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1 | INTRODUCTION

Summary

In this paper, we propose an inertial algorithm for solving split equality of mono-
tone inclusion and f-fixed point of Bregman relatively f-nonexpansive mapping
problems in reflexive real Banach spaces. Using the Bregman distance function, we
prove a strong convergence theorem for the algorithm produced by the method in
real reflexive Banach spaces. As an application, we provide several applications of
our method. Furthermore, we give a numerical example to demonstrate the behavior

of the convergence of the algorithm.
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Let E be a reflexive real Banach space with its dual E*. Let f : E — (—o0,+00] be a function. We denote the domain of
f by domf, thatis, domf = {x € E : f(x) < oo}. A function f is said to be proper if domf # @. It is said to be lower
semi-continuous if the set {x € E : f(x) < r} is closed for all » € R. The function f is called convex if f(ax + (1 — a)y) <
af(x)+ (1 —a)f(y) forall x,y € E and @ € [0, 1]. The function f is called uniformly convex if there exists a continuous
increasing function y : [0, +00) = R, w(0) = 0, such that f(tx+ (1 —1)y) <tf(x)+ (1 —1)f(y) —t(1 — Hw(||x — y||), for all
x,y € domf. The function y is called a modulus of convexity of f. It is called strongly convex if f is uniformly convex with
the modulus of convexity y (1) = ct?, ¢ > 0. A function f is said to be strongly coercive if limy 2 oo ﬁ = +00.

For a proper, lower semi-continuous and convex function f : E — (—o0, +00], the subdifferential of f at x is defined by

of(x)={x"€E": f(y) = f(x) 2 (y—x,x"),Vy € E}.
The Fenchel conjugate of f is a function f* : E* — (—o0, +00] defined by

fr(7) = sup{{x,x") - f(x) : x € E}.
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For any x € int(domf) and any y € E, we denote by f°(x, y) the right-hand derivative of f at x in the direction of y, that is,

700y = li LEE 2T, 1)
The function f is called Gateaux differentiable at x if the limit exists for any y € E. In this case, the gradient of f at x,
V f(x), coincides with fO(x,y) for all y € E. It is called Gateaux differentiable if it is Gateaux differentiable at every point
x € int(domf). We note that if the subdifferential of f is single-valued, then d f = V f. The function f is said to be Fréchet
differentiable at x if the limit is attained uniformly for every y € E with ||y|| = 1 and f is said to be uniformly Fréchet
differentiable on a subset C of E if the limit (1) is attained uniformly for x € C and ||y|| = 1. If f is a uniformly convex and
Giteaux differentiable function in (dom f) with modulus of convexity y, then (x — y, V f(x) — V() > 2w (||x — y|),Vx,y €
domf, or equivalently, f(y) > f(x) + (y — x, V(%)) + w(||x — y||),Vx,y € domf.If a function f is strongly convex with
constant > 0 and Gateaux differentiable in (dom f), then (x —y, V f(x) = V£ (»)) > ullx—y||%, Vx,y € domf, or equivalently,
) = fx)+{y—x,Vfx)+ §||x — |12, Vx,y € domf. Note that, if f is strongly convex with constant y, then f* has
a Lipschitz gradient with parameter i and if f has a Lipschitz gradient with parameter L, then f* is strongly convex with
4) If E is a smooth and strictly convex Banach space, the function f(x) = ||x||?, Vx € E is strongly convex

parameter % (see,
13)_

with constant u € (0, 1] (see, Phelps
A function f : E — (—o0,+o0] is called Legendre if it satisfies the following two properties:

(L1) the interior of the domain of f, int(domf), is nonempty, f is Gateaux differentiable and dom(V f) = int(domf);
(L2) the interior of the domain of f*, int(domf™), is nonempty, f* is Gateaux differentiable and dom(V f*) = int(domf™);

One of the important and interesting Legendre function in a smooth and strictly convex Banach space is f(x) = i [Ix]IP (1 <p<
+oo) with its conjugate function f*(x*) = 1||x*||q (1 < g < +00) (see, for example, Bauschke? and Bauschke et al.”), where

- + - = 1. In this case, the gradient of f, V f coincides with the generalized duality mapping, J,,, of E, thatis, Vf = J,, where
J E — 2 is defined by

J,0 =1y € E* 2 (x, ") = IxIP, If 1l = IxII”~"}, Vx € E.

If p = 2, we write J, = J, called the normalized duality mapping and if E = H, a real Hilbert space, then J = I, where [ is
the identity mapping on H. If the function f is a Legendre function and E is a reflexive Banach space, then V f* = (V f)™!(see,
Bonnans and Shapiro®).

Let f : E - (—o0, 0] be a Gateaux differentiable convex function. A mapping T : E — E* is said to be f-nonexpansive if

ITx =Tyl <[IVS(x)= VS

for all x,y € E. The set of f-fixed points of a mapping T" denoted by F,(T) is defined by F,(T) = {p : Tp = Vf(p)}.
A point x € E is called an f-asymptotic fixed point*!! of T if E contains a sequence {x,} which converges weakly to x and
im,_, , IT(x,) — Vf(x,)|| = 0. We denote the set of asymptotic fixed points of T by F;(T ).

Let f : E — (—o00,+00] be a Gateaux differentiable convex function. The function D, : domf X int(domf) — [0, +c0),
defined by

D;(y,x)=f(»—fx)—{y—x,Vf(x),Vx,y € E. )

is called the Bregman distance with respect to f (see, Bregman®).
The Bregman distance has the following two important properties (see, Reich and Sabach''?), called the three-point identity: for
any x € domf and y, z € int(domf),

Dy(x,y)+ D;(y,2) = Dy(x,2) =(x =y, Vf(2) = VS (), 3)
and the four-point identity: for any y, w € domf and x, z € int(domf),
D (y.%) = D (. 2) = D p(w.x) + D (w0, 2) = (y — 0,V f(2) = V. (). @)

Note that if E is a smooth and strictly convex Banach space and f(x) = %llxll2 for all x € E, then we have that Vf = J, where
J is the normalized duality mapping from E into 2F" and the Bregman distance with respect to f, D r» reduces to the Lyapunov
functional ¢ : E X E — [0, +00) defined by

(v, %) = lIyl* = 2(y, Jx) + [|x||*,Vx, y € E. S
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Definition 1. (Wega and Zegeye“") A mapping T is called a Bregman relatively f-nonexpansive if
D(p,Vf*(T) < Dy(p,x),Vx € E, p € F(T) and F(T) = F/(T) # 6.

We remark that if f(x) = %||x||2, for all x € E, then Vf = J and D;(y,x) = ¢(y,x) for all x,y € E and hence
the f-nonexpansive and Bregman relatively f-nonexpansive mappings reduce to the semi-nonexpansive and ¢-relatively J-
nonexpansive mappings, respectively. Moreover, f-fixed point and f-asymptotic fixed point of T reduce to semi-fixed point and
semi-asymptotic fixed point of T, respectively. If, in addition, E = H , areal Hilbert space, then f-nonexpansive and Bregman
relatively f-nonexpansive mappings become nonexpansive and relatively nonexpansive mappings, respectively.

A mapping A : E — E* is called monotone if

(x —y,A(x) — A(y)) > 0,Vx,y € E.
It is called a-inverse strongly monotone if
(x =y, A(x) = A)) 2 all Ax = Ay|*,Vx,y € E.

A multi-valued mapping B : E — 2£" with domain domB := {x € E : B(x) # @} is said to be (i) monotone if, for every
x,y € E,we have (x—y,u—v) > 0,Yu € B(x),Vv € B(y); (ii) maximal monotone if it is monotone and if, for (x,u) € EX E*,
(x=y,u—v) > 0forall (y,v) € grh(B)implies u € B(x), where the set gri(B) := {(x,y) € EXE* : y € B(x)} is graph of B.

Let f : E — R be a convex and smooth function and g : E — R be a convex and lower semicontinuous function. Consider
the following minimization problem:

min{f(x) + g(x)}. (6)
By Fermat’s rule, problem (€)) is equivalent to the problem of finding a point p € E such that
0e(Vf+02)p), @)

where V f is the gradient of f and dg is the subdifferential of g.
The general form of problem (7)) is called monotone inclusion problem (MIP) which is to find an element x € E such that

0 € (A + B)x, 3)

where A : E — E* is a monotone mapping and B : E — 2" is a maximal monotone mapping. We denote the solution set of
by (A + B)~10, thatis, (A + B)"'0 = {x € E : 0 € A(x) + B(x)}.
We define the resolvent of a maximal monotone mapping B for A > 0 by

JEB(x) = (Vf + AB)"'Vf(x),Vx € E, ©)

where f : E — (—o0, +00] is a Gateaux differentiable convex function. We note that, F(J f) = B 1(0).
Moudafi? introduced and studied a new generalization of the monotone inclusion problem in Hilbert spaces. It is called Split
Monotone Inclusion Problem (SMIP) which is defined as finding a point p € H, such that

(p, S(p)) € (A+ B)"'ox (C + D)7 !0, (10)

where A : H, - H,and C : H, — H, are inverse strongly monotone mappings, B : H, — 2t and D : H, — 2% are
maximal monotone mappings and S' : H;, — H, is bounded linear mapping, where H;,i = 1,2 are Hilbert spaces. If S = I,
then the SMIP reduces to the Common Solution Monotone Inclusion Problem (CSMIP). He proposed the following iterative
algorithm for approximating the solution of SMIP and proved its weak convergence. For x; € H |, the sequence {x,} generated
by
Xpyy = U(x, +yS*(T — Sx,), an

where S* is the adjoint mapping of S, T = J2(I — AA),and U = J P(I — AC), where 4 > 0.

The Split Monotone Inclusion and Fixed Point Problem (SMIFPP)?%is the generalization of SMIP which is defined as finding
a point (p, q) € H, X H, such that

pEF(T)N(A+B)'0,g € F(G)Nn(C+ D)"'0and S(p) = K(q), 12)

where A : H; - H, and C : H, - H, are inverse strongly monotone mappings, B : H;, — 2t and D : H, — 2%
are maximal monotone mappings, T : H, — H, and G : H, — H, are demi-contractive mappings, S : H, — H; and
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K : H, - H; are bounded linear mappings, where H,,i = 1,2,3 are Hilbert spaces. f{ C =0=D,T =G =1,and K = I,
where I is identity mapping, the SMIFPP reduces to the Split Monotone Inclusion Problem (SMIP).

In 2021, Taiwo et al.?# studied the split equality problem for systems of monotone inclusions and fixed point problems of
set-valued demi-contractive mappings in real Hilbert spaces. They proposed a viscosity type algorithm and proved its strong
convergence under some mild assumptions.

The need to speed up the convergence of iterative algorithms has always been of great importance. In 1964, Polyak'® proposed
an inertial algorithm which can be seen as a discrete version of a second order time dynamical system to speed up convergence
rate of smooth convex minimization problem. The main idea of this method is to make use of two previous iterates in order to
update the next iterate, which results in speeding up the algorithm’s convergence. Very recently, some authors have proposed
viscosity-type algorithm with different inertial parameters for solving equilibrium and fixed point problems; see for example®32,

In 2021, Yao et al.* proposed the following iterative algorithm with inertial extrapolation step for approximating a solution
of SMIP in real Hilbert spaces and proved weak convergence of the sequence generated by the proposed algorithm under some
mild assumptions. Let A : H, — H, and C : H, — H, be inverse strongly monotone mappings, B : H, — 2% and
D : H, — 22 be maximal monotone mappings. For arbitrary x,,, x; € H,, define the sequences {w,} and {x,} by

{ w, =x,+a,(x, —x,_)

13)
X =Uw, +yS*(T - DHSw,),

where S* is the adjoint mapping of S, T = Jf(l — AA),and U = Jf([ — AC), where 4 > 0,0 < a, < a,,where a, = 6 if
X, = X,_,, otherwise @, = min{f, —=—1}, where § € [0,1) and {¢,} C ¢, and y, = y > 0if (T — I)Sw, = 0, otherwise
— oll@=DSw,|?

" ISHT-DSw,|?’
In 2020, Izuchukwu et al.” proposed and studied a new inertial extrapolation method for solving the split feasibility problems

over the solution set of monotone inclusion problems in real Hilbert spaces. Let A : H, — H, be Lipschitz monotone mapping,
T : H, —» H, be nonexpansive mappings, B : H, — 21 be maximal monotone mapping and S : H, — H; be bounded
linear mapping such that ||.S|| # 0. For arbitrary x,, x; € H,, define the sequences {u,}, {w,}, {y,} and {x,} by

-

M1, =2, l

where 0 < 0, < 1.

u, =x, +a,x, —x,_;)

w, =u,—vy,S*"U-T)Su,

1y, =+ 4,B)7'(1-1,A)w, 14)
Z, = Y, — Ay(Ay, — Aw,)

Xpp1 = (1 =0, = p)w, +6,z,,

n—

— — 1. A . ¢ n—l £ 1
where 0 < «, < «,,where @, = if x, = x,_,, otherwise a, = min{—— 2 0<b< <c¢ < —,and
= "n =" n nta—1 n n—1> n {n+a—1’ ||xn—xH||}’ SO03T = I1s)2’

%, A ) if Aw, # Ay,, otherwise 4,,Vn > Oand {f,}, {0,}, and {g,} are sequence of positive real numbers.
They proved that the proposed method converges strongly to x*, where x* € (A + B)~'(0) and S(x*) € F(T), under some
condition on the control parameters f3,, 6,, and €, provided that {p € (A + B)~'(0) : S(p) € F(T)} # ¢.

All the results addressed above deal with either of the following: split monotone inclusion and fixed point problem or split
feasibility problems over the solution set of monotone inclusion problems in real Hilbert spaces. Based on these results, the

following important question arises:

Apyp = min{

Question 1. Can we obtain an inertial method for approximating a solution of split equality of monotone inclusion and f-fixed
point problems in real Banach spaces?

The Split Equality of Monotone Inclusion and f-Fixed Point Problems (SEMIfFPP) is defined as finding a point (p,q) €
E, X E, such that
(p.9) € (F;(T) N (A + B)~'0) X (F,(G) N (C + D)~'0) and S(p) = K(g), s)
where T : E, — E{ and G : E, — EJ are Bregman relatively f-nonexpansive and Bregman relatively g-nonexpansive
mappings, respectively, A : E; - Ej and C : E, — E7 are monotone mappings, and B : E; — 2B and D : E, — 25 are
maximal monotone mappings, S : E; — E;and K : E, — E; are bounded linear mappings with adjoints S* : EY — E} and
K* E;‘ - E;‘ , respectively. If E; = H;, i = 1,2, 3 are real Hilbert spaces, then the SEMIfFPP reduces to the split equality of
monotone inclusion and fixed point problems (SEMIFPP).



ZEGEYE ET AL | s

Many mathematical models in the fields of machine learning, statistical regression, image processing and signal recovery are
reformulated as problem (see, 10,20 2728129 Tn addition, the problem includes the core of many mathematical problems, as
special cases, such as: split monotone inclusion and semi-fixed (J-fixed ) point problem, split monotone inclusion and fixed point
problem, common solutions of monotone inclusion and fixed point problems, split equality monotone inclusion problem, split
equality fixed point problem and many important optimization problems such as, split feasibility problems, split minimization
problems, split equilibrium problems, split saddle-point problems (see for example, 10,220,232 23 26)

Motivated and inspired by the works of Moudaf'2, Taiwo et al.2324, Izuchukwu et al.” and Sunthrayuth et al.?2, we introduce
and study an inertial algorithm which converges strongly to a solution of split equality of monotone inclusion and f, g-fixed
point of Bregman relatively f, g-nonexpansive mapping problems in reflexive real Banach spaces. In addition, we provide
several applications of our method and provide a numerical example to demonstrate the behavior of the convergence of the
algorithm to a solution of the indicated problems.

2 | PRELIMINARIES

Let E be a reflexive real Banach space with its dual E*. Let f : E — (—o0,+o0] be a Gateaux differentiable convex function.
The function v, : int(domf) X R* — R defined by

ve(x,t) = inf D.(y,x): ||lx—=yll =t
(X, 1) ye[nt(domf){ (X)) | VIl }
is called the Modulus of total convexity of f at x € int(domf) and f is called totally convex if
ve(x,1) > 0, forall (x,1) € int(domf) X R*.

We remark that f is totally convex on bounded subsets of E if and only if f is uniformly convex on bounded subsets of E (see,
Butnariu and Resmerita”Z, Theorem 2.10, Page 9).
The Bregman projection of x € int(dom ') onto the nonempty, closed and convex set C C dom f is the unique vector Pg x)ecC
satisfying

D (PL(x),x) = inf{D/(,x) : y € C}.

The well known Bregman projection properties are:

Lemma 1. (Bunariu and Resmerital) Let f be a totally convex and Gateaux differentiable function on the int(domf) and
x € int(domf). Let C be a nonempty, closed and convex subset of int(domf). Then,

(i) z=P/(x)ifand only if (y — z, V.f(x) = Vf(2)) < 0,Vy € C;
(i) D;(y, PL(x))+ D, (PL(x),x) < D;(y,x), ¥y € C.
Let f : E — R be a Legendre function. We make use of the function V, : E X E* — R defined by
Vi(x,x*) = f(x) = {x,x") + f*(x"), forall x € E and x* € E*.
We note that V is a nonnegative function which satisfies (see, Senakka and Cholamjiak'?)
Vi(x,x*) = Dp(x, Vf*(x")) forall x € E and x* € E*, (16)

and
Ve, x*) +(VfH(x") = x, ) S Vp(x,x" + %), forall x € E and x*, y* € E™. a7

Lemma 2. (Wega and Zegeye-") Let f be a strongly convex function with constant > 0. Then, for all y € domf and
x € int(domf), u
Dy(y.x) 2 S llx = yIP,

where D /(y, x) is a Bregman distance with respect to f .

Lemma 3. (Phelps!®) If f : E — (—co,+o0] is a proper, lower semi-continuous and convex function, then f* : E* —
(—o0,+00] is a proper, weak lower semi-continuous and convex function and for any x € E, {y, } ]1{\’:1 C E and {c, }kN=1 c(@O,1)
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with 37" | ¢, = 1 the following holds:

N N
D(x,Vf* <chVf(yk)>) < Y D (x, yyp). (18)

k=1 k=1

Lemma 4. (Reich and Sabach) Let f : E — R be a Gateaux differentiable function which is uniformly convex on bounded
subset of E. If {x,} and {y,} are bounded sequences in E, then lim D ,(x,,y,) = 0 if and only if lim ||x, — y,|| = 0.

Lemma 5. (Reich and Sabach”?) Let f : E — R be a Gateaux differentiable and totally convex function. If x € E and the
sequence D ;(x,, x) is bounded, then the sequence {x,,} is also bounded.

Lemma 6. (Butnariu and Iusem®) Let f : E — R be a strongly coercive Legendre function. Then the following properties are
satisfied:

(i) Vf : E — E* is one-to-one, onto and norm-to-weak continuous;
(ii) theset {x € E : D(x,y) <r} is bounded forall y € E and r > 0;
(iii) domf* = E*, f* is Gateaux differentiable and V f* = (Vf)~L.

Lemma 7. (Reich and Sabach!!®) If f : E — R is a uniformly Fréchet differentiable and bounded function on bounded subsets
of E, then V£ is norm-to-norm uniformly continuous on bounded subsets of E and hence both f and V f are bounded on
bounded subset of E.

Lemma 8. (Wega and Zegeye"!) If T : E — E* is a Bregman relatively f-nonexpansive mapping, then F +(T') is closed and
convex.

Lemma 9. (Saejung and Yotkaew''® ) Let {b,} C R and let {a,} be a sequence in (0, 1) such that Z @, = oo and

n=1

a,, <0-a)a,+ab,,n>1

n-n>

If for every subsequence {a, } of {a,} such that liin inf (ank "= ank) 2 0 we have limsup b, <0, then lim g, = 0.

k—o00 n—0oo

Lemma 10. (Barbul) Let A : E — E* be a monotone, hemicontinuous and bounded mapping, and B : E — 2 be a maximal
monotone mapping. Then A + B is maximal monotone.

Let E, and E, be reflexive real Banach spaces with duals E} and E7, respectively. Let E = E, X E, with dual E* = EY X EJ
and duality pairing
(X, y") = (e ¥p) + (20, 3,
where x = (x|, x,) € E, y* = (y], ;) € E*.
Leth : E = E; XE, = (—o00,+00] be defined by h(x,, x,) = f(x)+g(x,), V(x,x,) € E; XE,, where f : E; = (—00,+]
and g : E, = (—o0,4o00] are proper, lower semi-continuous and convex functions. Then 4 is a proper, lower semi-continuous
and convex function and the subdifferential of /4 at x = (x|, x,) is the convex set given by

oh(x) = {x* € E* : h(y)— h(x) > (y — x,x*),Vy € E}
= {(x],x3) € E{ X EJ . x] € 0f(x) and x € 9g(x,)}.

Iff:E = (—o0,+c0]and g : E, = (—00, +o0] are Gateaux differentiable convex functions, then 4 is Gateaux differentiable
convex function and Vh(x, x,) = (V f(x), Vg(x,)), ¥V(x,,x,) € E; X E,.

3 | MAIN RESULTS

In this section, we propose an inertial algorithm to solve the split equality of monotone inclusion and f, g-fixed point of Bregman
relatively f, g-nonexpansive mapping problems in reflexive real Banach spaces. The following assumptions will be used in the
sequel.

Assumptions
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(Al) Let E;,i = 1,2, 3 be reflexive real Banach spaces with their respective duals Ei*, i=1,2,3;

(A2) Let f : E;, > Rand g : E, — R be strongly coercive, lower semi-continuous, strongly convex, bounded and uniformly
Fréchet differentiable Legendre functions on bounded subsets with strongly convex conjugate f* and g*, respectively. Let

the strong convexity constants of f and g be y; and u,, respectively, and let 4 = min { Hys /42};

(A3) LetT : E; - Ef and G : E, — E7 be Bregman relatively f-nonexpansive and Bregman relatively g-nonexpansive

mappings, respectively;
(A4) Let A : E; — Ef and C : E, — EJ be uniformly continuous monotone mappings;

(AS) Let B : E; — 2% and D : E, — 2% be maximal monotone mappings;

(A6) Let S : E, — Ejand K : E, — E; be bounded linear mappings with adjoints S* : EJ — E} and K* : Ej — EJ,

respectively;
(A7) Let Q= {(a,b) € (F(T)N(A+ B)~1(0)) x (F(G)n(C+ D)™1(0)) : S(a) = K(b)} # 0.

(A8) Let {a,} C (0, 1) be such that lim, =0 and Z:’;l a, = o0;

n—oo an
(A9) Let {r,} be sequence in (0, %) such that lim,,_, ;—” =0;
(A10) Let J be anormalized duality mapping on Ej.

Algorithm 3.1

Initialization: Choose (x, w), (x,, wy), (x;,w,) € E; X E,, f € (0,1), 0 € (0, 4), 0 < 0,p,n, 4, 6,. Define the algorithm as

follows:

Step 0: Choose ¢, such that 0 < 6, < o, where

. r, .
min o s if x X & w w
5, = { { IV £ )=V DIV g (w,) =V (o, )l ”} n ¥ Xn-i n 7 Wt

c otherwise
Step 1: Compute
a, = V' (Vf(x,) +0,(Vf(x,) = Vfx, )
b, = Vg'(Vgw,) + 0,(Vgw,) — Vg(w,_))).
Step 2: Choose y,, such that p <y, < p, for S(a,) # K(b,) otherwise y, = p, for some p > 0, where

e pllS@a,) = Kbl
p,=min< p+1, .
2 (18T, (S(a,)) = KB)I? + 1K*J 5 (K(b,)) = S(a,)I?]

Step 3: Compute
d, =Vf'(Vf(a,) = 7,5 Jg (S, - Kb,
e, =Vg"(Vg(b,) - r,K*Jp (K(b,) — S(a,))),
Step 4: Compute
Va = JIVAVSd,) ~ 2,AWd,)),
z, = Jj:vg*(vg(en) -68,C(e,)).
Step 5: Compute

u, = VI*(VF(y,) = 4,(A,) — Ad,))).

v, = Vg*(Ve(z,) — 6,(C(z,) - C(e,))),
Xpp1 = V@,V )+ A —a) [BVf @)+ (1= HT@,))).
W,y = V'@, Vew) + (1 - a,) [AVe(®,) + (1 = G(®,)]).

19)

(20)

@1

(22)

(23)
(24)
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Step 6: Choose 4,,; and ,,; suchthaty < 4, < 4,,,andyn <6,,, <§6,,,, for some n > 0, where

. Olly,—d,ll :
—_ [mi { A ol 4 if AG,) # A(,),
Aps otherwise,
and
. 0|z, —e, .
Spp1 = mm{‘s"’ ||c<ﬂ,,>n—czlln>n } 1Cz,) # Clen).
Oy otherwise.

Setn :=n+ 1 and go to Step 0.

(25)

(26)

Remark 1. We note that if A and C are Lipschitz monotone mappings with Lipschitz constants L, and L,, respectively, then

following the method in*!, we obtain # = min { Li, AL Li, 5 } and hence lim A =Adandlim _ 6
1 2

n—00 n

= 6, where 4,6 > 1.

Lemma 11. Suppose that the assumptions (A1)- (A10) hold. Then the sequences {x,} and {w,} generated by Algorithm 3.1

are bounded.

Proof. Let (p, q) € Q. By the definition of the Bregman distance, (25) and Lemma 2] we have

Dy(p,u,) = Dp(p,V*(Vf(y,) — 4,(Ay,) — A(d,)))
= f(p) - f(un) - <p - un’ Vf(yn)> + <p - un’ An(A(yn) - A(dn))>

= D;(p.y,) = Dy(u,, y,) +{p — u,, 1,(A(y,) — A(d,)))

IA

IA

n+1

IA

04,
Dy(p.y,) = Dy, y,) +{p = ¥y 1,(A(y,) — A(d,))) + 27 ly, =
n+1

IA

2

n+1

04,

)’n+l

IA

D(p.y,) - (1—

/ln+1
From (@), we have

Df(P’ yn) = Df(P7 dn) - Df(yn’dn) + <P - yn’ Vf(dn) - Vf(yn» .

Furthermore, from (I6) and (T7), we obtain
D;(p.d,)

Vi,V f(a,) — 1,85 Jg,(S(a,) — K(b,))

IA

Substituting (29) into (28) gives

Df(ps yn) - Df(un’ yn) + (p - yn’ An(A(yn) - A(dn))> + (yn - un’ )'n(A(yn) - A(dn))>
Df(p7 yn) - Df(un’ yn) + <p - yn’ in(A(yn) - A(dn))> + An”A(yn) - A(dn)””yn - un”

A
Ds(p,y,) — Dy, y,) +{p =y, 4,(A(y,) — A(d,))) + </1 - > Oy, — dulllly, — u,ll

04, 2 02
Df(p7yn) - Df(un7 yn) + <p - yn’ in(A(yn) - A(dn))> + ;Df(yn’dn) +

04
> D,(u,.y,) + p —D (¥, d,) + (P = Vo 24(A(,) — Ad,))) -

Dy(p,Vf*(Vf(a,) = 7,5 I, (S(a,) — K(b,)))

Vi, V(@) =r,(d, = p.S* I (S(a,) — K(b,))
D;(p.a,) =7, {SWd,) = Sp), I (S@a,) - K(b,)) .

F@) = f) =P =y VWD) — [f ) = F ) =y = 3 VG + (P — w,, 4,(A(y,) — Ald))))

@7

(28)

(29)

Df(ps yn) S Df(pvan) - Yn <S(dn) - S(p)s ‘IE3(S(an) - K(bn))> - Df(yn’dn) + (p - yn’ Vf(dn) - Vf(y,,))
= Ds(p.a,) = D;(y,,d,) + (p=,, V) = VI(,)) =7, (Sd,) = Sp), g, (S(a,) = K(b,))).  (30)

Again, from (3), we have

Ds(p.a,) = D;(p,x,) — Ds(a,.x,) +{p—a, V[(x,) - Vfia,)).

(€19}
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Now, from (I9), (20) and Lemma[2] we obtain that
<p —a,, Vf(xn) - Vf(an)> < ”vf(xn) - Vf(an)“”p - an”
= 0,[IVf(x,) = Vfx,_Dllllp—a,ll
< ZUVSCo) = Vo)l [llp = a, 12+ 1]

0l £06) = V£ Gl [P = %, + I, = @, 1] + ZHIVFGx,) = VG )

2r, 2r, r,
7Df(p,xn)+ 7Df(an,x,,)+ E (32)

Combining (27), (30), (31) and (32), we find
04, 04,
Dy(p,u,) < Ds(p,y,)— (1 - D(u,,y,) + Ds(y,,d,) +{p = y,, 4,(A(y,) — A(d,)))
A A
n+1 HAu1

< Dy(p.a,) = Dy, d,) + (p =1, V() = V() = 7, (S(@,) = S(p). I, (S(a,) = K(b,))

04, 02,
- <1 - > D,(u,,y,) + ——D;(y,.d,) + (P — ¥, 1,(Ay,) — A(d,)))
A A
HAn HApp

IA

IA

04 02
= Ds(p,a,) = Dy(y,,d,) = <1 -— >D Wy, ¥,) + ——Dy(y,.d,)
4 ! /4/1n+] s ”An+1 s

1, (S(d,) = S), T, (S(a,) = K(b,)) +{p = y,, VI(d,) = V() + 4,(A(y,) — Ad,))

04
= D;(p.x,) = D (@, x,) + (p— a,, Vf(x,) = V(@) = D;(3,.d,) <1 - ) D, ,)

n+1

04
+/4/1 Dy d,) = 1, (S(d,) = S0), T, (S(a,) = K(b,)) +(p = ,, VI(d,) = V() + 4,(A(y,) = A(d,)))

n+1

<D V=D a.x)+ 2D v+ 2D @xy+ (1= 2\ a)
< f(P,X,, Qs Xy, P f(P,X,, r rla,, x, > W s dy

04,
- (1 - > D (s ¥,) = 1, (S(d,) = S(p), I, (S(a,) — K(b,)))
lu)’n+1

+{(p—,.Vf(d,)-Vf )+ 1AW, — A(d,)))
—(1+%\p 1 _2 )\ p 1= \p y.a 1~ %%\ p 33
= < + p > (P x,) — < - 7) ra,, x,) — < - > W dy) — < " > (U V) (33)

/’lAn+l n+1
1 (S(,) = SO T, (@) = K(b,)) + 2+ (p = 3, V.I(d,) = V(5 + A,(AG,) = AAD)

By the definition of y,, we have V f(d,) — 1,A(d,) € Vf(y,)+ 4,B(y,). Since B is maximal monotone, there exists h, € B(y,)
such that

vfid, —A,Ad,) =V f(y,)+ i,h,
This implies that

by = -V 1(d,) = V£(3,) = 4,A(d,)) € B, (34)
Since 0 € (A + B)(p), A(y,) + h,, € (A + B)(y,) and A + B is monotone, we get
<p_yn’A(yn)+hn> S O (35)
From (34) and (35), we have
Thus, from (33)) and (36) we get
D.(p )<<1+2r">1)(p ) <1 2r">D( ) <1 “”)D( d,) 37
U, = — s Xp) — - = Ay Xp) — - nY%n
4 u) uw) Wt )

04, r,
- <1 - ) D (u,,,) =7, (S(d,) = Sp), I, (S(a,) = K(b,))) + =
:u)’n+l 2
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Furthermore, from @]) and the Bregman relatively f-nonexpansiveness of T', we have

D;(p.x,.1) = Dy(p,Vf*(@,Vf(x)+ (1 —a,) [BVf@w,)+ 1 = HTw,)])
a,Ds(p,x) + (1 —a,)Ds(p, VI (BVSf(w,) + (1 = pT(4,)))
a,D(p,x)+ (1 -a,) [ﬁDf(P’ u,)+ (1 =p)D/(p, VAT )]
a,D ;(p,x) + (1 - a,)D (p,u,)

IA A

IA

2r,

a,D,(p,x)+ (1 —a,) <1 + %) D,(p,x,)—(1-a,) <1 - 7) D,(a,, x,) (38)

IA

04, 04,
_(1—a,,)<1— ” >Df(yn,dn)—(1—an)<1— >Df(un,y,,)

n+1 ﬂ)'rH_l
rn
—(1 = a,)y, (SW,) = Sp), I, (S(a,) — K(b,))) + 5 (I-a).
Similarly, we have

2r,

- > D,(¢.w,) — (1 -a,) (1 -

2r,

M >Dg(bn,w,,)

D,(q,w,;y) < a,D,(q,w)+ (1 —a,) <1 +

06, 06,
-1 -a, <1 - 5—) D,(z,.e,) —(1-a,) <1 Y > D,(v,,z,)

n+1 n+l

rn
(1~ a,)y, (K(e,) = K(@). Tp (K(b,) = S(a,))) + F(1 ~a,). (39)
Since lim,_, , 4, and lim,_, 6, exist and @ € (0, ), we obtain that
. 04, . 04, 0
lim (11— =1lim(1- =1-=>0. 40)
o Hhpyy ) o HOpiy H
Take € € (0, g). Then, from (A9) and , there exists N € N such that
2r, 04, 06,
— < a,¢€, 1- >0and (1 - >0,Vn> N. “1n
H H n+1 H n+1
Now, from (38)), (39) and {@T)), we have
Df(p» xn+1) + Dg(q’ wn+1) S an(Df(pv x) + Dg(q’ LU)) + (1 - an)(Df(p’ xn) + Dg(q’ wn)) (4’2)

+a,e(D;(p. x,) + D,(q. w,)) + aneg — (1 —a,)y, (K(e,) = Sd,), Jp (K(b,) = S(a,)),
for all » > N. But,

—(K(e,) = S(d,), Jp, (K(b,) = S(a,)))

— (K(b,) = S(a,), Jg (K(b,) = S(a,)) — (K(e,) = K(b,), Jz (K(b,) — S(a,)))

—(S(a,) — S(d,), I, (K(b,) = S(a,))

~IK(b,) = S@II* - (e, — b,. K*J (K(b,) — S(a,))) — (a, —d,. S* T (K(b,) — S(a,)))
—[IK(b,) = S(a)lI* + lle, = b, IIK* T (K (b,) = S@ )l + lla, = d,|l1|5* I 5 (K(b,) = S@))|-

IN

From the fact that Vg* is a Lipschitz mapping with constant i and the definition of e,, we obtain that
£ ES yn £
lle, — b,ll = 1IVg*(Vg(b,) —v,K* I (K(b,) — S(a,) — b, < ;IIK JE, (K(b,) — S(a,)ll. (43)
Similarly, by the Lipschitz property of V f* and the definition of d, gives
yn *
lld, = a,ll < ;IIS JE,(S(a,) = Kb, (44)
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Then, from 1), @3), @3) and @4), we get

v
—1. (K(e,) — SW,), Jp (K(b,) = S(a,))) < —7,IIK(b,) - S(a,)II* + KT (K (By) = S|

2
I "
S T (S(a) - K®)I?

Yn
< =1, lIK @) = S@)lI* + TIK(e,) = Sl
Yn
= _E”K(bn) - S(an)”2
< ~SIK(®,) - Sta,)I” (45)
Thus, from (@2) and (@3)), we obtain for all n > N

D(p, X,1) + Dy W) < a,(D(p, %) + Dyl ) + (1 — 4,)(D y(p, x,) + D (g, w,))

+a,e(D;(p,x,) + D,(q, w,)) + aneg — g(l —a,)||K(®,) — S(a,,)ll2
< a,(D;(p,x) + Dy(q,w)) + (1 — a,(1 — ))(D;(p, x,) + Dy, 1,)) + (xneg
< (1= a,(1 = )(D;(p.x,) + Dy(q.10,)) + a,(1 — €) [ﬁwf(p, x) + D, (g, w) + 2(1“f 6)]
< max {Df(p’ x,) + D,(q, w,), ﬁ(Df(p, x)+ D,y(q, w)) + 2(1Mi 5 } : (46)

Therefore, by induction, for all » > N, we have that

Dy(p-x,) + Dy(g. 0,) < max {Df(p’ xy)+ Dy wy), 7— L ~(D(p. ) + Dy(g.w) + 2(1“i 5 } :

and hence {D,(p,x,) + D,(q,w,)} is bounded which implies that the sequences {D,(p, x,)} and {D,(¢, w,)} are bounded.
Furthermore, by Lemma@ we have {x,} and {w,} are bounded. [

Theorem 1. Suppose that assumption (Al)- A(10) are satisfied. Then, the sequence {(x,,w,)} generated by Algorithm 3.1
converges strongly to (p, g) in Q, where (p, q) = Pg'z’(x, w), where h : E; X E, — Ris given by h(x,y) = f(x) + g(p).

Proof. Let (p,q) = P!(x, w). Then, from Algorithm 3.1, Lemma , and (17), we obtain

D;(p. X)) = Dy(p, Vf* (@,V£(0) + (1 = )[BY f(u,) + (1 — HT(w,)1))

Vi (poa,Vf(x)+ (1 = a)[BY fw,) + (1 = AT ()

V(0o a,V£(0) + (1 = a)IBY £ w,) + (1 = HT @)D = @, {x,01 = 0. VL) = V()

Dy(p, V" @,V () + (1 = a)IBY £ w,) + (1 = HT W) = @, (X1 = 2. VS (2) = V(X))

0,D,(p.p) + (1 = a,)D(p,V.f* (BV £ (w,) + (1 = AT (W,))) = @, {x,p1 — 0. VS (0) = V()

= (1= a)D;(p, Vf* (BVfw,) + (1 = AT W) = @, { X,y — 2, VS () = V()

= (1= a)V;(p. (BVS@,) + (1 = HTW,))) + &, (X,41 = X, VLX) = V(D)) + @, (x, = p. VS (x) = V. ()

< (1= a )V, (p. BV () + (1 = HT W) + 1%, = X, 11V ) = VLD @7)
+a, (x, = p. V() = V(D)) .

IA

IA
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Thus, from the definition of V', uniformly convexity of /* and the Bregman relatively f-nonexpansiveness of T', we obtain that

Vi, BV f(w,) + (1 = )T (u,)) = f(p) = p, VS (u,) + (1 = HT (w,)) + f*(BV [ (w,) + (1 = P)T (u,))
< f) =B VW)= 1A= (p.Tw,))+ B/ Vfw)+ 1 =Bpf Tw,)
—pA = Py IV f(w,) = Tl

= pV(p. Vi) + 1 =PV, (p. T(w,) — (1 = Py (IVf@w,) =TI
= pDs(p,u,) + (1 = HD;(p, V[T (w,))) = p(L = Py IV f (u,) = T (w,)l)
< BDs(p,u,) + (1 = HD;(p,u,) — (A — Py IV £ (w,) = T,
= D;(p,u,) — B = Py IV fw,) = T(u,l), (48)

where y, is the modulus of convexity of f.

From (37)), and (@8)), we obtain that

Dy(p,X,) < (1= @)D (p,u,) = B = A1 = &)y (IV £ w,) = T(w, I
1% = %MV = VD + @, (x, = p, V() = V /()

2r, 2r,
<(l-a,) <1 + P > D;(p,x,)—(1-a,) <1 - 7) D(a,, x,) (49)

04, 04,
—(1-a,) <1 - " > D,(y,.d,)—(1-a,) <1 - > D,(u,,y,)

n+1 n+1

7. —a,) (S(dn) — S(p), Jg,(S(a,) - K(bn))> +(1 - an)%" =B = A —a )y (IVfu,) —Tw)I)
+a, 1%, = X, IVfx) =V DI +a,{(x,—p,VI(x)=Vfp),
and hence from (1)) and {@9), we get

2
D,(p, %01 < (1= @)D, (p,x,) + %D,&p, X))+ 2 @, (%, = VL) = VD) + 101 = %, IV S0 = VS P

1 - p 1 1% \p.o.ay—a 1= %%\ p
_( _an)( - ﬂ> f(an’xn)_( _an)< _ﬂﬂn_'_l) f(yn’ n)_( _an)< _;4/1”+1> f(un7yn)

—1,(1 = ,) (S(d,) = S(p), I, (S(a,) = K(b,)) = b1 = H)A = &, )y (IV f (w,) = T(w,)|)
(I =a,)Ds(p.x,) + a,eD;(p,x,) + %" +,(x, =P, V() = V(D) + a,1x,41 = %, IIIVS(X) = V(D

IA

04, 04,
-(1l-a,) (1 — ane) Df(an,xn) -(1-a,) (1 - ) Df(yn,dn) -(1-a, <1 1 ) Df(u,,,yn)

Mﬂ’n+l n+1
~1,(1 = a,) (S(d,) = S(p), I, (S(a,) = K(b,)) = B = HA = &)y IV f(w,) = Tw,)ID)

= (1= ,(1= DD, (. x,) + (1 = ) [ = (x, = p. VS ) = VS )] + 2 (50)

04
+a,lx,, = x, V) = Vil - (1 -a,) (1 —a,) D(a,x,)—(1-a,) <1 ~ - > D(y,.d,)
n+1

0A
-(I-a,) (1 - — > D (u,, y,) = (L = pY(A — a)w, IV f(w,) = T w,)|)
M/ln+1

—1,(1 = ,) (S(d,) = S(p), I, (S(a,) — K(b,))) .

Similarly, we have

D, (0. 10,41) < (1= a,(1 =)D, (@,w,) + (1 = ) [ = (w, — 4. V(w) - Vg(@)] + =

05,
+a,l|w,,; — w,|lIIVew) = Vel = (1 — a,) (1 — a,€) Dy(b,, w,) - (1 —a,) <1 T > D,(v,,z,)
n+1

0o
-1 -a,) <1 - — ) D,(z,,e,) — p(1 = (1 — &)y, (IVg(v,) — G(v,I)
M5n+1

—(1 - a,)y, (K(e,) = K(q), J 5 (K(b,) = S(a,))) , 1)
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where y, is the modulus of convexity of g.
From the fact that {r,} C (0, %), 8 € (0, u), (A7), and we obtain that

D (P Xp) + D@, w,0) < (1= a,(1 =)D /(p,x,) + Dy(g, 10,)

L [(x, = 2 VS0 = V) + (w, — 4, V() - V()]

+a,D(||x,41 — X, + W, —w,|D) +r, — (1 = a,)1 — €a,)(Dy(a,, x,) + Dy(b,, w,))

(1 )[(1 04, >D ( d)+<1 0, >D( )]
—U=a, - Yn» @y - Zps €y
M)’n+1 ! M6n+1 ¢

_(1—a)[<1— 04, )Df(u ,v,) + (1— 0, )D v,z )]
! Mﬂn"'l ! ! M5n+l £ " !
—M(1 = @), IV ) = Tl + vV e(,) — Gl
(1= a2, - Kb’

(1= a,(1 Z (D, (p,x,) + D4, ,)

L [(x, = P VS0 = V) + (w, — 4, V(@) - Ve(@)]
1+ @, DI, = %+ 10,1 = 0,1,

+a,(1 —¢€)

IA

+a,(1 —¢)

where D = max{|[|Vf(x) = Vf(), [IVgw) — Vg(g)ll} and M = p(1 — p).
Suppose that { D ;(p, x, )+ Dy(q, w,,k)} is a subsequence of { D /(p,x,) + D,(q, w,)} such that

lillcl}»io?f [(Df(p’ xnk+1) + Dg(q’ wnk+1)) - (Df(p’ x"k) + Dg(q’ w"k))] 2 0.

Then, from 1i and the fact that {a,} C (0,1),r, < % and9 < pforalln >0, a, - Oand r, - 0 as n — oo, we obtain

and

Df(ank,xnk) -0, Dg(bnk, w"k) —>0ask - o,

Df(ynk7 dnk) g 07 Dg(Z

Df(unk,ynk) - 0, Dg(vnk,z”k) -0, ask — oo,

vV f(u,) —Tw,)ID = 0,y,(IVg(v, ) — G, )I) - 0as k - oo,

nk’enk) —-0ask - o,

S(a, ) — K(b,)ll = 0as k — co.

Moreover, from (33)), (56) (57).(58), Lemma[d]and the property of v, and y,, we have

and

lla,, = %, Il = 0,11y, = dy | = 0, lu, =y, [l = Oask — oo,
I

= W, Il = 0,11z, — e, [ = 0,1lv, -z, | = 0as k — oo,

IV £ ) = T, )l = 0. Vg(0,) = G, )l = 0as k — oo,

From , @), @ and the fact that &, — 0 as k — oo, we have
klggo VS ) = V@Il < klgf)lo [ank IVfx) =Vl +A-PIVSw,) - T(unk)”] =0

and

lim |[Vg(w, 1) = Ve,)ll = 0.

Now, from 22)) and (39) we obtain that

Similarly, we get

IV f(a,) = VI = 7,15 T5(S(a,) — Kb, )
< (0 + DISII5(S(a,,) — KB, DIl = 0as k — oo.

IVg(b, ) — Vele, )l = 0as k — .

(52)

(33)

(54

(35)
(56)
(57)
(58)

(39)

(60)
(61)

(62)

(63)

(64)

(65)

(66)
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From (63)), (64). (63). (66) and the uniformly continuity of V f* and Vg*, we have
||xnkJrl — unk|| — 0, and ||wnkJrl — Unk” —0ask - o,

||ank - dnkll — 0 and ||b,,k - enkll — 0as k - . 67)

Then, from (60), (61) and (67), we obtain that
Jim lx, g =2, < dim flx, oy —wg [+ Lim flu, =y, 1[4+ Lim {ly, —d,, ||
+lim [|d, —a, || + lim |la, —x, || =0. (68)
Similarly, we have

lim [, 5, = w, || = 0. (69)

Now, since {(x,, ,w, )} is bounded in E; X E,, there exists (x*, w*) € E; X E, and a subsequence {(x,, ,w, )}of {(x, ,w, )}
such that (xnk S Wy, ) = (x*, w*) and ' '
J J

lim sup((x,, , w, ) — (p, @), (V f(x), Vg(w)) = (Vf(p), V&(a))) (70)

k—o0

= jliglo«xnkj Wy, ) = (P, q). (Vf(x), Vg(w)) = (VS (p). V(@)
But (x,, ,w,, ) = (x*,w") implies that X, — x"andw, — w".Moreover, from , @ and @, we have

a, —x*,d —\x*,ynk‘ - x*u
J

* .
ny sy, — X asj — oo, 71)
J J

g,
and

* *
b"k, - w ’e"k, - w ’Z"k,- -~ w*,v

In addition, from (62), (7I), (72), the fact that T is Bregman relatively f-nonexpansive and G is Bregman relatively g-
nonexpansive mapping, we conclude that x* € F 4(T) and w* € Fg(G), and hence x* € F(T) and w* € F,(G). Next, we need
to show that (x*, w*) € Q. Let s € (A + B)(e). Then, there exists 7 € B(e) such that s = A(e) + hA.

Thus, from @ and monotonicity of A and B, we have

- w"asj - oo. (72)

n
kj

(e=yy .5) = (e=y, .Al)+h)
= (e =Yy » A = AWy, ) +{e =y, - AQ,, ) — AW, )) + (e =y, . Ald, )+h, )
+(e — Vs h— hnk/)

1
> (€=, A, ) = A, ) + (e = ¥, AW, )+ (VI (d, )= VIO, )= 4, A(d,, ))
Ny,
1
= (e =y, Ay, ) = Aldy, )+ (e = 3 VS (dy, ) = V1, D) 73)
My
Taking limits on both sides of the inequality (73)) as j — oo and using the fact that V f and A are uniformly continuous, (60)
and (71)), we have
(e —x",s)>0. (74)
Then, by the maximal monotonicity of A + B, we get 0 € (A + B)x*, that is, x* € (A + B)~!(0). Similarly we obtain that,
w* € (C + D)~1(0). Now, from , , and the fact that .S and K are bounded linear mappings we have Sx* = Kw*
and hence (x*, w*) € Q. Therefore, from (70) and Lemma [T} we obtain that
limsup((x,, ., w, ) — (p,9), (Vf(x), Vgw)) — (Vf(p), V&(@)))

k— o0

= jlilg((xnkjs wy, ) = (0, ), (VS (x), Vg(w)) = (V/ (), V&(@))

= (" w*) = (P, ). (Vf(x), Vg(w)) = (Vf(p). V&(q)))
<0. (75)
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Lets, = a,(1 —¢€) and

1
by = 72 [0 =P VIO = V() +(w, = 4, Vew) = Ve(@)]
rn
+m + ITD (1,41 = XMl + N,y — w, Il -
Then, inequality implies that
{D(p. %01) + Dy(gsw,. )} < (1 =5,){Ds(p. x,) + Dy(q, w,)} +3,b, (76)
From ( l@) 5) and using the fact that @, — 0 and ~ 2 — 0asn — oo, we obtain lim,_ _ s, = 0, and limsup,_, , b, n, < 0.

From Lemma(9| we conclude that lim,_,, (D, (p, x,) + D (q, w,)) =0andsolim, , D/(p,x,) = Oandlim, . D,(g,w,) =0
. Hence, by Lemma we obtain lim = p and lim

Therefore, the sequence {(x,,w,)} generated by Algorithm 3.1 converges strongly to (p,q) = Pg(x, w) and this completes
the proof. [

n—00 n n—»oow =4q.

If, in Theorem weassume that E;, = E, = E; = E,C=0=D,S =0 = K and G = Vg, then we obtain the following
theorem.

Theorem 2. Let E be a reflexive real Banach space with its dual space E*. Let f : E — R be a strongly coercive, lower semi-
continuous, strongly convex, bounded and uniformly Fréchet differentiable Legendre function on bounded subsets with strongly
convex conjugate f*. Let g : E — R be a strongly convex and Gdteaux differentiable function with the strong convexity
constant of g be u,. Let T : E — E* be Bregman relatively f-nonexpansive mapping. Let A : E — E*and B : E — 2F" be
uniformly continuous monotone and maximal monotone mappings, respectively. If the assumptions (A2),(A8), (A9) and (A10)
are satisfiedand Q = {a € E : a € (F(T)N (A + B)~ 1(0))} # @, then the sequence {x,} generated by Algorithm 3.1 with
E=E,=E;=E,C=0=D,5=0=K,G=Vgand w = w, = w, converges strongly to p = Pf(x)

If E;,i =1,2,3 are strictly convex and smooth Banach spaces with their respective, duals Ei*, i=1,2,3and g(x) = f(x) =
%llxllz, then Vf = Vg = J, Vf* = Vg* = J 1, Pé = Il = P§ and the Bregman relatively f-nonexpansive mapping T
and the Bregman relatively g-nonexpansive mapping G reduce to relatively semi-nonexpansive mappings. Thus, we obtain the
following theorem.

Theorem 3. Let E;, i = 1,2,3 be strictly convex and smooth reflexive real Banach spaces with their respective, duals El*
i=1,23andletT : E, - Ef and G : E, — EJ be relatively semi-nonexpansive mappings. Suppose that the assumptions
(A4)- (A6) and (A8)-(A10) are satisfied. If Q = {(a, b) € (F,(T)N(A+ B)~1(0)) X (F,(G)N(C+ D)~1(0)) : S(a) = K(b)} # ¥,
then the sequence {(x,, w,)} generated by Algorithm 3.1 with Vf = J = Vg, Vf* = J~! = Vg* and Pé =1, = Pé converges
strongly to (p, ) in Q, where (p, q¢) = I (x, w).

If E,, i = 1,2,3 are real Hilbert spaces and g(x) = f(x) = l||x||2 then Vf = Vg = I, Vf* = Vg* = I, P} = P, = P,
J, = I and the Bregman relatively f-nonexpansive mapping T and the Bregman relatively g-nonexpansive mapping G reduce
to relatively nonexpansive mappings. Thus, we obtain the following corollary.

Corollary 1. Let H;,i = 1,2, 3 be real Hilbert spaces, T : H, - H,and G : H, — H, be relatively nonexpanswe mappings.
Suppose that the assumptions (A4)- (A6) and (A8)-(A9) are satisfied. If Q = {(a,b) € (F(T) N (A + B)"(0)) X (F(G)n (C +
D)~'(0)) : S(a) = K(b)} # @, then the sequence {(x,,w,)} generated by Algorithm 3.1 with Vf =1 =Vg, Vf*=1=Vg*,
J E = I and Pé =Py= Pé converges strongly to (p, q) = Pg(x, w).

4 | APPLICATION

4.1 | Split Monotone Inclusion and f-fixed Point Problems

IfE =FE, i=1,2,3, K = I, where I is identity mapping, then SEMIfFPP reduces to the split monotone inclusion and
f» g-fixed point problems, which is defined as finding p € (F;(T) N (A + B)~'(0)) such that Sp € (F,(G) n (C + D)~ (0)).

Denote ¥ = {p € (F,(T)N (A + B)™'(0)) : S(p) € (F,(G)N (C + D)'(0))}.
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Corollary 2. Assume that conditions (A1)- (A6) and (A8)- (A10) are satisfied with E; = E, i = 1,2,3and K = I. If ¥ # 0,
then the sequence {(x,, w,)} generated by Algorithm 3.1 converges strongly to (p, S(p)) = Plf,’(x, w).

4.2 | Common Solutions of Monotone Inclusion and f-fixed Point Problems

LetE, =E,i=1,2,3,5 = K = I. Then, SEMIfFPP reduces to a common solution of two monotone inclusion and f, g-fixed
point problems, which is defined as finding a point p € E such that p € (Ff(T) N(A+ B)~'0)n (Fg(G) N (C + D)~10)).

Denote ' = {p € E : p € (F/(T) N (A + B)"1(0)) N (F,(G) N (C + D)~ (0)}.

Corollary 3. Assume that conditions (A1)-(A5) and (A8)-(10) are satisfied with E; = E,i = 1,2,3.IfI" # @, then the sequence
{(x,,w,)} generated by Algorithm 3.1 with § = K = I converges strongly to (p, p) = Plf‘(x, w).

4.3 | Split Equality Monotone Inclusion Problem

If T =V f and G = Vg, then SEMIfFPP reduces to the split equality of monotone inclusion problems, which is finding a point
(p.q) € E, X E, such that p € (A + B)~1(0), ¢ € (C + D)"'(0) and Sp = Kq.

Denote A = {(p,q) € (A+ B)~'(0) x (C + D)™'(0) : Sp=Kq}.

Corollary 4. If conditions (A1),(A2), (A4)-(A6) and (A8)-(A10) are satisfied and A # @, then the sequence {(x,,, w,)} generated
by Algorithm 3.1 with T = V f and G = Vg converges strongly to (p, ¢) in A, where (p, q) = P/(‘(x, w).

4.4 | Split Equality f-Fixed Point Problem

If A= B =0 = C = D, then SEMIfFPP reduces to the split equality of f, g-fixed point problems, which is finding a point
(p.q) € E, X E; such that p € F/(T), q € F,(G) and Sp = Kgq.

Denote £ = {(p,q) € E; X E, : p € F;(T),q € F,(G) and Sp = Kq}.

Corollary 5. If conditions (A1)-(A3),(A6) and (A8)-(A10) are satisfied and X # @, then the sequence {(x,, w,)} generated by
Algorithm 3.1 with A = B =0 = C = D converges strongly to (p, q) = ch(x, w).

4.5 | Optimization Problem

Let E; = E, i = 1,2,3, be reflexive real Banach spaces. Let f; : E; - R be convex smooth functions and g; : E;, — R be
convex, lower semicontinuous functions, i = 1, 2. We consider the following minimization problem: Find (p, q¢) € E; X E, such
that

psolves  min{f,(x) +g(x) : (V.f; = T)(x) =0}, 77
q solves gelib!;{fz(y) +8 () 1 (V= G)(y) =0} (78)

and
Sp =Ky, (79)

whereT @ E, — E and G : E, — EJ are Bregman relatively f-nonexpansive mappingsand S : E; > E;and K : E, — E;
are bounded linear mappings.

Denote A = {(z,v) € E, X E, : z solves (7]), v solves and Sz = Kv}.
This problem is equivalent, by Fermat’s rule, to the problem of finding (p, ¢) € E; X E, such that
(P.q) € [F; (T) N (Vf; +0g)7'(0)] X [F/,(G) N (Vf,+0g,)”" (0)] and S(p) = K(q), (80)

where V f; are gradient of f; and dg; are subdifferential of g;, i = 1,2. Note that V f; and dg; are monotone and maximal

monotone mappings, respectively.
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Corollary 6. Let f; : E;, - R be convex smooth functions and g; : E; — R be convex, lower semicontinuous functions,
i = 1,2. Assume that the conditions (A1),(A3), (A6) and (A8) - (A10) are satisfied. If A # @, then the sequence {(x,,w,)}
generated by Algorithm 3.1 with A = Vf,, C = Vf,, B = dg, and D = dg,, converges strongly to (p,q) in A, where
(p,q) = Pi‘(x, w), where h = f, + f,.

S | NUMERICAL EXPERIMENT

In this section, we provide some numerical examples to clearly exhibit the behavior of the convergence of the proposed method.
Example 1. Consider the minimization problem: find (p, q¢) € R* x R3 such that

p solve m%q{r}‘{uxlll + %lell% +3,4,-2,5)'x+3 : T(x)=(-2,-3,1,-4)}, 81)
XE
q solve ;ggg{llylll +Iyl5 +0,-5,3)y+2 : G(y) = (0,2,-1)} (82)
and
Sp=Kgq, (83)

where S(x,x5,%3,%4) = (X; + X5, %3), T(X[,%X,,%X3,%4) = (%xl -1, %xz - 1,x3,%x4 — 1), Y(xy,%,,%3,%x4) € R* and
31 3

K31, 92 93) = (2205 + 73, =93), G112, ¥3) = 01 300 + 3, =393 = 30, Y1, 12, 13) € R,

By Fermat’s rule, this problem is equivalent to the problem of finding a point (p, ) € R* x R3 such that

(P,q9) € Q= {(x,y) € [F(T)n(A+ B)"(0)] x [F(G)n(C + D)™ (0)] : S(x) = Ky}, (84)

where A(x) = VGIIxII2 +(3,4,-2,5)x +3) = x + (3,4,-2,5), B(x) = d(l|x|l;) and f(x) = 3lIx[|%, Vx € R* and C(y) =
V(||y||§+(0, =5,3)'y+2) = 2y+(0,-5,3), D(y) = o(||y|l,) and g(y) = %||y||2, y € R*. We note that the mappings A : E; — E|
and C : E, — E, are monotone mappings, B : E; — E, and D : E, — E, are maximal monotone mappings, S : E; — E;
and K : E, — E; are bounded linear mappings with adjoints S™*(x;, x,) = (x1, x;, x5, 0) and K*(x;, x,) = (0, =2x, x|, —x5),
(x,x,) € R?, respectively, where E, = R*, E, = R? and E; = R2. Moreover, we observe that V f(x) = x,Vg() = y, Jg: = I,
where [ is identity mapping on R?, and the mapping T : E; — E, is a Bregman relatively f-nonexpansive and G : E, — E,
is a Bregman relatively g-nonexpansive mapping and Q = {((-2, -3, 1,-4),(0,2,-1))} # @.

Now, we present the numerical experiment results for testing and comparing the performance of the control parameter by
taking different values in the Algorithm 3.1. All experiments are performed by using MATLAB R2021b.

n

lterates, ||d X ||

o 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
Elapsed Time [sec]

FIGURE 1 Algorithms 3.1. with # =05, 4, =1 =6, 4 =0.99,0 = 0.1, y = 10~* and different «,,.
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n

lterates, ||d X ||

o 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
Elapsed Time [sec]

FIGURE 2 Algorithms 3.1. witha, = (n+ 1)™%°, 4, = 1 =6, 4 = 0.99, 0 = 0.1, y = 107> and different $.

From FIGURE 1 and 2, we observe that the sequence d,, = (x,,, w,,) converges faster to x* = ((-2,-3,1,4), (0,2, 1)), when
the power a of the control parameters a,, = (n + 1)~ gets closer to one while the initial point and all other parameters are kept
fixed, and the control parameter § gets closer to zero while the initial point and all other parameters are kept fixed, respectively.

6 | CONCLUSION

In this paper, we proposed an inertial type algorithm to approximate the solution of the split equality of monotone inclusion
and f, g-fixed point of Bregman relatively f, g-nonexpansive mapping problems. We proved a strong convergence theorem
for the developed algorithm in reflexive real Banach spaces. The main result of our method improves the result obtained by
Izuchukwu et al.” from the split feasibility over the solution set of monotone variational inclusion problems in real Hilbert spaces
to the split equality of monotone inclusion and f, g-fixed point of Bregman relatively f, g-nonexpansive mapping problems in
reflexive real Banach spaces. As an application, we provided several applications of our method and provided a numerical result
to demonstrate the behavior of the convergence of the algorithm. A numerical example is also provided to illustrate the behavior

of the proposed algorithm.
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