope hag

“[fon _ @

(4

< (Mgl oo + Velulls,)- (39)

L@~

(€3] ?2)
+ 5”723 - RS

LX)

Now, proceeding as in‘% Lemma 3.9 and Corollary 5.10 ye get the H'!' norms of the in plane fields.

Lemma 9. One has 1
—luls, ). (40)
€

\/_

102 @y + IR ey < C (el +

5.5 | Final decomposition of the displacements

Looking at the estimates for each field and the ones concerning their difference (36) and (39), we find convenient to define
combined fields.
First, proceeding as in the proof of 14 Lemma 36 we obtain that the glued conditions (23)) imply

U — U oy + ellRY = RP oy < Cllulls.- 41)
Regarding the outer plane fields, we set the decomposition

= Louw 4@ ©= Lo _y@
[US—E([U3 +U; ) Uy —5([U3 -4 ),
(42)

R, = 3(RO4RD), RE = F(RY-RY)
Due to the clamped conditions (33) and estimates (@1)), one has

||[U3||L2(y) + 5||Ra||L2(y) < C”u”sf- 43)
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We define the piece-wise linear functions U, and U, by
U =UP0,9)  U,=U"¢0)  aein(0,L).

The fields U;, U, represent the macroscopic displacements of the mid-surface €.
Then, we define the fields US), U® € H'(Q) by the equalities

U =u, +U®, u =u, +UP,
@ ®) @) ©® 44
U =U, +U", Uy =U,+ U,

where S is for stretching and B for bending. The function [fos) stands for the relative stretching/compression of the beams whose
direction is e,, while [USIB) represents the bending of the beams whose direction is e;_,.
Note that

By the displacement representations (T7), the extension operator and the splitting (Z9), the final decomposition of the
displacements becomes ((p, q) € K,)

U, +[U<1:> R, +RY
u(z) = l U, + Uy | (2, q€) + u%"f)(zl)] + l Ry + R | (2, q8) + Rg;m(zl)]
() ()]
U; +U; R,
A ((—1)"+1<I)E(zl)e3 +(zy —ge)e, + z3n£1’q)(zl)> + E(I’Q)(z),
45)
U, + [U(%B) R, - R§g>
u®P(z) = l U, + [UQS) (25, pe) + U_J(]i”’)(zz)] + l R, - Rzg) (2, pe) + R(]i,p)(ZZ)‘|
® @)
A (170 (2p)e; + (2, = pele, + 230372 ) +77(2)
Define the spaces (@ € {1,2})
LX(Q,0,) = {¢ € LA(Q) | 9, € L (Q)}.
In the following Lemma, we present the estimates for such decomposition.
Lemma 10. One has c
IUD 200, + 103U N 20y < == llulls,»
&
1
“[USXB)”LZ(Q) + €||V[UE,B)”L2(Q) < C<52”g”Lm(Q) + _”””sé >, (46)
Ve
1
Uil < € (ellglo + —=Ilulls, )
NG
and 1
1Us i) + U ) + IVUS ) < — s (47)
For the rotation fields R one has
1 C
IRl fr1 ) + gIIRff)IILzm) +IIVRE |l 12 < i Ellullss,
(48)

1
IR 20, + €195 s RNl 20y < C(eugnmm + ——|lulls, )
e\/e
Proof. We will only show the estimates for a = 1, since the case a = 2 follows by a symmetric argumentation.
By definition, we have 9,U; = 0 and thus altu(f) = al[U(ll). This, together with Poincaré inequality, (32),, @I) and the Q,
character of interpolated functions, implies that

S) (n (1) 2
”[Ul ||L2(g,a]) < ”[Ul - [U1||L2(g,al) + ”[Ul - U ||L2(F1)
) c
S Cllo\U "Nl ppq) + Cllulls, < ——=llulls,»
£

s Ca C
10Ul 20y < TNV = Uyl iz < —=llulls,
ENE
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which proves (@6), .
The above estimates together with (39) lead to

B) _ ) (2) (€Y} S
U M 2y = U7 = Uil 2y < U = Ul ) + 11U 12

1
< (&gl + —=lulls, ).
£

\/_

which together with the Q, character of interpolated functions proves (@6),.
By the above estimates of 62[U(1S), (@T)) and (@0), we get

(S) (€9) 2) (1)
MUl 2 < U N2 + TV = U oy + 11Ul 2

1
< C(ellgllo@ + —=luls, ).
£

\/_

®) ) 1
||02[U1||L2(g) < ||02[U1 ||L2(Q) + ||02[U1 ||L2(g) < C(ellglle@ + —||U||ss>

e\/e
which again together with the fact that 9,U; = 0, proves (46));.
Estimates @7) and (@8)), follow from (36) and (37), while estimate @8], follow from @0),, (32), and the Q, character of
interpolated functions. O
The clamped and glued conditions (33)-@I) yield
U =0 ae.ony,, Ul 2y, < Cllulls, (49)

Now, we can use the remark [1] to define the global fields U@, R®@ e W'=(Q)? in the following way ((p,q) € K, and

@.q) € {0,....,N_}?: ] 0 0 o
[U(l)(zp/e,qe) = [U(l,q)(zp/e)’ R(l)(Zp/E, qe) = R(l’q)(zp/&‘),

UP(pe.2q'e) = UPQ2q'e). RO (pe.24'e) = REPQ24'e).
Then, the estimates (I0) give

a 1 a ) ¢
U — 0|2y < Cellulls IV = U]l 2gq) < WA (50)
&

Hence, for the fields )@, R we obtain the same estimates as those in Lemmas|6] [9]and [10] (@7) and @S)).
Set
U, =0%0,, U, =00¢,0).

Lemma 11. One has @ @
U = U 2y < Cllull s, »

. . 1
10l vy + 10l @y < € (el oy + —= (51)

luls, ).
e\/e )

v, - [Ua”LZ(Q) +€|IVU, — [Ua)”LZ(Q) < C||u||5£.
Proof. Estimate (51)), is an immediate consequence of (50). Then, this estimate and the Q, character of these functions yield
1) e ¢
Ny, - [U(l (, ')||L2(0,L) < C||u||56 = |l0o,(U; — [U1 O, '))”LZ(o,L) < ;||”||5£~

The above estimates together with (@), lead to the estimate (3T), of U, = UjJ(lz)(O, -). Similarly we obtain the estimate of (51),
of U, = US"(-, 0). O

5.6 | Assumption on the right hand side

The forces applied must be chosen in order to keep the elasticity problem in a linear regime, since they heavily determine the
gradient estimates. Indeed, the coercivity of A, applied to problem (23)) with v, = 0 gives

Collu 1% S/AEEX(ME)-EX(ME) dx < |/f£-u6dx’. (52)
SE

S

3
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Hence, we first set f@ € HY(Q)? and f@ € HY(Q)? with
[P=0 aein QuUQ,  f19=0 aein QuUQ,
and define the forces in the straight reference beam (27)) by
F'9(z) = (sszl)el + € ~2(1)e2 +& fV)(z),qe) forae. zingee, + P,
FOP(2) = (2 Ve, + €2 [, + €3 f@)(pe, z,) forae. zin pee; + PP.
Switching to the straight reference frame (see (28)), we estimate the right hand side using the above forces defined, the final
displacements (#3]) and their estimates in Lemma [I0]together with (3T)). We get

2
= 1
| / fowu dx| < CE N (17N iy + 1S i) (gl o) + ——= s, )- (53)
K a=1 62\/2

Finally, from (52)-(33)), we obtain an estimate for the elastic energy
2

llulls < C55/2<||g||Lw(Q) + Z (”f(a)”H‘(Q) + ”f(a)”H‘(Q))) < Ce?.

a=1

6 | ASYMPTOTIC BEHAVIOR OF THE FIELDS

In this section we consider a sequence {u, }, of displacements belonging to X, and satisfying
llulls < Ce’2. (54)
Applying (54) to the estimates in Lemma[I0]and to (32)), we get
Ul + U5l < Ces UG 120y + ElVUE Il 2 < Ce,
||Uf(,)(||L2(Q,aa) + £||53—01[Ug3,||L2(Q) + ”[U‘(XB)”LZ(Q) + 5||V[UEXB)||L2(Q) < Ce?,
IR ol < Ce, ”RS;”LZ(Q) + 6”VR§;”L2(Q) < Ce?,
||RZ3)||L2(Q,(3H) + €||a3—aRS2”L2(Q) < Ce, ||aa[Uia) - Ria) Aegllizg) < Ce’.

(35)

6.1 | Weak limit of the macroscopic fields
By the boundedness of the sequences (33), compactness results imply the weak convergences of the fields. Denote
HNQ) = {p e H'Q) | $=0aerh
HXQ) = {$ € HX(Q) | $=0and V=0 ac.y}
and
L3,(0.0),) = {6 € 1*(0.1),) | =0 ac.in©.D},
Hio (O, 1)) = HE(O, L), ) 0 L, (O, 1)), k€ (1,2},

The spaces H ((0,L), ) and H, (20 b ((0, L), ) are for the functions that appear only in the not supported parts in the direction

e;_, that is why they vanish due to the clamp condition in their direction.

Lemma 12. There exist a subsequence of {}, still denoted {&}, and functions U, € H2 ((0, L)Zz), U, € H2, ((0, L), ),

0.0) 0.1)
Ry € HY, (0, L), ), U; € H(Q) and R, € H)(Q) such that
1

-U,, = U, weakly in H'(Q),
P

l[ng3 — Uy strongly in H'(Q),
e &

lRE « — R, weakly in H'(Q) and strongly in LA(Q),
P

1

£

(56)

R — R weakly in L*(Q,0,)
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and Z® e L*(Q)? such that

12 (aa[ugw —R@ A ea> ~ Z@ weakly in LA(Q)’. (57)
&
Moreover, the following identities hold a.e. in Q:
R,=-0,U;, Ry =0U;, Ry =9U, RY=-9,U,. (58)

Proof. Estimates in Lemma |10]imply the existence of U,, R, € H!(Q) and R(;’) € L*(Q,0,) such that the convergences
(56), 54 hold, while is a direct consequence of (32)),. It also exists Uy € H'(Q) such that

1[UE3 — U; weakly in H'(Q).
s

From we have

1 <6a[Uf€") - Ri") A ea> — 0 strongly in L*(Q)>. 59)
€
Then, the above two convergences and (36); yield (36),. Convergences (56) and lead to the equalities (58). Now (58)), the

fact that U; and U, do not depend on z; and z, respectively and the boundary conditions (33)-@3)-@9)-(54) lead to U, €
Hg, (0,1),,),U, € Hg (0, L)), R eH! (0.L),) Use H(Q)and R, € H) (). O

()] 0,0
6.2 | Unfold of the limit fields via in plane unfolding operator
Recall that Y = [0, 2)? is the 2-periodic reference cell in €.

Definition 1 (In plane unfolding operator). For every measurable function ¢ in L*(), one defines the measurable function
T.(¢) in L*(Q x Y) by
!/
T ()2, X") = 4,(25[22_] + gx') forae. (z,X") € QxY.
£

Its properties are the typical ones and can be found in®. In particular, this operator satisfies

ITe @Dl 2 oxy) < ClIPll 2@ Vo € LA(Q). (60)
Moreover, we introduce the mean value operator M, : L'(QxY)— L'(Q)by

My()(-) = ﬁ/y/(-,Xl,Xz)XmdXz Vy € LI(QX.V)
y

Denote the set containing the nine nodes of Y by
Y =1{0,1,2)%.
We define the spaces of special Q, interpolates by
o'y = {d) e Whe(y) | ¢ is the Q, interpolated of its values on yK},
Q,, V) =Q' W) nH,, ),
Q. (M) = {# €0, | My¢) =0}

and
o' ((, 2x) = {p e wh=((, 2)x,) | ¢ is piecewise linear in [0, 1] and [1,2] },
Q!,.(0,2)x ) =2'(0,2)x ) N H,je,((O, Dx,)s

per
2
0!, ,(0.2y) = {#€ 0L, (0.2))] / pdx, =0}
0

While the unfolding for sequences bounded in H'(Q) and L*(Q) (see®) is well known, new results developed in® extend the
unfolding method to sequences bounded anisotropically, i.e. in L>(Q, d,). Set

LX(2;0,,(0,2)x)) = {$ € L*(2,Q,,,(I) | ¢ only depends on (z/, X,) },
L*(Q,0;59,,.((0,2)x)) = L*(2; Q) ((0,2)x) N L*(Q % (0,2)y,,0,),

per per

LX(Q,0,;,Q,,.((0,2)5,)) = LX(Q; Q) ((0,2)5)) N L*(Q X (0,2),,0,).

per per
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Moreover, due to the boundary conditions (22)-(23) we set
L*(Q,0,) = {¢p € L*(Q,9,) | p=0ae. onT5_,},
L*(Q,0,;Q,,,(0,2)x, ) = {¢ € L*(©Q,0,;Q,,((0,2)y_)| ¢ =0ae onT5_,x 0,2y}
We are ready to give the asymptotic behaviour of our unfolded sequences.

Lemma 13. There exist a subsequence of {£}, still denoted {e}, and functions 7/%“ e L*(Q; QllJ
| L2 1
Ueo)s =7.(U.,) = U, strongly in L*(Q; Q' (Y)).
: . :
1

, =T.(VU,,) = VU, weakly in L*(Q X Y)?,
- :

()) such that

er,0

o

-
<
c

Iy

S—/

[Us,3) — U; strongly in LZ(Q;QI()?)),
(61)

o

VU, ;) = VU, strongly in LA(Q X Y)?,

iy
&

) = R, strongly in L*(Q; Q"'())),

£,

-
e e e e

o

VR,,) = VR, + V4R, weaklyin LA(Qx Y)?

M=o [ =M =M [ =mm | —=m]—

and [LAJ((IS) € LX(Qx(0,2)y, ; Qllmo((O, 2)x,)) N L*(Q; Q' (Y)), U in the space L%(R,0,; Q;er
1

£2

((0,2), ) such that
7.(US) =~ U® weakly in LA(Q; Q'(V)),

1275 (0,US) = 9, US + 9, US weakly in LA(Qx ), (62)
. , ]
lTE(RSQ) — R weakly in L*(Q;Q"(Y))
. ,
and also U®) € L2(Q; Q! ((0,2)x), 0¥, R® e LX(@; Q! () such that

1

—27'6(UJ£B‘3) — U® weakly in L*(©; Q' (Y)),
. ,

1 - .
ST(U5) = Y weakly in L2(Q: Q' (V)), (63)

%E(Rigi) —~ R® weakly in L*(€Q; Q'())).
. :

Proof. First, remind that if a sequence {¢,}, is defined as Q, interpolate on the nodes (p, q) of Q (see subsection , by
construction it follows that

{T($)}e C L7 0' (V). (64)
Due to the estimates (53) and the convergences in Lemmal[12] we get () 5 45 by Corellary 1:37. Proposition 1.39. Theorem 141 Gjnce
17’5 (V[fJE a) does not depend on the microscopic variables, its limit (given by (61)),) does not depend on them either. Due to the
. :
estimate (515, lTE (VU,,) converges to the same limit.
p :
Convergences (62)), , are consequences of® Lemm243 and (63)) (with the function UP € L*(Q;Q

There also exists 7~3(30') € L*(Q,0,; Q}m((O, 2)x, ) (see again® Lemm243) such that
1

ng(Ri‘j’;) — R weakly in L*(Q; Q'(V)).

1 (y))) by5, Theorem 1.36.

per

From estimate (39) and the above convergences together with (61)-(63), we obtain

T.(0,U) = RU)) = 0=0,U, + 9y UY - Ry weakly in LAQ x V),

M [ = | =

T (U2 +R2)) = 0= 0,U; + 0y U + Ry weakly in LX(Q X V).
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Since [U;B) is 2-periodic with respect to X, and ﬁgl) does not depend on X (resp. since [U(IB) is 2-periodic with respect to X,
and R§2) does not depend on X,) and besides since 0,U; + R, = 0 (resp. d,U; — R = 0) by (38)), we get

B B
0y UY =0, o U =0. (65)

Hence, the function EU(ZB) (resp. [U(IB)) does not depend on the microscopic variable X, (resp. X,). So, we have [U(IB) S

L3(Q; Q}m((o, 2)x,))» [U(ZB) e L*(Q; Q}m((O, 2)x,))- Moreover, from the above convergences and (63), we obtain
~ ~@2
U, =R, U, =-RY. (66)
Using (58) and equalities (66), we get 73;1) = R;l) and 73;2) = Rgz). This (62);. O

Now we unfold convergence (37) and the derivatives of (56)),.

Lemma 14. There exist a subsequence of {e}, still denoted {e}, and functions ﬁ;“) e LY (; Qllm 0(Y)) such that
175(0,,73("3)) —~ 9,RY + 09y R weakly in LAQ x V). (67)
£ £, 3 @

There exist U, U, Uy € LX(Q; Q!, () and Z8~ € LX(©; Q! ((0,2)y)) such that

er,0 per

izrg(al[ug“ ~ROney) o3 = 20 + 0y (03 +U) + (R, + RY),  weakly in L2(Qx V),
&

(68)
1 ~ g .
5_276(01 UO RO ney)-e; = 2V +0, O R weakly in L2(Qx V)

and
E—lzrg(azuf) —RP ney) e3> 29 + 0y (U; - U) - (R, - RY)  weakly in L2(Qx V),
~ . (69)
%72 (U2~ RO ne,) e = 2P 40, 0P + RY  weakly in LX(Q x V).
£

Proof. We start by proving (67)) in direction e, and (68)),. By estimates (32)-@0)-(3) and the Q, interpolation properties, we
have

[¢)) (D (1)
W @ < Ceo IR 520, + €10R Sl 12) < Cé,

1 1 1
10,0, UL = RO 120y + €l195(0 RUDI 2y < Ce.

Moreover, convergence (37) holds.

Hence, by® Lemma 54 and (63), there exist R}, U € L2(@;Q!, () and Z§ € LX(Q; Q! ((0,2)y,)) such that

er,0 per

17'5(6173(';) = o R" +0y R\" weakly in LA(Qx V),
£ £, 1

1 1 1 5 OB .

=7 (U] —RYY) = 2+ 0y, U = RY" weakly in LAQ x P).
Direction e, follows by analogous argumentation, thus (67) and (68)),-(69), hold.

Now we prove (68),-(69),. By convergences (57)-(61); and estimates @7)-@8)),,> Lemma 1111 and property (64) applied to the
sequences (U; ., R, ), (U, =R, ), there exist U; € L3(Q; Q' ()) such that, up to a subsequence,

per,0
1 | ~ .
;TE (01U +R.n) = 2V + 0y, Us + R, weaklyin LA(QX V),

1 > ~ ~ .
=7 (0,U5 =R, y) = 29 +0y, 05— R, weaklyin LY QX ).

Hence, by convergences (63)), ; and decompositions @#2) we have
1 W, poy - 1 1 @), 1 ®)
;7-;(61 [UE,3 + Re,Z) - ;T;(al [U€,3 + REQ) + £_27;(01[U:,3) + 8_27;(R52)

=20+ 0y 0540, 0P + R, + RY  weaklyin LX(Qx V),
1

1 1 1
;ﬂ(az[ua) - R(z)) = ;TE(OZUQ -R.,) - 6775(02“.(53)) + 6_27;(Rig1))

3 £,1
=2V 40y Uy -0, 09 - R, + R weaklyin LAQx )

and thus (68),-(69), hold. O
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6.3 | Unfold of the complete structure via global unfolding operator

We note that the limit functions have been unfolded just in the 2D plane Q. However, the nature of the textile is a 3D structure
and that is why a new unfolding operator is introduced. Set
CylM = (0,2) X (—k, k) X (=K, k), .
¥ ) ©0.2)x( )% ( ) Cyl = CylV x Cyl®.
Cyl? = (=, k) % (0,2) X (=k, ),

Definition 2 (Global unfolding operator). For every measurable function ¢ in L'(S") and y in L'(S®), one defines the
measurable functions I1"?(¢) in the space L'(Q x CyI!V) and IT*9) () in L'(Q x Cyl®) respectively by ((a, b) € {0,1}?)

/
D)z, X) = ¢(2£ [5—] +ebey + sX), forae. (2, X) € Q x Cyl,
E

/

9w, X) = w(2e| 2

—] +eae1+£X>, for a.e. (z/,X) € Qx Cyl®.
€

Note that this unfolding operator changes the convergence rate, since a dimension reduction is additionally applied.

Lemma 15. For every ¢ € L'(S®) one has

1
/ ¢(z)dz§§§ / / NPy, X)dz'd X.

S Q Cyl@

As a direct consequence, we get that

2 1
a,c C
D DB ey < —=8llxs) Ve € LS. (70)

a=1 c¢=0 &

In order to apply the global unfolding Hi}”) to the unfolded fields in Lemma note that the in plane operator and the global
unfolding operators are related in the following way: for each ¢ defined on KC,, its extension ¢p € W (Q) (see subsection
satisfies the equalities of the traces

/
N0y, X, 0) = ¢<2g[2z—] +eX e + ebe2> = T.(P)Z, X\ b), forae. (Z,X,)€Qx(0,2), be (0,1},
£
!
()2, 0, X,) = ¢(2g[§—] +eae, + £X2e2> =T ()2 a, X,), forae (Z,X,) €Qx(0,2), ae {0,1}.
€
Hence, unfolding via Hi}""’) is equivalent to the unfolding via 7 restricted to the beams centerlines in the respective direction.
We are ready to give the strain tensor convergences.

Lemma 16. Under the assumptions of Lemma there exist a subsequence of {¢}, still denoted {e}, and fields R €

L2(Q; H;er((O, Z)Xa))3 such that
| 912U
EHS"’)((BIRS"”) — [=0,,Us [+ 9y R"? weakly in L*(Q x Cyl")?,
o,U
11-2 (71)
1 a22[U3
gnf’@ (0,REP) = [ =0,,Us [+ 95, R*? weakly in L*(Q x Cyl®)?
_622[U1
and U@ € L2(Q; H;er((O, 2)Xa))3 such that
| 9o,
;Hi"b)(a, UMD —RED ey = [ 287 |40y, UM —ROD Ae weakly in LA(Q X Cyl "),
zy
500 (72)
1
énfﬂ)(aztuf’p) —REP pey)) — azug)’“’ +0x U —RED Ae,  weakly in L(Q x Cyl®)’,
ZS
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where US? = U, | e L2(Q,0), US? = U, | € LX(Q,0,), 2y = 2}, | 279 =ZD _ e 1XQ).

11X,=b 2|1X,=a 11X,=a

Proof. We just prove direction e,, since the second one follows the same argumentation. From splitting (29) and the O, extension
properties, we first obtain
(Lg) — M) @™ (La) — 1D o)
R =R’+R, U P =U"+U_y-

By estimates (30), there exist a subsequence of {&}, still denoted {€}, and Rg\l,’b), [Ug\l,’b) e LX(Q; H;er((O, 2)x,))’ such that

1

£3

1

£2

nH(uh)) — 04 weakly in L2(Q; H'(CyI™M)Y,
’ (73)
nH (R ) = R weakly in LX(Q; H' (CyI™))>.

By convergences (61))¢, (63), (©7) and the fact that Q, convergences can be restricted to the beams centerlines, we have

1 1 1

100 (R00) = L7, (0 R ) o+ I0V(RE)

[X,=
R, (7/%1 + ﬁig)) 1x,=p T 7/%(1\1/’,1;)

NP} R(%) +oy, | (R, + RY) o T RGY| weakly in LX(Qx Cyl V),
R} Rios + RYS

By convergences (62)),, (68), ©9). (73), , and the fact that Q; convergences can be restricted to the beams centerlines, we get

L by 11000 _ pla 1 M _ p) L by q 1D )
£_2HE (al[LJE - RE A el) = ;T;.(alue - RE A el)|X2=b + £_2H£ (aIUE’N - RE,N A el)
) (S) N(1,b)
al[Uf'XZZb A()()f)]u”i(%l:)b agf'b[iJN’l (1b)
() - Do _ R,
o N R s T i [
) N Mg 5 g A, ,
Z, (0x,(Us + UP) + (R, + RS ))|X2=b oy UGy + Ry,
© ) ~(1b) S B© 5(1.b)
oud, [U(l s + tu(,”) (R, + R(l ))|X2=b + RM)
s ~ N P N
=| Z0m |+ox| OO, + 0% +| R, + R(%) )|X2=(b1 Z; RUD [ ne,
( ~ R ® ) 5 =,
Z, (Us + U x,= + U5 R+ Ry,

weakly in L2(Q x Cyl!V)>.
. S
Since [U(1 ) e LX(Q,0,;0!

per

L%(Q,0,) and 2(21,1)) € L*(Q) respectively. Set

((0.2)y,) and 2" € LX(; Q!

per

((0.2)x)). their restrictions to the line {X, = b} are US” €

) (&) 2 (1,b) S M(L.b)
R+ Rl )|X2=b + RN,I [U1|X2:b + [UN,I
1y | 5 (8) 25 (1,b) 1,b) - AT¢)) ~(1,b)
R =Ry + Rz )|Xz=b + RN,Z > u - [U2|X2=b + [UN,z
(1) 7 (1,b) M (&) T (1,b)
Rs + RN,3 (U3 + [U3 )|X2:b + [UN,3

Since R, R,, R € 12@;Q! (), RY, RY € L2(Q;Q}, (V) and the function RY” € LX(Q; H, ((0,2)x))’, the
restriction to the lines { X, = b} implies that R"Y € L2(Q; H ;er((O, 2)x,))’

Since 0% e L2(Q x (0, 2)x,3 Qb 0((0:2)x) N L2 Q'(Y)), the functions 0, and UF € L2 Q! O, 0®, 0¥ e
LX(@; 0!, (), U e LXQ; H! ((0, 2)x,))?, the restriction to the lines { X, = b} implies that U € L2(Q; H!, ((0,2)x))’.

per per per

Using identities (58) we get (71)); and (72),. O
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6.4 | The limit of the warping

Set the spaces

—() . — —
W - {(w(l,o)’ w(lvl)) c Hl(Cyl(l))3X2

2 periodic with respect to X, / E(l’b)(., X)dX,dX;=0
Cylo
and / 0" X) A (X, = be, + X;nD(X)))d X,d X5 =0, b e {0, 1}},

Cyi

—O@ . ( —00) —
wo = {(wa,m’w(z,l)) € H'(Cyl®)<

2 periodic with respect to X, / W, X)dX,dX; =0

Cyie)

and / DV X) A (X = a)ey + Xn®9(X,))dX,dX; =0, a € {0, 1}}.
Ccyl®

In the following, we show the warping convergences.

. . _ —). _0a —
Lemma 17. 1 Lemma7.7 There exist a subsequence of {e}, still denoted {¢}, and 2" € L2(Q; W ), 7> € L2(Q; W )) such
that the following convergences hold:
L19@,) ~ 7™ weakly in L*(Q: H'(CH@), ¢ € {0,1).
€
The strain tensors limits for the warping are directly inherited by and the limit convergences for the reference frame given
by Appendix |10} leading to (see alsol4 Subsection 7.3y

1

=T (€,(,)) = ECI@ ™) weaklyin L2(Qx Cyl @)y, ¢ e {0,1)
&

where for every ¢ € H'(CyI!V)3 and every w € H'(Cyl®)? we have

1 (1)
rl(l,b) aX1¢ -t * k
1, 1
£ @) = 2(11(1b) Ox, &€+ 0y, t07) Ox, ¢ & *
1, 1 1
L o010 €0) Hon g™ 4 ) 0y g™
and
| 0X1 . 11 | * *
- (eX)] . 420
Eg‘a)(w)z z(aXV/ e +n(2a)ale// e1> n(z,a)axzw e *

y 1, 1
R

. n2a) . 129 .nZa
) le[/ n +3qu// t )axsll/ n'<4

6.5 | The limit strain tensor for the elementary displacement

Notation 1. For every ¢ € R, we set

¢ S & S
(RO =10 | +[ =& | A ("% + Xype, + X5nt D), D =10 [+ =g | A (@0 Vey + (X, — De, + XznD),
0 & 0 &
(0 & (0 &
RO =g+ =g | A (%% + X e + X5n@0), ¢@D =g [+ =¢5 | A (@%Ve; + (X, — De; + X5n@D).
0 =& 0 —{o
Accordingly, we define
(1,b) (L,b)  ¢(1, b) (1,b) (1,b) |
&)= (lb)C -t &, ()= o (lb)C €,
(1,b) WD) ) glld) (1.b) (1,b) 74
)= 2 (“,)C ‘n £ (=60 =&7"(0O=0
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and

e, €570 =

8(2 a) (C) C(Z ,a) | (2 a)’

(2 a) 21 (2 a)

(75)

EQNO) = =@ . 020 89y = £29() = £ =0

2n (2 a)

First note that the strain tensor admits a weak limit in the form of a weak convergent subsequence. Indeed, from (54) and (70)
we have

1 ~
| 51 @wo) —5lulls, < C.

LZ(Qxcy/w) 5/2

Set
wh = {(@(1,0),@(1,1)) € H'(CyIM)»2

2 periodic with respect to X },

WO = {(@(2,0), B2y e H'(Cy1@y*
We first consider the direction e;. By Lemma I7} the representation of the limit strain tensor (I3]) together with Lemma|[I6]and
the limit mobile reference frame given by Appendix |10} the limit strain tensor is split in two main parts (b € {0, 1})

%HQ@ (€.(up)) = £1DU) + €1V @) weakly in L*(Q; H'(CyIV))>>3 (76)
E

2 periodic with respect to X, }

where £ is given by but with ¢ replaced by
oU = (0,US?, 9,0, 0,uS?, 0,U", 0,3, 0,,Us, 01Uy, 05,Us, 95,V ), (77)
while é';(l’b)(iﬁl’b)) is the symmetric gradient of the displacement 71 defined by
20D Z U0 4 (206, — 2010, + ROD) A (00D + Xyn) 4 (X, - ble,) +7 ),

We have 20 € L2(Q; WD),

Concerning direction e,, the same argumentation applies and the limit strain tensor becomes (a € {0, 1})
1 a) (5 a a a M
STEO (@) = E290U) + ECV@>) weakly in L2(Q; H' (Cyl®)><,

where £29 is given (73)) but with ¢ replaced by (77), while Ef’”)(ﬁz’”)) is the symmetric gradient of the displacement &>®
defined by
2% 2 UCD 4 (= 2P + Z0%; + REI) A (0%Ve; + X;n® + (X, — a)e,) + 17,

We have 229 € L2(Q; W®).

6.6 | Unfold of the contact conditions via contact unfolding operator

To obtain the limit contact conditions, it is necessary to introduce a third unfolding operator defined on the contact areas. Set
the contact area by
C,=ae +be, +w,.

Definition 3 (Contact unfolding operator). For every measurable function ¢ in L?(C), we define the measurable functions
TS (¢) € L2(Q X w,) by

Ca oyl Z_/ a X! P
T (¢)(Z,X)—¢<26[2£]+e<b>+e<Xi>) forae. (Z,X) € Qxw,.

Let¢p € L'(SV), w € L'(S?) and ¢ € L*(Q). This operator is related to the previous ones via the identities (a.e. (z/, X') €
QX w,):
TEH @), X, Xy = ID@G)(E a + X, XS, (= D™ ),
T W) ,X’, X)) =T2y)(' X[.b+ X, (=1)"*K).
In particular, from (60) and (78); we have that

(78)

1
C
DT @ 20xoy < Cll@llzer Yo € LAC).
a,b=0
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By (T8)-(29), the displacements decomposition in the contact areas becomes a.e. (z;,z,) € ®,:

uil"’)(z1 + pe, 25 + qe, (= 1)) :Uil)(ps + zy,q€) + R(l)(pe + z1,4€) A 2,8,

+ U (e +2)) + R (pe + 2)) A zpe, + 17, )
uP(z, + pe, z, + qe, (= 1)) =UP (pe, qe + z,) + R<2>(p£ qe + 2,) A z,€;

+ [U(zp)(qe +z,) + R( ”)(qe +2zy)Aze + u(zp)
We estimate now the difference in the contact areas.
Lemma 18. The displacements satisfy

1, 2, (1 (2 )
2 Ml —ulPl e < Cet N —u ) < Ce (80)
(P.9)EK, (P.9EK,

Proof. Estimate (80), follows the lines oft% Lemma 78 "ysing the results of Lemma@

We prove now (80), for @ = 1, since the proof for @ = 2 is similar. Observe that decomposition (@4 in C,, and the O,
interpolation properties yield (see!l# Lemma 3.1y

[Ug(p£ +z1,9¢) = U, 1(qe) + [U(:l)(ps + 2, q¢€),
[Ufi(pe, qe + z;) = U, 1(qe) + z,0U, |(qe + z,) + [U(Elj)(pe, qe + z,).
Then, the above writings (79) give
u‘(gl"’)(z1 + pe, z, + g, (= 1)PTTH ) — uf”’)(z1 + pe, z, + qe, (1))
= [[Ug(pe + 2y, g€) — 2,0U, (g€ + z,) — U_J(B)(pe, qe + z,)| 81)
+ [Egiq) (2 p) [U(1 ) ' (pe +21) — [Uf]s)] (qe + z,) — ZZRS;(pe + 2y, q¢€) — zzRSﬂg(pe +z2))]

Then, (B0), follows by estimates B3) and Lemmas 2}f3]together with (54). O

We finally give the limit contact conditions.
Lemma 19. The in plane limit contact conditions are
USH _y®o) 4 z<|a2[u1 + 01U2| <g aein Q ,
USO P 4 ,<|aztu1 +0, [u2| <g ae.in Q ®
The outer plane limit contact conditions are a.e. in X C,,

s [(X1 —@)? (X, — b)?
OS(_1)+b[lTallu3—2T

Proof. The outer plane limit contact condition (83) follows the same lines of'# Section7-5 and taking into account that

(X,X)=(X,—a,X,—b)  with (X, X)) €w,, (X;,X,)€C,

00Uz + 87 C, X1, Xy = b, (=D ) =209, X, - a, X,, (—1)“+bx)]. (83)

Now we turn into (82) and we consider the first component. Applying the contact unfolding operator to (1) and due to the
estimates in Lemmas 2}[5] together with (54)), we have that

1

£,N,1 &,N,1 £,N,3

Then, convergences (]6_T[)2, (©2), 5. ©3), and equalities (58); yield

Car [[U(S)(ps +2z,,q9¢) — (B)(ps qe + zp) — 2,0,U, (g€ + z,) — zzR( )(p.s +z,, qg)]

ST ColUSD (pe +2)) = U (g + 29) = 2, RUD (pe +2)) + 1P (2') - afi’”(z’)] -0 stronglyin L*(Q X w,).

- [U(ls)(-, b= UPC.a) - x5 (0,0, + RY)
= U, 0) - UP(,0) - X}(0,U; +9,U,) weakly in L*(Q X ,).
Hence, the in plane condition in the first component a.e z’ € Q and every X’ € w, is

U, ) = UP(2,a) — X}(0,U,(2,) + 0, Us(2))] < g,(2).
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By the admissible choices X ; = +k, the above inequality becomes
U2, b) = UP (2, a)| + Kk[0,U,(25) + 9, Uy(2))| < g1(2) forae. 2/ € Q.

Then, due to the above inequality we get (82), , in the first component. The second one follows a symmetric argumentation. [J

6.7 | The displacements limit set

Denote .
Xy =Hp, ((0,L),) x Hg

0. o, ((0’ L., ) X H 3 ),
X =L2(Q,0,)* x LX(Q,0,)%, Xy = LXH(Q)*,
X, = L2(Q; W) x L2(Q; W),
where &), is the space of the macroscopic functions that appear in the strain tensors, Xy is the space of the relative macroscopic
bendings functions that appear in the contact and right hand side of the problem, X, is the space that gathers all the microscopic
fields. In particular, the functions belonging to their respective spaces are defined by

V= (V,V,, V) € &y,
VS = (VSO yED YOO YD) e x,

B) = (B0 B /BO) /(B
V® = (VPP VPV VP V) € A,
0= (040,000,599, 5%Y) e &,

(84)

Adding the limit contact conditions (§2)) and (83)), we finally define the limit set of admissible displacements by
X = { (V,VO, VB 3) € X, x Xg x Xp X X, ] US” —UP9| + k|0,U; +0,U,| < g ae.in Q,

l[U(zs,a) _ [U(zB’b)| +k|0,U; +9,U,| < g, ae.in Q,

X, —a (X, - b)
12 all\/S_ 22

+809(, X, X, — b, (=) — 929, X, —a, X,, (-1)"“’@], (a,b) € {0,1)2 }

andae.inQxC,, 0< (—1)a+b[ 9,V

Note that & is a closed convex subset of the Hilbert space X', X X X Xp X X,, endowed with the product norm.

7 | BUILD OF THE TEST-FUNCTIONS

First, define the spaces . _ —
Cy=CQ°nA,, Cg=CQ*NAg, Cp=CHQ)*NXy,
C, = W (Q; WD) x Wh=(Q; W),
Accordingly to (84), we take (V, V&, V® ) € C,,xCsXxCpXC,,. We also assume the following additional boundary conditions
(see (3%)):
VY =0 ae. ony Ul V3P'=0 aeonlup,,
B0 B.a
\/l( ) =0, V\/l( )=0 ae.on Y, ul,,
B0 B.b
\/2( ) =0, V\/z( ) =0 ae.onl| Uy,,

79 =0 ae.on 9Qx Cyl®@.

7 =[Z1+ {7}, [Z1eZ7? {Z}e(0,1)? forae z €R%

We set .
C, = [(k—x)e,(k+Kx)e] ke{0,....,2N,},

I, = [(k+x)e (k+1-x)e], ke {0,...2N, - 1}.



We define the different test functions for z € gee, + Pr(l), q € {0, ...,2N_} (the reference beams of direction e, ).
First, the functions V%, \/(l 9 e W20, L) are defined by

\/E(’ll’q) (z;) = V,(ge), constant for a.e. z, € [0, L],

.

1 .
VD (5 ) = V,(pe) + (2, — pe)d, Vo (pe) + 5(21 — pe)*0,, Vs (pe) if z, € C,
£,2 1/ =
cubic interpolated if z,el 2

L

-

1 .
V0D (2 ) = 4 V;(pe, g¢) + (z; — pe)o,V5(pe, qe) + E(Zl — pe)*0,,Vy(pe, ge) if z; € C,,
£3

cubic interpolated if z, €1,

then VS, (0,V,)("” € W=(0, L), VB € W2=(0, L), (below b = g mod 2)

(S b) ;
(pe, ge) if z, eC,,
\/(S q)(Zl) DE, q 1 p
hnear interpolated if z, € I,

.| 0, V5(pe, qe) + (z, — pe)o,Vs(pe, qe) if z, € C,,
(32\/3)(1’4)(21) - .2 3 P' q 1 — PE)Op V3 DE, g ' 1 p
linear interpolated if z, el .

(B q)(z )= \/2(5’”)(1)5, qe) + (z, — pe)()]\/z(s’a)(ps, qe) if z; € C,,
! cubic interpolated if zy €1,
and ﬁﬁl‘q) e whe ((O, L) X (qge — k€, qe + k€) X (—KE, KE))3

ZyY Z,—qE Z
ﬁ“*’”(pe,qe,Z{—'}, 24 ,—3> ifz) € C,,
2e € I3

linear interpolated with respect to the first variable, if z;, € I >

~Lg) -
vo(z) =

Now, we define the different test functions for z € pee, + P®, p € {0,...,2N,} (the reference beams of direction e;).
First, the functions \/g(,zo;” ) \/5(23”’ ) € W2(0, L) are defined by

-

1 .
\/(2 p)(ZQ) - \/1 (ge) + (z, — qe)0,V, (qe) + z(zz - q5)2022V1 (qe) if z, €C,,
cubic interpolated if z, €1,

Wéép)(Zz) = V,(pe), constant for a.e. z, € [0, L],

-

1 .
5 . 1 V5(pe, ge) + (2, — q€)0,V5(pe, g€) + = (2, — q6)2622W3(pe, qe), if z, €C,,
Ve (z,) =4 2 ‘

cubic interpolated if z, €1,
then V&P, (9,V5)” € W= (0, L), V®? € W2=(0, L) (below a = p mod 2)

(S p)(z )= (S a>(pe 2 if z, €C,,
lmear interpolated if z, € [ P

.| 0. Va(pe, ge) + (z, — qe)0,, Vs (pe, qe) if z, € C,
o \/3)(24,)(22): .1 3(P q¢) + (2, — q€)0,,V3(pe, g¢) . 2 q
linear interpolated if z,el o

\/(B D) = \/I(B’”)(ps, qe) + (z, — qe)az\/z(B’”)(ps, qe) if z, € C,
cubic interpolated it z, €1,
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and o0& € Wi ((pe — ke, pe + k&) X (0, L) X (—ke, Ke))3

Z; — pe Z,) 2
629 (pe.ge, 2 2{ 212, ifnec,

€ 2e ) €
linear interpolated with respect to the second variable, if z, € I,.

527(2)

Now, we compose the test displacements v, in the directions e, and e, by
v9(z) = V9 (2) + £009(2), z € gee, + PV,
vBP(2) = VP (2) + €037 (2), z € pee; + PP,

where the elementary displacements are defined by

(85)

eV (z)) + e2VE9(z)) e0,V5)(z))
yelhao(z) = g\/“ 50(zy) + 52\/<B 2D (z)) | + —£0,(V;")(z))
e\/j,g‘”(z, ) £0,(V57(z))) + 20, (V57)(z))
21 Z1
A <5<I>(1’b) (2{ Z}> e; + (22 - qe)e2 + z;n? (2{ Z}> ),
eV (z)) + V5 (z,) £0,(V5")(2,)
VD (z) = eW ) (z) + 62\/@ 2 () [+ @)
e\/g%p)(zz) —£0,(VA"(2)) — £20,(V”)(2,)

z z
A (e(I)(z’”) <2{ ﬁ}) e; + (zl —pe)el + z3n(2’”) (2{ 2—2 }) >

7.1 | The limit strain tensors for the test-functions

The limit of the unfolded strain tensor is an immediate consequence of the unfolding operator properties and of the regularity
of the test functions (see also® Lemma 8.1y ‘We easily obtain

lznw (€.(v) = E@IOV) + (D) strongly in LX(Q x Cyl@)>3 (86)
€

where €19 and 39 are respectively given by (74) and but with ¢ replaced by
: S0 s.1 $.0 s.1
oV = (0,3, 0,V 0,V 0,V 9,591,591, Vs, 05,V5, 05,V ). (87)

7.2 | The initial contact conditions for the test-functions

Regarding the outer plane component, conditions (21)) are satisfied by construction of the test displacements (see also'® Section 8.1y

First, observe that by construction, the glued conditions (23) are satisfied.
Now, we check the in plane contact conditions @I) We set
2 1 2
N =110, Vol s + 102Vl i + Dy D5 10Vl 1oy + D185 Lo ) -
a=1 ¢=0 p=1

(1, 4) (2 p) -

Below, we replace the test displacements v, ,” and v, in the in plane components by A* Ugg,") and 47 Ug,;p ), where AL =1-C*e
where C* is a nonnegative constant that w111 be ass1gned later. Concerning the difference of the displacements in the in plane
components, we get (remind that k¥ < 1)

U‘(glzlq)(z/, (_ 1)a+b+1 Kf) _ U‘(SZI,Ip)(ZI’ (_ 1 )a+b+1 Ke)
_p V3 (pe, ge) = VI(pe, ge) — 22 (9, Vi (pe) + 0,V (ge))
Vi (pe, qe) — Vi>(pe, qe) + 2= (9, Vi (pe) + 0,V (ge))

N 3 _Zzzqf az\/l(Bya)(pg’ qg) _ (Zl_l’f‘zgzz_qf)al 1\/2(175) (72 45) 022\/1 (qg) +D /‘(1 b) "(12:‘1)
Z];PEal\/z(B,b)(pg, qe) + (Zl_PEzgzz_qE)azz\/l(qg) + (112:;5) 611\/2(175) + D "(1 b) /\(2,0)
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Regarding the in plane contact in original, we have a.e. in C,, that

(IUS;”(Z’, (=1 ke) — o3P (2, (—1)“+”K6)I)

€ (.9 atbt1 G.p) ath
027, (=1 ce) — B2, (~1)+oce)
< | ma s.b) 2 Spe +eN <1)
V, % (pe, qe) =V, 7 (ge, pe) + 2 (9, Vo (pe) + 0,V (e) 1

< 1*e? <g1(P5, qe)) + €3N <1> < &2 <g1(P5, qf)) + &N <1> _ C*C3e3 <1> < g2 <g1(P57 115))
© \&(pe. g¢) 1 8(pe, qe) 1 1 8:(pe, qe)
where the last inequality is true only if (recall property (I9) of g,) we take the value C* = N/C;. Hence, the in plane contact

conditions (20) are satisfied.
Also, by construction of the test displacements, the glued conditions (23)) are satisfied.

V3 (pe, ge) = VI (pe, ge) — 2 (9, Vs (pe) + 0,V (ge))

8 | THE UNFOLDED LIMIT PROBLEM

In this section, all tools and results developed in this paper are summarized and lead to the homogenization of the textile.
However, since in problem (12;8"[) the vectorial notation is used, we have to write the limit strain tensors in such notation. From
(73)-(73), we define the column vectors with six entries E(*¢ € L*(Q)®, E;“) € LX(Q; H'(Cyl®))® by

T
(a,c) _ (a.0) plae) olac) plac) elace) olac)
E*(0U) = (811 822 833 812 513 823 ) > (88)

T
(@,€) N aue)y (a,c) olae) olae) olac) plac) olac)
EX (u )= (SX,II gX,ZZ 8X,33 8)(,12 gX,13 8)(,23) '

Theorem 1. Let u, € X, be a solution of problem (Z8). We assume that the sequence {A,}, satisfies the assumptions in
Subsection 4.4|and that there exist A € L®(CyI®@)%*¢ such that

Hi"’”(AE(i))(z’, X) — A@X) forae. (z,X) € QxCyl®. (89)
E

Then, there exist a subsequence of {e}, still denoted {e}, such that (U, @, ) € X is a solution of the unfolded limit problem:
Find (U, U®,U® 7)) € X such that for every (V,V® V® ) € x:

1
D / A (E@IQU) + ESO@) - (E9(0U - aV) + EV“@ - D))y *dz'd X

0

=1 e=0p Cyr@

2

2
<C0 Y [ (100~ v+ £ W - w)iz - Cw Y [ 70U, - ovaz ©0)
=

p=1
1
N COZ(K) Z/ <f~0(ta) (USO —yEa) 4 ]’13—(1) (LB — \/o(tB,c))> dz,
c=0 )

where 0U and 9V are defined in (77)) and (87) respectively and
2 2
Cy(k) = 4x? / y(t)dt, C,(x) = 4x? / Oy (t)dt 1)
0 0
Moreover, the solution is not unique.

Proof. Concerning the limits of the unfolded frame, as well as the integration over the textile domain, we refer to Appendix [10]
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First, from convergences (76)-(6-3)-(B6) written in vectorial notation (see (88)), convergence (89) and® Corollary 2.12 ye ot

65 Z / Aia’S)Ez(uia’S)) . Ez(via,.v)) rl(a,s) dz

s=0 @
see,+P,

92)
- Z / A@O (E@(QU) + ESO@™)) - (E*0V) + ESO@0))n 9 dz'd X,

=0xCyi@

where u, is the solution to problem (Z8) and v, is the test function defined as in (83). By convergences (76)-(6.3), the weak
lower semicontinuity of the convex functionals, problem (28)) and® €orollary 212 we have

2 1
> Z / A@O (E@O(QU) + ECO@@)) - (E@(QU) + ESO @) g @) dz'd X
o=l e=0q, Cyi@
2 2N,
< limjnf — Z 2 / ACYE, ™) - E (™) n*Vdz (93)
a=1 s=0 @
see,+P,
2 2N,
=impr s XX [ R e s
a=1 s=0
see,+ P

We prove now that the last term in (93)) converges. By assumptions on the forces in subsection[5.6] the definition of displacement
(@5) and convergences in Lemma[I3|we have (see Lemma[23]for the details)
2 2N,

= ZZ / F(as) (as) (aY)dZ _)CO(K)Z</f(ﬂ)[U dz +/ (ﬂ)[U3dZ -C (K)Z/f(ﬂ)a Us dz'
o=l 5= Osee +P® (94)
Cy(K) « ~ -
+ 02 Z </ (f;a) [Ufls’c)'i'ff_a) [UEXB,C)) dz’).
c=0 Q

At last, again by assumptions on the forces in subsection[5.6] the definition of test displacement (83]) and convergences in Section
[7l we obtain the limit of

1 2 2N,
_ (a,s) | y(a,s) (a.s)
LIS [ e e
a=1 s=0
see, +P@

replacing in (99) the functions U, U by V, V. Hence, inequality (90) follows due to (92), (93) and (94). A density argument gives
(90) for any test function in X.

The existence of solutions for problem (90) is a direct consequence of the bilinearity, boundedness and coercivity (since from
(26) and (89) one obtains

Colé)? < A%)(X)E-E<C|E]> forae. X € Cyl® and VE e RS)

together with the Stampacchia Lemma.
Concerning uniqueness, assume that (U, US), U®, 7), (U, US", U®’ 7’) are both solutions of (90). By the two inequalities
given by (©0) with (U, U, U®, 7)) as a solution and (U’, U, U®' 7) as a test function and vice versa, we get that

1
Z Z / Al E(a c)(aU ou’ )+ E(a C)("(a,c) _ ii(a,c)/)) . (E(a,c)(aU _ ()U/) + Egt(l,C)(ﬁ(a,c) _ i;(a,c)f))n(a,c)dzdx <0.

o=l e=0g Cy@

By the coercivity of A, this implies
1

2
2 Y |E@u - ou + Eg@ce e
a=1 c¢=0

L2@xCyl@)
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Lemma [20] below gives 2@ = 2@9 4 r(®9) where r@® are 4 rigid displacements, and dU = dU’, which together with the
limit boundary conditions (see the definition of X’) imply that

u=u, u®=u¥,

Concerning the fields U® and U®| the limit contact conditions (see again the definition of X) and the fact that US = U®/
imply that a.e. z € Q and (a, b) € {0, 1}

U - <2g,

< |[U(ls,b) _ [U(IB,a)

(S.by (B.a)
| -y

(B,b) (B,b) (S,a) (B,b) (S,a) (B,b)
UP? - P | < U - UP] 4+ (US| < 26,

Hence, the proof is complete. O

8.1 | The microscopic cell problem
For every ¢ € R, we introduce the displacements I//I7§ = (Ijl\/;l’b), 171\/;2’“)) by
WED(X) = 60X mMP (X)), W) = GOX,n>9(X,) 95)

where 0 € Cpler([R) is a 2-periodic function satisfying
0(t) = %(: —¢)? ae.in[c—k,c+x], ce€{0,1,2}.
We define the convex subset W\g of W) x W by

W, = {(@0,@%) € WO x W [ 0.5 =0 (W00 + @00, X = b, (<))
% (96)
_ (Wg(z,a)()@) + @(32,a>(X1 —a,X,, (_1)”+bK))> a.e. on Cab}_

Note that this set includes the micro-macro outer plane contact conditions (83).
Lemma 20. Let ¢ be in R® and 5 € W x W® satisfying
E() + Ex(D) =0. o7
Then ¢ = 0 and 0¥, 7@ are periodic rigid displacements
0P (x) =a? + (b"Pe; — DD (X ))es) A ((X, — ble, + X3n(X))) in CylV,
0*9(X) = a®? + (b3%, — @>9(X,)e;) A (X, — a)e; + X3n(X,)) in CyI®,

where all»| a9 belong to R3 and b(":?, b®% belong to R.

(98)

Proof. The solution of the equation is given by
1D = AP 4 BED A ((X, - b)e, + X3n(X))),
03D = A@D + B2 A (X, — a)e; + X3n(X,))

with (see (74)-(73))

{s

BI(X ) =b1 — (X, — D] = | - 2M0(X))es,

&

$s

BX(X)) =b% — (X, — D| =& |- 29X, )ey

_é‘g
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and
1 1 1 2 s
AT = a0 4 (X, — 1) b1 Ae, - £y, pe,] - E(Xl -1 =¢ | Aey,
&
2 2 2 1 2 ‘s
Al ’a)(XZ) = a2 4 X, -1 [b( N e, — §3+ae2] - §(X2 - D =C5|Aey,
=&

where bU-0), al:h) | pZa (29 belong to R3.

First, note that the functions X, — (X; —1)? and X, — (X, — 1) can be extended to 2-periodic functions. Then, the periodicity
of A" and BIY) (resp. A®@ and B?? ) with respect to X, (resp. X,) yields ¢, = ¢, = ... = {; = 0 and thus { = 0.
Furthermore, one gets b""?) A e, and b®% A e, = 0. This leads to the expression (©@8) of 7" and 7?9, O

Now, replacing U and V by a unique ¢ in problem (90) leads to the following microscopic cell problem:

For ¢ inR?, find ¥ € {}V\C such that for every U € \/V\g :
1

Z 2 / A(a c) E(a c)(é«) + E(a C)(X)) E;’,C)(j{\ _ i)\) "(a,c) dx < 0. (99)
a=1 c= OCyl(“)
Applying the change of functions
ALb) 2 = 220 ~ a
X G =2 - W 2TE ) = R ) - W, 00
LB ~(1,b) 777 (1,b) 220 ~2.a) 77 (2.0) (100)
(C")=U,(Cv')_VI/€” v (gv')=v’a(€7')_%’7
we transform the above problem in an equivalent one:
For ¢ in R®, find 3’\(\(4’ ) E W\O such that for every Pe W\O :
: ~ o (101)
Z D / A@O (E@O) + ECOW,) + SR, ) - ESOF(C. ) - D)™ dX <0,
a=1 c¢=0
Cyl(ﬂ)

where W, is the set W\c with ¢ = 0 (see (93)-(90)).

This problem admits solutions by the Stampacchia lemma (see'%). Moreover, if )/?(C ), )N?(cj , -) are both solutions of (I0T)), then
there exist 4 rigid displacements ré‘”) € WO x W such that

a0 (@e) | @0
x GCo=r,7+x &) (102)

Indeed, we can con51der problem (T0T) with )((C -) as solution and )((C -) as test-function, then the same problem with )((Zj )
as solution and ){(C -) as the test function. Summing up both inequalities leads to
1

Z > / A@O) EFIGC ) = € - ESOGE. ) = 7€)1 dX <0,

a=1 C=0Cyl(”)

from where we get that E X()’}) =FE X()NF), since by coercivity the above quantity is also nonnegative. Hence, (102) follows by
Lemmal20|

Lemma 21. Themap¢ € R — E X()/?(C ,-)) € L*(Cyl)® is continuous. Moreover, there exists a constant C independent on ¢
such that

v e R, |ExGe. )., <l (103)

L2(Cyl)
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Proof. Consider problem (T0T)) with ¢ (resp &) as parameter and with ;?(5 ,+) (resp. ;?(C , -)) as test-function. Taking the difference,
we obtain

Co||EX<x(C N - EL9GE )|

L2(Cyl)
1
< Z )y / ACOEFIUZE. ) = EF(RE D) - (EFRE. ) - EF(RE D)0 dX

a=1 c= OCyl(’”

2 1
<3y / ACOESIZE, ) - (ESVZE ) — ELOGE )0 dX
a=1 c= OCyl(“>
1

M

+ / ACOEFAZE ) - (EY(FE ) - EYORE, ) dx
c=0

Cyl@

R
1l
—

1
A (B + E“OW))) - (EYT(RE. ) = EY9(RE »)n dX

\

/\
MN

R
I
—

=0cyi@

—_

\,

A (E@@) + E“OWy) - (EY (R ) - EYOGE ))n“ dx

M.o

1 c=l

K
1l

Cyl(“)
2 1 R R
<) Z‘, / ACO(E@(E =)+ E“OW,_p)) - (EY (R, ) = EYORE N0 dX
a=1 ¢=0 N
@ s _ @) (T @) B W @0 Bes
<C||E“9C =+ EFOW )|, o | ESORE D~ EROGED] 1
Hence,
2. - @ — @)
|Exze. e SCJEOC -0+ ESOW, )., <CIE=¢ (104)
and thus the continuity of { € R® — E,(¥(,-)) € L*(Cyl)® for the strong topology of L>(Cyl)% is proved. Since E (¥(0,)) =
0, the above inequality also proves (T03). O

Since the cell problem (@9) has been solved, we can now define the homogenizing operator and its main properties.
Proposition 1. Under the assumptions of Theorem the function A" defined by (n € {1, ...,9})

Ahom(é«) ZZ / A(ac) E(ac)(§)+E(ac)(ufg)-i-E(ac)(){(Z: X))) E(ac)(e )n(ac) dXx

a=1 c=l OCI(”)

with ¥(&, +) a solution to problem (T0T) is continuous and monotone.

Proof. First note that the map { € R® +— E X(;’}(C ,-)) € L*(Cyl)® is continuous by Lemma Hence, the map { € R® +—
Ahom(¢) € R? is continuous. Moreover, due to (T04)), it is a Lipschitzian map.
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Now we prove the monotonicity. The change of functions (T00) and the coercivity of the matrix A lead to

(A"‘”"(C) — AMmE) - (-8
2

=2 / AT ECIC = &)+ EYP(RE) = RE)) - E“E =& " dX

a=1 c= Cy[<“)

2 1
Z Z / |E(“’C)(C —-&+ EVIURE ) - )?(5,,))|2n<a,c)dx

= Cyl@®

IV

!
Mm
M- i
~

Il
=]

ACECIQ) + EY(ZE, D) - (EYRE,) = RE ) dX

1l
—

(4 c

Cyl@

M

/ ACOEC@) + EY(R(& ) - (Y V(R(& ) = R& »)n“ dX.
Cyl@

I
—_
=}

4 c=!

The first integral is nonnegative, as well as the other two by (99) with the choice of (&, -) and ¥({, -) as test functions respectively.
Hence, for every (£, &) € R®, we get
2
2
(AP — APME©) - - = C Z Z / |E“OC =&+ EFORE.) - 2 )| dX 20
a=1 c¢=0
and thus the monotonicity of A" is proved. O
At last, we show the strict monotonicity of the homogenizing operator.

Lemma 22. There exists a constant C; > 0 such that

VeeR’, AP -C 2 Gl (105)
Proof. Step 1. In this step we prove that there exists a constant C; > 0 such that for all { € R? it holds
1
o~ we) [N 2
Z 2 / |E(“"")(C) + ECOW,) + ESO (7. ->)| dX > C ¢ (106)
a=1 c=0
Cyl®

Suppose by contradiction that the statement does not hold. Hence, for every n € N* there exist ¢, € R\ {0} such that
2

/ |E(‘”’)(C)+E(”)(I/V§)+E(M)(X(Cn’ ))| dX <= |C 2,
a= lc 0

Cyl@®

Dividing by |,|* on both sides we get

22 / e )+ B (P ) + B (RG] ax

Cyl@

(107)

IA
S =

Sn 1
The sequence {
[ [

Korn’s Inequality and Lemma , there exist periodic rigid displacements r, = (r{"?, r®9) € W x W® such that

} is bounded in R® while {
n

()’A(\(Cn, -)) } is bounded in L?>(Cyl)® by Lemma Therefore, by
n

1 X
< .
Iz A= < [z Ex ()] 1 <
and therefore the sequence { 7] )((Cn, ) - } is uniformly bounded in W x W®. Hence, there exist a subsequence of {1},
still denoted {n}, ¢ € R with |¢| = 1 and x, € WD x W® such that
S

T -, 2 l)((c_‘,’n, )—r,— X, weaklyin WO x W,
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By the weak Convergences above and the weak lower semicontinuity, passing to the limit in (107} gives

1
S 3 [ B0+ BT+ 267 ) ax
=0

Cyl@
2 1 1 ~ 2
<liminf } / |E<“> E(’”)(W ) EW)( )?(C,,,X))| dX <0
n—+o0o — 1¢nl |§n|

Cyl(f”
and thus
0= EQ) + Ex(W) + Ex (%) = EQ) + Ex(Z), 2o =Wy + %o € WV x WO,
Lemma[20] gives ¢ = 0, which is a contradiction. Hence (T06) is proved.

Step 2. In this step we prove the thesis of the lemma.
Again reintroducing the change of functions (T00) we have

APy - ¢ = 22 / A (E“Q) + EYO W) + Y (Z(E, ) - B 19 dx

a=1 c=l OC )

-2 / AO(E“OQ) + EYI(RE.)) - I RE ) 1 dX.

The second integral is nonnegative by problem (I0T]), while in the first one we apply (I06) and the coercivity of the matrices
A@9_ We conclude thereby that for every ¢ € R? there exists a constant C; > 0 such that (T03) is satisfied. O

8.2 | The macroscopic problem
Denote
xH = { (V.VO,V®) € 2y x X5 x X | VS = VB9 4+ k|o,v, 40,0, < gy aein @
VSO _yBD)| 4 K‘|02\/1 + al\/z( <g ae.in Q (ab)e{0,1 }2}
Theorem 2. Let the assumptions of Theorem 1| hold, let A" be as in Proposition [1} let dU and 9V be as in and
respectively and let Cy(x) and C, (x) be as in (91).

Then, the homogenized problem
Find (U,U®,U®) € X such that

2
/ A""(QU) - (0U — V) dz' <Co(x) ( / P WU, -V,dz + / P w, - \/3)dz’)
=l Q Q

Q

C(K) < ~ ~
n 02( ) Z (/f;a) ([foS,c) _\/o(ts,c)) +f(i3_a) ([UEXB,c) _ \/;B,c)) dz’) (108)
c=0
Q

2
-C(®) ) / fP0,Us —9,Vdz',  ¥(V,VO v®) e xH

admits solutions. Moreover, such a solution is not unique.

Proof. The existence of solutions for problem (I08)) is a direct consequence of the continuity, boundedness (see Proposition I]
and coercivity (see Lemma of the homogenizing operator A", together with the Stampacchia Lemma.
Concerning uniqueness, assume that ([U, u®, [U(B)), ([U’ LU, U_J(B)/) are both solutions of (T08). Then, by the two inequalities
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given by (T08) with (U, US,U®) as a solution and (U, US",U®") as a test function and vice versa, we get that

/ (Ah"’”(aU) _ Ahom(aU/)) -(0U-90U)dZ <0,
Q

which together with the monotonicity of A" implies that the above quantity is also nonnegative. Hence, by the coercivity of
Ahom this implies that 0U = oU’ in the L? sense, thus the not uniqueness of the solution is shown in the same fashion as in the
proof of Theorem I} O

The operator structure of the homogenized problem is known as the Leray—Lions operator.

9 | CONCLUSIONS

As a conclusion, we can give and approximation of the displacements in the direction beams e; and e,

€U, + 2U8P £0,U,
ut(z) [ eU, + £2U) DN(z,,qe) + | —€0,U; | (2, ge) A (1) D_(z2))e,
ely £0,U,

middle line displacement

£0,U,
+|—£0,U; | (z1.98) A (2, — ge)e, + z;n( 9 (z))) + £019(2),
e0,U,
€U, + €207 £0,Us,
uPP(z) %] €Uy + 2US | (20, pe) + | =£0,Us | (20, pe) A (=17 D, (25)e;
€U, ed,U,
. J
middle line:irisplacemenl
£0,U;
+|—€0,U; | (2,, pe) A ((zl —pe)e; + z3n£2”’)(z2)) + 30%P) ().
ed,U,

We note that, even though the glued conditions in the definition of elasticity problem before the limit (Z8)) do not allow in plane
rigid motions of the displacements and therefore ensure uniqueness, this characteristic is not preserved in the limit problem (90)
and more precisely neither in the microscopic scale (see (I02)) nor in the macroscopic scale (see the proof of Theorem |I).

In fact, this behavior could have been already expected once the limit contact conditions were found. Indeed, assume
U, US, UB), (U, U, UP") € X such that (U, US) = (I, US). Consider direction e,. By (82), we would have
USH _ B9 < g - K|02[U1 + altu2| ae.in Q,

S P < g — K’()Z[U/l +0,U)] aein Q

It is then clear that U® = U®" if and only if
81(zy, z5) — x|0,U,(2,) + 61[U2(zl)| =0, a.e. (z,,z,) € Q.

But this is in general not true: with the admissible choice of g,(z,, z,) = k for a.e. (2, z,) € € and by the fact that U; only
depends on z, (and U, only on z;) such equality would be satisfied if and only if U,(z,) = C,z,, U,(z;) = C,z, for a.e.
(z1,2,) € Q, C; + C, = +1. But this is impossible due to the boundary conditions.

Hence, uniqueness is not ensured and in none of the 4 parts of the domain Q,-€,.
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10 | APPENDIX

10.1 | Proof of Lemma 6]
Proof. We set for a.e. z/ = (z,z,) in w,:
u(pe + 2y, qe + z) = u"(z) + pe, z, + ge, (= 1P ),
u®P(pe + Z1,q€ + 2,) = u(z”’)(zl + pe, 7, + qe, (1)),
e +2,, g + 2,) = 0Dz, + pe, 2, + ge, (1)),
1P (pe + z,, g + 2,) = u( Pz, + pe, z, + g, (=1)79r)
Step 1. In this step, we rewrite the displacements in the contact areas as (for a.e. 2/ = (z,,2,) in ®,)

u(pe + z,, ge + z,) = UM (pe) + RUD(pe) A (2,8, + 2,8,) + Q;{;(Z,)’ (109)
uC?(pe + 2y, e + 2,) = U (ge) + ROP(ge) A (218, + 2,8,) + Q2(2),

where the reminder terms Q;J"‘; are estimated by
2
Y, IOWIE.,,, < Cellully, (110)
(p.9)EX,

Remind the decomposition of the displacements in the contact parts given by (I8). For a.e. z’ = (z,, z,) in @,, we rewrite them
i (@)
as in (I09), where Q') are defined by

Q;{;(z/) =(U(pe + z;) — UM (pe) — RMD(pe) A zje,) + (RID(pe + z)) — R (pe)) A z,e, + 1 (pe + Z,,q€ + Z,),
Qf;(z’) =(U%)(ge + z,) — UPP(ge) — R*P(ge) A z,8,) + (RPP(ge + 2,) — RPP(qe)) A zye) + 1 (pe + z,. g€ + z,).

We want now to prove (T10) and due to the symmetrical behavior, we will just estimate Q(l). We first have that

Y o0, = / | / 0,V (pe +1) = RUD(pe) peydi] d2

(P.9EK, (s q)elC

2 —
+ 3l fomtavernafaz) e S w0,
0

@, (P.9EK,

Using Jensen’s inequality on each term in the parenthesis, we get
2N, -1

Z]
¥ /z ‘/ RUDpe + i d < Ce” Z 10 R, o,
, 0

P.@EK,

-

/ /a U9 (pe +1) - R q)(pe)/\eldt’ dz'

(.9)EK,

< /ZI/ (a U9 (pe + 1) — R ")(pe+t)/\e1| +z/|a R<“”(p.e+s)| ds>dtdz
(p.9)EL,

2N,-1
<C Z (e 10,U09 — R0 A ¢ |12

q=0

+el|0, RS2

L2(0,L) L%(0, L)>

By estimates (9), ; and Lemma([5] we get (TT0).
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Step 2. By the non penetration condition (Z1)) in the contact parts of the cell (pe, g¢) + €Y, for a.e. 2/ = (z,, z,) in @, we show

that we have ) o
0< (—l)"Jrq[(u3 Dpe + z),qe + zp) — u; " (pe + 21, g€ + 7))

+ (P D (pe + £ + 2. g8 + 7)) — ul V(pe + £ + 2,. g + 2,))
+ (u "V (pe + e+ 2. qe + £+ 2y) — ulT V(pe + e+ 2y, qe + £ + 2,))
+ (u(;”’)(ps +2z,qe+€+2zy)— u(31”’+1)(pe +2,qe +£+2))]
— (_1)p+q[ R(l)(pe qe) — R(lz)(pe +€,q¢) — eR(zl)(ps, qge +¢) + SR(IZ)([)&‘, qe)]

+ (=1 [RO) + RY), () + R (2)+ RO,

p+l.q p.g+1

where the reminder terms R;"’;, RS; and R( ) 14 4T€ estimated by

()] @) 2
Z ”R(a)”LZ(w)+ ”R q+1”L2(w)+ ”Rp+lq”L2(a)) < Cellu”ss'
(p.9)EX,

(111)

(112)

Indeed, by the non penetration condition (ZI)) on the vertexes of the cell (pe, ge) + €Y and pairing the involved terms in a

different way, we get a.e. z’ = (z,, z,) in @, that

0 < (=1) [(u(;’q)(pe +2y,9e + 2,) — u;z’p)(pe +2,9¢ + 7))
+ (u(32.p+1)(pg +e+2z,,qe + Zz) _ u(SLq)(pg +e+ 2,9 + Zz))
+ (ugl’qﬂ)(pe +e+z,qe+e+2zy)— u;z’pﬂ)(pe +e+z,qe+e+2,))
+ (uPP(pe + 2y, qe + €+ 2) —u TV (pe + 21, qe + £ + 7))

= (1" [(ugl"”(pe +2y,9e + 2,) — ugl’q)(pe +e+2z),q6 +2,))
+ (uélp+l)(pg +e+2z,qe+2,) — ugZ,P+l)(pg +e+2z,qe+e+12))
+ (ul "V (pe + e+ 21, g + €+ 2)) — 1 V(pe + 2y, ge + € + 2,))
+ (u(;”’)(pe + 2,98 + €+ 2,) — ugz’p)(ps + 21,98 + 2,))].
Then, the right hand side of the above equality is rewritten in the following way:

ugl””(pe + 2,9 + z,) — ugl’q)(pe +e+z,qe +2zy) = eR(zl)(pe, qe) + R;lg(z/),

u;z’pﬂ)(pe +e+z,qe +z,) — u(z’p+l)(p£ +e+z,qete+z,)= —6R(2)(p6 +£,q8) + R;2+)1 .

u(;’qﬂ)(ps +e+z,qe+te+2z,)— e q+1)(p£ +z,qe+e+2z,) = —£R(1)(p£ ge +€)+ RV
ugz’p)(pe +2z,,qe +€+2,) — u(;’p)(ps + 2,96 + 2,) = sR(lz)(pe, qe) + Rf;(z ),
where R‘(Dl;(z’), R;Z;(z') are defined by (z' = (z,, z,))

R = =(U{(pe) — U (pe + £) — RV (pe)) + (R (pe) — RV (pe + £)) z,
- (R(l’q)(pe) - R(zl’q)(pe +€))z, + Q;{; -oW

p+l.q’
2, 2, 2, 2, 2,
(2) ([U( P(ge) — [U(3 P(ge + €) + €R(1 ”)(qe)) + (R(1 P(ge) — R(l P(ge + )z,

2, 2, 2
_ (R(2 p)(qg) _ R(2 p)(qg + e))zl + Q;i), - Q;’;H

p.q+1

and R R(l) o1 are referred from the above defined. we have now to prove (I12) and due to the symmetrical behavior, we

p+lg’
will just estimate R("). We first have

Y URDIE,, = /|/altu“ D(pe +1)— RY" q)(pe)dt‘ dz +/z2’/ R“"’(pe+t)dt| dz'

(p.9)EK, (s q)elC

wr

2
+/zf|/leg’q)(pe+t)dt’ R Y R Y o

o 0 (p.9)EL, (p.9)EL,

-
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Using Jensen’s inequality on each term in the parenthesis, we get

2N,-1

/z2|/6 R<lq)(pe+z)dz’ dz < C&° Z 10, R 12, )

2N,-1

/z1|/a R<”)(pg+t)dt’ dz < Cé° Z [EN .

(P.DEK,

(p.9EK,

/|/01[U(lq)(ps+t) R(lq)(ps)dt’ dz
(p.EK,

I3 £ £
2 2
<cP Y (’/01U(1’4)(p6+t)—R(l"’)(pe+t)/\e1dt| +|//01R(21’q)(ps+s)dsdt| )
ek, 4 0 0
2N, -1

£2 Z (elld Ut — R(lq)/\eln
q=0

i (&)
By estimates (9), 3 and (I10) we get (T12) for R().
Step 3. In this step we prove that

+ &, RS |13

L2(0,L) L2(0, L))

p+1 g+1

22 (U —UR) ke, ) — 2y (R = RY ke, ) + 25 (R = R ke, £e)]
o e (113)

< (—1y7*[eR (pe. ge) — eR' (pe + €. ge) — eR (pe. qe + £) + eR\V (pe. qe)] + S, (),
where the reminder term S, , is estimated by

> IS5yl < Cellully,. (114)
(P.OEKX,

We first note that in equality (TTI) the left hand side is positive. Hence, we replace the left-hand side by (I09) and take the
modulus. Applying Step 1 on the left hand side and Step 2 on the right hand side, we get a.e z’ € w, that

p+1 g+1
I 2 I 2 I 1 1 2
> ’(ug "= UY) ke, £e) — 2, (RY) = R (ke £6) + 2, (R = RV ) (ke £6) + (0}, , — O,
k=p £=q
= (=1t [sR(l)(ps qe) — 6R(2)(p6 +é¢,q¢) — eR(zl)(pe, qge+¢e)+ 6R(12)(p£, qe)]
1
+ (=1 [ROE + RY) () - R () - RO
In particular, the above equality is rewritten in the form (IT3) with .S, , defined by
p+1 g+1
~(_1\p+ 1) (2) ()] 2 @O _ @
Spq = (CIP(RY+RY, —RY RO+ z Z [
Estimate (TT4) is a direct consequence of estimates (IT0) and (T12) since
(@) ) @ (@)
> IS, < X (IR, + IR e, +IRE), IEa, + 101, )
(P.9)EX, (P.9)EKX,
< Cellull, -

Step 4. In this step we prove the thesis of the lemma.
Starting from inequality (T13) of Step 3, we replace (p, q) by (2p,2q), (2p + 1,2q), (2p,2q + 1) and 2p + 1,2q + 1). For a.e
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7' € w,, we obtain

2p+1 2g+1
Y YU - U ke, 2e) - 2, (R = RY ) ke, £6) + 2, (R} = R\ ke, )|
k=2p £=2q
2p+1 2q+2
+ 2 X (U U ke, o) - 2, (RS = RY ke, ) + 25 (R = R ) ke £)|
k=2p £=2q+1
2p+2 2g+1
+ > (([ug” — U (ke e) — 2, (R = RY) ke, ) + 2, (RD = RV (ke, fe)'
k=2p+1 £=2g (115)
2p+2  2q42
+ ) |(tu<3“ —UP) ke, fe) — 2, (R = RY) (ke, ) + 2, (RY = RV (ke, fe)|
k=2p+1 £=2q+1
2p+1 2g+1
< Z Z (D [eRV ke, £e) — eRP (ke + e, ) — eR(ke, Ce + €) + eRP (ke, )]
k=2p £=2q

+ S2p,2q(z’) + S2p+1,2q(zl) + SZp,2q+l(Z,) + S2p+1,2q+l(z,)‘

We set
2p+1 2g+1
T, (2) = Z Z (=D} [eR(ke, te) — eRP (ke + €, C€) — eR(ke, L& + €) + R (ke, Ce)|
k=2p ¢=2q
and we want to prove that this term has a sufficient good estimate:
Y Tyl < Cellully. (116)
(P.9)EK,

Indeed, writing down the sum and pairing the terms, we get that
T, () =¢ [R(zl)(Zpe, 2qe) — R(zl)(Zpe + &, 2q£)] +& [R(zl)(Zps +£,2qe + €) — R(zl)(2pe, 2q€ + 6)]
+ e[R(zl)(Zpe +e,2qe +€) — R(zl)(2ps, 2qe + e)] +¢€ [R(21>(2pe, 2ge + 2¢) — R(zl)(Zpe +¢€,2qe + 25)]
— e|[RP(2pe + £,2qe) = R (2pe + €, 2qe + €)] — €[R(2pe + 2¢,2qe + €) — R (2pe + 2¢,2q¢)]
— e|[RP(2pe. 2qe + &) = RV (2pe, 2qe)] — e|RY (2pe + €,2qe) = RV (2pe + €,2qe + ¢)|.
By estimate (9), we prove since

2
YT, = Y ( / ’ / —le(zl’ZQ)(Zpe+t)+2017€(21’2"+1)(2p5+t)—01R(21’2q+2)(2p5+t)dt| dz'
®, 0

(p.9)EK, (P.)EK,

2
+ / | / ~0,R™ (2ge + 1)+ 20,RV*D(2ge + 1) — 0,R**P (2ge + z)dz| dz’>
[ 0

-

2N,-1 2N,-1
5 1, 2 2.p) 2 2
<Ce 10, R V12, ., + 10,R?112,,,) < Cellull .
4 O,L) i O,L) e
o =

Taking the L? norm in the left-hand side of (TT3)) and applying (TT4)-(TT6) on the right hand side, we have that

Z (£2| ([Ugl) - [ng))(ps, qs)'z + £4| (R —RD)(pe, qg)’z) < Cellull}
(Pa)EK, ' ‘

and thus dividing by 7> and applying the Q, interpolation properties in subsection we prove (36). O

10.2 | Asymptotic behavior of the reference frame
We will only consider direction e, since the second follows a symmetric argumentation.

z z
First, for every z, € (ge — k€, qe + k¢), one has g = [—2 + %] = 2[2—2] + bwhere b =0if gisevenand b = 1 if g is odd.
€ €
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Then, by definition of 1% (see (2))) we have I ((—=1)7) = (=1)°.
We are now ready to unfold the mobile reference frame. The unfolding of the oscillating function (=1)4*Vd, is

Tnoo (@) = (-1)™e  aeinQxCy®
€

where @ is given in (T).

Moreover, we have y = /1 + (dy, @) a.e. in @ x Cyl" and

1 1
ol o) = ¢ = ;(el + 0y, @), TIH({) = n) = ;( — 0y, ®"Ve; +e3),
62 (D(l,b)
eMUD (L0 = () — X
3 I3 }'3 ’

Lb 1 1 Lb Lb
PV 19) = (g0 | e, | n?),

MO0y = gD = y (1= X,e0D),

Lemma 23. One has the following values for the integrals:

2
/ n'Pd x =4K2/de1,
Cyl™ 0
) (117)
(=D oM Pe; + Xy, + X;n ) Pd x = 4;<2( / y®dX, >e3.
Cyl™ 0

Proof. First, due to the definition of 7 and the symmetries of the cross-sections with respect to the lines X, = 0 and X5 = 0,
we immediately get (TT7),.

Regarding (117)),, again by symmetry (the symmetries of the cross-sections with respect to the lines X, = 0 and X; = 0), we
first get that

(D" 0MPe; + X,e, + Xn? ) gD d X

cym
2 2 2
- 4K2< /(—l)b“CD(l’b)de1>e3 + %(/axlqi"b’c“’b)d)(l)el - %( / c(l’b)Xm)e3
0 0 0
By the fact that @) = (—1)!*°®, the first parenthesis gives the RHS of (TT7)),, while the second and third parenthesis can be
integrated and are equal to zero since @ is 2-periodic and satisfies d X1<I>(0) =0 X, d(1)=0 X, d12) =0. ]
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