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Abstract

In this paper, we discuss the Turing-Hopf bifurcation of a diffusive Holling-Tanner model with nonlocal effect

and digestion time delay. The stability, Turing bifurcation, Hopf bifurcation and Turing-Hopf bifurcation are

first researched. Then we derive the algorithm for calculating the normal form of Turing-Hopf bifurcation

of a diffusive Holling-Tanner model with nonlocal effect and digestion time delay. At last, we carry out

some numerical simulations to verify our theoretical analysis results. The stable positive constant steady

state and the stable spatially inhomogeneous periodic solutions are found. Furthermore, the evolution

process from unstable spatially inhomogeneous steady states to stable positive constant steady state, the

evolution process from unstable spatially inhomogeneous steady states to stable spatially inhomogeneous

periodic solutions, the evolution process from one unstable spatially inhomogeneous periodic solution to

another stable spatially inhomogeneous periodic solution and the evolution process from unstable spatially

inhomogeneous periodic solution to stable positive constant steady state are also found.

Keywords: Diffusive Holling-Tanner model, Nonlocal effect, Digestion time delay, Turing-Hopf

bifurcation, Normal form
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1. Introduction

By considering that the self-regulation of prey and by incorporating the Holling type-II functional2

response function, May [1] has proposed a predator-prey model, which is known as the Holling-Tanner

predator-prey model and has the form4 
du(x, t)

dt
= r1u(x, t)

(
1− u(x, t)

k

)
− qu(x, t)v(x, t)

u(x, t) +m
,

dv(x, t)

dt
= r2v(x, t)

(
1− v(x, t)

σu(x, t)

)
,

(1.1)

where u(t) and v(t) represent the densities of prey and predator, respectively, r1 and r2 are the intrinsic

growth rates of the prey and predator, respectively, k is the carrying capacity of the prey, q is the maximum6

value of prey consumed by per predator per unit time, m is a saturation value, and σ is the conversion

or consumption rate of prey to predator. By considering that in the real world, the predator and prey8

populations may move for many reasons, then by combining with model (1.1), the reaction-diffusion system
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subjects to homogeneous Neumann boundary condition can be written as10 

∂u(x, t)

∂t
= D1∆u(x, t) + r1u(x, t)

(
1− u(x, t)

k

)
− qu(x, t)v(x, t)

u(x, t) +m
, x ∈ Ω, t > 0,

∂v(x, t)

∂t
= D2∆v(x, t) + r2v(x, t)

(
1− v(x, t)

σu(x, t)

)
, x ∈ Ω, t > 0,

∂u(x, t)

∂n
=
∂v(x, t)

∂n
= 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ Ω,

(1.2)

where Ω ⊂ R is a smooth and bounded domain, D1 and D2 are the diffusion coefficients of u(x, t) and

v(x, t), respectively, ∆u(x, t) = ∂2u(x, t)/∂x2, ∆v(x, t) = ∂2v(x, t)/∂x2, n is the outward unit normal12

vector at the smooth boundary ∂Ω. Moreover, u0(x) and v0(x) are the initial functions. For model (1.2),

with a non-dimensionalized change of variables14

u(x, t)→ u(x, t)

k
, v(x, t)→ v(x, t)

σk
, t→ r1t,

and let

d1 =
D1

r1
, d2 =

D2

r1
, a =

qσ

r1
, r =

r2

r1
, b =

m

k
,

An et al. [2] obtained the simplified dimensionless ratio-dependent Holling-Tanner model with diffusion16

subjects to homogeneous Neumann boundary condition

∂u(x, t)

∂t
= d1∆u(x, t) + u(x, t)(1− u(x, t))− au(x, t)v(x, t)

u(x, t) + b
, x ∈ Ω, t > 0,

∂v(x, t)

∂t
= d2∆v(x, t) = rv(x, t)

(
1− v(x, t)

u(x, t)

)
, x ∈ Ω, t > 0,

∂u(x, t)

∂n
=
∂v(x, t)

∂n
= 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ Ω,

(1.3)

and they studied the Turing-Hopf bifurcation of this model in the spatial domain Ω = (0, `π) with ` ∈ R+. In18

addition, for the diffusive Holling-Tanner model, Peng et al. [3] studied the local and global stability of the

unique positive equilibrium, Banerjee et al. [4] studied the Turing and non-Turing patterns for some fixed20

parametric values. Furthermore, Ma et al. [5] studied the Hopf bifurcation and steady state bifurcation.

By noticing that the competition between prey for limited resources is often nonlocal in natural envi-22

ronment and the consumption of resources at a spatial location depends not only on the local population

density but also on the weighted average of the nearby population, thus Furter et al. [6] and Britton [7] all24

incorporated the spatial convolution integral to a single-species model. In addition, the nonlocal competition

effect has been extensively studied in many different cases, such as single-species models [8], competing pop-26

ulation models [9, 10] and predator-prey models [11, 12, 13, 14]. As shown in [6], the most straightforward

way of introducing nonlocal effect is to replace the term 1− u(x, t) in model (1.3) by 1− û with28

û =

∫
Ω

G(x, y)u(y, t)dy,

where G(x, y) is some reasonable kernels. By taking Ω = (0, `π), ` ∈ R+ and G(x, y) = 1/(`π), the model
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(1.3) becomes the nonlocal model30 

∂u(x, t)

∂t
= d1∆u(x, t) + u(x, t)

(
1− 1

`π

∫ lπ

0

u(y, t)dy

)
− au(x, t)v(x, t)

u(x, t) + b
, x ∈ (0, `π), t > 0,

∂v(x, t)

∂t
= d2∆v(x, t) + rv(x, t)

(
1− v(x, t)

u(x, t)

)
, x ∈ (0, `π), t > 0,

ux(x, t) = vx(x, t) = 0, x = 0, `π, t ≥ 0,

u(x, 0) = u0(x) ≥ 0, v(x, 0) = v0(x) ≥ 0, x ∈ (0, `π).

(1.4)

Here, we take G(x, y) = 1/|Ω| such that the nonlocal effect does not affect the positive equilibrium of model

(1.4). This kernel function means that û is taken as the mean value of u(x, t) in the space interval (0, `π).32

Furthermore, the digestion, gestation, hunting, migration and maturation time delays are usually considered

in the predator-prey models [15, 16, 17]. Moreover, the model with nonlocal effect involving time delay was34

first researched by Britton [18], and since then, the predator-prey models involving the nonlocal effect and

time delay are consided by many scholars [19, 20, 21, 22]. In this paper, by combining with model (1.4), we36

study the Turing-Hopf bifurcation of the following diffusive Holling-Tanner model with nonlocal effect and

digestion time delay subjects to homogeneous Neumann boundary condition38 

∂u(x, t)

∂t
= d1∆u(x, t) + u(x, t)

(
1− 1

`π

∫ lπ

0

u(y, t)dy

)
− au(x, t)v(x, t)

u(x, t) + b
, x ∈ (0, `π), t > 0,

∂v(x, t)

∂t
= d2∆v(x, t) + rv(x, t)

(
1− v(x, t)

u(x, t− τ)

)
, x ∈ (0, `π), t > 0,

ux(x, t) = vx(x, t) = 0, x = 0, `π, t ≥ 0,

u(x, 0) = u0(x) ≥ 0, v(x, 0) = v0(x) ≥ 0, x ∈ (0, `π), − τ ≤ t ≤ 0,

(1.5)

where τ ≥ 0 is the digestion time delay. It is necessary to point out that the algorithm for calculating the

normal form of Turing-Hopf bifurcation of the general reaction-diffusion systems without time delay or with40

time delay has been developed in [23, 24, 25, 26, 27] are not applicable to the case with nonlocal effect and

time delay.42

This paper is organized as follows. In Section 2, we discuss the stability of positive constant steady

state of model (1.5), and the Turing bifurcation, Hopf bifurcation, Turing-Hopf bifurcation of model (1.5).44

In Section 3, we derive an algorithm for calculating the normal form of Turing-Hopf bifurcation of model

(1.5). In Section 4, we use the obtained third-order truncated normal form to investigate the classification46

near the Turing-Hopf bifurcation point, and we carry out some numerical simulations to demonstrate our

theoretical analysis results. Finally, we give a brief conclusion and discussion in Section 5. The detailed48

procedures for calculating the normal form (3.26) are given in Appendix A.

2. Stability and bifurcation analysis50

Define the real-valued Sobolev space

X :=

{
(u, v)T ∈

(
W 2,2(0, `π)

)2
:
∂u

∂x
=
∂v

∂x
= 0 at x = 0, `π

}
with the inner product defined by52

[U1, U2] =

∫ `π

0

UT1 U2 dx for U1 = (u1, v1)
T ∈ X and U2 = (u2, v2)

T ∈ X,
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where the symbol T represents the transpose of vector, and let C := C([−1, 0];X) be the Banach space of

continuous mappings from [−1, 0] to X with the sup norm. It is well known that the eigenvalue problem54  ϕ̃′′(x) = λ̃ϕ̃(x), x ∈ (0, `π),

ϕ̃′(0) = ϕ̃′(`π) = 0

has eigenvalues λ̃n = −n2/`2 with corresponding normalized eigenfunctions

β(j)
n = γn(x)ej , γn(x) =

cos(nx/`)

‖cos(nx/`)‖L2

=


1√
`π
, n = 0,√

2

`π
cos
(nx
`

)
, n ≥ 1,

(2.1)

where ej , j = 1, 2 is the unit coordinate vector of R2, and n ∈ N0 = N ∪ {0} is often called wave number,56

N0 is the set of all non-negative integers, N = {1, 2, ...} represents the set of all positive integers.

The positive constant steady state of model (1.5) is58

E∗(u∗, v∗) =

(
(1− a− b) +

√
(a+ b− 1)2 + 4b

2
,

(1− a− b) +
√

(a+ b− 1)2 + 4b

2

)
, (2.2)

and the straightforward calculation gives the linearization of (1.5) at E∗(u∗, v∗) ∂u(x,t)
∂t

∂v(x,t)
∂t

 = D

 ∆u(x, t)

∆v(x, t)

+A1

 u(x, t)

v(x, t)

+A2

 u(x, t− τ)

v(x, t− τ)

+B1

 û

v̂

 , (2.3)

where60

D =

 d1 0

0 d2

 , A1 =

 1− u∗ − abv∗
(b+u∗)2 − au∗

b+u∗

0 −r

 , A2 =

 0 0

r 0

 , B1 =

 −u∗ 0

0 0

 . (2.4)

Thus, the characteristic equation of (2.3) is∏
n∈N0

Γn(λ) = 0,

where Γn(λ) = det (Mn(λ)). Moreover, by noticing that62

Mn(λ) =


λI2 −A1 −A2e

−λτ −B1, n = 0,

λI2 +D
n2

`2
−A1 −A2e

−λτ , n ∈ N
(2.5)

with I2 is the identity matrix of size 2, then from (2.5), we have

Γn(λ) = det (Mn(λ))

=


λ2 −

(
1− 2u∗ − r −

abv∗
(b+ u∗)2

)
λ+

au∗re
−λτ

b+ u∗
−
(

1− 2u∗ −
abv∗

(b+ u∗)2

)
r = 0, n = 0,

λ2 + pnλ+ rn + qne
−λτ = 0, n ∈ N,

(2.6)

where64

pn = (d1 + d2)
n2

`2
+ r −

(
1− u∗ −

abv∗
(b+ u∗)2

)
,

rn = d1d2
n4

`4
+

(
d1r − d2

(
1− u∗ −

abv∗
(b+ u∗)2

))
n2

`2
− r

(
1− u∗ −

abv∗
(b+ u∗)2

)
,

qn =
au∗r

b+ u∗
.

(2.7)

4



When n = 0 and τ = 0, the first mathematical expression in (2.6) becomes

λ2 −
(

1− 2u∗ − r −
abv∗

(b+ u∗)2

)
λ+

au∗r

b+ u∗
−
(

1− 2u∗ −
abv∗

(b+ u∗)2

)
r = 0, (2.8)

and then from (2.8), we know that when66

au∗r

b+ u∗
−
(

1− 2u∗ −
abv∗

(b+ u∗)2

)
r > 0, 1− 2u∗ − r −

abv∗
(b+ u∗)2

< 0,

i.e.,

r > max

(
0, 1− 2u∗ −

abv∗
(b+ u∗)2

)
,

2abu∗ + au2
∗

(b+ u∗)2
− 1 + 2u∗ > 0, (2.9)

the positive constant steady state of model (1.5) is asymptotically stable.68

When n ∈ N and τ = 0, the second mathematical expression in (2.6) becomes

λ2 − Tnλ+Dn = 0, (2.10)

where70

Tn = −pn = −(d1 + d2)
n2

`2
− r +

(
1− u∗ −

abv∗
(b+ u∗)2

)
,

Dn = rn + qn = d1d2
n4

`4
+

(
d1r − d2

(
1− u∗ −

abv∗
(b+ u∗)2

))
n2

`2
− r + ru∗ +

2abru∗ + aru2
∗

(b+ u∗)2
.

(2.11)

2.1. Turing bifurcation

When n ∈ N and τ = 0, by combining with (2.9) and the first mathematical expression in (2.11), we72

have the following Theorem 2.1.

Theorem 2.1. Assume that74

r > max

(
0, 1− 2u∗ −

abv∗
(b+ u∗)2

)
,

2abu∗ + au2
∗

(b+ u∗)2
− 1 + 2u∗ > 0

holds, then for n ∈ N and τ = 0,

(i) when 1− u∗ < 0, we have Tn < 0;76

(ii) when 1− u∗ > 0, we have

Tn


> 0, if r < r̃n,

= 0, if r = r̃n,

< 0, if r > r̃n,

where78

r̃n =
−(d1 + d2)(b+ u∗)

2n2 − abv∗`2 + (1− u∗)(b+ u∗)
2`2

`2(b+ u∗)2
. (2.12)

Proof.From the first mathematical expression in (2.11), we know that Tn can be rewritten as

Tn =
−(d1 + d2)(b+ u∗)

2n2 − r`2(b+ u∗)
2 − abv∗`2 + (1− u∗)(b+ u∗)

2`2

`2(b+ u∗)2
.

It is easy to verify that when 1− u∗ < 0, we have Tn < 0 for any n ∈ N and τ = 0. Thus, the conclusion80

(i) is proved.
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If 1− u∗ > 0, we have82

Tn =


> 0, if r < r̃n,

= 0, if r = r̃n,

< 0, if r > r̃n,

where r̃n is defined by (2.12). Therefore, the conclusion (ii) is proved.

In the following, we always assume that84

(C0) : r > max

(
0, 1− 2u∗ −

abv∗
(b+ u∗)2

, r̃n

)
,

2abu∗ + au2
∗

(b+ u∗)2
− 1 + 2u∗ > 0, 1− u∗ > 0

for n ∈ N and τ = 0. From the second mathematical expression in (2.11), we know that Dn can be expressed

as86

Dn =
An

`4(b+ u∗)2
, (2.13)

where

An = d1d2(b+ u∗)
2n4 −

(
d2

(
(1− u∗)(b+ u∗)

2 − abv∗
)
`2 − d1r(b+ u∗)

2`2
)
n2

+
(
2abru∗ + aru2

∗ − r(b+ u∗)
2 + ru∗(b+ u∗)

2
)
`4.

(2.14)

Case 2.2. It is easy to see that if the conditions (C0) and88

(C1) : d2

(
(1− u∗)(b+ u∗)

2 − abv∗
)
`2 − d1r(b+ u∗)

2`2 < 0,(
2abru∗ + aru2

∗ − r(b+ u∗)
2 + ru∗(b+ u∗)

2
)
`4 > 0,

or

(C11) : ∆ < 0

hold, then (2.14) has no positive roots, where90

∆ :=
(
d2

(
(1− u∗)(b+ u∗)

2 − abv∗
)
`2 − d1r(b+ u∗)

2`2
)2

− 4d1d2(b+ u∗)
2
(
2abru∗ + aru2

∗ − r(b+ u∗)
2 + ru∗(b+ u∗)

2
)
`4 < 0.

Hence, all roots of (2.10) have negative real parts under the conditions (C0) and (C1) or (C11).

Case 2.3. If the conditions (C0) and92

(C2) : d2

(
(1− u∗)(b+ u∗)

2 − abv∗
)
`2 − d1r(b+ u∗)

2`2 > 0,(
2abru∗ + aru2

∗ − r(b+ u∗)
2 + ru∗(b+ u∗)

2
)
`4 > 0,

∆ > 0

hold, then the (2.14) has two positive roots.

Moreover, if we let x̃ = n2, then the mathematical expression (2.14) can be rewritten as94

f̃(x̃) = d1d2(b+ u∗)
2x̃2 −

(
d2

(
(1− u∗)(b+ u∗)

2 − abv∗
)
`2 − d1r(b+ u∗)

2`2
)
x̃

+
(
2abru∗ + aru2

∗ − r(b+ u∗)
2 + ru∗(b+ u∗)

2
)
`4.

(2.15)
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Without loss of generality, we assume that the two positive roots of (2.15) are x̃1 and x̃2, i.e.,

x̃1,2 =
−B̃ ∓

√
B̃2 − 4ÃC̃

2Ã
(2.16)

under the conditions (C0) and (C2), where96

B̃ = −
(
d2

(
(1− u∗)(b+ u∗)

2 − abv∗
)
`2 − d1r(b+ u∗)

2`2
)
,

Ã = d1d2(b+ u∗)
2,

C̃ =
(
2abru∗ + aru2

∗ − r(b+ u∗)
2 + ru∗(b+ u∗)

2
)
`4.

(2.17)

Since x̃1 = ñ2
1 and x̃2 = ñ2

2, then we have ñ1 =
√
x̃1 and ñ2 =

√
x̃2. By using a geometric argument, we

can conclude that98

An

 < 0, ñ1 < n < ñ2,

≥ 0, n ≤ ñ1 or n ≥ ñ2,

where n ∈ N.

Furthermore, we have sign(Dn) = sign (An) from (2.13), where sign(.) represents the sign function. In100

the following, for simplicity, we set

R = {(r, n, u∗)|

r > max

(
0, 1− 2u∗ −

abv∗
(b+ u∗)2

, r̃n

)
,

2abu∗ + au2
∗

(b+ u∗)2
− 1 + 2u∗ > 0, ñ1 < n < ñ2, 0 < u∗ < 1

}
.

From the above discussion, we know that R is the region where the Turing bifurcation curve may exist.102

Moreover, by solving for r in the second mathematical expression of (2.11), we have

r =
Â

B̂
, (2.18)

where104

Â = d2

(
1− u∗ −

abv∗
(b+ u∗)2

)
n2

`2
− d1d2

n4

`4
,

B̂ = d1
n2

`2
− 1 + u∗ +

2abu∗ + au2
∗

(b+ u∗)2
.

(2.19)

Furthermore, from the second mathematical expression in (2.11), we know that when r ≥ Â/B̂, Dn ≥ 0

and when r < Â/B̂, Dn < 0.106

Theorem 2.4. From the above discussion, for the case 2.3, and in the region R,

(1) when r > Â/B̂, the positive constant steady state E∗(u∗, v∗) of model (1.5) is asymptotically stable108

for τ = 0, and if 0 < r < Â/B̂, the positive constant steady state E∗(u∗, v∗) of model (1.5) is unstable;

(2) the model (1.5) will undergo Turing bifurcation at r = Â/B̂.110

In the following, we continue to verify the transversality condition.

Lemma 2.5. In the region R, when n ∈ N, τ = 0 and r = Â/B̂, we have112

dλ

dr

∣∣∣∣
λ=0,τ=0,r=Â/B̂

< 0.
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Proof.By differentiating the second mathematical expression in (2.6) with respect to r, we have

(
2λ+ pn − τqne−λτ

) dλ
dr

= −λdpn
dr
− drn

dr
− e−λτ dqn

dr
,

where pn, qn and rn are defined by (2.7). Furthermore, by noticing that when n ∈ N and τ = 0, we have114

Tn = −pn < 0 and

au∗
b+ u∗

−
(

1− 2u∗ −
abv∗

(b+ u∗)2

)
> 0,

then from Theorem 2.1 and C0, we have116

dλ

dr

∣∣∣∣
λ=0,τ=0,r=Â/B̂

=
−d1

n2

`2 +
(

1− u∗ − abv∗
(b+u∗)2

)
− au∗

b+u∗

−Tn
< 0.

2.2. Hopf bifurcation118

In the following, the Hopf bifurcation of model (1.5) for r ≥ Â/B̂ is investigated. Suppose that λ = ±iωn
with ωn > 0 are a pair of purely imaginary roots of the second mathematical expression in (2.6), then120

substitute λ = ±iωn into the second mathematical expression in (2.6), we have

rn − ω2
n + qn cos (ωnτ) + i (pnωn − qn sin (ωnτ)) = 0 (2.20)

for n ∈ N. By separating the real and imaginary parts of (2.20), we have122

sin(ωnτ) =
pnωn
qn

, cos(ωnτ) =
ω2
n − rn
qn

. (2.21)

Moreover, by combining with (sin (ωnτ))2 + (cos (ωnτ))2 = 1 and (2.21), we have

ω4
n + (p2

n − 2rn)w2
n + r2

n − q2
n = 0. (2.22)

In the following, we mainly consider the case of r2
n− q2

n < 0, that is (2.22) has only one positive root ωn.124

Then we will discuss the case which is used to guarantee r2
n − q2

n < 0. Notice that when r ≥ Â/B̂, we have

Dn = rn + qn ≥ 0. From (2.7), we have126

rn − qn = d1d2
n4

`4
+

(
d1r − d2

(
1− u∗ −

abv∗
(b+ u∗)2

))
n2

`2
− r + ru∗ −

aru2
∗

(b+ u∗)2
. (2.23)

Since 1 − u∗ > 0, then (2.23) has only one positive root n∗. Moreover, if we let x = n2/`2, then the

mathematical expression (2.23) can be rewritten as128

f(x) = d1d2x
2 +

(
d1r − d2

(
1− u∗ −

abv∗
(b+ u∗)2

))
x− r + ru∗ −

aru2
∗

(b+ u∗)2
, (2.24)

and the unique positive root of (2.24) is

x∗ =
−b̃+

√
b̃2 − 4ãc̃

2ã
, (2.25)

where130

b̃ = d1r − d2

(
1− u∗ −

abv∗
(b+ u∗)2

)
, ã = d1d2, c = −r + ru∗ −

aru2
∗

(b+ u∗)2
. (2.26)
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Since x∗ = n2/`2 and by noticing that rn − qn is a quadratic polynomial with respect to n2/`2 and

r0 − q0 < 0. Therefore, there exists n0 = `
√
x∗ > 0 such that rn0

− qn0
= 0 and132

r2
n − q2

n

 < 0, 0 < n ≤ n∗,

≥ 0, n ≥ n∗ + 1,

where n ∈ N, and n∗ is defined by

n∗ =

n0 − 1, n0 ∈ N,

[n0] , n0 /∈ N.

Here, [.] stands for the integer part function. Therefore, ωn is the unique positive root of (2.22) for 0 < n ≤134

n∗, where

ωn =

√
2rn − p2

n +
√

(p2
n − 2rn)2 − 4(r2

n − q2
n)

2
. (2.27)

Furthermore, by noticing that sin(ωnτ) > 0, if we let τn,j , n ∈ N, j ∈ N0 be the root of136

cos(ωnτ) =
ω2
n − rn
qn

(2.28)

with ωn in (0, 2π]. According to (2.28), we can define

τn,j =
1

ωn

(
arccos

(
ω2
n − rn
qn

)
+ 2jπ

)
, 0 < n ≤ n∗, (2.29)

then the second mathematical expression in (2.6) has a pair of purely imaginary roots ±iωn at τ = τn,j .138

If taking τ as a parameter, and let λ(τ) = α(τ) + iω(τ) be the pair of roots of the second mathematical

expression in (2.6) near τ = τn,j satisfying α(τn,j) = 0 and ω(τn,j) = ωn for 0 < n ≤ n∗ with n ∈ N. In the140

following, we continue to verify the transversality condition.

Lemma 2.6. In the region R, when r ≥ Â/B̂ and 0 < n ≤ n∗, we have142

dRe(λ(τ))

dτ

∣∣∣∣
τ=τn,j

> 0,

where Re(λ(τ)) represents the real part of λ(τ).

Proof.By differentiating the two sides of144

Γn(λ) = det (Mn(λ)) = λ2 + pnλ+ rn + qne
−λτ = 0, n ∈ N

with respect to τ , where pn, rn and qn are defined by (2.7), we have(
dλ(τ)

dτ

)−1

=
2λ+ pn
λqne−λτ

− τ

λ
. (2.30)

Therefore, by combining with (2.30), we have146

Re

(
dλ(τ)

dτ

∣∣∣∣
τ=τn,j

)−1

= Re

(
2iωn + pn

iωnqne−iωnτn,j
− τn,j
iωn

)
= Re

(
2iωn + pn

iωnqn(cos(ωnτn,j)− i sin(ωnτn,j))

)
= Re

(
(2iωn + pn)(cos(ωnτn,j) + i sin(ωnτn,j))

iωnqn

)
=

2 cos(ωnτn,j)

qn
+
pn sin(ωnτn,j)

ωnqn
.

(2.31)
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From (2.21), we have

sin (ωnτn,j) =
pnωn
qn

, cos (ωnτn,j) =
ω2
n − rn
qn

. (2.32)

Moreover, by combining with (2.31), (2.32) and148

ωn =

√
2rn − p2

n +
√

(p2
n − 2rn)2 − 4(r2

n − q2
n)

2
> 0, r2

n − q2
n < 0,

we have

Re

(
dλ(τ)

dτ

∣∣∣∣
τ=τn,j

)−1

=
2ω2

n − 2rn + p2
n

q2
n

=

√
(p2
n − 2rn)2 − 4(r2

n − q2
n)

q2
n

> 0.

This, together with the fact that150

sign

{
dRe(λ(τ))

dτ

∣∣∣∣
τ=τn,j

}
= sign

Re

(
dλ(τ)

dτ

∣∣∣∣
τ=τn,j

)−1


completes the proof.

Moreover, according to the above analysis, we have the following results.152

Theorem 2.7. In the region R, when r ≥ Â/B̂, if we denote

τ∗ = min {τn,0 : 0 < n ≤ n∗, n ∈ N} ,

then the positive constant steady state E∗(u∗, v∗) of model (1.5) is asymptotically stable for 0 ≤ τ < τ∗ and154

unstable for τ > τ∗. Furthermore, model (1.5) undergoes Hopf bifurcation at τ = τ∗.

2.3. Turing-Hopf bifurcation156

By combining with Theorem 2.4 and Theorem 2.7, we have the following lemma.

Lemma 2.8. In the region R, the model (1.5) undergoes (n2, n1)-mode Turing-Hopf bifurcation at (r∗, τ∗),158

where r∗ = Â/B̂.

3. Normal form for Turing-Hopf bifurcation of model (1.5)160

Assumption 3.1. When (r, τ) = (r∗, τ∗), there exists n2 ∈ N such that the equation Γn2
(λ) = 0 has a

simple zero root λ = 0, and there exists n1 ∈ N such that the characteristic equation Γn1
(λ) = 0 has a pair162

of simple purely imaginary roots ±iωn1 . In addition, all roots of Γn(λ) = 0 with n 6= n1, n2 have negative

real parts, and the corresponding transversality conditions hold.164

3.1. Normal form derivation of Turing-Hopf bifurcation for model (1.5)

By the time scaling t → t/τ and by setting r = r∗ + µ1, τ = τ∗ + µ2 such that µ := (µ1, µ2) = (0, 0)166

is the Turing-Hopf bifurcation point in the perturbation plane of µ1 and µ2. Furthermore, by setting
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ũ(x, t) = u(x, τt) − u∗, ṽ(x, t) = v(x, τt) − v∗ and U(t) = (ũ(x, t), ṽ(x, t))T , then dropping the tildes for168

simplicity, the model (1.5) can be rewritten as the following model in the space C
∂u(x, t)

∂t
= (τc + µ2)

(
d1∆u(x, t) + (u(x, t) + u∗) (1− (û+ u∗))−

a(u(x, t) + u∗)(v(x, t) + v∗)

b+ (u(x, t) + u∗)

)
,

∂v(x, t)

∂t
= (τc + µ2)

(
d2∆v(x, t) + (r + µ1)(v(x, t) + v∗)

(
1− v(x, t) + v∗

u(x, t− 1) + u∗

))
.

(3.1)

Then for Ut(θ) = U(t+θ) ∈ C, Ût(θ) = Û(t+θ) ∈ C, −1 ≤ θ ≤ 0, the model (3.1) becomes the compact170

form

dU(t)

dt
= d(µ)∆Ut(0) + L(µ)Ut(θ) + L̂(µ)Ût(0) + F

(
Ut(θ), Ût(0), µ

)
, (3.2)

where for ϕ(θ) = (ϕ1(θ), ϕ2(θ))
T ∈ C and ϕ̂(0) = (ϕ̂1(0), ϕ̂2(0))

T ∈ C, L(µ), L̂(µ) : C → X, F : C×C×R2 →172

X and d(µ)∆ are given, respectively, by

d(µ)∆ϕ(0) = (τc + µ2)D∆ϕ(0), L(µ)ϕ(θ) = (τc + µ2)(A1(µ1)ϕ(0) +A2(µ1)ϕ(−1)),

L̂(µ)ϕ̂(0) = (τc + µ2)B1ϕ̂(0)

and174

F (ϕ(θ), ϕ̂(0), µ) = (τc + µ2)

 (ϕ1(0) + u∗) (1− (ϕ̂1(0) + u∗))−
a(ϕ1(0) + u∗)(ϕ2(0) + v∗)

b+ (ϕ1(0) + u∗)

(r + µ1)(ϕ2(0) + v∗)

(
1− ϕ2(0) + v∗

ϕ1(−1) + u∗

)


− L(µ)ϕ(θ)− L̂(µ)ϕ̂(0).

(3.3)

Here, D and B1 are defined by (2.4),

A1(µ1) =

 1− u∗ − abv∗
(b+u∗)2 − au∗

b+u∗

0 −(r + µ1)

 , A2(µ1) =

 0 0

r + µ1 0

 .

In what follows, we assume that F (ϕ(θ), ϕ̂(0), µ) is Ck, k ≥ 3, smooth with respect to ϕ(θ), ϕ̂(0) and µ.176

By noticing that µ is the perturbation parameter and is treated as a variable in the calculation of normal

form, thus if we denote178

d0 := d(0), L0ϕ(θ) := L(0)ϕ(θ) = τc(A1ϕ(0) +A2ϕ(−1)), L̂0ϕ̂(0) := L̂(0)ϕ̂(0) = τcB1ϕ̂(0),

the system (3.2) can be rewritten as

dU(t)

dt
= d0∆Ut(0) + L0Ut(θ) + L̂0Ût(0) + F̃ (Ut(θ), Ût(0), µ) (3.4)

by separating the linear terms from the nonlinear terms, where180

F̃ (Ut(θ), Ût(0), µ) = µ2D∆Ut(0) + µ2A1(µ1)Ut(0) + µ2A2(µ1)Ut(−1) + µ2B1Ût(0) + F (Ut(θ), Ût(0), µ).(3.5)

Therefore, the characteristic equation for the linearized system of (3.4)

dU(t)

dt
= d0∆Ut(0) + L0Ut(θ) + L̂0Ût(0) (3.6)

is182 ∏
n∈N0

Γ̃n(λ) = 0,
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where Γ̃n(λ) = det
(
M̃n(λ)

)
with

M̃n(λ) =


λI2 − τcA1 − τcA2e

−λ − τcB1, n = 0,

λI2 + τcD
n2

`2
− τcA1 − τcA2e

−λ, n ∈ N.
(3.7)

Then from (3.7), we have184

Γ̃n(λ) = det
(
M̃n(λ)

)

=


λ2 − τc

(
1− 2u∗ − r −

abv∗
(b+ u∗)2

)
λ+

τ2
c au∗re

−λ

b+ u∗
− τ2

c

(
1− 2u∗ −

abv∗
(b+ u∗)2

)
r = 0, n = 0,

λ2 + τcpnλ+ τ2
c rn + τ2

c qne
−λ = 0, n ∈ N,

(3.8)

where pn, rn and qn are defined by (2.7).

By comparing (3.8) with (2.6), we know that (3.8) has a pair of purely imaginary roots ±iωc for n =186

n1 ∈ N, and all other eigenvalues have negative real parts, where ωc = τcωn1 . In order to write (3.4) as an

abstract ordinary differential equation in a Banach space, follows by [28], we can take the enlarged space188

BC :=

{
ψ(θ) : [−1, 0]→ X : ψ(θ) is continuous on [−1, 0),∃ lim

θ→0−
ψ(θ) ∈ X

}
,

then the system (3.4) is equivalent to an abstract ordinary differential equation on BC

dUt(θ)

dt
= AUt(θ) +X0F̃ (Ut(θ), Ût(0), µ).

Here, A is a operator from C1
0 = {ϕ(θ) ∈ C : ϕ̇(θ) ∈ C, ϕ(0) ∈ dom(∆)} to BC, which is defined by190

Aϕ(θ) = ϕ̇(θ) +X0 (τcD∆ϕ(0) + Ln0 (ϕ(θ))− ϕ̇(0)) ,

where

Ln0 (ϕ(θ)) =

 τcA1ϕ(0) + τcA2ϕ(−1) + τcB1ϕ(0), n = 0,

τcA1ϕ(0) + τcA2ϕ(−1), n ∈ N,
(3.9)

and X0 = X0(θ) is given by192

X0(θ) =

 0, −1 ≤ θ < 0,

1, θ = 0.

In the following, the method given in [28] is used to complete the decomposition of BC. Let C :=

C
(
[−1, 0],R2

)
, C∗ := C

(
[0, 1],R2∗), where R2∗ is the two-dimensional space of row vectors, and define the194

adjoint bilinear form on C∗ × C as follows

〈ψ(s), φ(θ)〉 = ψ(0)φ(0)−
∫ 0

−1

∫ θ

0

ψ(ξ − θ)dMk(θ)φ(ξ)dξ for ψ ∈ C∗, φ ∈ C and ξ ∈ [−1, 0], (3.10)

where Mk(θ) is a bounded variation function from [−1, 0] to R2×2, i.e., Mk(θ) ∈ BV
(
[−1, 0];R2×2

)
, such196

that for φ(θ) ∈ C, we have

Ln(φ(θ)) =

∫ 0

−1

dMk(θ)φ(θ),

where198

Ln(φ(θ)) = Ldn(φ(θ)) + Ln0 (φ(θ)) (3.11)
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with

Ldn(φ(θ)) = −τc
n2

`2
Dφ(0), Ln0 (φ(θ)) =

 τcA1φ(0) + τcA2φ(−1) + τcB1φ(0), n = 0,

τcA1φ(0) + τcA2φ(−1), n ∈ N.

By choosing200

Φ1(θ) =
(
ξn1

eiωcθ, ξn1
e−iωcθ

)
, Φ2(θ) = ξn2

,

Ψ1(s) = col
(
ηTn1

e−iωcs, ηTn1
eiωcs

)
, Ψ2(s) = ηTn2

,
(3.12)

where the col(.) represents the column vector, ξn1
= col(ξn11, ξn12) ∈ C2 and ξn2

= col(ξn21, ξn22) ∈

R2 are the eigenvectors of system (3.6) associated with the eigenvalues iωc and 0, respectively, ηn1 =202

col(ηn11, ηn12) ∈ C2 and ηn2
= col(ηn21, ηn22) ∈ R2 are the corresponding adjoint eigenvectors such that

〈Ψ1(s),Φ1(θ)〉 = I2, 〈Ψ2(s),Φ2(θ)〉 = 1. (3.13)

According to [28], the phase space C can be decomposed as204

C = P ⊕Q, P = Im π, Q = Ker π,

where for φ ∈ C, the projection π : C → P is defined by

π(φ) =

Φ1

〈
Ψ1,


[
φ(·), β(1)

n1

]
[
φ(·), β(2)

n1

]
〉


T

βn1 +

Φ2

〈
Ψ2,


[
φ(·), β(1)

n2

]
[
φ(·), β(2)

n2

]
〉


T

βn2 . (3.14)

Next, we will calculate the eigenvectors ξn1
and ξn2

as well as the corresponding adjoint eigenvectors ηn1
206

and ηn2
associated with the eigenvalues iωc and 0, respectively. Choose

M0(θ) =


τcA2, θ = −1,

0, −1 < θ < 0,

τcA1 + τcB1, θ = 0,

Mn(θ) =


τcA2, θ = −1,

0, −1 < θ < 0,

−τc n
2

`2 D + τcA1, θ = 0,

(3.15)

then by combining with (2.4), when n = 0, we have208

τcA1 + τcB1 = τc

 1− 2u∗ − abv∗
(b+u∗)2 − au∗

b+u∗

0 −r

 := τc

 a11 a12

a21 a22

 ,

τcA2 = τc

 0 0

r 0

 := τc

 b11 b12

b21 b22

 ,

and when n ∈ N, we have

τcA1 = τc

 1− u∗ − abv∗
(b+u∗)2 − au∗

b+u∗

0 −r

 := τc

 a11 a12

a21 a22

 ,

τcA2 = τc

 0 0

r 0

 := τc

 b11 b12

b21 b22

 .

Furthermore, by combining with (3.10), (3.12), (3.13) and (3.15), after a straightforward calculation, we210

can obtain

ξn1
= (1, k1)

T
, ξn2

= (1, k3)
T
,

ηn1
= (T1 (1, k2))

T
, ηn2

= (T2 (1, k4))
T
,

(3.16)
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where212

k1 =
iωc + τc

n2
1

`2 d1 − τca11 − τcb11e
−iωc

τca12 + τcb12e−iωc
, k2 =

iωc + τc
n2
1

`2 d1 − τca11 − τcb11e
−iωc

τca21 + τcb21e−iωc
,

k3 =
τcd1

n2
2

`2 − τca11 − τcb11

τca12 + τcb12
, k4 =

τcd1
n2
2

`2 − τca11 − τcb11

τca21 + τcb21
,

T1 =
1

k1k2 + 1 + e−iωc (τcb11 + τcb21k2 + k1 (τcb12 + τcb22k2))

T2 =
1

(τcb12 + τcb22k4 + k4) k3 + (τcb11 + τcb21k4 + 1)
.

(3.17)

Therefore, according to the method given in [28], BC can be divided into a direct sum of center subspace

and its complementary space, that is214

BC = P ⊕ ker π, (3.18)

where dim P = 3. It is easy to see that the projection π which is defined by (3.14), is extended to a

continuous projection (which is still denoted by π), that is, π : BC → P. In particular, for α ∈ C, we have216

π (X0(θ)α) =

Φ1(θ)Ψ1(0)


[
α, β(1)

n1

]
[
α, β(2)

n1

]


T

βn1
+

Φ2(θ)Ψ2(0)


[
α, β(1)

n2

]
[
α, β(2)

n2

]


T

βn2
. (3.19)

By combining with (3.18) and (3.19), Ut(θ) can be decomposed as

Ut(θ) =

Φ1(θ)

 z1

z2

T  β
(1)
n1

β
(2)
n1

+ (z3Φ2(θ))
T

 β
(1)
n2

β
(2)
n2

+ w(θ)

=
(
z1ξn1e

iωcθ + z2ξn1
e−iωcθ

)
γn1(x) + z3ξn2γn2(x) + w(θ)

= (Φ1(θ) Φ2(θ))


z1γn1(x)

z2γn1(x)

z3γn2
(x)

+

 w1(θ)

w2(θ)

 ,

(3.20)

where w(θ) = col(w1(θ), w2(θ)) ∈ C1
0 ∩Ker π := Q1 and218  z1

z2

 =

〈
Ψ1(0),


[
Ut(θ), β

(1)
n1

]
[
Ut(θ), β

(2)
n2

]
〉 , z3 =

〈
Ψ2(0),


[
Ut(θ), β

(1)
n2

]
[
Ut(θ), β

(2)
n2

]
〉 .

Therefore, if we assume that

Φ(θ) = (Φ1(θ),Φ2(θ)), zx = (z1γn1(x), z2γn1(x), z3γn2(x))
T
,

then (3.20) can be rewritten as220

Ut(θ) = Φ(θ)zx + w(θ). (3.21)

By combining with Ût(θ) = ŵ(0) and (3.21), and for the simplicity of notation, we let
[
F̃ (Φ(θ)zx + w(θ), ŵ(0), µ) , β(1)

ν

]
[
F̃ (Φ(θ)zx + w(θ), ŵ(0), µ) , β(2)

ν

]

ν=n2

ν=n1

= col



[
F̃ (Φ(θ)zx + w(θ), ŵ(0), µ) , β(1)

n1

]
[
F̃ (Φ(θ)zx + w(θ), ŵ(0), µ) , β(2)

n1

]
 ,


[
F̃ (Φ(θ)zx + w(θ), ŵ(0), µ) , β(1)

n2

]
[
F̃ (Φ(θ)zx + w(θ), ŵ(0), µ) , β(2)

n2

]

 ,
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then the system (3.4) is decomposed as a system of abstract ordinary differential equations (ODEs) on222

R3 ×Ker π, with finite and infinite dimensional variables are separated in the linear term. That is
ż = Bz + Ψ(0)


[
F̃ (Φ(θ)zx + w(θ), ŵ(0), µ), β(1)

ν

]
[
F̃ (Φ(θ)zx + w(θ), ŵ(0), µ), β(2)

ν

]

ν=n2

ν=n1

,

ẇ = AQ1w + (I − π)X0(θ)F̃ (Φ(θ)zx + w(θ), ŵ(0), µ),

(3.22)

where Ψ(0) = diag(Ψ1(0),Ψ2(0)), I is the identity matrix, z = (z1, z2, z3)T , B = diag {iωc,−iωc, 0} is the224

diagonal matrix, and AQ1 : Q1 → Kerπ is defined by

AQ1w = ẇ +X0(θ)(τcD∆w(0) + Ln0w(θ)− ẇ(0)).

By combining with (3.5) and the formal Taylor expansions of L(µ), L̂(µ), F̃ (Ut(θ), Ût(0), µ) as follows226

L(µ) = L0 +
∑
j≥1

1

j!
Lj(µ), L̂(µ) = L̂0 +

∑
j≥1

1

j!
L̂j(µ),

F̃ (Ut(θ), Ût(0), µ) =
∑
j>2

1

j!
F̃j(Ut(θ), Ût(0), µ),

the systems (3.22) can be rewritten as
ż = Bz +

∑
j≥2

1

j!
f1
j (z, w, ŵ(0), µ),

ẇ = AQ1w +
∑
j≥2

1

j!
f2
j (z, w, ŵ(0), µ),

where fj :=
(
f1
j , f

2
j

)
, j ≥ 2, are defined by228

f1
j (z, w, ŵ(0), µ)

= Ψ(0)


[
jLj−1(µ)(Φ(θ)zx + w(θ)), β(1)

ν

]
+
[
jL̂j−1(µ)(ŵ(0)), β(1)

ν

]
+
[
Fj(Φ(θ)zx + w(θ), ŵ(0), µ), β(1)

ν

]
[
jLj−1(µ)(Φ(θ)zx + w(θ)), β(2)

ν

]
+
[
jL̂j−1(µ)(ŵ(0)), β(2)

ν

]
+
[
Fj(Φ(θ)zx + w(θ), ŵ(0), µ), β(2)

ν

]

ν=n2

ν=n1

,

f2
j (z, w, ŵ(0), µ) = (I − π)X0(θ)

(
jLj−1(µ)(Φ(θ)zx + w(θ)) + jL̂j−1(µ)ŵ(0) + Fj(Φ(θ)zx + w(θ), ŵ(0), µ)

)
.

(3.23)

Furthermore, by using (3.3), we obtain

F2 (Φ(θ)zx + w(θ), ŵ(0), µ) = F2 (Φ(θ)zx + w(θ), ŵ(0), 0)

=
∑

q1+q2+q3=2

Aq1q2q3γ
q1+q2
n1

(x)γq3n2
(x)zq11 z

q2
2 z

q3
3

+ S2 (Φ(θ)zx, w(θ)) + Ŝ2 (Φ(θ)zx, ŵ(0)) +O
(
|(w(θ), ŵ(0))|2

)
and230

F3 (Φ(θ)zx, 0, µ) =
∑

q1+q2+q3=3

Aq1q2q3z
q1
1 z

q2
2 z

q3
3 γ

q1+q2
n1

(x)γq3n2
(x)

+
∑

q1+q2+q3=2

Â(1)
q1q2q3z

q1
1 z

q2
2 z

q3
3 γ

q1+q2
n1

(x)γq3n2
(x)µ1

+
∑

q1+q2+q3=2

Â(2)
q1q2q3z

q1
1 z

q2
2 z

q3
3 γ

q1+q2
n1

(x)γq3n2
(x)µ2 +O

(
|z||µ|2

)
,

where S2 (Φ(θ)zx, w(θ)) is the product term of Φ(θ)zx and w(θ), Ŝ2 (Φ(θ)zx, ŵ(0)) is the product term of

Φ(θ)zx and ŵ(0), q1, q2, q3 ∈ N0. Furthermore, Aq1q2q3 , Â
(1)
q1q2q3 , Â

(2)
q1q2q3 ∈ R2, and Aq1q2q3 = Aq2q1q3 .232

15



As given in [22], we have

Ker(M1
2 ) = span

{
z1z3e1, z1µ1e1, z1µ2e1, z2z3e2, z2µ1e2, z2µ2e2, z1z2e3, z

2
3e3, z3µ1e3, z3µ2e3,

µ1µ2e3, µ
2
1e3, µ

2
2e3

}
,

Ker(M1
3 ) = span

{
z2

1z2e1, z1z
2
3e1, z1z3µ1e1, z1z3µ2e1, z1µ

2
1e1, z1µ

2
2e1, z1µ1µ2e1, z1z

2
2e2, z2z

2
3e2,

z2z3µ1e2, z2z3µ2e2, z2µ
2
1e2, z2µ

2
2e2, z2µ1µ2e2, z1z2z3e3, z

3
3e3, z

2
3µ1e3, z

2
3µ2e3,

z1z2µ1e3, z1z2µ2e3, z3µ
2
1e3, z3µ

2
2e3, z3µ1µ2e3, µ

3
1e3, µ

3
2e3, µ1µ

2
2e3, µ

2
1µ2e3

}
and234

U1
2 (z, µ) =

(
M1

2

)−1
ProjIm(M1

2 ) f
1
2 (z, 0, 0, µ),

(
M2

2U
2
2

)
(z, µ) = f2

2 (z, 0, 0, µ),

where ei(i = 1, 2, 3) are the standard basis on R3. By letting

Ũ2
2 (z, µ) = col(U2

2 (z, µ), Û2
2 (z, µ), U2

2,xx(z, µ)),

U2
2 (z, µ) , h(z, µ, θ) =

∑
n∈N0

hn(z, µ, θ)γn(x),

and from (2.1), we have236

Û2
2 (z, µ) =

√
1

`π
h0(z, µ, θ), U2

2,xx(z, µ) =
∑
n∈N0

(
−n

2

`2

)
hn(z, µ, θ)γn(x),

where

hn(z, µ, θ) =

 h
(1)
n (z, µ, θ)

h
(2)
n (z, µ, θ)

 =
∑

q1+q2+q3+q4+q5=2

 h
(1)
n,q1q2q3q4q5(θ)

h
(2)
n,q1q2q3q4q5(θ)

 zq11 z
q2
2 z

q3
3 µ

q4
1 µ

q5
2 .

Applying the arguments of [22], and by noticing that the term of order 3 obtained after the changes of238

variables in previous steps is given by

f̃1
3 (z, 0, 0, µ) = f1

3 (z, 0, 0, µ) +
3

2

((
Dzf

1
2

)
(z, 0, 0, µ)U1

2 (z, µ) +
(
Dw,ŵ,w̃xx

f1
2

)
(z, 0, 0, µ)Ũ2

2 (z, µ)

−
(
DzU

1
2 (z, µ)

)
g1

2(z, 0, 0, µ)
)
,

we derive the normal form240

ż = Bz +
1

2!
g1

2(z, 0, 0, µ) +
1

3!
g1

3(z, 0, 0, µ) +O
(
|z||µ|2

)
(3.24)

with g1
2(z, 0, 0, µ) = Projker(M1

2 ) f
1
2 (z, 0, 0, µ) and g1

3(z, 0, 0, µ) = Projker(M1
3 ) f̃

1
3 (z, 0, 0, µ).

Here,242

1

2!
g1

2(z, 0, 0, µ) =
1

2!
ProjKer(M1

2 ) f
1
2 (z, 0, 0, µ) =

 H (B10100z1z3 + (B10010µ1 +B10001µ2)z1)

B11000z1z2 + (B00110µ1 +B00101µ2)z3

 ,

1

3!
g1

3(z, 0, 0, µ) = Projker(M1
3 ) f̃

1
3 (z, 0, 0, µ)

=
1

3!
ProjS1

f̃1
3 (z, 0, 0, 0) +

1

3!
ProjS2

f̃1
3 (z, 0, 0, µ) +O(|z||µ|2)

=

 H
(
B21000z

2
1z2 +B10200z1z

2
3 + F10110z1z3µ1 + F10101z1z3µ2

)
B11100z1z2z3 +B00300z

3
3 + F11010z1z2µ1 + F11001z1z2µ2 + F00210z

2
3µ1 + F00201z

2
3µ2


(3.25)

16



with

S1 = span
{
z2

1z2e1, z1z
2
3e1, z1z

2
2e2, z2z

2
3e2, z1z2z3e3, z

3
3e3

}
,

S2 = span
{
z1z3µ1e1, z1z3µ2e1, z2z3µ1e2, z2z3µ2e2, z1z2µ1e3, z1z2µ2e3, z

2
3µ1e3, z

2
3µ2e3

}
,

H
(
αzq11 z

q2
2 z

q3
3 µ

l1
1 µ

l2
2

)
=

 αzq11 z
q2
2 z

q3
3 µ

l1
1 µ

l2
2

αzq21 z
q1
2 z

q3
3 µ

l1
1 µ

l2
2

 , α ∈ C.

Therefore, by combining with (3.24) and (3.25), the normal form for Turing-Hopf bifurcation of model244

(1.5) can be written as

ż = Bz +

 H (B10100z1z3 + (B10010µ1 +B10001µ2) z1)

B11000z1z2 + (B00110µ1 +B00101µ2) z3


+

 H
(
B21000z

2
1z2 +B10200z1z

2
3 + F10110z1z3µ1 + F10101z1z3µ2

)
B11100z1z2z3 +B00300z

3
3 + F11010z1z2µ1 + F11001z1z2µ2 + F00210z

2
3µ1 + F00201z

2
3µ2


+O

(
|z||µ|2

)
.

(3.26)

The mathematical expressions ofB10100, B10010, B10001, B11000, B00110, B00101, B21000, B10200, F10110, F10101,246

B11100, B00300, F11010, F11001, F00210, F00201 are given in Appendix A. The normal form (3.26) can now be

written in real coordinates through the change of variables z1 = v1 − iv2, z2 = v1 + iv2, z3 = v3, and then248

changing to cylindrical coordinates by v1 = ρ cos Θ, v2 = ρ sin Θ, v3 = ς, where Θ is the azimuthal angle.

Therefore, we obtain, truncating at third order term and removing the azimuthal term250  ρ̇ = α1(µ)ρ+ κ11ρ
3 + κ12ρς

2, ρ > 0,

ς̇ = α2(µ)ς + κ21ρ
2ς + κ22ς

3,
(3.27)

where

α1(µ) = Re(B10010)µ1 + Re(B10001)µ2, α2(µ) = B00110µ1 +B00101µ2,

κ11 = Re(B21000), κ12 = Re(B10200), κ21 = B11100, κ22 = B00300.
(3.28)

3.2. Calculations of Aq1q2q3 , Âq1q2q3 , S2(Φ(θ)zx, w(θ)), Ŝ2(Φ(θ)zx, ŵ(0))252

According to Section 3.3.1 in [25], by letting

F (ϕ(θ), ϕ̂(0), µ) = col
(
F (1)(ϕ(θ), ϕ̂(0), µ), F (2)(ϕ(θ), ϕ̂(0), µ)

)
for any ϕ(θ) = col (ϕ1(θ), ϕ2(θ)) ∈ BC and ϕ̂(0) = col (ϕ̂1(0), ϕ̂2(0)) ∈ BC, and writing the m-th Fréchet254

derivative Fm(ϕ(θ), ϕ̂(0), µ), m ≥ 2 as

1

m!
Fm(ϕ(θ), ϕ̂(0), µ) =

∑
l1+l2+l3+l4+l5+l6=m

1

l1!l2!l3!l4!l5!l6!
fl1l2l3l4l5l6ϕ

l1
1 (0)ϕl22 (0)ϕl31 (−1)ϕ̂l41 (0)µl51 µ

l6
2 ,

where fl1l2l3l4l5l6 = col
(
f

(1)
l1l2l3l4l5l6

, f
(2)
l1l2l3l4l5l6

)
with256

f
(1)
l1l2l3l4l5l6

=
∂l1+l2+l3+l4+l5+l6F (1)(0, 0, 0, 0, 0, 0)

∂ϕl11 (0)∂ϕl22 (0)∂ϕl31 (−1)∂ϕ̂l41 (0)∂µl51 ∂µ
l6
2

,

f
(2)
l1l2l3l4l5l6

=
∂l1+l2+l3+l4+l5+l6F (2)(0, 0, 0, 0, 0, 0)

∂ϕl11 (0)∂ϕl22 (0)∂ϕl31 (−1)∂ϕ̂l41 (0)∂µl51 ∂µ
l6
2

,

(3.29)
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and F (ϕ(θ), ϕ̂(0), µ) is defined by (3.3).

Furthermore, it follows from (3.3) and (3.29), we can see that f
(1)
l1l2l3l4l5l6

= 0 for either l2 ≥ 2, l3 ≥ 1, or258

l4 ≥ 2, and f
(2)
l1l2l3l4l5l6

= 0 for either l1 ≥ 1, or l2 ≥ 3, or l4 ≥ 1. Moreover, we can verify that f
(1)
010100 = 0,

f
(1)
000111 = 0, f

(1)
010011 = 0, f

(1)
010101 = 0, f

(1)
010110 = 0, f

(2)
001011 = 0 and f

(2)
010011 = 0, then we have260

F
(1)
2 (ϕ(θ), ϕ̂(0), µ) = F

(1)
2 (ϕ(θ), ϕ̂(0), 0) = 2f

(1)
100100ϕ1(0)ϕ̂1(0) + 2f

(1)
110000ϕ1(0)ϕ2(0) + f

(1)
200000ϕ

2
1(0),

F
(2)
2 (ϕ(θ), ϕ̂(0), µ) = F

(2)
2 (ϕ(θ), ϕ̂(0), 0) = f

(2)
002000ϕ

2
1(−1) + 2f

(2)
011000ϕ2(0)ϕ1(−1) + f

(2)
020000ϕ

2
2(0),

(3.30)

and

F
(1)
3 (ϕ(θ), ϕ̂(0), µ) = 0,

F
(2)
3 (ϕ(θ), ϕ̂(0), µ) = 3f

(2)
002001ϕ

2
1(−1)µ2 + 3f

(2)
002010ϕ

2
1(−1)µ1 + f

(2)
003000ϕ

3
1(−1) + 6f

(2)
011001ϕ2(0)ϕ1(−1)µ2

+ 6f
(2)
011010ϕ2(0)ϕ1(−1)µ1 + 3f

(2)
012000ϕ2(0)ϕ2

1(−1)

+ 3f
(2)
020001ϕ

2
2(0)µ2 + 3f

(2)
020010ϕ

2
2(0)µ1 + 3f

(2)
021000ϕ

2
2(0)ϕ1(−1).

(3.31)

By combining with (3.3), (3.29), (3.30) and (3.31), we can obtain262

f
(1)
100100 = −τc, f (1)

110000 = −τca(b+ u∗)
−1 + τcau∗(b+ u∗)

−2,

f
(1)
200000 = 2τcav∗(b+ u∗)

−2 − 2τcau∗v∗(b+ u∗)
−3,

f
(2)
002000 = −2τcrv

2
∗u
−3
∗ , f

(2)
011000 = 2τcrv∗u

−2
∗ , f

(2)
020000 = −2τcru

−1
∗ ,

f
(2)
002001 = −2rv2

∗u
−3
∗ , f

(2)
002010 = −2τcv

2
∗u
−3
∗ ,

f
(2)
003000 = 6τcrv

2
∗u
−4
∗ , f

(2)
011001 = 2rv∗u

−2
∗ ,

f
(2)
011010 = 2τcv∗u

−2
∗ , f

(2)
012000 = −4τcrv∗u

−3
∗ ,

f
(2)
020001 = −2ru−1

∗ , f
(2)
020010 = −2τcu

−1
∗ ,

f
(2)
021000 = 2τcru

−2
∗ .

By using the decomposition of BC, we know that ϕ(θ) = Φ(θ)zx + w(θ) and ϕ̂(0) = ŵ(0). Fur-

thermore, by noticing that F (0, 0, µ) = 0 and DF (0, 0, µ) = 0, and according to Section 3.3 in [25],264

F2 (Φ(θ)zx + w(θ), ŵ(0), µ) can be written as

F2 (Φ(θ)zx + w(θ), ŵ(0), µ) = F2 (Φ(θ)zx + w(θ), ŵ(0), 0)

=
∑

q1+q2+q3=2

Aq1q2q3γ
q1+q2
n1

(x)γq3n2
(x)zq11 z

q2
2 z

q3
3

+ S2 (Φ(θ)zx, w(θ)) + Ŝ2 (Φ(θ)zx, ŵ(0)) +O
(
|(w(θ), ŵ(0))|2

)
= A200γ

2
n1

(x)z2
1 +A020γ

2
n1

(x)z2
2 +A002γ

2
n2

(x)z2
3

+A110γ
2
n1

(x)z1z2 +A101γn1(x)γn2(x)z1z3 +A011γn1(x)γn2(x)z2z3

+ S2 (Φ(θ)zx, w(θ)) + Ŝ2 (Φ(θ)zx, ŵ(0)) +O
(
|(w(θ), ŵ(0))|2

)
,

(3.32)
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and F3 (Φ(θ)zx, 0, µ) can be written as266

F3 (Φ(θ)zx, 0, µ) =
∑

q1+q2+q3=3

Aq1q2q3z
q1
1 z

q2
2 z

q3
3 γ

q1+q2
n1

(x)γq3n2
(x)

+
∑

q1+q2+q3=2

Â(1)
q1q2q3z

q1
1 z

q2
2 z

q3
3 γ

q1+q2
n1

(x)γq3n2
(x)µ1

+
∑

q1+q2+q3=2

Â(2)
q1q2q3z

q1
1 z

q2
2 z

q3
3 γ

q1+q2
n1

(x)γq3n2
(x)µ2 +O

(
|z||µ|2

)
= A300γ

3
n1

(x)z3
1 +A030γ

3
n1

(x)z3
2 +A003γ

3
n2

(x)z3
3 +A210γ

3
n1

(x)z2
1z2

+A120γ
3
n1

(x)z1z
2
2 +A102γn1(x)γ2

n2
(x)z1z

2
3 +A012γn1(x)γ2

n2
(x)z2z

2
3 +A021γ

2
n1

(x)γn2(x)z2
2z3

+A201γ
2
n1

(x)γn2
(x)z2

1z3 +A111γ
2
n1

(x)γn2
(x)z1z2z3

+ Â
(1)
200γ

2
n1

(x)z2
1µ1 + Â

(1)
020γ

2
n1

(x)z2
2µ1 + Â

(1)
002γ

2
n2

(x)z2
3µ1

+ Â
(1)
110γ

2
n1

(x)z1z2µ1 + Â
(1)
101γn1(x)γn2(x)z1z3µ1 + Â

(1)
011γn1(x)γn2(x)z2z3µ1

+ Â
(2)
200γ

2
n1

(x)z2
1µ2 + Â

(2)
020γ

2
n1

(x)z2
2µ2 + Â

(2)
002γ

2
n2

(x)z2
3µ2

+ Â
(2)
110γ

2
n1

(x)z1z2µ2 + Â
(2)
101γn1(x)γn2(x)z1z3µ2 + Â

(2)
011γn1

(x)γn2
(x)z2z3µ2 +O

(
|z||µ|2

)
.

(3.33)

More precisely, after a straightforward calculation, we have

ϕ(0) = Φ(0)zx + w(0) =

 ξn11z1γn1
(x) + ξn11z2γn1

(x) + ξn21z3γn2
(x) + w1(0)

ξn12z1γn1(x) + ξn12z2γn1(x) + ξn22z3γn2(x) + w2(0)

 ,

ϕ̂(0) = ŵ(0) =

 ŵ1(0)

ŵ2(0)

 ,

ϕ(−1) = Φ(−1)zx + w(−1) =

 ξn11z1γn1(x)e−iωc + ξn11z2γn1
(x)eiωc + ξn21z3γn2

(x) + w1(−1)

ξn12z1γn1
(x)e−iωc + ξn12z2γn1

(x)eiωc + ξn22z3γn2
(x) + w2(−1)

 .

(3.34)

By comparing the corresponding coefficients of (3.30) and (3.32) as well as (3.31) and (3.33), respectively,268

we have

A101 =

 2f
(1)
110000 (ξn11ξn22 + ξn21ξn12) + 2f

(1)
200000ξn11ξn21

2f
(2)
002000ξn11ξn21e

−iωc + 2f
(2)
011000

(
ξn12ξn21 + ξn22ξn11e

−iωc
)

+ 2f
(2)
020000ξn12ξn22

 = A011,

A110 =

 4f
(1)
110000 Re

(
ξn11ξn12

)
+ 2f

(1)
200000|ξn11|2

2f
(2)
002000|ξn11|2 + 4f

(2)
011000 Re

(
ξn12ξn11e

iωc
)

+ 2f
(2)
020000|ξn12|2

 ,

A210 =


0

3f
(2)
003000ξ

2
n11ξn11e

−iωc + 3f
(2)
012000

(
2ξn12|ξn11|2 + ξn12ξ

2
n11e

−2iωc
)

+3f
(2)
021000

(
2|ξn12|2ξn11e

−iωc + ξ2
n12ξn11e

iωc
)

 = A120,

A102 =


0

3f
(2)
003000ξn11ξ

2
n21e

−iωc + 3f
(2)
012000

(
ξn12ξ

2
n21 + 2ξn22ξn11ξn21e

−iωc
)

+3f
(2)
021000

(
ξ2
n22ξn11e

−iωc + 2ξn12ξn22ξn21

)
 = A012,

A111 =


0

6f
(2)
003000|ξn11|2ξn21

+3f
(2)
012000

(
2ξn12ξn11ξn21e

iωc + 2ξn12ξn11ξn21e
−iωc + 2ξn22|ξn11|2

)
+3f

(2)
021000

(
2ξn12ξn22ξn11e

−iωc + 2ξn12ξn22ξn11e
iωc + 2|ξn12|2ξn21

)

 ,
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A003 =

 0

f
(2)
003000ξ

3
n21 + 3f

(2)
012000ξn22ξ

2
n21 + 3f

(2)
021000ξ

2
n22ξn21

 ,

A200 =

 2f
(1)
110000ξn11ξn12 + f

(1)
200000ξ

2
n11

f
(2)
002000ξ

2
n11e

−2iωc + 2f
(2)
011000ξn12ξn11e

−iωc + f
(2)
020000ξ

2
n12

 = A020,

A002 =

 2f
(1)
110000ξn21ξn22 + f

(1)
200000ξ

2
n21

f
(2)
002000ξ

2
n21 + 2f

(2)
011000ξn22ξn21 + f

(2)
020000ξ

2
n22


and270

Â
(1)
101 =

 0

6f
(2)
002010ξn11ξn21e

−iωc + 6f
(2)
011010

(
ξn12ξn21 + ξn22ξn11e

−iωc
)

+ 6f
(2)
020010ξn12ξn22

 ,

Â
(2)
101 =

 0

6f
(2)
002001ξn11ξn21e

−iωc + 6f
(2)
011001(ξn12ξn21 + ξn22ξn11e

−iωc) + 6f
(2)
020001ξn12ξn22

 ,

Â
(1)
110 =

 0

6f
(2)
002010|ξn11|2 + 12f

(2)
011010 Re

(
ξn12ξn11e

iωc
)

+ 6f
(2)
020010|ξn12|2

 ,

Â
(2)
110 =

 0

6f
(2)
002001|ξn11|2 + 12f

(2)
011001 Re

(
ξn12ξn11e

iωc
)

+ 6f
(2)
020001|ξn12|2

 .

Moreover, by combining with (3.30) and (3.34), we have

S2

(
ξn1

eiωcθ, h0,11000(θ)
)

=


2f

(1)
110000

(
ξn11h

(2)
0,11000(0) + ξn12h

(1)
0,11000(0)

)
+ 2f

(1)
200000ξn11h

(1)
0,11000(0)

2f
(2)
002000ξn11h

(1)
0,11000(−1)e−iωc + 2f

(2)
011000

(
ξn12h

(1)
0,11000(−1) + ξn11h

(2)
0,11000(0)e−iωc

)
+2f

(2)
020000ξn12h

(2)
0,11000(0)

 ,

S2

(
ξn1

e−iωcθ, h0,20000(θ)
)

=


2f

(1)
110000

(
ξn11h

(2)
0,20000(0) + ξn12h

(1)
0,20000(0)

)
+ 2f

(1)
200000ξn11h

(1)
0,20000(0)

2f
(2)
002000ξn11h

(1)
0,20000(−1)eiωc + 2f

(2)
011000

(
ξn12h

(1)
0,20000(−1) + ξn11h

(2)
0,20000(0)eiωc

)
+2f

(2)
020000ξn12h

(2)
0,20000(0)

 ,

S2

(
ξn1

eiωcθ, h2n1,11000(θ)
)

=


2f

(1)
110000

(
ξn11h

(2)
2n1,11000(0) + ξn12h

(1)
2n1,11000(0)

)
+ 2f

(1)
200000ξn11h

(1)
2n1,11000(0)

2f
(2)
002000ξn11h

(1)
2n1,11000(−1)e−iωc + 2f

(2)
011000

(
ξn12h

(1)
2n1,11000(−1) + ξn11h

(2)
2n1,11000(0)e−iωc

)
+2f

(2)
020000ξn12h

(2)
2n1,11000(0)

 ,

S2

(
ξn1

e−iωcθ, h2n1,20000(θ)
)

=


2f

(1)
110000

(
ξn11h

(2)
2n1,20000(0) + ξn12h

(1)
2n1,20000(0)

)
+ 2f

(1)
200000ξn11h

(1)
2n1,20000(0)

2f
(2)
002000ξn11h

(1)
2n1,20000(−1)eiωc + 2f

(2)
011000

(
ξn12h

(1)
2n1,20000(−1) + ξn11h

(2)
2n1,20000(0)eiωc

)
+2f

(2)
020000ξn11h

(2)
2n1,20000(0)

 ,
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S2

(
ξn1

eiωcθ, h0,00200(θ)
)

=


2f

(1)
110000

(
ξn11h

(2)
0,00200(0) + ξn12h

(1)
0,00200(0)

)
+ 2f

(1)
200000ξn11h

(1)
0,00200(0)

2f
(2)
002000ξn11h

(1)
0,00200(−1)e−iωc + 2f

(2)
011000

(
ξn12h

(1)
0,00200(−1) + ξn11h

(2)
0,00200(0)e−iωc

)
+2f

(2)
020000ξn12h

(2)
0,00200(0)

 ,

S2

(
ξn1

eiωcθ, h2n1,00200(θ)
)

=


2f

(1)
110000

(
ξn11h

(2)
2n1,00200(0) + ξn12h

(1)
2n1,00200(0)

)
+ 2f

(1)
200000ξn11h

(1)
2n1,00200(0)

2f
(2)
002000ξn11h

(1)
2n1,00200(−1)e−iωc + 2f

(2)
011000

(
ξn12h

(1)
2n1,00200(−1) + ξn11h

(2)
2n1,00200(0)e−iωc

)
+2f

(2)
020000ξn12h

(2)
2n1,00200(0)

 ,

S2 (ξn2
, hn1+n2,10100(θ))

=


2f

(1)
110000

(
ξn21h

(2)
n1+n2,10100(0) + ξn22h

(1)
n1+n2,10100(0)

)
+ 2f

(1)
200000ξn21h

(1)
n1+n2,10100(0)

2f
(2)
002000ξn21h

(1)
n1+n2,10100(−1) + 2f

(2)
011000

(
ξn22h

(1)
n1+n2,10100(−1) + ξn21h

(2)
n1+n2,10100(0)

)
+2f

(2)
020000ξn22h

(2)
n1+n2,10100(0)

 ,

S2

(
ξn2

, h|n2−n1|,10100(θ)
)

=


2f

(1)
110000

(
ξn21h

(2)
|n2−n1|,10100(0) + ξn22h

(1)
|n2−n1|,10100(0)

)
+ 2f

(1)
200000ξn21h

(1)
|n2−n1|,10100(0)

2f
(2)
002000ξn21h

(1)
|n2−n1|,10100(−1) + 2f

(2)
011000

(
ξn22h

(1)
|n2−n1|,10100(−1) + ξn21h

(2)
|n2−n1|,10100(0)

)
+2f

(2)
020000ξn22h

(2)
|n2−n1|,10100(0)

 ,

S2

(
ξn1

eiωcθ, hn1+n2,01100(θ)
)

=


2f

(1)
110000

(
ξn11h

(2)
n1+n2,01100(0) + ξn12h

(1)
n1+n2,01100(0)

)
+ 2f

(1)
200000ξn11h

(1)
n1+n2,01100(0)

2f
(2)
002000ξn11h

(1)
n1+n2,01100(−1)e−iωc + 2f

(2)
011000

(
ξn12h

(1)
n1+n2,01100(−1) + ξn11h

(2)
n1+n2,01100(0)e−iωc

)
+2f

(2)
020000ξn12h

(2)
n1+n2,01100(0)

 ,

S2

(
ξn1

e−iωcθ, hn1+n2,10100(θ)
)

=


2f

(1)
110000

(
ξn11h

(2)
n1+n2,10100(0) + ξn12h

(1)
n1+n2,10100(0)

)
+ 2f

(1)
200000ξn11h

(1)
n1+n2,10100(0)

2f
(2)
002000ξn11h

(1)
n1+n2,10100(−1)eiωc + 2f

(2)
011000

(
ξn12h

(1)
n1+n2,10100(−1) + ξn11h

(2)
n1+n2,10100(0)eiωc

)
+2f

(2)
020000ξn12h

(2)
n1+n2,10100(0)

 ,

S2

(
ξn1

eiωcθ, h|n2−n1|,01100(θ)
)

=


2f

(1)
110000

(
ξn11h

(2)
|n2−n1|,01100(0) + ξn12h

(1)
|n2−n1|,01100(0)

)
+ 2f

(1)
200000ξn11h

(1)
|n2−n1|,01100(0)

2f
(2)
002000ξn11h

(1)
|n2−n1|,01100(−1)e−iωc + 2f

(2)
011000

(
ξn12h

(1)
|n2−n1|,01100(−1) + ξn11h

(2)
|n2−n1|,01100(0)e−iωc

)
+2f

(2)
020000ξn12h

(2)
|n2−n1|,01100(0)

 ,

S2

(
ξn1

e−iωcθ, h|n2−n1|,10100(θ)
)

=


2f

(1)
110000

(
ξn11h

(2)
|n2−n1|,10100(0) + ξn12h

(1)
|n2−n1|,10100(0)

)
+ 2f

(1)
200000ξn11h

(1)
|n2−n1|,10100(0)

2f
(2)
002000ξn11h

(1)
|n2−n1|,10100(−1)eiωc + 2f

(2)
011000

(
ξn12h

(1)
|n2−n1|,10100(−1) + ξn11h

(2)
|n2−n1|,10100(0)eiωc

)
+2f

(2)
020000ξn12h

(2)
|n2−n1|,10100(0)

 ,
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S2 (ξn2
, h0,11000(θ)) =


2f

(1)
110000

(
ξn21h

(2)
0,11000(0) + ξn22h

(1)
0,11000(0)

)
+ 2f

(1)
200000ξn21h

(1)
0,11000(0)

2f
(2)
002000ξn21h

(1)
0,11000(−1) + 2f

(2)
011000

(
ξn22h

(1)
0,11000(−1) + ξn21h

(2)
0,11000(0)

)
+2f

(2)
020000ξn22h

(2)
0,11000(0)

 ,

S2 (ξn2
, h2n2,11000(θ)) =


2f

(1)
110000

(
ξn21h

(2)
2n2,11000(0) + ξn22h

(1)
2n2,11000(0)

)
+ 2f

(1)
200000ξn21h

(1)
2n2,11000(0)

2f
(2)
002000ξn21h

(1)
2n2,11000(−1) + 2f

(2)
011000

(
ξn22h

(1)
2n2,11000(−1) + ξn21h

(2)
2n2,11000(0)

)
+2f

(2)
020000ξn22h

(2)
2n2,11000(0)

 ,

S2 (ξn2
, h0,00200(θ))

=


2f

(1)
110000

(
ξn21h

(2)
0,00200(0) + ξn22h

(1)
0,00200(0)

)
+ 2f

(1)
200000ξn21h

(1)
0,00200(0)

2f
(2)
002000ξn21h

(1)
0,00200(−1) + 2f

(2)
011000

(
ξn22h

(1)
0,00200(−1) + ξn21h

(2)
0,00200(0)

)
+2f

(2)
020000ξn22h

(2)
0,00200(0)

 ,

S2 (ξn2 , h2n2,00200(θ))

=


2f

(1)
110000

(
ξn21h

(2)
2n2,00200(0) + ξn22h

(1)
2n2,00200(0)

)
+ 2f

(1)
200000ξn21h

(1)
2n2,00200(0)

2f
(2)
002000ξn21h

(1)
2n2,00200(−1) + 2f

(2)
011000

(
ξn22h

(1)
2n2,00200(−1) + ξn21h

(2)
2n2,00200(0)

)
+2f

(2)
020000ξn22h

(2)
2n2,00200(0)

 ,

S2

(
ξn1

eiωcθ, h0,00110(θ)
)

=


2f

(1)
110000

(
ξn11h

(2)
0,00110(0) + ξn12h

(1)
0,00110(0)

)
+ 2f

(1)
200000ξn11h

(1)
0,00110(0)

2f
(2)
002000ξn11h

(1)
0,00110(−1)e−iωc + 2f

(2)
011000

(
ξn12h

(1)
0,00110(−1) + ξn11h

(2)
0,00110(0)e−iωc

)
+2f

(2)
020000ξn12h

(2)
0,00110(0)

 ,

S2

(
ξn1e

iωcθ, h2n1,00110(θ)
)

=


2f

(1)
110000

(
ξn11h

(2)
2n1,00110(0) + ξn12h

(1)
2n1,00110(0)

)
+ 2f

(1)
200000ξn11h

(1)
2n1,00110(0)

2f
(2)
002000ξn11h

(1)
2n1,00110(−1)e−iωc + 2f

(2)
011000

(
ξn12h

(1)
2n1,00110(−1) + ξn11h

(2)
2n1,00110(0)e−iωc

)
+2f

(2)
020000ξn12h

(2)
2n1,00110(0)

 ,

S2 (ξn2
, hn1+n2,10010(θ))

=


2f

(1)
110000

(
ξn21h

(2)
n1+n2,10010(0) + ξn22h

(1)
n1+n2,10010(0)

)
+ 2f

(1)
200000ξn21h

(1)
n1+n2,10010(0)

2f
(2)
002000ξn21h

(1)
n1+n2,10010(−1) + 2f

(2)
011000

(
ξn22h

(1)
n1+n2,10010(−1) + ξn21h

(2)
n1+n2,10010(0)

)
+2f

(2)
020000ξn22h

(2)
n1+n2,10010(0)

 ,

S2

(
ξn2

, h|n2−n1|,10010(θ)
)

=


2f

(1)
110000

(
ξn21h

(2)
|n2−n1|,10010(0) + ξn22h

(1)
|n2−n1|,10010(0)

)
+ 2f

(1)
200000ξn21h

(1)
|n2−n1|,10010(0)

2f
(2)
002000ξn21h

(1)
|n2−n1|,10010(−1) + 2f

(2)
011000

(
ξn22h

(1)
|n2−n1|,10010(−1) + ξn21h

(2)
|n2−n1|,10010(0)

)
+2f

(2)
020000ξn22h

(2)
|n2−n1|,10010(0)

 ,

S2

(
ξn1e

iωcθ, h0,00101(θ)
)

=


2f

(1)
110000

(
ξn11h

(2)
0,00101(0) + ξn12h

(1)
0,00101(0)

)
+ 2f

(1)
200000ξn11h

(1)
0,00101(0)

2f
(2)
002000ξn11h

(1)
0,00101(−1)e−iωc + 2f

(2)
011000

(
ξn12h

(1)
0,00101(−1) + ξn11h

(2)
0,00101(0)e−iωc

)
+2f

(2)
020000ξn12h

(2)
0,00101(0)

 ,

22



S2

(
ξn1

eiωcθ, h2n1,00101(θ)
)

=


2f

(1)
110000

(
ξn11h

(2)
2n1,00101(0) + ξn12h

(1)
2n1,00101(0)

)
+ 2f

(1)
200000ξn11h

(1)
2n1,00101(0)

2f
(2)
002000ξn11h

(1)
2n1,00101(−1)e−iωc + 2f

(2)
011000

(
ξn12h

(1)
2n1,00101(−1) + ξn11h

(2)
2n1,00101(0)e−iωc

)
+2f

(2)
020000ξn12h

(2)
2n1,00101(0)

 ,

S2 (ξn2
, hn1+n2,10001(θ))

=


2f

(1)
110000

(
ξn21h

(2)
n1+n2,10001(0) + ξn22h

(1)
n1+n2,10001(0)

)
+ 2f

(1)
200000ξn21h

(1)
n1+n2,10001(0)

2f
(2)
002000ξn21h

(1)
n1+n2,10001(−1) + 2f

(2)
011000

(
ξn22h

(1)
n1+n2,10001(−1) + ξn21h

(2)
n1+n2,10001(0)

)
+2f

(2)
020000ξn22h

(2)
n1+n2,10001(0)

 ,

S2

(
ξn2

, h|n2−n1|,10001(θ)
)

=


2f

(1)
110000

(
ξn21h

(2)
|n2−n1|,10001(0) + ξn22h

(1)
|n2−n1|,10001(0)

)
+ 2f

(1)
200000ξn21h

(1)
|n2−n1|,10001(0)

2f
(2)
002000ξn21h

(1)
|n2−n1|,10001(−1) + 2f

(2)
011000

(
ξn22h

(1)
|n2−n1|,10001(−1) + ξn21h

(2)
|n2−n1|,10001(0)

)
+2f

(2)
020000ξn22h

(2)
|n2−n1|,10001(0)

 ,

S2

(
ξn1

eiωcθ, hn1+n2,01010(θ)
)

=


2f

(1)
110000

(
ξn11h

(2)
n1+n2,01010(0) + ξn12h

(1)
n1+n2,01010(0)

)
+ 2f

(1)
200000ξn11h

(1)
n1+n2,01010(0)

2f
(2)
002000ξn11h

(1)
n1+n2,01010(−1)e−iωc + 2f

(2)
011000

(
ξn12h

(1)
n1+n2,01010(−1) + ξn11h

(2)
n1+n2,01010(0)e−iωc

)
+2f

(2)
020000ξn12h

(2)
n1+n2,01010(0)

 ,

S2

(
ξn1

e−iωcθ, hn1+n2,10010(θ)
)

=


2f

(1)
110000

(
ξn11h

(2)
n1+n2,10010(0) + ξn12h

(1)
n1+n2,10010(0)

)
+ 2f

(1)
200000ξn11h

(1)
n1+n2,10010(0)

2f
(2)
002000ξn11h

(1)
n1+n2,10010(−1)eiωc + 2f

(2)
011000

(
ξn12h

(1)
n1+n2,10010(−1) + ξn11h

(2)
n1+n2,10010(0)eiωc

)
+2f

(2)
020000ξn12h

(2)
n1+n2,10010(0)

 ,

S2

(
ξn1

eiωcθ, h|n2−n1|,01010(θ)
)

=


2f

(1)
110000

(
ξn11h

(2)
|n2−n1|,01010(0) + ξn12h

(1)
|n2−n1|,01010(0)

)
+ 2f

(1)
200000ξn11h

(1)
|n2−n1|,01010(0)

2f
(2)
002000ξn11h

(1)
|n2−n1|,01010(−1)e−iωc + 2f

(2)
011000

(
ξn12h

(1)
|n2−n1|,01010(−1) + ξn11h

(2)
|n2−n1|,01010(0)e−iωc

)
+2f

(2)
020000ξn12h

(2)
|n2−n1|,01010(0)

 ,

S2

(
ξn1

e−iωcθ, h|n2−n1|,10010(θ)
)

=


2f

(1)
110000

(
ξn11h

(2)
|n2−n1|,10010(0) + ξn12h

(1)
|n2−n1|,10010(0)

)
+ 2f

(1)
200000ξn11h

(1)
|n2−n1|,10010(0)

2f
(2)
002000ξn11h

(1)
|n2−n1|,10010(−1)eiωc + 2f

(2)
011000

(
ξn12h

(1)
|n2−n1|,10010(−1) + ξn11h

(2)
|n2−n1|,10010(0)eiωc

)
+2f

(2)
020000ξn12h

(2)
|n2−n1|,10010(0)

 ,

S2

(
ξn1

eiωcθ, hn1+n2,01001(θ)
)

=


2f

(1)
110000

(
ξn11h

(2)
n1+n2,01001(0) + ξn12h

(1)
n1+n2,01001(0)

)
+ 2f

(1)
200000ξn11h

(1)
n1+n2,01001(0)

2f
(2)
002000ξn11h

(1)
n1+n2,01001(−1)e−iωc + 2f

(2)
011000

(
ξn12h

(1)
n1+n2,01001(−1) + ξn11h

(2)
n1+n2,01001(0)e−iωc

)
+2f

(2)
020000ξn12h

(2)
n1+n2,01001(0)

 ,
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S2

(
ξn1

e−iωcθ, hn1+n2,10001(θ)
)

=


2f

(1)
110000

(
ξn11h

(2)
n1+n2,10001(0) + ξn12h

(1)
n1+n2,10001(0)

)
+ 2f

(1)
200000ξn11h

(1)
n1+n2,10001(0)

2f
(2)
002000ξn11h

(1)
n1+n2,10001(−1)eiωc + 2f

(2)
011000

(
ξn12h

(1)
n1+n2,10001(−1) + ξn11h

(2)
n1+n2,10001(0)eiωc

)
+2f

(2)
020000ξn12h

(2)
n1+n2,10001(0)

 ,

S2

(
ξn1

eiωcθ, h|n2−n1|,01001(θ)
)

=


2f

(1)
110000

(
ξn11h

(2)
|n2−n1|,01001(0) + ξn12h

(1)
|n2−n1|,01001(0)

)
+ 2f

(1)
200000ξn11h

(1)
|n2−n1|,01001(0)

2f
(2)
002000ξn11h

(1)
|n2−n1|,01001(−1)e−iωc + 2f

(2)
011000

(
ξn12h

(1)
|n2−n1|,01001(−1) + ξn11h

(2)
|n2−n1|,01001(0)e−iωc

)
+2f

(2)
020000ξn12h

(2)
|n2−n1|,01001(0)

 ,

S2

(
ξn1

e−iωcθ, h|n2−n1|,10001(θ)
)

=


2f

(1)
110000

(
ξn11h

(2)
|n2−n1|,10001(0) + ξn12h

(1)
|n2−n1|,10001(0)

)
+ 2f

(1)
200000ξn11h

(1)
|n2−n1|,10001(0)

2f
(2)
002000ξn11h

(1)
|n2−n1|,10001(−1)eiωc + 2f

(2)
011000

(
ξn12h

(1)
|n2−n1|,10001(−1) + ξn11h

(2)
|n2−n1|,10001(0)eiωc

)
+2f

(2)
020000ξn12h

(2)
|n2−n1|,10001(0)

 ,

S2 (ξn2 , h0,00110(θ))

=


2f

(1)
110000

(
ξn21h

(2)
0,00110(0) + ξn22h

(1)
0,00110(0)

)
+ 2f

(1)
200000ξn21h

(1)
0,00110(0)

2f
(2)
002000ξn21h

(1)
0,00110(−1) + 2f

(2)
011000

(
ξn22h

(1)
0,00110(−1) + ξn21h

(2)
0,00110(0)

)
+2f

(2)
020000ξn22h

(2)
0,00110(0)

 ,

S2 (ξn2 , h2n2,00110(θ))

=


2f

(1)
110000

(
ξn21h

(2)
2n2,00110(0) + ξn22h

(1)
2n2,00110(0)

)
+ 2f

(1)
200000ξn21h

(1)
2n2,00110(0)

2f
(2)
002000ξn21h

(1)
2n2,00110(−1) + 2f

(2)
011000

(
ξn22h

(1)
2n2,00110(−1) + ξn21h

(2)
2n2,00110(0)

)
+2f

(2)
020000ξn22h

(2)
2n2,00110(0)

 ,

S2 (ξn2
, h0,00101(θ))

=


2f

(1)
110000

(
ξn21h

(2)
0,00101(0) + ξn22h

(1)
0,00101(0)

)
+ 2f

(1)
200000ξn21h

(1)
0,00101(0)

2f
(2)
002000ξn21h

(1)
0,00101(−1) + 2f

(2)
011000

(
ξn22h

(1)
0,00101(−1) + ξn21h

(2)
0,00101(0)

)
+2f

(2)
020000ξn22h

(2)
0,00101(0)

 ,

S2 (ξn2 , h2n2,00101(θ))

=


2f

(1)
110000

(
ξn21h

(2)
2n2,00101(0) + ξn22h

(1)
2n2,00101(0)

)
+ 2f

(1)
200000ξn21h

(1)
2n2,00101(0)

2f
(2)
002000ξn21h

(1)
2n2,00101(−1) + 2f

(2)
011000

(
ξn22h

(1)
2n2,00101(−1) + ξn21h

(2)
2n2,00101(0)

)
+2f

(2)
020000ξn22h

(2)
2n2,00101(0)

 ,

Ŝ2

(
ξn1e

iωcθ, h0,11000(θ)
)

=

 2f
(1)
100100ξn11h

(1)
0,11000(0)

0

 ,

Ŝ2(ξn1
e−iωcθ, h0,20000(θ)) =

 2f
(1)
100100ξn11h

(1)
0,20000(0)

0

 ,

Ŝ2(ξn1
eiωcθ, h0,00200(θ)) =

 2f
(1)
100100ξn11h

(1)
0,00200(0)

0

 ,

Ŝ2(ξn2
, h0,11000(θ)) =

 2f
(1)
100100ξn21h

(1)
0,11000(0)

0

 ,
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Ŝ2(ξn2
, h0,00200(θ)) =

 2f
(1)
100100ξn21h

(1)
0,00200(0)

0

 ,

Ŝ2

(
ξn1

eiωcθ, h0,00110(θ)
)

=

 2f
(1)
100100ξn11h

(1)
0,00110(0)

0

 ,

Ŝ2

(
ξn1e

iωcθ, h0,00101(θ)
)

=

 2f
(1)
100100ξn11h

(1)
0,00101(0)

0

 ,

Ŝ2(ξn2 , h0,00110(θ)) =

 2f
(1)
100100ξn21h

(1)
0,00110(0)

0

 ,

Ŝ2(ξn2 , h0,00101(θ)) =

 2f
(1)
100100ξn21h

(1)
0,00101(0)

0

 .

4. Numerical simulations272

For the parameters d1 = 0.1, d2 = 10, ` = 3, a = 2.5, b = 1, r = 0.8, according to (2.2), we know that

the positive constant steady state of model (1.5) is E∗(0.3508, 0.3508). From (2.16) and (2.17), we have274

x̃1 = 2.6353 and x̃2 = 11.8182, then we have ñ1 =
√
x̃1 = 1.6234 and ñ2 =

√
x̃2 = 3.4378. From (2.25)

and (2.26), we have x∗ = 2.0411, then n0 = `
√
x∗ = 4.2861. Therefore, in this paper, we take n1 = 1 and276

n2 = 3. When n2 = 3, by combining with (2.18) and (2.19), we have r∗ = 1.1814. Furthermore, according

to (2.27), we have ωn1 = 0.2921, and we have τ∗ = τn1,0 = 3.2507 from (2.29). By combining with (3.16)278

and (3.17), we have

ξn1
= (1, 0.2426− 0.4499i)

T
, ξn2

= (1, 0.1057)
T
,

ηn1 = (0.3199− 0.7941i,−0.0609 + 0.2326i)
T
, ηn2 = (1.2972,−0.0753)

T
.

Furthermore, according to Theorem 2.8, we know that model (1.5) undergoes Turing-Hopf bifurcation at280

(r∗, τ∗) = (1.1814, 3.2507). According to (3.27) and (3.28), the third order truncated normal form for

Turing-Hopf bifurcation of model (1.5) is282  ρ̇ = (0.2074µ1 + 0.2075µ2)ρ+ 0.5370ρ3 − 0.5916ρς2, ρ > 0,

ς̇ = −0.2190µ1ς − 0.1178ρ2ς + 0.0359ς3.
(4.1)

The system (4.1) has a zero equilibrium point A0(0, 0) for any µ1, µ2 ∈ R, three boundary equilibrium

points284

A1

(√
−0.2074µ1 − 0.2075µ2

0.5370
, 0

)
, for µ2 < −0.9995µ1,

A±2

(
0,±

√
0.2190µ1

0.0359

)
, for µ1 > 0,

and two interior equilibrium points

A±3

(√
−0.1221µ1 + 0.0074µ2

0.0504
,±
√
−0.0932µ1 + 0.0244µ2

0.0504

)
for µ2 > 16.5µ1 and µ2 > 3.8197µ1.286
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In addition, according to the above four inequalities which are used to ensure the existence of the

equilibrium points A1, A
±
2 and A±3 , we can define the critical bifurcation lines as follows288

T : µ1 = 0,

C1 : µ2 = −0.9995µ1,

C2 : µ2 = 16.5µ1, µ1 > 0,

C3 : µ2 = 3.8197µ1, µ1 < 0.

Notice that these four lines divide the µ1 − µ2 parameter plane into six different regions marked as Rj(j =

1, 2, 3, 4, 5, 6), see Fig.1 for details.290

R
1

R
4

R
3

R
5

R
6

R
2

Figure 1: Bifurcation diagram of model (1.5) near the Turing-Hopf bifurcation point (r∗, τ∗) = (1.1814, 3.2507).

In region R1, the normal form (4.1) has equilibrium points A0 and A±2 . In region R2, the normal form

(4.1) has equilibrium points A0, A±2 and A±3 . In region R3, the normal form (4.1) has equilibrium points292

A0 and A±3 . In region R4, the normal form (4.1) has equilibrium points A0, A1 and A±3 . In region R5, the

normal form (4.1) has equilibrium points A0 and A1. In region R6, the normal form (4.1) has equilibrium294

points A0, A1 and A±2 .

In region R1, system (4.1) has two equilibrium points A0 and A±2 . Moreover, A±2 is unstable, A0 is296

asymptotically stable. Figure 2 shows the heteroclinic orbit connecting the unstable spatially inhomogeneous

steady states shaped like cos(x) to the positive constant steady state E∗(u∗, v∗).298

In region R2, system (4.1) has three equilibrium points A0, A±2 and A±3 . Moreover, A0 and A±2 are

unstable, while A±3 is asymptotically stable. It therefore follows that model (1.5) possesses two stable300

spatially inhomogeneous periodic solutions with a spatial shape like the combination of cos(x/3) and cos(x),

as depicted in Fig.3.302

In region R3, system (4.1) has two equilibrium points A0 and A±3 . Moreover, A0 is unstable, while A±3

is asymptotically stable. It therefore follows that model (1.5) possesses two stable spatially inhomogeneous304

periodic solutions with a spatial shape like the combination of cos(x/3) and cos(x), as depicted in Fig.4.

In region R4, system (4.1) has three equilibrium points A0, A1 and A±3 . Moreover, A0 and A1 are306

unstable, while A±3 is asymptotically stable. It therefore follows that model (1.5) possesses two stable

spatially inhomogeneous periodic solutions with a spatial shape like the combination of cos(x/3) and cos(x).308

26



(a) (b)

(c) (d)

Figure 2: For (µ1, µ2) = (3.2,−3) ∈ R1, r = 1.1814 + µ1 and τ = 3.2507 + µ2, the spatially inhomogeneous steady states are

unstable, and there exists a heteroclinic orbit connecting the unstable spatially inhomogeneous steady states shaped like cos(x)

to the positive constant steady state E∗(u∗, v∗) = (0.3508, 0.3508). (a) and (b) are transient behaviours for the prey u(x, t)

and predator v(x, t) populations, respectively. (c) and (d) are the evolution processes for the prey u(x, t) and predator v(x, t)

populations, respectively. The initial values are u(x, 0) = u∗ + 0.1 + 0.2 cos(x) and v(x, 0) = v∗ + 0.1 + 0.2 cos(x).

(a) (b)

Figure 3: For (µ1, µ2) = (0.01, 1.2) ∈ R2, r = 1.1814+µ1 and τ = 3.2507+µ2, the positive constant steady state E∗(u∗, v∗) =

(0.3508, 0.3508) and the spatially inhomogeneous steady states are unstable, and there are stable spatially inhomogeneous

periodic solutions with a spatial shape like the combination of cos(x/3) and cos(x). The initial values are u(x, 0) = u∗+0.1 cos(x)

and v(x, 0) = v∗ + 0.1 cos(x).
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(a) (b)

Figure 4: For (µ1, µ2) = (−0.01, 1) ∈ R3, r = 1.1814+µ1 and τ = 3.2507+µ2, the positive constant steady state E∗(u∗, v∗) =

(0.3508, 0.3508) is unstable, and there are stable spatially inhomogeneous periodic solutions with a spatial shape like the

combination of cos(x/3) and cos(x). The initial values are u(x, 0) = u∗ + 0.1 cos(x/3) + 0.01 cos(x) and v(x, 0) = v∗ +

0.1 cos(x/3) + 0.01 cos(x).

Figure 5 shows the heteroclinic orbit connecting the unstable spatially inhomogeneous periodic solution

shaped like cos(x/3) to the stable spatially inhomogeneous periodic solutions shaped like the combination310

of cos(x/3) and cos(x).

(a) (b)

Figure 5: For (µ1, µ2) = (−0.01, 0.009) ∈ R4, r = 1.1814 + µ1 and τ = 3.2507 + µ2, the positive constant steady state

E∗(u∗, v∗) = (0.3508, 0.3508) and the spatially inhomogeneous periodic solution shaped like cos(x/3) are unstable, and there

exists a heteroclinic orbit connecting the unstable spatially inhomogeneous periodic solution shaped like cos(x/3) to the stable

spatially inhomogeneous periodic solutions with a spatial shape like the combination of cos(x/3) and cos(x). The initial values

are u(x, 0) = u∗ + 0.1 cos(x/3) + 0.1 cos(x) and v(x, 0) = v∗ + 0.1 cos(x/3) + 0.1 cos(x).

In region R5, system (4.1) has two equilibrium points A0 and A1. Moreover, A0 is unstable, while312

A1 is asymptotically stable. It therefore follows that model (1.5) possesses stable spatially inhomogeneous

periodic solution with a spatial shape like cos(x/3), as depicted in Fig.6.314

In region R6, system (4.1) has three equilibrium points A0, A1 and A±2 . A1 and A±2 are unstable,

while A0 is asymptotically stable. Figure 7 shows the heteroclinic orbit connecting the unstable spatial-316

ly inhomogeneous periodic solution to the positive constant steady state E∗(u∗, v∗). Figure 8 shows the

heteroclinic orbit connecting the unstable spatially inhomogeneous steady states shaped like cos(x) to the318

positive constant steady state E∗(u∗, v∗).
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(a) (b)

Figure 6: For (µ1, µ2) = (−0.01,−0.05) ∈ R5, r = 1.1814 + µ1 and τ = 3.2507 + µ2, the positive constant steady state

E∗(u∗, v∗) = (0.3508, 0.3508) is unstable, and there is stable spatially inhomogeneous periodic solution shaped like cos(x/3).

The initial values are u(x, 0) = u∗ − 0.1 cos(x/3) and v(x, 0) = v∗ − 0.1 cos(x/3).

(a) (b)

(c) (d)

Figure 7: For (µ1, µ2) = (0.01,−1) ∈ R6, r = 1.1814 + µ1 and τ = 3.2507 + µ2, the spatially inhomogeneous periodic solution

shaped like cos(x/3) are unstable, and there exists a heteroclinic orbit connecting the unstable spatially inhomogeneous periodic

solution shaped like cos(x/3) to the positive constant steady state E∗(u∗, v∗) = (0.3508, 0.3508). (a) and (b) are transient

behaviours for the prey u(x, t) and predator v(x, t) populations, respectively. (c) and (d) are the evolution processes for

the prey u(x, t) and predator v(x, t) populations, respectively. The initial values are u(x, 0) = u∗ + 0.1 + 0.13 cos(x) and

v(x, 0) = v∗ − 0.1 + 0.13 cos(x).

29



(a) (b)

(c) (d)

Figure 8: For (µ1, µ2) = (0.02,−2.5) ∈ R6, r = 1.1814 + µ1 and τ = 3.2507 + µ2, the spatially inhomogeneous steady states

are unstable, and there exists a heteroclinic orbit connecting the unstable spatially inhomogeneous steady states shaped like

cos(x) to the positive constant steady state E∗(u∗, v∗) = (0.3508, 0.3508). (a) and (b) are transient behaviours for the prey

u(x, t) and predator v(x, t) populations, respectively. (c) and (d) are the evolution processes for the prey u(x, t) and predator

v(x, t) populations, respectively. The initial values are u(x, 0) = u∗ + 0.1 + 0.1 cos(x) and v(x, 0) = v∗ + 0.1− 0.1 cos(x).
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5. Conclusion and discussion320

In this paper, we investigate a diffusive Holling-Tanner model with nonlocal effect and digestion time

delay. We discuss the stability of positive constant steady state, the Turing bifurcation, Hopf bifurcation322

and Turing-Hopf bifurcation of model (1.5). More specifically, when τ = 0, n ∈ N, the Turing bifurcation

of model (1.5) is researched, when τ > 0, n ∈ N, the Hopf bifurcation of model (1.5) is researched. In324

addition, we discuss the Turing-Hopf bifurcation of model (1.5) under the condition of Turing stability.

In order to investigate the dynamical behaviours near the Turing-Hopf bifurcation point, we choose r326

and τ as bifurcation parameters, and we derive the algorithm for calculating the normal form of Turing-

Hopf bifurcation of model (1.5). By choosing some proper parameters and according to the algorithm for328

calculating the normal form of Turing-Hopf bifurcation of model (1.5), we divide the µ1 − µ2 plane into six

regions and illustrate different dynamical behaviours in these regions. Furthermore, we find rich dynamical330

behaviours of model (1.5) by some numerical simulations.
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Appendix A: Detailed calculations of the normal form (3.26)

By combining with (2.1), we first give some mathematical expressions that will be useful later on344

α1 :=

∫ `π

0

γ2
n1

(x)γn2(x)dx =


√

1
2`π , forn2 = 2n1,

0, forn2 6= 2n1,

α2 :=

∫ `π

0

γ2
n1

(x)dx = 1, α3 :=

∫ `π

0

γ2
n2

(x)dx = 1,

α4 :=

∫ `π

0

γ4
n1

(x)dx =
3

2`π
, α5 :=

∫ `π

0

γ2
n1

(x)γ2
n2

(x)dx =
1

`π
,

α6 :=

∫ `π

0

γ4
n2

(x)dx =
3

2`π
, α7 :=

∫ `π

0

γ3
n1

(x)dx = 0,

α8 :=

∫ `π

0

γn1
(x)γ2

n2
(x)dx =


√

1
2`π , forn1 = 2n2,

0, forn1 6= 2n2,

α9 :=

∫ `π

0

γ3
n2

(x)dx = 0,

α10 :=

∫ `π

0

γ2n1
(x)γn2

(x)dx =

1, forn2 = 2n1,

0, forn2 6= 2n1,

α11 :=

∫ `π

0

γn1(x)γ2n2(x)dx =

1, forn1 = 2n2,

0, forn1 6= 2n2,

α12 :=

∫ `π

0

γn1
(x)γ|n2−n1|(x)dx =

1, forn1 = |n2 − n1|,

0, forn1 6= |n2 − n1|.

From the above mathematical expressions, when n1 6= 2n2, n2 6= 2n1 and n1 6= |n2 − n1|, we have

α1 = α8 = α10 = α11 = α12 = 0. In the following, we give the detail calculation procedures of346

B10100, B10010, B10001, B11000, B00110, B00101, C21000, C10200, C11100, C00300, D21000, D10200, D11100, D00300,

E21000, E10200, E11100, E00300, B21000, B10200, B11100, B00300, G10110, G10101, G11010, G11001, G00210, G00201,

H10110, H10101, H11010, H11001, H00210, H00201, I10110, I10101, I11010, I11001, I00210, I00201, F10110, F10101,

F11010, F11001, F00210, F00201

steps by steps.

Step 1: 

B10100 =
1

2
ηTn1

A101α1,

B10010 = ηTn1
L

(1,0)
1 ξn1

eiωcθα2,

B10001 = ηTn1
L

(0,1)
1 ξn1e

iωcθα2 − ηTn1
D
n2

1

`2
ξn1α2,

B11000 =
1

2
ηTn2

A110α1,

B00110 = ηTn2
L

(1,0)
1 ξn2α3,

B00101 = ηTn2
L

(0,1)
1 ξn2

α3 − ηTn2
D
n2

2

`2
ξn2

α3,
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where348

L
(1,0)
1 (ξn1

eiωcθ) = τc

 0 0

0 −1

 ξn1
+ τc

 0 0

1 0

 ξn1
e−iωc ,

L
(0,1)
1 (ξn1

eiωcθ) =

 1− u∗ − abv∗
(b+u∗)2 − au∗

b+u∗

0 −γ

 ξn1 +

 0 0

γ 0

 ξn1e
−iωc ,

L
(1,0)
1 ξn2 = τc

 0 0

0 −1

 ξn2 + τc

 0 0

1 0

 ξn2 ,

L
(0,1)
1 ξn2 =

 1− u∗ − abv∗
(b+u∗)2 − au∗

b+u∗

0 −γ

 ξn2 +

 0 0

γ 0

 ξn2 .

Step 2: 

C21000 =
1

4`π
ηTn1

A210, C10200 =
1

6`π
ηTn1

A102,

C11100 =
1

6`π
ηTn2

A111, C00300 =
1

4`π
ηTn2

A003,

D21000 =
1

12iωc

(
α2

1η
T
n1
A011η

T
n2
A200

)
,

D10200 =
1

6iωc

(
1

2
α2

1|ηTn1
A011|2 + 2α2

8η
T
n1
A002η

T
n2
A101

)
,

D11100 =
1

6iωc

(
−α2

1η
T
n2
A200η

T
n1
A011 + α2

1η
T
n2
A020η

T
n1
A101 − α2

8η
T
n2
A101η

T
n2
A011 + α2

8η
T
n2
A011η

T
n2
A101

)
,

D00300 =
1

6iωc

(
−α2

8η
T
n2
A101η

T
n1
A002 + α2

8η
T
n2
A011η

T
n1
A002

)
.

Step 3: 

E21000 = ηTn1

(
1

6
√
`π

(S2(ξn1
eiωcθ, h0,11000(θ)) + S2(ξn1

e−iωcθ, h0,20000(θ)))

+
1

6
√

2`π
(S2(ξn1

eiωcθ, h2n1,11000(θ)) + S2(ξn1
e−iωcθ, h2n1,20000(θ)))

+
1

6
√
`π

(Ŝ2(ξn1
eiωcθ, h0,11000(θ)) + Ŝ2(ξn1

e−iωcθ, h0,20000(θ)))

)
,

E10200 = ηTn1

(
1

6
√
`π
S2(ξn1e

iωcθ, h0,00200(θ)) +
1

6
√

2`π
S2(ξn1e

iωcθ, h2n1,00200(θ))

+
1

6
√

2`π
S2(ξn2 , hn1+n2,10100(θ)) +

1

6
√

2`π
S2(ξn2 , h|n2−n1|,10100(θ))

+
1

6
√
`π
Ŝ2(ξn1e

iωcθ, h0,00200(θ))

)
,

E11100 = ηTn2

(
1

6
√

2`π
(S2(ξn1

eiωcθ, hn1+n2,01100(θ)) + S2(ξn1
e−iωcθ, hn1+n2,10100(θ)))

+
1

6
√

2`π
(S2(ξn1

eiωcθ, h|n2−n1|,01100(θ)) + S2(ξn1
e−iωcθ, h|n2−n1|,10100(θ)))

+
1

6
√
`π
S2(ξn2

, h0,11000(θ)) +
1

6
√

2`π
S2(ξn2

, h2n2,11000(θ)) +
1

6
√
`π
Ŝ2(ξn2

, h0,11000(θ))

)
,

E00300 = ηTn2

(
1

6
√
`π
S2(ξn2

, h0,00200(θ)) +
1

6
√

2`π
S2(ξn2

, h2n2,00200(θ)) +
1

6
√
`π
Ŝ2(ξn2

, h0,00200(θ))

)
.
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Step 4: 

B21000 = C21000 +
3

2
(D21000 + E21000) , B10200 = C10200 +

3

2
(D10200 + E10200) ,

B11100 = C11100 +
3

2
(D11100 + E11100) , B00300 = C00300 +

3

2
(D00300 + E00300) ,

G10110 =
1

6
α1η

T
n1
Â

(1)
101, G10101 =

1

6
α1η

T
n1
Â

(2)
101,

G11010 =
1

6
α1η

T
n2
Â

(1)
110, G11001 =

1

6
α1η

T
n2
Â

(2)
110,

G00210 = 0, G00201 = 0.

Step 5: 

H10110 =
1

3iωc
α1 Re

(
ηTn1

L
(1,0)
1 ξn1

e−iωcθηTn1
A101

)
,

H10101 =
1

3iωc
α1

(
Re
(
ηTn1

L
(0,1)
1 ξn1

e−iωcθηTn1
A101

)
+ Re

(
ηTn1

(
−Dn

2
1

`2

)
ξn1

e−iωcθηTn1
A101

))
,

H11010 = − 2

3iωc
α1 Imag

(
ηTn2

A200η
T
n1
L

(1,0)
1 ξn1

e−iωcθ
)
,

H11001 = − 2

3iωc
α1

(
Imag

(
ηTn2

A200η
T
n1
L

(0,1)
1 ξn1

e−iωcθ
)

+ Imag

(
ηTn2

A200η
T
n1

(
−Dn

2
1

`2

)
ξn1

e−iωcθ

))
,

H00210 = 0, H00201 = 0,

where Imag(ν) represents the imaginary part of ν.

Step 6: 

I10110 =
1

6
ηTn1

(
1√
`π
S2(ξn1

eiωcθ, h0,00110(θ)) +
1√
2`π

S2(ξn1
eiωcθ, h2n1,00110(θ))

+
1√
2`π

S2(ξn2 , hn1+n2,10010(θ)) +
1√
2`π

S2(ξn2 , h|n2−n1|,10010(θ)) +
1√
`π
Ŝ2(ξn1e

iωcθ, h0,00110(θ))

)
,

I10101 = ηTn1

(
2A1hn1,101(0) + 2A2hn1,101(−1)−D2n2

1

`2
hn1,101(0)

)
+

1

6
ηTn1

(
1√
`π
S2(ξn1

eiωcθ, h0,00101(θ)) +
1√
2`π

S2(ξn1
eiωcθ, h2n1,00101(θ))

+
1√
2`π

S2(ξn2
, hn1+n2,10001(θ)) +

1√
2`π

S2(ξn2
, h|n2−n1|,10001(θ)) +

1√
`π
Ŝ2(ξn1

eiωcθ, h0,00101(θ))

)
,

I11010 =
1

6
ηTn2

(
1√
2`π

(
S2(ξn1e

iωcθ, hn1+n2,01010(θ)) + S2(ξn1
e−iωcθ, hn1+n2,10010(θ))

)
+

1√
2`π

(
S2(ξn1

eiωcθ, h|n2−n1|,01010(θ)) + S2(ξn1
e−iωcθ, h|n2−n1|,10010(θ))

))
,

I11001 = ηTn2

(
2A1hn2,110(0) + 2A2hn2,110(−1)−D2n2

2

`2
hn2,110(0)

)
+

1

6
ηTn2

(
1√
2`π

(
S2(ξn1e

iωcθ, hn1+n2,01001(θ)) + S2(ξn1
e−iωcθ, hn1+n2,10001(θ))

)
+

1√
2`π

(
S2(ξn1

eiωcθ, h|n2−n1|,01001(θ)) + S2(ξn1
e−iωcθ, h|n2−n1|,10001(θ))

))
,

I00210 =
1

6
ηTn2

(
1√
`π
S2(ξn2

, h0,00110(θ)) +
1√
2`π

S2(ξn2
, h2n2,00110(θ)) +

1√
`π
Ŝ2(ξn2

, h0,00110(θ))

)
,

I00201 = ηTn2

(
2A1hn2,002(0) + 2A2hn2,002(−1)−D2n2

2

`2
hn2,002(0)

)
+

1

6
ηTn2

(
1√
`π
S2(ξn2 , h0,00101(θ)) +

1√
2`π

S2(ξn2 , h2n2,00101(θ)) +
1√
`π
Ŝ2(ξn2 , h0,00101(θ))

)
.
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Step 7: 
F10110 = G10110 +

3

2
(H10110 + I10110) , F10101 = G10101 +

3

2
(H10101 + I10101) ,

F11010 = G11010 +
3

2
(H11010 + I11010) , F11001 = G11001 +

3

2
(H11001 + I11001) ,

F00210 = G00210 +
3

2
(H00210 + I00210) , F00201 = G00201 +

3

2
(H00201 + I00201) .

Step 8: Clearly, we still need to compute hk,11000, hk,20000, hk,00200 with k = 0, 2n1, hk,10100(θ), hk,01100(θ)350

with k = n1 + n2, |n2 − n1|, hk,00200(θ), hk,11000(θ) with k = 2n2, hk,10100 with k = n1, hk,11000,

hk,00200 with k = n2, hk,00110, hk,00101 with k = 0, hk,00110, hk,00101 with k = 2n1, 2n2, hk,10010,352

hk,10001, hk,01010 and hk,01001 with k = n1 + n2, |n2 − n1|. Similar to [22] and [25], we have

M2
2

(∑
n∈N0

hn(z, µ, θ)γn(x)

)
= Dz

(∑
n∈N0

hn(z, µ, θ)γn(x)

)
Bz −AQ1

(∑
n∈N0

hn(z, µ, θ)γn(x)

)

and354 

[
M2

2

(∑
n∈N0

hn(z, µ, θ)γn(x)

)
, β(1)
n

]
[
M2

2

(∑
n∈N0

hn(z, µ, θ)γn(x)

)
, β(2)
n

]


=
∑
n∈N0

(
iωc
(
2hn,20000(θ)z2

1 − 2hn,02000(θ)z2
2 + hn,10100(θ)z1z3 − hn,01100(θ)z2z3

)
+iωc (hn,10010(θ)z1µ1 + hn,10001(θ)z1µ2 − hn,01010(θ)z2µ1 − hn,01001(θ)z2µ2)

−
(
ḣn(z, µ, θ) +X0(θ)

(
τcD∆(hn(z, µ, 0)) + Ln0hn(z, µ, θ)− ḣn(z, µ, 0)

)))
γn(x),

where Ln0hn(z, µ, θ) is defined by (3.9). It follows from (3.19) and the second mathematical expres-

sion in (3.23) that356

f2
2 (z, 0, 0, µ) = (I − π)X0(θ)F̃2 (Φ(θ)zx, 0, µ)

= X0(θ)F̃2 (Φ(θ)zx, 0, µ)− Φn1(θ)Ψn1(0)


[
F̃2 (Φ(θ)zx, 0, µ) , β(1)

n1
(x)
]

[
F̃2 (Φ(θ)zx, 0, µ) , β(2)

n1
(x)
]
 γn1(x)

− Φn2
(θ)Ψn2

(0)


[
F̃2 (Φ(θ)zx, 0, µ) , β(1)

n2
(x)
]

[
F̃2 (Φ(θ)zx, 0, µ) , β(2)

n2
(x)
]
 γn2

(x).

Then from 
[
M2

2 (hn(z, µ, θ)γn(x)) , β(1)
n

]
[
M2

2 (hn(z, µ, θ)γn(x)) , β(2)
n

]
 =


[
f2

2 (z, 0, 0, µ), β(1)
n

]
[
f2

2 (z, 0, 0, µ), β(2)
n

]
 ,
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we can obtain358

k = 0



z1z2


ḣk,11000(θ) = 0,

ḣk,11000(0)− Lk (hk,11000(θ)) =
1√
`π
A110,

z2
1


ḣk,20000(θ)− 2iωchk,20000(θ) = 0,

ḣk,20000(0)− Lk (hk,20000(θ)) =
1√
`π
A200,

z2
3


ḣk,00200(θ) = 0,

ḣk,00200(0)− Lk (hk,00200(θ)) =
1√
`π
A002.

k = 2n1



z1z2


ḣk,11000(θ) = 0,

ḣk,11000(0)− Lk (hk,11000(θ)) =
1√
2`π

A110,

z2
1


ḣk,20000(θ)− 2iωchk,20000(θ) = 0,

ḣk,20000(0)− Lk (hk,20000(θ)) =
1√
2`π

A200,

z2
3

 ḣk,00200(θ) = 0,

ḣk,00200(0)− Lk (hk,00200(θ)) = 0.

k = n1 + n2



z1z3


ḣk,10100(θ)− iωchk,10100(θ) = 0,

ḣk,10100(0)− Lk (hk,10100(θ)) =
1√
2`π

A101,

z2z3


ḣk,01100(θ) + iωchk,01100(θ) = 0,

ḣk,01100(0)− Lk (hk,01100(θ)) =
1√
2`π

A011.

k = |n2 − n1|



z1z3


ḣk,10100(θ)− iωchk,10100(θ) = 0,

ḣk,10100(0)− Lk (hk,10100(θ)) =
1√
2`π

A101,

z2z3


ḣk,01100(θ) + iωchk,01100(θ) = 0,

ḣk,01100(0)− Lk (hk,01100(θ)) =
1√
2`π

A011.

k = 2n2



z2
3


ḣk,00200(θ) = 0,

ḣk,00200(0)− Lk (hk,00200(θ)) =
1√
2`π

A002,

z1z2

 ḣk,11000(θ) = 0,

ḣk,11000(0)− Lk (hk,11000(θ)) = 0.

k = n1, z1z3

 ḣk,10100(θ)− iωchk,10100(θ) = α1Φn1(θ)Ψn1(0)A101,

ḣk,10100(0)− Lk (hk,10100(θ)) = α1A101.

k = n2



z1z2

 ḣk,11000(θ) = α1Φn2
(θ)Ψn2

(0)A110,

ḣk,11000(0)− Lk (hk,11000(θ)) = α1A110,

z2
3

 ḣk,00200(θ) = 0,

ḣk,00200(0)− Lk (hk,00200(θ)) = 0.
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k = 0



z3µ1

 ḣk,00110(θ) = 0,

ḣk,00110(0)− Lk (hk,00110(θ)) = 0,

z3µ2

 ḣk,00101(θ) = 0,

ḣk,00101(0)− Lk (hk,00101(θ)) = 0.

k = 2n1



z3µ1

 ḣk,00110(θ) = α10Φn2
(θ)Ψn2

(0)L
(1,0)
1 ξn2

,

ḣk,00110(0)− Lk (hk,00110(θ)) = α10L
(1,0)
1 ξn2 ,

z3µ2


ḣk,00101(θ) = α10Φn2

(θ)Ψn2
(0)

(
L

(0,1)
1 ξn2

−Dn
2
2

`2
ξn2

)
,

ḣk,00101(0)− Lk (hk,00101(θ)) = α10

(
L

(0,1)
1 ξn2

−Dn
2
2

`2
ξn2

)
.

k = 2n2



z3µ1

 ḣk,00110(θ) = 0,

ḣk,00110(0)− Lk (hk,00110(θ)) = 0,

z3µ2

 ḣk,00101(θ) = 0,

ḣk,00101(0)− Lk (hk,00101(θ)) = 0.

k = n1 + n2



z1µ1

 ḣk,10010(θ)− iωchk,10010(θ) = 0,

ḣk,10010(0)− Lk (hk,10010(θ)) = 0,

z1µ2

 ḣk,10001(θ)− iωchk,10001(θ) = 0,

ḣk,10001(0)− Lk (hk,10001(θ)) = 0,

z2µ1

 ḣk,01010(θ) + iωchk,01010(θ) = 0,

ḣk,01010(0)− Lk (hk,01010(θ)) = 0,

z2µ2

 ḣk,01001(θ) + iωchk,01001(θ) = 0,

ḣk,01001(0)− Lk (hk,01001(θ)) = 0.

k = |n2 − n1|



z1µ1

 ḣk,10010(θ)− iωchk,10010(θ) = α12Φn1
(θ)Ψn1

(0)L
(1,0)
1 ξn1

eiωcθ,

ḣk,10010(0)− Lk (hk,10010(θ)) = α12L
(1,0)
1 ξn1

eiωcθ,

z1µ2


ḣk,10001(θ)− iωchk,10001(θ) = α12Φn1

(θ)Ψn1
(0)

(
L

(0,1)
1 ξn1

eiωcθ −Dn
2
1

`2
ξn1

)
,

ḣk,10001(0)− Lk (hk,10001(θ)) = α12

(
L

(0,1)
1 ξn1

eiωcθ −Dn
2
1

`2
ξn1

)
,

z2µ1

 ḣk,01010(θ) + iωchk,01010(θ) = α12Φn1(θ)Ψn1(0)L
(1,0)
1 ξn1

e−iωcθ,

ḣk,01010(0)− Lk (hk,01010(θ)) = α12L
(1,0)
1 ξn1

e−iωcθ,

z2µ2


ḣk,01001(θ) + iωchk,01001(θ) = α12Φn1(θ)Ψn1(0)

(
L

(0,1)
1 ξn1

e−iωcθ −Dn
2
1

`2
ξn1

)
,

ḣk,01001(0)− Lk (hk,01001(θ)) = α12

(
L

(0,1)
1 ξn1

e−iωcθ −Dn
2
1

`2
ξn1

)
.

Here, Lk (.) is defined by (3.11).
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