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1 | INTRODUCTION

Radiation hydrodynamics"' studies interactions of radiation and matters through momentum and energy exchanges. It is modeled
with the compressible Euler equations coupled with a radiation transport equation via an integral-type source?>4:

0,p + div(pv) =0,
0,(pv) +div(pv  v) + Vp = =S,
0,(pE) + div(pvE + pv) = —cSp,
0l +cu-VI=S.
Here the unknowns p, v and E denote the density, velocity and energy of the fluid, respectively; I = I(x, ¢, u) > Ois the radiative

intensity depending on the direction variable y € SP~! as well; the thermodynamics pressure p = p(p, #) is a smooth function
of p and temperature ; S = S(p, 0, I; c) is the source of radiation; ¢ is the speed of light; the source term in @) is taken to be?

S = cpaa(9)<|SD_1|b(0) - 1) + %pas(9)<|SD_1| / Idu - I>, 2)
SD-1

ey

where 6, = ¢,(0) > 01is the absorption coefficient, o, = ¢,(0) > 0 is the scattering coefficient, and the Planck function b = ()
is smooth and satisfies
b(0) > 0, b)) > 0;

fNon-relativistic limit of the Euler-HMP, approximation model arising in radiation hydrodynamics.
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S(Sy) characterizes the energy (resp. impulse) exchange between the radiation and matter=:

SF=/;1Sd/4, SE=/Sd;4.

SDh-1 SD-1

The theory of radiation hydrodynamics has a wide range of applications, including nonlinear pulsation, supernova explosions,
stellar winds, and laser fusion¢, However, the full set of radiation hydrodynamics equations are computationally expensive and
numerically difficult to solve since the radiative equation is a high-dimensional integro-differential equation. Various solution
methods have been developed. Among them, the moment method is quite attractive due to its numerous advantages such as clear
physical interpretation and high efficiency in transitional regimes. It has been regarded as a successful tool to solve radiative
equationZ89,

Recently, a new moment method was proposed by Fan et al'%!! for the radiative transfer equation, which is basically the last
equation in equations (I)). The resultant model (called the HMP, model) is globally hyperbolic, and some important physical
properties are preserved. In this paper, we focus on the equation (T]) with the last equation replaced by its HMP , approximation
(and the source terms are treated accordingly). The resultant coupling system will be called the Euler-HMP ; approximation of
equations (T). See Section[3.2]for the Euler-HMP; approximation.

The goal of this paper is to investigate the non-relativistic limit of Euler-HMP,, approximation, i.e., the limit as the light
speed tends to infinity. We restrict ourself to the mono-dimensional geometry. Under quite general assumptions, we prove that
as the light speed goes to infinity, the Euler-HMP, approximation of equations (1) converges to

0,p + 0,(pv) =0,
9,(pv) + 0, <p02 +p+ %b(&)) =0,

1
3p0,(0)

0,(PE + b(8)) + 0, (pEv + pv) = ax< axb(9)>

with corresponding initial data. See details in Section[d.1]

Note that the non-relativistic limit is a singular perturbation problem. Such singular limit problems have attracted much
attention for many years. For instance, Marcati and Milani'?'13 firstly analyzed the singular limit for weak solutions of hyperbolic
balance laws with particular source terms. Bardos et al!#1% studied the limit problem for non-smooth solutions of the closely
related nonlinear radiative transfer equations. With the well-known compensated compactness theory, Marcati'l studied general
2 x 2 systems with applications to multi-dimensional problems and a class of one-dimensional semilinear systems. Recently,
for a class of first-order symmetrizable hyperbolic systems, Peng, Wasiolek and Yong 718 studied the diffusion relaxation limit
and derived parabolic type equations.

For the above works, the structural stability condition proposed by Yong is the key. It is a proper counterpart of the H-
theorem for the kinetic equation. Indeed, this condition has been tacitly respected by many well-developed physical theories>L.
Recently, it was shown by Di et al“? to be satisfied by the hyperbolic regularization models®23, which provides a basis for the
first author to prove that the models well approximate the Navier-Stokes equations?%. In contrast, the Biot/squirt (BISQ) model
for wave propagation in saturated porous media violates this condition and thus allows exponentially exploding asymptotic

solutions=>. On the other hand, this condition also implies that the resultant moment system is compatible with the classical
26124

19120

theories

In this paper, we verify the structural stability condition for the Euler-HMP , system and construct formal asymptotic solutions
thereof. On the basis of the stability condition, we use the energy method to prove the validity of the asymptotic approximations.
Moreover, we conclude the existence of the solution to the Euler-HMP, systems in the time interval where the approximations
are well-defined.

Here, we mention some related works for the equations of radiation hydrodynamics. The system (I) was introduced by
Pomraning and Mihalas® in the framework of special relativity. For the radiation hydrodynamics system with the radiation
transfer equation replaced by its discrete-ordinate approximations, Rohde and Yong?? showed the existence of entropy solu-
tions to the Cauchy problems in the framework of functions of bounded variation and investigated the non-relativistic limit of
the entropy solutions. Fan, Li, and Nakamura® studied the non-relativistic and low Mach number limits for the Navier-Stokes-
Fourier-P1 approximation radiation model. Jiang, Li and Xie® studied non-relativistic limit problem of the compressible NSF-P1
approximation radiation hydrodynamics model arising in radiation hydrodynamics. We refer to“?3Y3152 for more references.
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The paper is organized as follows. Section [2] presents a brief introduction of MP,, and HMP, moment methods for the
radiative transfer equation. In Section [3} we verify the structural stability condition for the Euler-HMP ; systems. Section []is
devoted to the non-relativistic limit. In particular, the formal asymptotic expansion is constructed in Subsectiond.T|and justified
in Subsection 4.2} Finally, we conclude our paper in Section [3]

2 | HMP, MODEL

In this section, we present the HMP,, model proposed by Fan et.1? for the radiative transfer equation (RTE) for a gray medium

in the slab geometry: .
ol ol

Sortuso =S, 3)
Here I = I(x,t,u) > 0 is the specific intensity of radiation, the variable u € [—1, 1] is the cosine of the angle between the
photon velocity and the positive x-axis, the time variable t € R, and space variable x € Q with Q a closed interval, and the
right-hand side S(1) is defined in ().

Define the kth moment of the specific intensity as

1
E, =(I)= / ukIdpy, k eN.
-1
Multiplying (3) by u#* and integrating it with respect to u over [—1, 1] yield the moment equations
10E, OE
Tt = (S @)
Notice that the governing equation of E, depends on the (k + 1)th moment E,, |, which indicates that the full system contains
an infinite number of equations, so we need to provide a so-called moment closure for the model. A common strategy is to
construct an Ansatz: [ = T (Ey, E,, -+, E; u) with a prescribed integer N such that

<f(E0’E1a"',EN;H)>k=Ek, k=0,1,---,N.

Then the moment closure is given by
Enyi = (I(Eg Ey, -+ Exi W) nar-
Based on this strategy, many moment systems have been developed, such as the Py model??, the M, model®*, the positive
Py model®, the MP,, modelY, the HMP model™” and so on.
In this paper, we focus on the HMP,, model which is based on the MP,, model'l. The latter takes the ansatz of the M; model
(the first order of the M, model) as a weight function and then constructs the ansatz by expanding the specific intensity around
the weight function in terms of orthogonal polynomials in the velocity direction. Therefore, we briefly describe the MP, model.

2.1 | MP, model

The construction of the MP,, model starts with the following weight function
1
[a] —
(W) = ——
(I+ap)!
Here a is related to the low-order moment of radiation intensity and its expression will be given later. Having this weight function,
we use the Gram-Schmidt orthogonalization to define a series of orthogonal polynomials on the interval [—1, 1]:

, ae(=11D. &)

j—1

« a - Kjk  la .
ol =1, P =p =Y ¢, =1,
k=0 Kk

where the coefficients are 1

qk=/uwfwmmwm» (6)

-1
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From the orthogonality, it is easy to see that
1
k=000 <k, K= / (@ (1) () > 0. 7
-1
Set @E“I(,u) = d)l[.a](ﬂ)a)[‘”(y) fori =0,1,---, N. The Ansatz for the MP,, model is

N
[(Ey, Ey oo Eyii= Y [,® (),
i=0

where f; are the expansion coefficients. Thanks to the orthogonality, the coefficients can be expressed as
i—1
1 .
fi=—<Ei—ZKi’jfj>, 0<i<N. (8)
Kii =0
The moment closure form is given by

N
Enyi = Z K41k ke
k=0

For the MP, systems, the parameter « is taken to be
3E,/E,

24 E—3(E, [y

xa =

A simple calculation shows that f; = 0.
Define the Hilbert space I]-I]E\’;] as
la] . _ [a] P —
I]-I]N = span{tbi (u),i=0,-- ,N}

with the inner product
1

(@, )y = / ()Y (1) /o' (u)dp.
-1
Let H be the space of all the admissible specific intensities for the RTE. Consider the map from H to [H][]g]:

N I, @ . 17 lal
P:I—>1= Z f,0 () fi= L = Ll du
. i~ M > i Q[a] @[a] K. . >
i=0 < i >[H][,:lJrJ Ll

where k;; is defined in (7). Clearly, this map is an orthogonal projection.
Similar to the reduction framework in the literature?, the MP N moment equation can be obtained as

1pPl L b, %L _pspr).
c ot ox

Note that the unknown variables are coefficients

w = (foaa’f2a""fN)T

of PI in the basis space [H]Bgl.

The MP, moment model was showed!' to be globally hyperbolic and perform well in numerical experiments. But it allows a
non-physical characteristic velocity exceeding the speed of light. When N > 3, the global hyperbolicity fails. For these reasons,
the HMP,, moment closure model as a novel hyperbolic regularization was proposed V.

2.2 | HMP, model

This class of models uses

&' p) = ., a€e(-1,1) )

(I +apu)y
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as the weight function which is different from that of MP,, models. As before, we introduce the orthogonal polynomials with
respect to this new weight function:

-1

=1, PN =p - Z ¢“”( ), Jxl (10)
k=l 0
The coefficients are |
Ry = / # Py (uydp. (11)

-1
and the analogue of (7)) also holds:

Ria=0,ifj <k, &= / (@ (1)*@! u)dp > 0. (12)
Similarly, we have a new Hilbert space

Y : Span{éi“](m = FG0@ )i = 0, N }

with the inner product
1

(@, P = / ()Y (u) /D' (p)du (13)
-1
and the orthogonal projection from H to U:I][a]:

| 1 5 7«
S o6l (8 my _ [ 1l
W &= e T R :
part <(I) CI)i >U:U5\7] Kii
Having these preparations, the HMP models were constructed in'V as
1Paﬂ +pup 2L~ pse.
ot ox
They can be rewritten as the equations for w = (f 00 for s ST
Low | p131p2% = 513, (14)
c ot dax
Here the matrix D is denoted as
B oPI [T f Jw
= (@D
at ot
and . . . -
M = A7 (pd!, (DT, A = diag(kyg, &1 1, Ky n)s

3 } 15
S = (&, SCPD) o /&, )ico.o.n- )

The details can be found in the literature'l’

3 | STABILITY ANALYSIS

3.1 | Structural stability condition

In“®, Yong proposed a structural stability condition for systems of first-order partial differential equations with source terms:

D
U+ Y AU, =0U),
j=1
where A;(U) and Q(U) are n X n-matrix and n-vector smooth functions of U € G C R" with state space G open and convex.
The subscnpts 1 and x; refer to the partial derivatives with respect to ¢ and x;.
Set Qy = Z—U and deﬁne the equilibrium manifold

E:={UeG:QWU)=0}.
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The structural stability condition consists of the following three items:

(i) There are an invertible n X n matrix P(U) and an invertible r X r matrix S(U), defined on the equilibrium manifold E,

such that
0 0

PWU)Qy(U) = [0 SW)

] PWU), for UE€E.

(i1) There is a symmetric positive definite matrix Ay(U) such that

AyUA;U) = A;(U) AyU), for UE€EQG.
(iii) The left-hand side and the source term are coupled in the following way:

AW + QLA < P | ]| Pws. for Uk

Here I is the unit matrix of order r.

As shown in“Z, this set of conditions has been tacitly respected by many well-developed physical theories. Condition (i) is
classical for initial value problems of the system of ordinary differential equations (ODE, spatially homogeneous systems), while
(ii) means the symmetrizable hyperbolicity of the PDE system. Condition (iii) characterizes a kind of coupling between the
ODE and PDE parts. Recently, this structural stability condition was shown?Z to be proper for certain moment closure systems.
Furthermore, this condition also implies the existence and stability of the zero relaxation limit of the corresponding initial value

problems=°.

3.2 | Stability of the Euler-HMP ,, system

In this subsection, we verify the structural stability condition for the following one-dimensional Euler-HMP,, system

0,p + 0,(pv) =0,

0,(pv) + 0, (pv* + p) = p<coz,(6’) + éas(9)> K1 0(@) fos
(16)

0,(pE) + 0, (pEv + pv) = czpda(9)<lc0,0(a)f0 - b(9)>,

dw+cD'MDo.w=cD'S,
which is the equations (I) with its last equation replaced by the HMP,, approximation (I4). Here the following relations have

been used: | |

1
Sy = /ude = —p(co,(0) + ZO'S(O))E], Sg = /de = —cpo,(6)(b(0) — E;)
-1 -1
with Ey = k(@) fy and E| = i o(a) f;, due to the formula (8).
Letu = (p, pv, pE)T € R® be the hydrodynamical variables and w = (fy, a, f5, =, fx) € RV*! be radiation variables.
Denoting F(u) = (pv, pv*> + p, pEv + pv)" and € = 1/c, we can rewrite as

U + 2 AWU;£)0,U = —0(U: ), a7
E E
with (1)
_(u . (eF,W 0 . (97WU;e)
u= (L) awo= (Y 05). o= (1),

T
¢ (U;e) & <0, p(e0,(0) + £0,(0))k; o(@) fo, o)k (@) Sy — b(9))> ,
q(z)(U; )2 eD7'SWU; ).
Note that D = D(U) and M = M (U) are independent of &. The state space is
G={U=ww)lp>0,0>0, ac (1,1
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Next, we write down the explicit expression of S = S(U;¢). Recall that PI = Zi]io fid>l[.”](;4). Then by its definition (2)) we

have )

N
S(PI) = p<%caab(9) + 21_caf / Idu — (co, + %0'5) D qu>5°”>.
j=0

1
From'% we know that <I>£f” = a@ifﬂl + ﬂjtiDE“] with §, = 2. Thus, we compute the ith component of S in equation (T3] :

Kii

<®“ sPD) > el

S;(U;e) = z
ii
1

1
N
1 o) [ 1 1 1 [a]
‘€/¢f p<§caab(6)+zas/Idy—(caa+zas)zofj<l)j du
-1 -

-1

1
p(iaab(0)+eosE0) i p(L 6a+50') _—
_ / Fdy / iy

2K,
’ -1
l 1
p(=0,b(0) + e, Ey) p( o, +60’) N
—_¢ 7lal [a] Hlal §lal
= T /qﬁi du — /qb <a®j+1+ﬁjd)j >d/4
Sl e
1
p(éaab(9)+easE0) ] p( o,+tec) N
= 2’2” /d), du - Zf a511+1K +ﬂ511 ii

-1

_1p(0,b(0) + £%6,k00/0
€ 2K, ;

1
: / iy - ipw,, + o) @fy + L)

Here we have used E, = f (Idu = ko0 f and f ¢["]d>[a]d,u = 4
D 1S(U;¢) and

Set S(U;e) = eS(U;¢€). We have ¢P(U;¢) =

ij Kii-

~ p(Uab + 620—SK0,0f0)Ri

SiUse) = o - p(o, + o) (afioy + B,1) (18)
with R, £ /_11 dNJE“]dM. Note that &, &;;, R; and f; depend on a and S.(U; €) is a polynomial of €. Since f_, = f, = 0, S(U;0)
can be rewritten as

N p N po,b
So(UQO) = - K(),()fo)’ Sl(U§O) = ——R, —po,afy, Sz(U 0) = 2 R, — po,p, [,
K11 K2p (19)
A po,b
S,(U;0) = T R, —po(afi_ + Bifi), fori=3,---,N
K
Here p, 6,, b, k;;, K;; > 0.
For k; ; and k; ;, we have the following explicit expressions.
1 ) 1 5 ( ) 1)
23+ a”) . / . a” +
— [a] — — [a] —
Kog= | W dy = ————=, Kog= | W dy = ——,
0,0 / (w)dp 3(1 — a2)3 0,0 (w)dp (a2 ~ 1)4
-1 -1
1
Sa ~ 2a (a2 + 5)
Kio = / plydy = ————, K= / pi!(ydy = ———, (20)
7 3(0:2—1)‘ 3(0{2—1)

%1(0) = / @2 (" (wydp = %

Here q’)["'] qﬁ["](y) U — &y g(@)/Kgo(@) according to equations (TO). These can be easily checked by using the expressions of
w["](u) and w["’](y) given in (3)) and (9).
For R, = R,(«) in (I8), we have
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Lemma 1. Ry(a) =2, R,(a) = 23;:}? R,(0) = 0 and R/(0) = 0 for i > 2.

Proof. According to equations (I0), we know that J)h‘” =1 and 43[1‘”(;4) = u — & o(@) /Ky (). Thereby

1

1 1
_ . F10@  2a(a®+5
Ry(@) = / Pwdu =2,  Ri@= / $(wydu = / pdy — 2% _ 20@ )

Koola)  3(a’+1)
|

Since @!(u) = 1 in (@), we have
1 1
R/0) = / N (wydu = / WO @ (uydp = &, (0) = 0, fori 2 2.
-1 -1
Here we have used the orthogonality of &, ; in (I2) i.e., §; ;(@) = 0 for i < j. Based on the expression of &; ; in (L), we have

1
0P (u) [a]
= [ g+ / 0

-1 -1

Note that aw:;(u) (l;w)ﬁ, thus a'”aa(”) —5u. Taking & — 0, we can obtain
03" ) 1 o
i M) - ow (H)
RO = [ S a0 o= 1,00 [ 60075 P

-1 -1
1

= &), (0)+5 / " ()du
-1
1

=&y, (0 +5 / U () (uydp
-1
= &},,(0) + 5, ,(0).

Similarly, it follows from the orthogonality of ; ; that

RI(0) =0, fori>2.

The equilibrium manifold G, is defined as following
G,=1{U € G : Q(U;0) =0}.
Due to equation (T7) and the expression of S in (T9), we know that U € G,, if and only if S(U;0) = 0. We denote the
equilibrium state as U,,,. Using formulas (20) and Lemmam one can obtain the equilibrium state U, as

bo) _1 - _ =0
Ko,o(o) = 2b(9), a=0, fi=0, for i=2,---,N. 21

It can be seen from system (I7) that the source term of the fluid variable is also zero on the above-mentioned equilibrium
manifold. It is worth noting that for any U,,, € G,, and any ¢, there are

0U,,:6)=0

Next, we verify that the Euler-HMP , system (I7) satisfies the structural stability condition. Throughout this paper, we make
the standard thermodynamical assumptions=~S:

Pe(l), 6)’ pp(p, 6)’ eG(p’ 0) > O’ fOV p> O’ 6> 0.

Assume the existence of a specific entropy function s = s(p, e) satisfying the classical Gibbs relationship

fo=

0ds =de+pdv, v:i=1/p.
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We take n(u) = —ps(p, e) as the classical entropy function of Euler equations. This means that #,, is symmetrizer of Euler
equations®?. According to equation (T3), AM = (u®!*, (@Y 41w is symmetric. Therefore, it can be seen that the Euler-HMP
system has the following symmetrizer
n 0
AU)= """ ~ - <. 22
0( ) < 0 DT A D) ( )

That is, Ay(U)A(U;€) = A(U; e)T Ay(U). Note that the symmetrizer A, = Ay(U) is independent with e.
In order to verify the first and third requ1rement in the structural stability condition, we need to compute O, (U,
we now write down the source term of system (17) as:

qV(U; 0))
q?(U;0)
D7 0) = T
dP(WU;0)= (0, 0, po,(0)(ko0(@)fy—bB)))",
¢®U;0) = D7'(U)SU;0).
Set S, ;=pc,(0)(xo(a) f — b(0)). Resorting to formulas (20) and 1), we note that, on the equilibrium manifold Gy

; 0). Therefore,

eq’

oU;0) = (

28, , 38, ,
a—p(Ueq;O) =—po,b'0,, 20 )(Ueq,o) = —po,b'0,,
S
rE ’ pE
U,:;0)=—po b6 ;0) =2p0,,
a(pE)( eq ) po, pE afo eq pPo,
GSPE
a—w(Ueq,O) forw §é f().
For ¢®(U; 0), we know that
0 D 1S aS aD— aS
K2 W,0 = D71 92U,:0) + Lo $(U,:0) = 57 22U, 0).

Thus we need to compute —( ;0). Noted that S, = fm"—fo;(b(é)) — Ko 0(@) f,) according to equations (I9). Using formulas (20),
KO,U a ’

eq ’
we can obtain

650 b'e, 25, .0) = L po 10
( PHOES PG M(Ueq’ )_EPG“ v
aﬁo (Uyy:0) = 20,50 aSO(U 10) =
a( E) T2 e G e B T
( ey =0, for w# f.
L & _ po,(0)b(0)
Similarly, for S| = 2@ Rl(a) pac,(0)f,, we have
( U,,;0) =0,
( U,;0) =0, forw # a,
aSl po,b(R ()&, ;(0) — Rl(O)E{’l(O)) 1

—U,;0) = — =po,b=2po,b.
da ~ 2&2 (0) 2” g

When i > 2, we know that S’i(U :0) = 2 feib()g) R;(a) — po(0)(af;_, + B:(a)f;). Analogously, it is easy to show that

( eq7 )=0 ( eq? )=_p6aﬁi(0)a ( gq’ )=07 forw?éfi'

f

Resorting to the explicit expression of D in literature® and equation @, we can obtain

b7'w,) = diag(ﬁo_l(()), (=2b@)~", B;1(0), -, ﬁ&l(())),
(23)
D"ADW,,) = diag(ﬂg(O)ch,O(O), (=2b(0))*%; 1(0), B3 (0)R5(0), -+, B (O)Ry n (0)>.
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Here D~(U,,) and D" AD(U,,) are matrices belonging in RN +DX(N+D I summary, the Jacobian matrix Qy, (U,,,; 0) is

o _ [C1(U,y:0) 0
where
0 0 0 0
0 0 0 0
0,(U,;0) = (25)

—-po,b'0, —po,b'0,, —ps,b'6,; 2pc, |’

1 1 1

Epaab'ﬁp zpoab’GpU 2

Obviously the rank of Ql(Ueq; 0) is 1, so the rank of QU(Ueq; 0)is N + 1.
Using equation (23), we can rewrite A(U,,) in the same block form as

M O
i 0 ( > 0
AU, = (M 2 ={\o 2 :
()( q) <0 DTAD(Ueq)> 0 A(U)
0\~ eq/ NxN

po,b'0,r —po,

AU nxn = diag((—zbw))%,](m, B3(0)&;5(0), -, ﬁ@(O)kN,N(m).
Noted that 77, = —% 39 we can obtain

H 0
AO(Ueq)QU(Ueq;O) = <0 —ﬂUaA\O(Ueq)NXN> ' (26)

where 0 0 ) 0
—po,b' 20, —po,b' 20, —po,b' 20, 2po,t

—po, b 20, —paableﬁow _p"ab/ﬁ‘ng 2p0'a90%” ‘ @7
—po b 20, —po b’ L0, —pob' L0,p 200,25
po,b'0, po,b'0,, po,b'0,;  —2po,

N O )

Take P € RIN+HXINH) 5 following
1 0 0 0

P 0 0 1 0 0
P= ! P = 2
a(o 1NxN>’ 1 0 0 1 2| (28)
! / /
—b0, ~b'6,, —b'6,; 2

Here a is an undetermined non-zero constant. Obviously, P is an invertible matrix since det(P) = 2a(1 + b'0 ,e) # 0. In fact,

P, 0 0 0 PO, 0
v <O Inyn 0 —poInun 0 —po,Iyxn

Simple calculation shows that
0 0
P = P
10 <0 —po (1 + b’6’pE)> "

Thus the first requirement of structural stability condition is met. Moreover, the third requirement of stability condition need P
holds the following inequality.

we have

diag(0,0,0, 1 0
Ay(Ue)0y U,y 0) + OF (U, :0)Ay(U,,) + P < tag( ! ) , ) P<0.
NXN

Due to the expression (26)), the above inequality is equivalent to
H + H" + a* P diag(0,0,0,1)P; <0

. 5 (29)
=2p0, AU, )nxn + @ Iyyy <0
Set
K = (=po,b'0, —po,b'0,, —po,b'0,., 2pc,),
0, 0,, 9,p

P

ﬁ» ﬁs ?7 - 1)‘

L=(
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Then, we have
H=L"K, P/ diag(0,0,0, )P, = 1 krk.
p?c?
Hence, the first inequality can be rewritten as

H+ H" + a* P! diag(0,0,0, 1) P,

2
=L"K+K'L+—=K'K
o>
ST+ - KK+ KT(L+ —% k)
2p%c2 2p%c? '

2
The above matrix is semi-negative definite is equivalent to (L + 2;02 K)KT <0, which means that

102+ 02 + 02 V)02
442b (Hp + 9pv + epE)/e 30)
2(02 + 92 2 '
4+ D202+ 602, +0%,)
According to inequalities (Z9) and (30), if the non-zero constant a satisfies the following constraints
102+ 02 + 02 )/02
442602+ 02, +02,)/0 }

2002 + 92 2
4+ (9ﬂ+0pv+9pE)

04

8 %, o,

2 . ~
a” < 2]12\]{2/)0}“61((0)’(1(,1((0), 3

2
the P matrix defined in (28) satisfies the structural stability condition. And
p>0, 6,>0, b>0, b >0, p(0)& . (0)>0.
The value space of a is obviously not empty.

Consequently, we conclude the following theorem.

Theorem 1. The Euler-HMP,, system admits Yong’s structural stability condition, which’s symmetrizer A, and P are

defined in (22)) and 28).

4 | NON-RELATIVISTIC LIMIT

In this section, we analyze the non-relativistic limit of the radiation hydrodynamics system (T6). In other word, we focus on
singular limits € — 0 of the following system

o,U + Law: £)oU = lZQ(U;e). 31
E &

Here U, A(U; €) and Q(U; €) are demonstrated in (T7)).

As we mentioned before, Lattanzio and YongZ, Peng and Wasiolek'!® studied the singular limits of initial-value problems
for first-order quasilinear hyperbolic systems with stiff source terms. Under appropriate stability conditions and the existence of
approximate solutions, they justified rigorously the validity of the asymptotic expansion on a time interval independent of the
parameter. However, the system (31)) that the coefficient matrix and the source terms both depending on £ are not considered,
which introduce some additional terms.

For convenience, we rewrite the equations of hydrodynamical variables (the fist three equations in (I6)) as following
conservative form

0,p +0,(pv) =0,

0.(pv+ €E)) + 0 (pv* + p+ E,) = 0, 32)
0,(pE + Ey) + 0, (pEv + pv) + l()XEI =0.
€
Here we use the first two moment equations of radiative transfer equation (@):
€0,Ey+0,E, =S,
(el 1 E (33)
€0, E, + 0. E, =Sp.

Owing to the relation (), we know that

Ey = Koo E, = Kl,ofo» E, =K/, + Kz,ofo-
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We introduce U = (i1, )" with
i=(p, pv+ex ofy, PE+ Ko,o(a)fo)T,

) . (34)
w= (KO,o(a)fo =b(0), @, fr, s fn)
and set U,, = U(U,,). Then, the systems can be rewritten as
0,0 + 1A((7;e)axif = %Q((j;e) (35)
€ €
with
- ~ (€F,(u) 0 o
AU;e) = DU ( 0 D—WD) (D, U,
0 (36)
0(U:6) = D,UQU(T =< ¢ >
;0= D,UQU@N = (.
Here, the transformation matrix of U — U is
1 0 0 0 0
0 1 0 &Ky ek fo
DU = 0 0 1 Ko,0 K(G,Ofo Osx(n-1) ) (37)

-b'6, —b'0,, —b'0,p Ko K(’mfo
0 0 0 0 1

O(N—I)XS I(N—I)X(N—l)

Using formulas (20), a routine computation gives rise to the determination of D, U is
det(Dy0) = ko + b0, k00 + €60,k

= <(3 +a))(1+b'0,) — g4ab’0pv> 2

31-a?)
Note that @ € (—1,1) and 6, > 0°*. Then when & = 0, we have

23 +a?)
3(1 —a?)
Thus, there exits &, > 0 such that det(D,U) # 0 for & € [0, £,]. Therefore, we assume ¢ € [0, &,] for the system (33).

The system (33)) also satisfies Yong’s structural stability condition. It is apparent from (21)) that &0 = 0 on equilibrium manifold.
On the equilibrium manifold, we have

det(D,U) = (1+b'0,5) > 0.

050 = 9 <DUI7Q> = dy(DyU)D,UQ + DyUQ,(D,U)" = D,UQ,(D,U)™".

Here we use Q(Ueq) =0.Set P = P(DUU )l (Ue 0), in which P expressed in (28). On the equilibrium manifold, we see that

g
KO,O(O) = 2, K(/),O(O) = O.

A straightforward calculation gives rise to P = aD,U(U,,;0), which a is the constant in Z8). Thus P is a scalar matrix.

Moreover,

7
POy P! = P(D,U)"'D,UQ,(D,U) "' D, TP = PQ, P".

This means that system (33) satisfies the first requirement of structural stability condition. For the second requirement, the

symmetrizer of system (33) is Ay, = Ay(U;e) = (DyU)TAy(DyU)™". A simple computation shows that the system also

satisfies third requirement of structural stability condition.
For further discussions, we analyze A(U;0). In Appendix@ we show that

AN(U,,:0) =0, 2, A" (O

0) =0,

eq;
and A?!(U,,; 0) is not full-rank matrix. See details in Appendix @
For the convenience of writing, we omit the superscript below. Then the system (33) have the following form

U + L AWU;£)0,U = ~0W:e), (38)
& E

with initial conditions
U(x,0) = U(x,¢). (39)
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Here U = (u, w)" € G c R¥**, and
u=(p, pv+ekofo, PE+ Ko,ofo)T ER’, w= (ko0f0 = B(O), a, fr, =+, ' e RV, (40)

Here A = A(U;¢) and Q = Q(U;¢) are the respective n X n—matrix function and n—vector functions of (U;¢€) € G X [0, g;].
The parameter € € [0, £,]. The state space G is a open convex set, which defined as

G={U:(u,w):p>0,9>0,a€(—1,1)}.

Geq={UeG:w=O}.

Lemma 2. The system (38) satisfies following properties.

The equilibrium manifold is

(i) The source term has the following form:

OWU;e) = ( q(U;e) € RM*D,

0
q(U;6)> '
and

qU;e) =0 w=0,
for all u
3,q(U,

ey 0) =0, 0,,4(U,,;0) invertible
(i) The system (38) satisfies Yong’s structural stability condition and P is a scalar matrix;

(i) AU

Eq;

0) = diag(A'(U,,; 0), AZ(U,

q°

0)=0and 9,A"(U,;:;0)=0forall U, € G,;

7

(iv) Ag(U,,; 4> 0)) is a block diagonal matrix.
Proof. Obviously, the first two terms are clearly established. The proof of the third term is exhibited in Appendix [6] As shown
in Theorem 2.2 by Yong=?, the structural stability condition imply that P~7 A (U, o 0)P~! is a block diagonal matrix. Moreover,
P is a scalar matrix, so AO(Ueq; 0) is a block diagonal matrix. O
Through the previous discussion, we can see that the coefficient matrix A(U; ) and the source term Q(U; €) are smoothly
dependent on U and €. The symmetrizer A is also a smooth function of U and e.
Assuming that the initial value of the equation is periodic and smooth, according to Kato*", for all integer s > %, there exists

a maximal time T, > O such that problem (38)—(39) admits a unique local-in-time smooth solution U* satisfying
U € C([0,T,), H)nC'([0,T,), H™).

The central problem of the study is to show that U® converges as € = 0 and inf 7, > 0. To do this, we study the approximate
solution of (38).

We end this section with stating several calculus inequalities in Sobolev spaces®!, two elementary facts“® related to ordinary
differential equations and the notation involved in this paper. Their proofs can be found in"® and references cited therein.

Lemma 3 (Calculus inequalities). Let s, s, and s, be three nonnegative integers, and s, = [D/2] + 1.

1. If s3 = min{s,s,,5; + 5, — sy} > 0, then H*1 H> C H?:. Here the inclusion symbol C implies the continuity of the
embedding.

2. Suppose s > s, + 1,A € H*,and Q € H*"!, Then for all multi-indices a with a < s, [A4,0,]0 = Ad*Q — 0*(AQ) € L?
and
|40*0 — 0“(AQ)|| < CIIA[lICllg)-15

3. Suppose s > 55, A€ C,(G)and V € H*(RY,G). Then A(V(-)) € H® and
AV (DIl < Cl AL+ V).

Here and below C denotes a generic constant depending only on s,n and D, and |A| stand for sup,cq, q|<s |95 AW)|.
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Lemma 4. 2 Suppose A(x, 7) € C([0, 00), H®) with s > %, f(x,7) € C([0, ), L?), || f(r) || decays exponentially to zero as
T goes to infinity, and E(x), S(x) € L* are uniformly positive definite symmetric matrices such that for all sufficiently large =
and fo all x,
E(x)A(x,7) + AT (x, 7)E(x) < —S(x).
If V(x, t) € C'([0, 0), L?) satisfies J
v

— = Alx, )V + f(x,7),
dr

then || V' || decays exponentially to zero as = goes to infinity. Moreover, if V(x, ), f(x,7) € C([0, ), H*) and || f(7) ||,
decays exponentially to zero as = goes to infinity, then || V' ||, decays exponentially to zero as 7 goes to infinity.
Lemma 5. “% Suppose y(?) is a positive C'—function of ¢ € [0, T) with T < oo, m > 1 and b,(t), b,(t) are integrable on [0, T). If

' (1) < by (Y™ () + by (1),
then there exists 6 > 0, depending only on m, C,;, and C,,, such that

sup (1) < e,
t€(0,T)

whenever y(0) € (0, 6]. Here

t

T
Cy, = sup /bl(s)ds, C2b=/max{b2(t),0}dt.
relo.r) S J

Notation 1. The superscript ‘T’ denotes the transpose of a vector or matrix. |U| denotes some norm of a vector or matrix.
L, = L,(Q) s the space of square integrable (vector- or matrix-valued) functions on Q. For a non-negative integer s, H, = H (Q)
is defined as the space of functions whose distribution derivatives of order < s are all in L,. We use || U ||, to denote the
standard normof U € H, and || U ||=|| U ||,- When A is a function of another variable ¢ as well as x, we write || A(-, 1) ||, to
recall that the norm is taken with respect to s while ¢ is viewed as a parameter. In addition, we denote by C([0, T'], X) the space
of continuous functions on [0, T'] with values in a Banach space X.

4.1 | Formal asymptotic expansions

We construct such an approximate solution for the equation (38) by an asymptotic expansion with initial layer corrections of the

form
m

ur = 2 ek <Uk(x, D+ T1,(x, r)), m € N, 41)

k=0
where 7 = 1/€? is a fast time. Here }.;" | €U, (x, 1) is the outer expansion and ) ;" €I, (x, 7) is the initial-layer correction. As
a correction, I (x, 7) will be significant only near ¢ = 0. Thus the I, (x, 7) are required to decay to zero as 7 goes to infinity, since
the latter happens as € tends to zero whenever ¢ > 6 > 0 with 6 arbitrary but fixed. This natural requirement is similar to the
traditional matching principle in#2. Once the outer expansion and the initial-layer correction are found, the formal asymptotic
approximation is defined as the above truncation (41). We assume there exists an approximate solution U to (38)-(39) defined
on a time interval [0, T,,], with T,, > 0 independent of &.

The properties of the approximate solution strongly depend on its leading profile (1, w,), which is a formal limit of U". From
the eqautions (#I) and (38)), we can obtain

€72 1q(uy, w3 0) = 0,
. <A“(u0,w0;0) Alz(uo,w0;0)> ) <u0> _ ( 0 >
A (ug, w3 0) A% (ug, wy;0) ) ™ \w, 4, (U, wo; Ow, )’
€" 10,y + A (uy, wy; 0)0,u; + A (uy, wy; 0)0,w,
+ <A;1(uo, we; 0y + Al (g, wy; 0w, + Al (u, w0;0)>axu0 =0.

According to the Lemma[2] we have
w, =0, wy = g7, (g, 0; 0) A (g, 0; 0)0, 1y,
0,y + A (g, 0;0)0,.w, + Al (1, 0; 0)w, 0, uy + Al (uy, 0;0)0,uy = 0.
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Here we use the properties that A''(U,,;0) = 0 and d,A'(U,

equation of u,, we obtain

o »0) =0forall U, € G,,. Applying the relation of w; to the
0,uy + A (U, 0)0, <q;‘(U0; 0)4%'(U,; O)z)xuo>

(42)
+ <AL)1(UO; 0)q, (Uy; 0)A*! (Uy; 0)0,uy + Al (Uy; O))z)xuo =0.

The equation {@2)) can be rewritten as

dyuq + AP (Up: 0)g,, (Up: 0)A*! (Uy; 0003 g

+ AUy 09, (q;‘wo; 0)A*! (Up; 0)>0xuo
" <A}”‘(U0; 0)q;,' (Uy; 0)A* (Uy; 0)0,uy + AL (U 0))0xuo =0.

Since A?!(U,; 0) is not full-rank matrix according to Appendix@ we know that the equation of u, (42)) is not strictly parabolic.
Its proof is quite similar to those proved in’718,

Here we derive the specific form of the equation which u,, satisfies. Expanding the variables into a power series of € which
involved in the equation (32) yields

p=p"+ept 4+, v=0"+ev! + -,
E=E"+eE'+, 0=0"+€0"+-,
0 1 0 1 (43)
p=p t+ep +-, fo=fytefy o,
a=a’+ea' + -, f2=fg+ef21+---,

where 6 = 0(p, v, E), p = p(p, ). According to the definition of equilibrium state in (ZT), we know that /) = %b(eo), a® =0,
=0
Using the equation (32)), we arrive at

0,0 + 0,(p°°) =0,

0,(p°°) + 0, <p0(vo)2 +P° 4 1655(0) f7 + K5 0(0) fg> =0, 44)
0, <p0E° + K,0(0) fg> +0, <p°E°u° + 20 + k] ((O)a' f§ + K, 4(0) f01> =0.

Here x,4(0) = %, Koo(0) = 2, KLO(O) = —%, K1(0) = 0 due to the formulas 20). To get a closed system, we also need the
expression of a'.
In order to obtain the expression of a!, we analyze equation of E, in (33):

1 1
0,(kc1 0f0) + gax(Kz,zfz + Ky0f0) = —p<£—2%(9) + 6s(0)> K1 o(@) fo-
Putting the expansion (#3)) into above equation, the identification of O(e~') yields
9,(120(0) f§) = — p%a(e“)(zc;,()(om‘fg).

Here we used f3 = 0 and i, ,(0) = 0. Combining , ,(0) = % and f = %b(eo), we see that

1
k! 0a' [0 = —————0,(b(6")).
Lo fj = —3 5 0u(b(0")
Omit the superscript in above equation, the non-relativistic limit equation can be obtained as

0,p + 0,(pv) =0,

0,(pv) + 0, <pU2 +p+ %b(9)> =0,

_ 1
0,(pE + b(8)) + 0, (pEv+ pv) = 0, (—3p6a(9)axb(9)>.
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Buet et alZ343 3150 obtain the zero-order approximation of the radiation hydrodynamics system and the system is also hyperbolic-
parabolic form which is similar to above equation. However, there is no rigorous proof of the singular limit.

Below we derive the equations satisfied by the other coefficients in the asymptotic solution (#I). To do this, we consider the
residual

RWUM =0,U" + EA(U£ ;€)0,U" — gQ(UE 3 €). (45)
Using Tayler expansion, we have

+o0
AU €) = AU 0) + ) €' AU 0),
=1

+00
QUM &) = QUM 0)+ Y €'alOWU!";0).
I=1
Remark that for W = Z:f% e*W, and a sufficiently smooth function H, we have formally'}/

HW)= H(Z W) = HWy) + Ze [0y H(Wo)W, + C(H, k, W)],
k=0 k=1

where coefficients C(H, k, W) are completely determined by the given function H and the first k components W =
Wy, Wi, Wy, -+, Wy_1). Moreover, C(H, 1, W) = 0 and C(H, k, W) is linear with respect to W, _, for k > 3.

4.1.1 | Outer Expansions

As a formal solution, the outer expansion Z;":O €U, (x, ) asymptotically satisfies the system (38). Thus, we have
RO €Uy
k=0

= —c2Q(Uy;0) + ¢! [A(Uo; 0)9, Uy — 9,0(Uq; 0) — Oy (Up: O)Ul]

oo k+1
€k0tUk + Zek 2 l|aiA(U0’O)axUk+l—l
k-1 l

|
&

Mg

+

=~
Il
=}

(46)

Ek

+
Mg
M»

[aU(aiA(UO; DUy +COLAG:0), k+1 -1 — j,g)] 0.U;

~
Il

0

~

=~
—_ O

b'48

IL[GU@Q(UO; 0)Ujs2-; + C(OLO( 500k +2 = 1,U)]
=0

vanishes. This happens when each term of the last expansion is zero, i.e.,
€72 :0Uy;0)=0
1L AUY;000,Uy — 0,0(Uy; 0) — Oy (Uy; )U, = 0

k+1
e 10U, + Z [0 AWy 000Uy

k— l

+ !

M»
Nl_

.\_
Il
(=}

[aU(alA(Uo,onuk+l 1 +C@ AC 00,k +1—1—j,U)|0,U; @7
Jj=0
1

=~
+

[aU(a QWy; 00U,y + COLO(-;0):k+2 = 1,U)]

<||:
— Nl"

b 00w
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According to Lemma (@), u,, w, and w, satisfy
O(ugy, wy;0) =0 = wy =0, 0,0(uy,0;0) =0
wy = q;,'(ug, 0; 0)A* (ug, 0; 0)0,. 1y, (48)
0,ug + A (ug, 0;0)0,.w, + ALl (uy, 0; 0w, d,uy + Al (g, 0; 0)d,uy = 0.

The above equations can be rewritten with the u—, w—components as

k+1

d,u, + Z T (A" (Uy; 000,y + AUy 000, w041

k
>
1=0 j=

1
0
+0,(0L AUy 00ty _y_;0,w; + 0, (0 A (Uy: 0w,y 0, w0,

—Jj7x"g

k—

[au(aiA“(Uo; Oty 11— ;0xtt; + 0,,(0 A" (Up; 00wy, ;0,1 49)

+CLAY(;0),k+1—1—j,U)ou; +CO A(-:0),k+1—1—j,U)w,;| =0.

and k+1
Owy + Z A U: 000,101+ A (U 009, 10,1)
k k- l
+ Z Z ll [a (alAZI(UO,O))uk+] -0 + aw(()éAZI(UO;O))wkH 10l
=0 j=0
+ 0,9 AT (Ups Oty 0,05 + 0, (0L AT (Ui g1y 0,

—Jjox"j (50)
+COLAY' (50), k+1—1—j,U)ou; + CO A (-;0),k+1—1—j,U)dw,

k+1
-y %[au(aiqwo; 0)itgeyr—; + 0,,(014(Ug; 0)twyyr—y + C(ALg(- 50):k +2 = 1, U)]

=0 "*
maf+2q(uo; 0)=0

Obviously, the equations in (7)) need to be rewritten to determine U, inductively. Equation (8) shows that U, lies on the
equilibrium manifold G,,. According to equations (@8], we have found the equations for u,, w, and w,. From the Lemma (2)),
we know A''(Uy;0) = 0 and w, = 0. Hence the equations of u, @9) may depend on U, -+-,U,, w,,, and their first-order
derivatives, but are independent of u, , ;. From the equations (30, we can see w), depend on Uy, -+-, U, and w, ,,. The equations
of w, are independent of u,_, due to the fact: since q(U,;0) = 0, we know au(ai q(Uy; 0)uy,»_; = 0 when I = 0. Moreover,
0,,(0'q(Uy: 0w, 5, = 9,,4(Uy: 0)w;,, when I = 0. Therefore, (30) give an expression of wy,, as a function of Uy, -+, U,
and of the known quantities and their derivatives.

Up to now, we have found the equations for u,,w, and w,. Assume inductively that we have equations for u;, w; and w, ., for
i =0,--, k. The equations (30) gives an expression of w;,,, of function of u,_,, d,u;., and of the known quantities and their
derivatives. With this expression, the equation for u,_, can be derived from the relation (49).

Assume U, ---, U, _; are known. From equation @]), we know that the equations of u, can be rewritten as

Ay + A (Uy; 000,04, + - = 0.

What is omitted here and in the following equations is the derivative term of the known quantity and the known quantity
Uy, -+, U,_;. (50) allows to express w,, as

Wis1 = 4,,Ug; 07 A2 (U3 0) + -

Hence, the coefficient of the second derivative in the equation of u; is still AIZ(UU; 0)q,,(Uy; 0)~'A2! (Uy; 0), which is the same
as u, so the equation of u,, is not strictly parabolic.

From previous discussions, it remains to find initial data for the coefficients U,. For this purpose, we turn to consider the
composite expansion.
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4.1.2 | Composite Expansions
Since t = €27, we have formally

Z ekUk(x, 1) = Z skUk(x, £27) = Z skPk(x, T),
k=0 k=0 k=0

where 2
h
h 0"U,_yp,

& h1 o orh
is a polynomial of degree [k/2] in 7. Particularly, Py(x, 7) = Ujy(x, 0).
The composite expansion U” in becomes

P,(x,7) =

(x,0)

m m

Y U + 1, 0) = ) € P(x, T) + 1 (x, 7)), (51)

k=0 k=0

which is just the traditional inner expansion*?. Now write (38) in variables (x, 7) as follows
lc),U + 1A(U;s)axU = lQ(U;g).
£2 £ g2

The corrected formal solution should asymptotically satisfy the equations (38). Namely, the formal asymptotic expansion
RO P (x, 7) + I (x, 7))
k=0
=—£2Q(Py +1y;0) + ¢! [A(PO +19; 009, (P, +1y) — 9,0(P, + I,; 0)

- QuyPy+1y;0)(P, + Il)]

+ kz::‘) €0,(Pyy + Lun) — kg() ekmaﬁgmo +1,;0)
o k+l

+ )Y l—llaiA(Po +15:000, (P + L)) (52)
P

+ Y 1—1' [aU(ai APy + To3 O)(Ppy i + Lpr))
k=0 1=0 j=0

+ C(aiA(- ;0L,k+1 -1 - j,ﬂ)] o, (P, +1))
o k+l

- kzo e* g l—ll[ay(aiQ(Po + Ip; O)(Pryoy + Lo y)

+C@LOC ;0 k+2—1,1+P)]

vanishes. This happens when each term of the last expansion is zero, i.e.,
0.(Py + 1) =0(P, +1; 0),
0,(P, +1,) =— APy + 1;0)0,(Py + 1)) + 0,0F, +1,; 0)(P, + 1) 53)

+ 0,0, +1,;0)(P, + 1),
0. (P + 1)) =0y O(Py + 1; 0)(P, + 1) + F(k, 1+ P), k>2,
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where
F(k,1+P)
1 k-1 1
=705 0P, +15;0) = 121 1100 ARy +19:0)0,(Pyyy + 1))
k=2 k—=2-1 1
! .

- lz(; ZO ﬂ [aU(agA(PO + IOs 0))(Pk—1—l—j + Ik—l—l—j) (54)

=l j=

+C(LAC 500,k —1 =1~ j,1+P)[9,(P; +1)

k—1
+ X 11100 (0L 0Py +1; )Py + 1) + C@LQC 10k — 1 L+ P
=1 "

Here F(k, 1+ P) depend only on the first k terms of the inner expansion, which is Uy, I, ---,U,_; and I, _;.
According to the definition of P, 3777 | €¥P,(x, 7) is also a solution of (38). Hence, we obtain as above

0,P, = —A(Py;0)0,P, + 0, O(Py; 0)P, + 9,0(Py; 0)P,, (55)
a‘L'Pk = aUQ(P()s O)Pk + F(k,l)

Note that
Po(x, 7) = Uy(x;0), O(Py;0) = 0.
We find from (53)) and (33) that
0.1y = 0P, +1; 0), (56)
0.1, = 0y, 0Py + 1y; O, + [0, 0P, + 1; 0) — 9, O(Py; 0)]P, + G,,
where
G, =F(k,P+1)—F(k,P)
with
F(1,P+1) = 0,0(P, + I,; 0)(P, + Ip) — AP, +1,: 00, (P, + 1)
According to the expression of F(k,I+ P) (54), G, depend only on Uy, I, -+, U,_;, L,_;.
4.1.3 | Initial Data for the Outer Expansion
Now we determine the initial conditions for U, . Assuming U (x; €) has a formal asymptotic expansion as follows
Ux;e) = Y e 0(x),  Up(x) = @(x), 0 ()"
k=0
If the composite expansion (@T]) is a solution of (38) and (39), we should have
Uk(xs 0) + I(x7 O) = Uk(x)s
or equivalently
u, (x,0) + I (x,0) =i, (x),
(5, 0) + I (x,0) = i (x) 57)

w;(x,0) + 1 (x,0) = w0, (x).
From Q' = 0 and the first equation of (®6), we have 0,16 = (0. Meanwhile, since I satisfies I,(x, +00) = 0, we know Ié (x,7) =0,
which means that there is no zero-th order initial layer for u. Together with w, = 0, we obtain
uo(x,0) = ip(x), I(I)I(x, 0) = wy(x).
According to (36), I} satisfies
0.1" = q(iay(x),1}"; 0)
I(I]’(x, 0) = wy(x).

Here and below the superscript "I’ (or *II’) stands for the first 3 (or last n+1) components of a vector in R"**,

(58)
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Lemma 6. Let w, be sufficiently small. Then there exists a unique global smooth solution I, satisfying

I Iy lls4m— O, exponentially as 7 — +oo0. (59)

Proof. By Lemma[2] the system (38)) satisfies the structural stability condition and P is a scalar matrix. Then g, satisfies
A (1, 0;0)q,,(u, 0, 0) + g,,(u,0;0)" AZ(u,0,0) < —1.

Therefore, for sufficiently small data 1y, there is a unique global solution I}/ (x, 7) (see**). Thanks to Lemma 0eR"*lisa
fixed point for (59). Moreover, gq,,(u, 0; 0) is stable due to above equation. Hence 0 € R"*! is locally asymptotically stable for
(39). By induction, for all & with @ < s + m, 0)‘:16’ (x, 7) satisfies a linear ordinary differential equation of the form

0,Y = 0,,q(ity(x), Iél; 0)Y + g,(x, 7).

Meanwhile, g,(x, 7) decays to zero as 7 — +oo. Thanks to LemmaE], we see the exponential decay of || I ||,,,,— O. [

Assume that, for k > 1 and for any i < k — 1, I, exists globally in time and || I,(-, 7) ||,,,,_; decays exponentially fast to zero
as T — +o0. Then so does || Gy ||,k since G, = F(k,P 4+ 1) —F(k, P) is a function of I, P,(0 < i < k — 1) and their first-order
derivatives with respect to x. Because the u—component of Q is 0 for k > 1, the first 3 equations in (56) are

9,1l =G, (60)

Hence,
T

I (x,7) =1 (x,0) + / G, (x,7')dr,
0
which admits a limit O as 7 goes to infinity. Therefore

+oo

I(x,7)=— / G'(k, x,7)dr’.

T

and
+o0

I,{(x, T)=— / G'(k, x,7")d7’, exponentially as 7 — +oo0.

T
In particular,

+o0
I[(x,0)=— / G} (x,7")d7, (61)
0
Together with it determines the initial value of u,:
+oo
u(x,0) = a(x) + / G!(k,x,7")dr’. (62)

T

Furthermore, we can rewrite the remaining equation in (36) as
0.Il" =0,,q(Py +I; OL" + 0,4(Py + 1y; O + [0,4(Py + 15 0) — 9,4(Py; 0)IP;
+[0,4(Py +15:0) — 9,,q(Pp: 0)IP," + G'' (k) (63)
=0,,q(Py + I; 01" + G

We know that || G’ ||,,,._, decays exponentially fast to zero as 7 — +oo from the definition of G and Lemma @ Thanks to
Lemma we see the exponential decay of || Ii’ (%, 7) llg4m—r— 0. Hence, the inductive process is complete.

Now we describe a procedure to determine the coefficients of the expansion (@) using equations {@6) and (33). Based on
previous analysis, Iy, Uy and w; are known. Then we can solve (63) with the initial value providing in (57) to obtained I!”.
The value of I{ can be determined by the equation (60) and initial value (6I). Hence, we can determine U,, U,, 1, I; since the
equation and initial value of u; are known. Assume inductively that U;, I, w,,, with i < k have been obtained. Then we can

solve (63) with the initial value providing in to obtained I/ . And the equation (60) and the initial value (61) give the value

1 . . . .
of I . Thus, I, are completely determined. Moreover, (50) gives an expression of w;,, as a function of uy,,, d,u,, and of
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the known quantities and their derivatives. With this expression, the equation for u,,, can be derived from ([@9) together the
initial value (62)).

Therefore, we obtain U, |, 1, and w,,. Hence, the inductive process is complete. In conclusion, we have determined all
coefficients in expansions @I) and || I, ||,,,,_, decays exponentially to zero as 7 — +oo.

4.1.4 | Residual estimation

The next lemma is concerning the residual of the formal approximation R(U").
Theorem 2. Let R(U!") be defined by (@3)). Then
RWU™ =&""'0y(Uy;0U,,, + " 'F,,
where QO (Uy; 0)U,,,,, is completely determined by the first m terms of the outer expansion. And F,, satisfies
| F, |I,< Ce+ Ce™7, (64)

with 4 > 0 and C constants independent of € .

Proof. The proof of this theorem mainly refers to the literature®® and"”. From the relation in (@6), we have
RO €U, = "' 0y (Uy; 0)U,,.,, + O(e™),
k=0

where
OyWUy; 0)U,, 4

m—1
=0,U,_,+ ), %aiA(UO;O)dem_,
=0 "°

- |
)y n [0u(6§A(U0;0))Um_,_j + C(LA(-:0),m— 1 — j,U)|0, U,

_ m+1 .
(m+ 1)!05 QW03 0).

Then Qy;(Uy; 0)U,,,; depend only on U, ---, U,,. Define F,, as
e"'F,, = RU™ — "' Qy(Uy; O)U,,;.

With this definition, we only need to prove (64).
To this end, consider the Taylor expansion with respect to € at € = 0:

m m m
Z U, (x,1) = Z U, (x,€°1) = Z P (x,7) + €™ P(x,1, 7, €),
k=0 k=0 k=0

where P(x,1, 7, €) = O(1)r'*"/2] Thus, we can write

m

UM =) U6, +1(x,7)
k=0

= Y e P (x, 1) + I (x, 1) + " P(x, 1, 7, 8),
k=0
In the spirit of the relation (52)) for the inner expansion, we deduce from the definition of R(U!") that

RWU™ =" '[P, + C(e,P; 1y + Py, -+, 1, + P,)]
R(Y U) =e""'[P, + C(e, P; Py, -+, P,)I.
k=0

Here C(e, P; Py, -+, P,,) depends smoothly on the ¢, P; Py, -+, P,, and their first-order derivatives with respect to.
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Furthermore, it follows from the definition of F,, that
F, =& ™DRWUM - ™R U, + Oe)
k=0

= Cy(g,P; )l + O(e),

where Cy; (e, P; -) denotes the Fréchet derivative of the operator C(e, P;o). Finally, the estimate in (64) follows from the decay
property of the I when 7 tends to infinity. O

4.2 | Justification of formal expansions

Having constructed formal asymptotic approximations U" for the initial-value problem (38) and (39), we prove here the validity
of the approximations under Lemma and under some regularity assumptions on the given data. For the sake of exactness,
we refer to next remark and make the following assumption.

Assumption 1. Let s > %
1. There exists a convex open set G, CC G satisfying G, CC G such that U(x;€) € G, forall e > 0 and all x € Q, and
U(-;€) € H*® is periodic on €;
2. A(Use),0WU;e), P(Use€), Ag(U; €) are smooth function of U € G, € € [0, g];
3. Oy Uy; 00U, € C(0,T,1, H?);
4. U!" takes value in G, and satisfies Uur e C([0,T,]. Hs*Y (N C([0,T,], H*). For sufficiently small € > 0,
1T, = UC,e) < ce™, (65)

and
sup || U™ = U, ||,< Ce + Ce*B,(1), | o,U™ ||,< ¢ + ¢B,(1), (66)

0<t<T,,
_u . .
where B,(t) = e2¢” < and u > 0 is a constant independent of &.
Remark 1. The first assumption is necessary to apply the existence theorem, see*. The second assumption is obviously. The
next can be verified by using the existence theory for parabolic system in*>. (63) is a natural condition on the initial data. It

stands for initial errors. In the above subsection, we have constructed U, and I,. Now we show that, for any fixed m € N, the
approximate solution U" defined by @T) satisfies (66). Indeed, since Ié = 0and I(I)I (-, 7) decays exponentially fast to zero as

_m . )
7 — +oo with 7 = t/€?, thus [[Toll, < Ce™= with u > 0 a constant independent of . Meanwhile

oIl (1) = €720, 1 1 (-, 7) = e 2q(iay(x), 1} 0).

Therefore . .
U =Tyl = | X Uy + Y e 1,(.1/3)|| < Ce + Ce2B, ),
k=1 k=0 s
10,07, = |[01oC 2) + D €U0 + D (/D) < e+ eB.(1).
k=0 k=1 s

Fix € > 0 and recall assumption |1} According to Theorem 2.1 in*!, for any convex open set G, satisfying G, cC G, cC G,
there exist T, > 0 such that that initial value problem (38)) and (39) for the symmetrizable hyperbolic system has a unique H*—
solution U¢ satisfying U¢ € C([0,T.], H*) and U¢ € G,. Without loss of generality, we assume that T, is the maximal time
interval where the H*—solution U*¢ take value in G,. Note that T, may shrink to zero as so does .

In order to show T, > T,,, we state our main result.

Theorem 3. Under the assumptionwith m > 2, suppose s > % is a integer, [0, T,] is the maximal time interval where (38) has
a solution U® € C([0, T,], H®) with values in a convex set Gl, and [0, T,,] a time interval where the asymptotic approximation
m
U!" of the form @I).
Then there exists a constant K, independent of € but dependent on T,,, such that

U@ -U"(0) ;< Ke™,
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for sufficiently small € and ¢ € [0, min{T,,, T }).

Before proving this theorem, we remark that m > 2 is required by the following proof (see (78)) below). However, since

Ur(x,1)=U"(x,1) + Z 5k<Uk(x,t)+I(x,t/£2)>,

k=my+1

we have
m

IUS @O =00 I <N U0 =-UrO I+ Y, e I U0 +1x,1/e)) |l -
k=my+1
and thus
U@ = U0 [l = OE™*")
for any m, < m provided that the coefficients of €* in the sum are bounded.
In addition, on the basis of Theorem 3} we use exactly the same argument in® to obtain

Theorem 4. The hypotheses of Theorem [3|imply T, > T,,.

Proof. If T, < T,,, then Theorem [3 gives

| US(T,) - UT) |l < Ke™.
Thus, it follows from the embedding inequality that U¢(T.) € G, if if ¢ is small enough. Now we could apply Theorem 2.1 in“L,
beginning at the time T, to continue this solution beyond 7. This is a contradiction. Therefore T, > T,,. O

Now we prove the Theorem 3]
The Proof of Theorem 3l : Let T, = min{T,,T,}, then both the exact solution U* and the approximate solution U" are
defined on time interval [0, T,), satisfy equation (38) and

OU" + L AU €)0,U" = ZOU;€) + R
& 13

On [0,T,), we define
vV =U"-U",
then 1 i q
0V + =AU )0,V == (A(U";€) — AU*;€))0,U" + = (O(U*;€) - Q(U"; €)) — R (67)
& & &

Applying 07 to the last equation for multi-index a satisfying |a| < s, and setting V, = 0V, we get
0,V, + lA(U":; €)0,V,
€

=£{ (AU™;€) - A(Ué;e))aer’"} + é{ (QW*:e)-0W;" ) }

o4 a

1
+ E{A(Ue; €)d.V, — [A(Uf;s)axV]a} - (R?),.
We consider the energy norm e(V,(x, 1)) = VaT Ay(U?; )V, Multiplying the last equation by 2VaT Ay(U?; €) and integrating over

x € Qyields

% e(V,)dx =§ / VHTAO(UE;E){(A(Ug’";e)—A(UE;e)>6xU:1} dx

+ % / VaTAO(UE;e){ <Q(U5;e) - Q(UE'”;E)> } dx
3 (4

2 T €. € - 5
+2 [viaguso(avsion, - awsony, ) 9

-2 / VI A)U*;€)0,(R™M)dx

+ / v <a,(A0(U£;£)) + iax(Ao(UE; AU 5;5))>Vadx

A
EY () () (N S
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Next we estimate each term in the right-hand side of (68). Firstly,
I =§ / VIAyUS; s){ <A(U£"; e)— AU 6)>0xU£"} dx
£ a

+ % / VaTAO(UO;O){ (A(U;";g) — A(U‘E;e))ang’”} dx.
Recall that U® and U, takes values in a compact subset G,. By using Assumption |} v(z/e can obtain
Ao(Ug; £)— AQ(U(); 0)
= Ay(U%;8) = AU 0) + Ag(U*; 0) = Ay(Uy; 0)
1 1
= —s/Aog(UE;Ge)de — U =U,| /AOU(UE +0(U, - U*);0)do
0

0
< Ce +C|U* = U,

< C(e+|U=U" + U™ - Uy
< Ce + Ce? /\ +Ce*B, (1),

(69)

where /\= || ur-us |,/ €2. Here and below, C is a generic constant which may change from line to line. Since
1
AU ;e) — AU ;e) = — / AU + 60U - UM);e)V do.
0
Using the calculus inequalities in Sobolev spaces (3), we get

I {(A(Ug”;E) —A(U5;6)>0XU£"} ISCNV s

For the first term of I ;’ , we have
/ %VaT <A0(UE; €) — Ay(Uy; 0)) { <A(UE’"; £) — A(U£;£)>()XU;"} dx
€ a
<CU+eA+eB.) |V |7,
According to Lemma@, we know that A4 (U,; 0) is a block diagonal matrix, then the second term of I] can be rewritten as

2 / VT AUy 0){ <A(U;"; €) — A(UE;5)>OXU£’”} dx
3 a

=3/Va’TAg)l(UO;O){<A“(Uj;e)—A“(Uf;e)>axu;"} dx
E

a

+2 / VaITA(l)l(UO;O){ <A12(UE"’;£) - AU s)>axw;"} dx (70)
2

a

+2 / Va”TAgz(UO;O){ <A2‘(U;";e) —AZ‘(Uf;g)>axug’} dx
&

a

4+ 2 / Va”TAéz(Uo;O){ <A22(U:’;g) —A”(Uf;a)dxwi"} dx.
E a

The last two terms on the right-hand side are bounded by
C 1)
— VIl Vi< = v, 1IP+C VI

Since w, = 0, the Assumptionyields | w ||,< C(e + €2 B,(1)). Therefore

/Va’TA(l)l(UO;O){ <A12(U;";e)— A12(U6;5)>axwg'} dx

o4

<Ce+eBO) IV I?.
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For the first term in (70), we have
AU e) - AU €)
:A”(u?, w's€e) — A, w!';e) + A, wl's ) — AW wtse)
1
=— / 0,AM W + 0 —u), w"; )V do 1)

0
1

- / 0, A" (s W + 0w — w"); o)V do.
0

The second integral above is easily estimated due to the appearance of || V! ||. The first one can be treated due to condition
0,A"(Uy;0) = 0 in Lemma Precisely, we write

6MA“(u:’ + 0@ —ul'),w?’;e)
=0, A" (W + 0" — u"), w";€) — 0,A" (uy, w; €)
+0,A" (ug, w"; ) — 9,A" (1, 0, €) + 9,A" (5, 0; ) — 9, A" (15, 0; 0)

1

= / 02, A" u(0,0"), W e)u" — uy + O — u"))de’
0
1 1

+ / 02, A (uy; 0w )wde’ + / 02 A" (uy, 0;0'e)edd’.
0 0
Here u(0,0") = (1 — 0")uy + 0'u + 0(u* — u™). The integral in (7T) can be rewritten as
1
/ 0,AM W™ + 0 —u), w"; )V do

0
1 1

= / / 02 AN (u(8,0"), w; ) — uy + 0 —u™), V"')dode’
0 0

11 11
+ / / 02 A (ug, 0w, &)V, w™)dodo’ + / / 02 A (uy, 0;0"e)(e, V)OO’
0 0 (U]

Since || w? || and e both can be bounded by C(e + £2B,(1)), and

|4 — uy||, < Ce + C&*B, (1), u¢ —u?||, < CEA,
then
/I/IXITA(I)I(UO;O){ <A11(U£n,5) _ All(U6;£)>aqul} dx
o
SNV I +CE+e A+eB.o) IV I
Therefore

If < % I VT2 +Cd+e A +eB.O) IV 2. (72)
&

I = % / VaTAO(U‘;e){ <Q(U‘;s) - Q(U;";e)> } dx.
E a

The second item is
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We first rewrite Q(U¢;¢) — Q(U"; €) as

O(U*;6) - QU™ ¢)

=0y (Uy; 0V +€0,0,Uy; O)V

+[OU%;0) = QU™ 0) — Qy(Uy; 0)V]

+€[0,0(U*;0) — 9,0 0) — 0,0,(Uy; 0)V]

+[0(U*%;€) — O(U*;0) — £0,0(U*; 0) — (Q(U"; ) — Q(U!"; 0) — £0,0(U"; 0) )]
which implies that

Iy = I + I + Iy + Iy + I

with the natural correspondence for Ié’l, Y 5 5’5. Now we estimate each of these terms. For I 51 we write

a 2 (3
I3 :;/V(XTAO(U ; €10y (Uy; 0)V ), dx

=§ VaTAO(UO;O)QU(UO;O)Vadx
+ 5—22 / VaTAo(Uo;0)[6“(QU(U0;O)V) — 0, (U, 0V, 1dx

+ 5_22 V/TA)U®; €) = Ag(Ug; OOI{ Qy (Up; )V }dx.

a

From the structural stability conditions in Lemma[2] we can see

2 / VI AUy 000y (Uy; OV, = V] <A0(U0;O)QU(U0; 0) + O}, (Uy; 0)Ay(Uy; 0)> V,dx

II |12
<=V,

with ¢ a positive constant. Since Q,(U,; 0) = diag(0, ¢,,(U,, 0)), we have
/ VI AyUy; 0)[0%(Qy (Uy; V) — Oy (Uy; 0)V, 1dx

B / VT AT U3 000" (9, (Ug; V1) = q,,(Up; 0OV, 1dx

< C VI 0%qu(Ug; OV = q,,(Ug; OOV ||
< CUIV N 4 Wgs 0) Nl VT 1l gy

0
<l v +C v

la|=1 "

Note that the above term vanishes when a = 0. Here we use the calculus inequalities (Lemma (3))). And for the remaining terms,
we will use the calculus inequalities in Sobolev spaces repeatedly. For the third item in I¢

21°
V. TAU*s €) = Ay(Uy; 0)10°(Qy (Uy; 0)V)
=VIT[AR(U*; €) — A2 (Uy;0)10%(q,,(Uy: V')
+ VAT (U ) = AT (Uy; 0)10°(4,,(Ug; V')

we have

Using (69), we have
/ VITANU; €) — Ay(Up; 0)]0°(Qy (Up; 0)V )dx
<Cle+e A+B.) |V, IV Iy

6
ST IV P +CE+e A+eB @) IV I

Therefore 5

5—60’

2 C
Ir][ II[]
21 2 ) 2 ”
& &

o C(l+e A +eB. O IVI?>.
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Now, we consider I;’z,

o 2 €
Iy =§/VGTAO(U ;5){£GEQU(U0;0)V} dx

4

_2 / . <A52<U£; £) - AR(U,; o>> {0.4,(Up; O)V '}, dx
E

+2 / VITAZ(U*;€){0,q,(Uy; OV}, dx
E

+2 / Va”TA(z)z(Ug;e){agqu(UO;O)VI +0ng(U0;O)V”} dx.
E

a

The first term is bounded by C(1 + & A\ +&B,(?)) || Vlli and the remaining terms are dominated by % VIl ||V,!"||- Hence

15 < VIR +C + A +eBo) IV
&

Moreover, 12“3 can be rewritten as
2

=5 / VJAO(UE;e){[Q(Uf;m - QU™ 0) - QU(UO;O)V]} dx

o

=§ / V(AU 5e) - Ao(Uo;O)){[Q(UE;O) - QWU 0) - Qu(Uo;O)V]} dx

a

+2 / VT A2 (U, 0){ [q(U%;0) = g(U™;0) — gy (Uy; OV ] } dx.
€ a
According to Lemma 2] we know
QWU*;0)-0WU"0) - Qu(Uy: 0)V
“ (wws0-azio - awzon)* (ozion wvsor)
q(U*;0) — q(U";0) — qu(U"; O)V quU0)V = qu(Uy; 00V )7

By the Taylor formula, it is clear that
| 9,(q(U*;0) — g(U™;0) — gy (U™ 0)V) IS C | V [I>P= CEA NV |,

| 0,(qu U0V — gy (Uy; OV) |I< Cle + 2B, ) || V | -
Using (69), we obtain

é / VI (AU €) - Ao(Uo;O)){[Q(UE;O) —QU”;0) - QU<U0;0)V]} dx

a

< 14U )~ AU 0L IV, | {[Q(UE;O) - QW 0) - Qu<Uo;°>V]} |

a

<C(l+e A +eB,0)Y | V I3

and
2 £ m
= VT AZ(Uy; 0){ [q(U*;0) — q(U;0) — gy, (Uy; O)V]} dx
C
< S +E A+EB.O) | VNIV
o
<5 VI +C(1+e A +eB,0)* || V |I*.
Therefore
a« o O I 2 2
Ly< S IV I+C0 +e A+B.OY V7.

Similarly, 15”4 can be bounded by

I, = % / VaTAO(UE;e){e[()gQ(UE;O) -0.,0U";0) - agQu(UO;O)V] } dx
€

a

o
<= VI +C(1+e A+eB,0)* |V |I*.
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For the last term in I;‘ , since

QU*%¢) — Q(U*;0) — £0,0(U*;0) — (Q(U";€) — QU!"; 0) — £0,Q(U"; 0))
11
= g2 / / a?EQU(rUg + (1 =7)U; 0e)V dzdo.
0 0

We have

o 2
I < g—zcg? IViE<clV 2.
Note that (1 + & /\ +&B,(1))> < C(1 + A? + B,(1)). Therefore

45_60
a
Iy < —

C
IV +5 IV +CA + AP+ B@) VI
Next we estimate I ;” To this end, we observe

=2 / VaTAO(UE;s)<A(U5;£)()xVa - [A(Uf;e)aXV]a>dx
&

=% / VaT(AO(UE; 6) - Ao(Uo, 0)) <A(UO’ O)axI/a _ [A(UO, O)axV]a>dx

2

+ 2 / VaTAO(UO; 0)<A(Uo; 0)o,V, — [A(UO;O)()XV]a>dx.
€
Using the calculus inequalities and (69), the first two term in above equation can be bounded by
C+e/A+eB,O) |V I,
According to Lemmawe know that A''(U,; 0) = 0. Thus, the last term of I can be rewritten as

z / VT Ay(Uy: OXAUy: 003, V, — [AUy: 000, V], )dx

_2 / VITA) Uy 0)(AP(Uy; 0)0, VT — [A"(Uy; 000, V'], )dx
&

+2 / VT AT (Uy; 0)(A* (Uy; 009, V) — [A*(Uy; 0)9, V' '],)dx
&

+2 / VT A (Uy; 0)(A* (Uy; 000,V = [A2(Uy; 0)0, V'], )dx,
&

in which each term on the right-hand side contains V' /1. By the calculus inequalities, it is easy to see that
2 / VaTAO(UO; 0)(A(Uy; 0)o, V, — [A(Uy; 0)0, V'], )dx
£
C
<— ” VI[ |||a||| vV “s
€
0
e LA el R
£
This implies

1< VIR hC v e A+eBa) 1V I
13

For I X’ , we have
I =-2 / VI AyU*; €)0,(R™M)dx

) / VT (Ay(U*; €) — Ay(Uy; 0)0,(R™)dx — 2 / VT Ag(Uy; 0)9, (R")dx.

+2 / VT A< g)<(A(Uf; £) — AUy; 009, V, - [(A(U*; €) — AUy; 0))0xV]a>dx

(73)

(74)
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Using the || F,, ||,< Ce + Ce™#* = C(e + €2B,(1)) in Theoremand Assumption we obtain

-2 / V(AU €) — Ag(Uy; 0)9,(RMdx

SCU=U lil RE I IV

<e"(l+e A +eB. )| OpUp; 0, NI+ 1| E, DIVl
<C(1+e /\+eB,0) |IV]? + Ce™™.

The remaining term can be bounded by
-2 / VI AyUy; 0)9,(R™)dx
=— / e W IHT AZ(Uy;0)0,(q,,(Uy; 0w, dx + / "'V Ay(Uy; 009, F,,dx

< g | VI |I> +C(1 + eB,(0)* || V, |I* +Ce™™.
Therefore 5
LSS IV I+CA+ A+ BO) VI +Ce™. (75)
The last term is
I5= / V. <0r<Ao<UE; e) + éax(Ao(Ug;g)A(Ue; e))> V,dx.
And we have
VI0,A) U )V, < Clo,V +3,U" | V |

The equation of V" implies
1

9V =- lA(Ug;.s)axV + - <A(U£”';£) - A(Uﬁe))deEm
£ €
+ iz <Q(U$;5) - Q(Usm;f)> - R
£
Since || V' ||,= €2/\, we have

|- Lawsoavi<clvi=eA,
E £

E <A<U;"; € - A(Uf;e>>axU;"| <cl v =eA.
E £

|R"| < Ce™ ' < C.
Moreover,

OU%;e) - 0WU )
=Q(U*;¢) — QWU €) — 0y, QU €)V
+(0y QWU &) — 0y QUy; )V
+ 0y QWUy;€) — 0y QUy; 0)V + 0, O(Uy; O)V.
From the Lemma/[2] we obtain that

0 0 0
6Q(U;0)=< > 0Q(U;0)V=< )
u=tro 0 ¢,(Uy; 0) u=o 4 (Uy; )V 1T
Then
|O(U*;€) — QU™; €]
<SCUVIZHU" =Tl NV g+ NV I+ 1TV
<CUUM =T+ 1V I+ 1Vl +€2)
<Ce2(1+eB.) +* A\*+C | VI, .
Thus

10,V I< C( + A’ + B.() + f—z v
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Noting || 9,U!" ||,< C + CB,(t) from Assumption|I} we obtain
/ VI0,AyU*; €)V,dx
<C(1+ A+ B IVI? +3 II VIV
Setting AU®;¢) = Ap(U*;€)A(U¥; €), the second term of I can be treated as
1 / VT0,.(Ay(U*; ) AUS; )V, dx
£
_1 / VITo AU eV dx + 2 / VITo AU eV dx
£ £
+ 1 / Va”Taxﬁzz(Us;e)Va”dx.
&
Obviously, the last two terms are bounded by
= || Vv ||< S IV IP+CcivIE.
Since A''(U;0) = 0 and Ay(U,;0) is a block—dlagonal matrix, we have A'!(Uy;0) = 0. The first term can be bounded by
i / VITo AU o)V dx = i / VITo (AN (U*;e) — A (U,; 00V, dx
1 e
< C; Il 0, (U* = Up) Il V 112
<SCA+eAN+eB) |V I,

Therefore
' <— I VP +ca+ A+ B.ay VI +3 || VIV (76)

substituting (72)—-(76) into the mequahty @ yields

—/e(V )dx+

c m
. v ooy #CA+ A+ BO) IV I+ WV LIV IS +Ce™

1 2
||V I

Let 6 to be sufficiently small such that ¢; = ¢, — 86 € (0, cy). then we have

d 2 112
a4 / Wax+ V]|
7
c C "
< SVl +CA+ A+ B) IV I+ IV LIV T +Ce™.

Recall || V!' ||2 = 0. when |a| = 1, we see that < || V1 ||| _; on the right-hand side of (77)) can be controlled by < 21, VI,
More generally, 1et n € (0,1], Multlplylng (ie)) by 1'% and summing up the equalities for all index a with |a| < s ylelds

Ial -1 || 11 2
dt /e(V)dx+ oAy
|a|<s Q

|a|<s
<SOF VIR, +CA+ A2+ B VI
|a|<s—1

C
+ = VIV IR +Ce™,

in which C is independent of 5. Let ;1 be suitably small. Then
2 WV, S =R R &
|a|<s 1 |a|<s

and
T2« el 2
II Vi< e 2 Z v

|a|<s
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Therefore d
— ""/e(V )dx+ || Vi
dr |a|<s

Q
C
SCA+A*+B.0) |V | +5 | VDIV 2 +Cem.

By the Young inequality, we have

cn®
CUVINNVIE < == IV +—— 1V Iy
o’ c
S IV +—EANVIE
Thus,
d |(1|/ 112
— Vd + Vv
o 2 eVodx+ 2 N
<C(1+A?+B.()+ #) IV |12 +Ce™,
Note that

CWV, P <eV) <CIV, |
Now we fix # > 0. Integrating this inequality over [0, T,,] and noting that ZIaISs nlal /Q e(V,)dx is equivalent to || V,(T') 112, we
use || V(0) ||,= O(e™) to obtain
T T
1 m
vk [ivioRascrens [eas At B v e
0 0

Then
T

| V(T) II2< CTe™ + / CA+ N>+ B.@) V@) |} dr.

0
We apply Gronwall’s lemma to above equation to get

T
| V(T) |I2< CT,,e™" exp [ / Cl+ A%+ BE(t))dt]. (78)
0

Since || V' ||,= £2/\, it follows from above equation that
T

/\(T)? < CT, e *exp [ / Cl+A”+ Bs(t))dt] = O(T).
0
Thus,
®'(T) = C(1 + A\* + B,(t))®(T) < C(1 + B,())®(T) + CO*(T).

because of fOT B (1) < i Applying the nonlinear Gronwall-type inequality in Lemmato the last inequality yields

T

AT < sup ®(T) < Cexp [ / cd+ BE(t))dt].
0

[0.7,]

if we assume m > 2 and choose € so small that ®(0) = C Tmsz’”“1 < 6. Then there exists a constant C, independent of &, such that

AT <C.

for any T € [0, min{T,,T,,}). Because of (78), there exists a constant K > 0, independent of ¢, such that

€ m

IV ll,< Ke™.

This completes the proof of Theorem 3]
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S | CONCLUSIONS

In this work, we study the structural stability condition for the radiation hydrodynamics system, which is governed by Euler
equation coupled with the HMP,, moment modell% of radiation transport equation. The resultant coupling system is a first-order
partial differential equations with stiff source. The stability theory for hyperbolic relaxation systems=%4% has been verified for
numerous well-known systems of PDEs in physics, and it can also be used to analyze the compatibility of hyperbolic relaxation
systems?#. This work further demonstrates the universality and the significance of the stability theory for hyperbolic relaxation
systems=2¢, On the basis of the structural stability condition, we verify the non-relativistic limit by combining an energy method
with a formal asymptotic analysis.

6 | APPENDIX

In this Appendix, we prove A''(U,,;0) = 0 and Al'(U,,;0) = 0 which established in Lemma
Take value on the equilibrium state and set £ = 0 in (36). We can obtain

"~ . 0 0 - .

AWU,;;0) = DyU(,,;0) ( RO R ) (Dy0)'(U,,; 0), 79
a v ! Onvs1x3s D'MD(U,,) v !
where D~' M D(U,,) € RV+DX(N+D_From the above discussion in Section H we know that

Lo P, 0
D, U, ;0 = ( ! ) ,
v 0 Iyun

in which P; € R¥* defined in (28). Then A(U,_; 0) can be rewritten as

7

0353 0341 Oz -1
P 0 0 x x x P1 0
1x3 81 & s

A,,;0) = (
Onws 8 &

0 Inyn 0 Inun

where g, is the first element in the upper left corner of D~'M D(U,,). g, € RN, g; € RV, g, € RV*N are corresponding
block of matrix D~' M D(ﬁeq).

Next, we calculate g, and the first component of vector g;. Note that ﬁ(ﬁeq) is diagonal matrix which showed in (23),
M(a) = A~ {(pudlo, (&D[“])T)ﬁ[;] and A(a) = diag(Ry, &, -+, Ky ) due to (T3). It follows from the definition of the inner
product of ¢! (T3) that

1

M, (a) = & g(a) / u® ()@ () /0" (uydp
-1

= Rgo(@) / pi' ™ (ydu = &y (@R, (@),
1

My, () = & |(a) / u® ()@ () /0 (pyd
-1

1
= &) (@) / U\ (@' (ydp = k7 (@)k)  (a) = 1.
-1

Hence, g, = M”(O) = K, (0)k; ((0) = 0. The first components of g5 is (—2b(9)1\~421ﬁ0‘1 # 0. Thus gj; is not zero. Therefore

0 0 0
o P 0 33 3><1> < 3><N> P10
A(Ueq;0)=< ! > <01><3 0 208 < ! >

01 0 1
o o ) & v

0
0 P 3><N>
— 4x4 1 < 2

<0N><3 £) Pfl 84

(80)
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Since g5 is not zero and the matrix P, is invertible, the rank of the matrix (O N3 g3) P is 1 . Divided the matrix A as follows
AV (U;e) A%(Use)
A2N(U;e) AR(U;¢)
where A'1(U;e) € R¥3, A2(U;e) € R>WNV+D 221U e) € RIVHDXC | A22([J; ) € RN+DX(N+D Then it follows from (80)

that A''(U eq>0) = 0 for all U eq € G~eq. Meanwhile, A2'(U ¢q>0) 1s the matrix formed by the first three columns of the following
(N + 1) X 4 matrix

< 01><4 >
(ONX3 ga) P1_l
Thus, A*'(U,,;0) is not full-rank matrix.
Furthermore, we analyze A“( ; 0). Firstly, we show that A“( ¢q>0) = 0. For any u = (p, pv, pE), we have

AU;e) 2 <

eq’

AU, 0) = 0(DUU)< 0 )(DUL”/)—1

81
0 0 0 0 ®1

7 -1 ¥ -1
+ D, U <0 au(f)—le))> (D, 0)" + D, U <0 D—IMD> 0,(DyU)".

From the expression of DU in and 6 = 6(u), we know that
0
9,(Dy U)( 9,0)=<3X3 >
v ! Y, 0(N+1)><(N+1)

with Y; is a non-zero matrix in RV*1*3, Therefore, we have

0 0
2,(D,U),,; = ("2 > < ) =0
Dy U, )<o D'M D, eq,0)> <Yl 0<N+1>x<N+1> 0 D~ IMD( U,,:0)

In the second term in @, since D-'M D is only depend on w, so du(D‘lM D) = 0, which yields the second term vanish. From
above discussion, we know that

0
0 _ g4 Py < 3XN>
DyU(Uy: )<0 D! MD(Ueq,0)> - ( ;

Onxs g3) &4
A tedious calculation shows that the matrix of inverse transformation is
(D, 0)~'(U;0)

1 0 0 0 0
0 1 0 0 0
W, ¥, | 1
_ 1550, 1450, 1450, 1550, 0 Osxn—1) (82)
ol | IR S O 7 | Kol .
(400,050 (+60,00k00  (+50,0k00 (1+60,00k00 Koo
0 0 0 0 1
On—1yxs TN 1yxv-1)

Thus we can obtain

Y, O
0,(Dy ) (U0 = (oﬂ o )
X: X

with ¥, € R¥“. So the third term of (81)) can be rewritten as

0
0 b-'Mb(,,:0)

0
O4><4 Pl < ?gsz> < Y2 04><N> — <04><4 04><N>

(ONX3 g5 ) 2 0N><4 0N><N Y3 0N><N

with Y; is corresponding matrix. Thus that the 3 x 3 block in the upper left corner of matrix A, (U,
AN(0,,;0) = 0 forany u = (p, pv, pE).

D, U( eq,0)< >d(DUU) (U,:0)

eq> ;0) is zero. This means



4| AILET AL

Since @& = i@i(u, w), we have
0, AU,

‘]; q° eq’

~ - ou ~ ~ ow
0)=0 AU, :00= +09, AU, ;00—
)=0,A" (U, )aa+“’ ( )aa

_ 1,77 . dw
=0, 4" (0, 05
According to expression of (D, U)™! in (82), we know ‘;l;’ are zero except for aa—j;’. Thus
T T ow T /o
Er -0) = 1 - — g -
04" (U, 0) = 0, A" (U,y: 052 = 0, A" (0, : 002

Thanks to the equations of hydrodynamical variables (32)), we set

T
FU;e) = <£pv, e(pV* + p+ 5[5 + Ka0fy)s  E(pEU+ pu) + K1!0f0> ,
with K, 5, Ky, ko are function of a such that A''(U; €) = 0, F(U; €). Thus
11,7 . -~ T
0, A" (Use) =0, (0,F(Us¢)) = 0,0, F(Us€) = 0;(0, ex59(a), k()"

. 0 F)
And since a—w are zero except for %, we have
u u

ou ow 21y
0;k1 (@) = auxlqo(a)a + 0wK1,0(a)£ = afolcl’o(a)g =0

Similarly d;, o(ar) = 0. Therefore 9, A''(U,,; 0) = 0.

In conclude, on all equilibrium state Ueq, we see that

ANT,,;0) =0, 2,A"(U,,;0) = 0.

7> 7>

Moreover, A2!(U,,;0) is not full-rank matrix.

g
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