GROUND STATES FOR CRITICAL FRACTIONAL SCHRODINGER-POISSON
SYSTEMS WITH VANISHING POTENTIALS

XILIN DOU AND XIAOMING HE

ABSTRACT. This paper deals with a class of fractional Schrédinger-Poisson system

(—A)u+ V(z)u — K(z)olu|* *u=a(z)f(u), =eR>

(=2)*¢ = K ()[ul* ", z€R?
with a critical nonlocal term and multiple competing potentials, which may decay and vanish at infinity,
where s € (%, 1), 25 = % is the fractional critical exponent. The problem is set on the whole space
and compactness issues have to be tackled. By employing the mountain pass theorem, concentration-

compactness principle and approximation method, the existence of a positive ground state solution is
obtained under appropriate assumptions imposed on V, K, a and f.

1. INTRODUCTION AND MAIN RESULTS

In recent years, the following nonlinear Schrodinger-Poisson systems

At V(@) t K(@)du = flz,u), R, -
~A¢ = K(x)u?, z € R3. '

have been the object of interest for many authors. Such a system, also called Schrédinger-Maxwell
equations, can be used to describe the interaction of a charged particle with the electrostatic field
in quantum mechanics, where the unknowns u and ¢ represent the wave functions associated with
the particle and the electric potentials, respectively, and V is an exterior potential and K denotes a
nonnegative density charge, and the nonlinearity f simulates the interaction effect among many particles.
See [3,5] for more details on the physical background.

It is easily seen that system (1.1) can be transformed into a nonlinear Schrédinger equation with
a non-local term, for example, see [5,10]. Briefly, the Poisson equation can be solved by using the
Lax-Milgram theorem. For all u € H(R3), the unique ¢ ,, € DV?(R?) is given by

1 K (y)|u(y)?
¢K’U($)_E R3 !:n—yl d

which solves equation —A¢g, = K (r)u?, and that, it can be substituted into the first equation of
system (1.1) to obtain that

~Au+V(z)u+ K(z)px u = flz,u), =R

Such equation is variational, and its solutions are critical points of the corresponding energy functional
I defined in H'(R?).

In view of this, there has been much attention to (1.1), and many interesting works have been denoted
to investigating the existence and nonexistence of positive solutions, sign-changing solutions, positive
ground states solutions, multiple solutions, and semiclassical states under variant assumptions on V, K
and f, via variational methods in recent years. We refer to [2,3,9,25,29,33,36] and references therein.

)

2000 Mathematics Subject Classification. 35J62, 35J50, 35B65.
Key words and phrases. Nonlocal operator; Schrédinger-Poisson system; Ground state solution; Critical Sobolev
exponent; Variational method.
This work is supported by NSFC (11771468, 11971027, 12171497).
1



2 X. DOU AND X. HE

We note that, Azzollini and d’Avenial [4] firstly studied the Schréodinger-Poisson system with critical
nonlocal term as follows:
—Au = \u+ g¢lul*u, in Bp,
—A¢ = |ul?, in Bpg, (1.2)
u=¢=0, on 0Bg,

They proved existence and nonexistence results of positive and sign changing solutions for (1.2), distin-
guishing the more delicate three-dimensional case from the others. Since then, some researchers began
to investigate the Schrodinger-Poisson system with critical nonlocal term, but there are fewer papers
devoting to these kinds of nonlocal problems in the literature. In [19,20], Li, Li and Shi considered
positive solutions to the another Schrédinger-Poisson-type system with critical growing nonlocal term

{Au +bu + qol|ulPu = f(u), = cR3,

1.3
—A¢ = |ul?, z € R3, (1.3)

and the existence of positive solutions to (1.3) was proved by using variational method which does not
require usual compactness conditions. In [22], Liu studied the following generalized Schrédinger-Poisson
system with critical nonlocal term

(1.4)

—Au+V(2)u — K(z)olufPu = f(z,u), = cR3,
—A¢ = K(x)|ul, z € R3.

By using the mountain pass theorem and the concentration-compactness principle, Liu obtained the
existence of a positive solution for (1.4). Feng [13] studied the existence of positive solutions to (1.4) with
the critical nonlinearity f(x,u) = |u/*u+ g(u), by the modified concentration-compactness principle and
Nehari manifold method. Li and He [21] studied the existence and multiplicity of positive solutions for
(1.4) by using the Ljusternik-Schnirelmann theory. Yin, Zhang and Shang [33] considered the existence
of positive ground state solution to equation (1.4) by using the variational approach.

In the setting of the fractional Laplacian, system (1.1) becomes the fractional Schrédinger-Poisson
type systems. It is a fundamental equation in fractional quantum mechanics in the study of particles on
stochastic fields modeled by Lévy processes [8,17,18]. In the fractional scenario, there are some results for
fractional Schrodinger-Poisson systems available in literature. In [35], by using a perturbation approach,
Zhang, do O and Squassina considered the existence and the asymptotical behaviors of positive solutions
to the fractional Schrodinger-Poisson system

(=AY u+V(z)u+ K(x)pu = f(z,u), z€R3, (15)
(Ao = K (z)u?, z € R3. .
with V(z) = 0 and K(z) = XA > 0, a parameter, and a general subcritical or critical nonlinearity

f. Teng [32] analyzed the existence of ground state solutions of (1.4) with K(xz) = 1 and f(x,u) =
plu|9 u + [u|%2u, g € (2,27), by combining Pohozaev-Nehari manifold, arguments of Brezis-Nirenberg
type, the monotonicity trick and global compactness Lemma. Murcia and Siciliano [26] studied the
semiclassical state of the following system

{525(—A)5u +V(2)u+ K(x)pu = f(u), zeR,

1.6
e/(—A)2¢ = yqu?, z e RN, (1.6)

and established the multiplicity of positive solutions that concentrate on the minima of V(x) as ¢ — 0
by the Ljusternik-Schnirelmann category theory. For more results on multiplicity and concentration of
positive solutions of (1.6), we refer to [23,34,37] and references therein.

We note that in the above mentioned works for the fractional Schrodinger-Poisson systems, the second
Poisson equation is subcritical growth. After a bibliography review we find that there are only two papers
that deals with fractional Schrodinger-Poisson system with critical nonlocal term. In [16], the second
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author of this paper studied the existence of ground state solution of the following fractional Schodinger-
Possion equations

{‘M%+V@M—K@ww%*u:ﬂaw,xeRi (L.7)

(~A)¢ = K (a)|uf2 v e R,

with the nonlinearity u*~' + h(u), where h is subcritical growth, in this case, system (1.7) is called
double critical exponents case. In [14], Feng studied the existence of nonnegative solutions of (1.7), by
employing the mountain pass theorem, concentration-compactness principle and approximation method,
and extended the main results of [22] to the fractional Laplacian case.

When K(z) =0, (1.7) simplifies to the following fractional Schrédinger equation

(=AYu+V(z)u = f(z,u), =€R> (1.8)

In [30], Secchi constructed solutions to (1.8) by variational approach in nature, and based on minimization
on the Nehari manifold. do O, Miyagaki and Squassina [24] investigated (1.8) with critical power
nonlinearity and a subecritical term K (x)f(u) + A|u|%*~2u, and the involved potentials are allowed for
vanishing behavior at infinity.

Motivated by the works mentioned above, the purpose of this paper is concerned with the following
fractional Schodinger-Poisson system

{(—A)Su +V(2)u— K(2)u|® 3u = a(z)f(u), z€R3 19)
(—A)¢p = K (x)|ul>~1, T € R3. '
The continuous functions V(x) and a(x) satisfy the following conditions:
(D1) V(x) >0, a(z) > 0, Vo € R?, and a(z) € L=®(R?);
(D2) If A, C R3 is a sequence of Borel sets such that |A,| < C, for all n any some C > 0, then
limg, 4 o0 fAntg(o) a(x)dr = 0, uniformly in n € N;
(D3) One of the following situations occurs:
a(r)
V(z)
or there is p € (2,2%) such that

a(z)

2* —p
[V (x)]>-2
With respect to functions f € C(R,R), we formulate assumptions as:

(f1) Timy_g+ £ = 0 if (D3); holds; or limy_g+ L8 = A < 400 if (D3); holds,

e L®(R?), (D3);

— 0, as |z|— +oo. (D3)2

(f2) f has a qua81 critical growth, that is, lim; 1 o tfé?l =0.
(f3) t — L2 is non-decreasing in (0, +oo) for some m € (3 —2s5,2% —1).
(f4) hmt_,+oo LW = yoo, where F(r) = [7 f(t)dt, and m € (3 — 2s,2% — 1) if (D3); holds or

me (p—1,2% —1) if (D3)2 holds
For the function K (x), we assume that
(K) K(z) > 0, Vo € R? K(z) € L*®(R?), and there exist some constants C,§ > 0, and 3 €
[3 — 25,3), such that |K(z) — K(20)| < Clz — x0|? if |x — z0| < J, where zo € R? satisfies
K(z9) = max,egs K(z) = || K|, < +00.
In order to consider the existence of positive solutions to system (1.9), in the following article, we may
assume f(u) =0 for u < 0.
Our main result can be formulated as:

Theorem 1.1. Suppose the conditions V(x), K(z), a(x) R3> — R* and f : R — R satisfy the conditions
(D1) — (D3), (K) and (f1) — (f1), then the system (1.9) has a positive ground state solution.
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Remark 1.2. The hypotheses (D1)-(D3) was introduced in [24] to study the ezistence of ground state
solution of (1.8) with decaying potentials, which is original from [1], where Alves and Souto used it to
treat the Schréodinger equation with vanishing potentials.

The proof of Theorem 1.1 is variational. From the technical point of view, compared with equation
(1.8), the presence of critical nonlocal term in system (1.9) makes the problem more difficulty and
complicated. Firstly, we establish the geometry of mountain pass, from which we can obtain the existence
of the Cerami sequence. Secondly, we check that the Cerami condition at the level ¢ is true, where c
is the mountain pass level associated with the energy functional of system (1.9). To this aim, through
energy estimation, we shall determine the minimum threshold value below which the Cerami compactness
condition is satisfied in view of the appearance of critical nonlocal term.

The structure of this paper is as follows. In Section 2, we give some variational settings and introduce
some useful lemmas, which are crucial in proving Theorem 1.1; and the proof of Theorem 1.1 is completed
in Section 3.

Notation. Throughout this paper, the Lebesgue space LP(R3) for p > 1 is equipped with the norm

1
Jull, = (Jgs [u[Pdz)?. The norm for the weighted Lebesgue space Li(R3) (¢ > 1) is given by ully,, =
1
fR3 a(x)|uldx)e. B,(z) denotes the ball in RY centered at x with radius r. The letters C,C;,i =
1,2,---, denote various positive constants whose exact values are irrelevant, and u* = max{+tu,0}.

2. PRELIMINARY RESULTS

In this Section, we will give some notations and Lemmas that will be used throughout this paper.
For any s € (0,1), the homogeneous Sobolev space D*2(R?) is defined by D*?(R3) = {u € L% (R?) :

||lu|| ps,2 < oo}, where
|2
fullye = [ 18 Fupas = [[ 152 |$_ |5+28 wl2) = U9 1y,

The fractional space H*(R?) is defined by
H*(R3) = {ue LAR3) : ||u|ps2 < oo},

lull := llullms = /1l + [[ul}s...

See [27]. We define the Sobolev space

B— {u € D*2(RY) /R V(2)uld < +oo}

endowed with the norm

equipped with the norms

Il = (/R (1-2)3u(@)? + V(@)lu()?) daf

As is well-known, the Lax-Milgram theorem implies that Poisson equation (—A)*¢ = K (z)|u|*~! has
a unique weak solution ¢, € D*2(R3) for u € E, and ¢, can be expressed as (e.g. [16])
K (y)lu(y)*

pu(z) = Cs - Wdy’ (2.1)

T 3—2s
where C = %
2257 2T(s)

Substituting (2.1) into the first equation of (1.9), then (1.9) can be transformed into a single Schrédinger
equation as follows:

(=A)u+ V(x)u — K(z)du|u* 3u = a(x) f(u), YueE.
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The energy functional associated with the system (1.9) is given by

I =5 [ (8@ + V@) u@]) do

(2.2)
# K(z x)|u %l €T — a\x u)ax

where F(z,t) fo

Under the assumptlon of f , it is easy to see that J is well-defined and of class C*(E, R). Moreover,
the Gateaux derivative of J is defined as

! == —% 2 U£U2$— X xu2;_3uvx— a\x uj)vax u,v .
T = [ 18)u@P+V @) o= [ K@@l wde— [ a(@)fujeds, V.. B

It is easy to check that the critical point u of the function J corresponds to the weak solution of (1.9).
Next, we recall the following embedding results.

Lemma 2.1. ( [30]) Let 0 < s < 1 such that 2s < N. Then there exists a sharp constant S > 0 such
that for any u € D>?(RV)

lull3; < S7HlullBee-
Moreover, the embedding H*(R3) — LP(R3) is continuous for any p € [2,2%], and is locally compact
whenever p € [1,2%).

Lemma 2.2. ( [24]) Assume that conditions (D1) — (D3) are satisfied. Then E is compactly embedded
in LL(R3) for q € (2,2%), if (D3)1 is true; E is compactly embedded in L5 (R3), if (D3)y is true.

Lemma 2.3. ( [24]) Suppose that assumptions (D1) — (D3) and (f1) — (fa) are satisfied, and v, is a
sequence such that v, — v in E. Then

/ a(z)F(v,)dx — a(z)F(v)dx and a(x) f(vp)vpdr — a(z) f(v)vdz. (2.3)
R3 R3 R3 R3
Lemma 2.4. ( [14]) The function ¢, has the following qualities:

(1) If up — u in H¥(R3), then ¢y, — ¢y in DS2(R3);

(2) b = [t "Ly, Vt>0,u€ HS(R3);

(3) For each u € H*(R3), one has ||¢ul|ps2 < || K||0oS 2||u||§*_1

/K )bu|uls

(4) If up — u in H*(R3), then, up to a subsequence, ¢y, — ¢y in DS?(R3).

and

2(2 1)

7

L-lde < ||K|2S

Lemma 2.5. If u,, — u weakly in LZ:(R3), and u, — u a.e. in R3, then as n — oo, we have the
following conclusions:

(0) fun !~ — w57~ BT 0 i Lo R

(ii) \unﬁ*— ) W0 R

(iii) [ga K ¢un|un 7 ld — Jrs K (@) b —ulun — u]28_1dx = Jrs K(2)¢ulul**~dz — 0;
(iv) f]R3 ¢un|un|2 UnSde - fR3 ¢u|u’2 ugodx —0 Vpe CSO(R3)'

Proof. Let v, = u, — u, then v, — 0 in L% (R?). According to the intermediate value theorem, there
exists § € L>°(R3) and 0 < § < 1 such that

o+ 57— o7 = (25— 1) fon 4 0uf® 7

< (25 = 12572 Joa* 72 ul + fuf% !
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For any € > 0, by the Young’s inequality, there exists C. > 0 such that
o+l = Joa 270 = 7| < (28 = 1)2%72 [Jual P72 ful 4 fuf 1]
< elvg BT+ Cofu)? 7L
Define the functions
o = maix { o + w71 = fon %7 [uf% | = efua[ 0},

which satisfies
hp — 0 ae inR3 0<h, <Clu*>"'e Lﬁ(Rg).

Hence, using Lebesgue’s dominant convergence theorem, we derive that

6
/ hit*dx — 0.
]R3

From the definition of h,, it follows that
‘|Un T e T WH‘ < T + elon]F L

Thus, we obtain

* * * L 6 *
limsup/ ‘|vn B S 1 Rl R C’l/ || 3%25 dx + C’gs/ lup| % dz < Cze.
R3 R3 R3

n—oo

This implies that

[ e Ve B )

and item (i) follows. The proof of item (ii) is similar to that of (i), we omit it.
Now, we show item (iii). Note that for every w € D*2(R3),

|<¢un — v, — ¢u,w>‘ = ‘/Rg K(x)w(|un|2§—1 . |'Un|2:_1 . |u’2§—1)

< K ool

b
Up %7 = Jup BT — |U|2:_1||2;/(2;—1)

23

then we get
d)un - ¢un—u - ¢u —0 in D872(R3)-

Using u, —u — 0 in L?(R?) and u, — v — 0 a.e. 2 € R3, and Lemma 2.4, we have ¢,,_, — 0 in
D*?%(R3). Therefore, as n — 0o,

/ K (2)u,, |un |~ da — / K (2)¢u, |vn|* " do — / K (2)pulul*'dz
R3 R3 R3

= | K(@)[¢u, = bv, — bullun|*'dx +/ K () o, [[unl> " = Jun —ul* 7" — Juf*~H]dz
R3 R3

4 / K(2) o, Jul ~\dz + / K(@)ullun " — [uf? " da
R3 R3

— 0.

up — u in D*2(R3), implies u,, — u in L% (R3). Then, as K € L=(R?), we see that

/ K (x)(¢u, — ou)|u|® Pupds — 0 as n — oo. (2.4)
R3
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Since u, — u a.e. in R? and K € L*>°(R?)

*

2
K (2)by, [Jtun|>3u, — [ul?>u g
R3 "

2% 2% (25 -2) 2% 2% (25-2)
2*—1 2% 1 2*—1 2 -1
[Gunllaz ™ llunlla: =G,
S

*

we have K ()b, [|un|? 3un — |u|?3u] — 0 in L%%l(]l@) as n — oo. Thus, we have
/ K(2)¢u, [[un]® 2un — [u|*ulpde — 0 as n — oo (2.5)
R3
which together with (2.4)-(2.5) ensures

K (@)ool oo — [ K(@)oufu* Pupds as 0 .

R3 R3

This proves item (iv). O
Lemma 2.6. Under conditions (D1) — (D3) and (f1) — (f4), the functional J(u) satisfies the mountain
pass geometry.

Proof. By (2.2), we directly get that J(0) = 0. Fixed ug € E, for any ¢ > 0,

t2 s 5 5 t2 (2:-1) 2
J(tug) = = | ([(=8)2uo|” + V(z)ug)de — —— K )Pu () ul ™~
2 Jps 202: — 1)
—/ a(z)F(x, tug)dx.
R3
Using (f2), we see that limy_.. J(tug) = —oo. Hence, there exists ty > 0 large enough such that

J(toug) < 0. Set e = toug € E, then J(e) <0

Multiplying ¢, on the both sides of equation (—A)*¢, = K(z)lu[*~! and integrating on R3, we
get [ pullse = Jgs K(2)¢u(z)|u/*"'dz. By the continuous embedding E — D*?(R3?) — L (R3) and
Lemma 2.1, one has

_ - 2

lull3: <57 ullpee < S ull - (2.6)
Therefore,

. _ 251 -1 2;-1
/Rg K(@)pulu*de < |K || 19ullo: el < 1Kl S 2 {|¢ull pes [l 52
Thus,
2% —1

l6ull poz < 1K lloo S [Julf3:

and so,

*_ — 2(2;-1 2% 2(2:-1
/R K (@)éuful e < | K% 57 ulpf Y < K2 S lulF Y. (2.7)

Case 1: (D3)1 holds. In this case, by (f1) and (f2), for any € > 0 small enough, there is C; > 0 such
that

F)| <elt|+Colt)*>™ and |F(t)| <elt]® + Ct|*, VieR. (2.8)
Combining (2.6), (2.7), (2.8) and (2.2), we infer that

1 1 9% *__ *
T 2 5 Nl = ey 1K 575l /R a(@)le [uf* + Celul*]da

By virtue of
/ a@)uPde < | 2| [ vlPde <|| ]l (2.9)
RS V [ee] ]RS V oo
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and
2 2% _2% 25
/ a(z)|u[*dz < IIQIOO/ [uldz < [lall 572 [Jull%, (2.10)
R3 R3

we can obtain that

1
2(25-1)

251

1 ok 9 a _2 o*
J(w) = 3 ulf - 112 72 Nl =2 | ]| Il = e llalloo S5 JlulE

Take € small enough such that ¢ H%Hoo < i, then

1 2(2:—2 25 —2
J(w) = 5 ey (1= a7 = G ulF ).

Thus, there exists a small enough p > 0 such that if ||u|; = p, there holds J(u) > a > 0.
Case 2: (D3)2 holds. It follows from (f1) and (f3) that for any sufficiently small € > 0 there are
Li. > 0 and Lo, > 0 such that, for all t € R

1F()] < Lic|tP 4 Loc [t1371 and  |F(¢)| < L |t]P + Loc|t|*. (2.11)

Combining (2.6), (2.7), and (2.11) and (2.2), we get

1 9% *__ *
J(w) = 3 ull}, - 1K 1% 57 flull 7 — /R a@) [Luclul? + Lol do. (2.12)

2(25-1)

Now, it is sufficient to estimate the value of this integral [p; a(z)|u|Pdz. To this aim, we use the
method due to Alves and Souto in [1] to show the desired estimation.
Let h(t) = V(z)t>P +t%7P for t > 0 and p € (2,2%). Then solving h/(t) = 0, we get the root

3—2s

to = [p_2V(a:)] "o

Using it together with ¢”(to) = t,"(p — 2)V(z)(2% — 2) > 0, We know that g(¢) reaches the minimum at
to. Hence,

& -2e-FF 5

h(t) > hito) =

2% —p

(2 —p)*=2
Condition (D3)2 implies that for each e > 0 small enough, there exists R > 0 large enough such that

2—p
2% — 2 — 2)25-2 2:-p .
a(e) < e B TAOZDTT 0 ES @ ), el >R (213)
(2t —p) b
Consequently,

/ a(m)\u|pda::/ a(az)|u|pdx—|—/ a(x)|uPdx
R3 lz|<R |z|>R

< IIGIIOO/ IU\pd$+/ e[V (@)|ul*P + |ul* P ulPdz
lz|<R |z|>R (2.14)

25

Db Zs P
2% 5 .
<l ([ ae) ([ vde) e+ i
|z)]<R |z|<R °

*

2;—p

= 2 25
< llalloo [BRO)| 25 Jlullf: + € [lulli + & [lull2: -




GROUND STATES FOR CRITICAL FRACTIONAL SCHRODINGER-POISSON SYSTEMS 9
Combining (2.6), (2.10), (2.14) with (2.12), we infer that
1 x
J = — | K%, ™%
(W) 2 5 lully ~ =5 1K 5% ™
—ng/ a(x)\u|pdx—L2€/ a(z)|ul% dzx
R3 R3

> Lz - 2
=2 e 50 )

—_

(22-1)

* (2:-1)
e

s_p ) 2% _ 2%
= Lie [HGHOO\BR(O)\  lullyy + € llullf + e llully: | — Lo llallo S7% llullg

1 " _ 25 —p
2 2 1) = _p

2 5 llullz = 5oy K12 8% ull 3% — Lic lallo. |Br(0) 7 7% [ull?,
2 2(25-1)

_2 o* 2 2%
—eLye |[ullf — eLyS i lullg — Loc llallo S™2 [lulls -

Since € can be small enough, we may choose eL1. < %, to get
1 (25 -1) P 2% X
J(u) =7 a3 = Cy lul 527 = Co Jully — Callul , e (2,25).

Consequently, there exists p > 0 small enough such that J(u) > o > 0 when |ul|; = p. The proof is
completed. O

Remark 2.7. By Lemma 2.6, we can obtain a sequence {u,} C E such that
J(up) — ¢ and (14 |lunllg) HJ'(un)H — 0,
where ¢ = inf,er maxyep 1) J(7(t)) > 0 with
v={y€C(0,1],E) [v(0) =0 and J(y(1)) <0}.
{un} is called the Cerami sequence for J at the level c.

Lemma 2.8. Under conditions (D1) — (D3) and (f1) — (fa), then u,, the Cerami sequence for J at the
level ¢ is bounded in E.

Proof. From (f3) and (D1), we can derive that a(x)f(uy)un > (m + 1)a(z)F(uy), m € (3 — 25,25 —1).
Since {u,} is a Cerami sequence for J at the level ¢, we have for m € (3 — 2s,2% — 1),
g1 O )
m—1 s 22t -1)—1-m
s lunllz h
2(m + 1) 2(2r — 1)(m + 1)

[ ala) [ twnien =+ DP ()] da

c+1>J(uy) —

K (2)¢u, () un|* do

m+1
> ST
— ||lu
~2(m41) EY
which completes the proof. ([l
Lemma 2.9. Under conditions (D1) — (D3) and (fl) — (f1), and let u, C E be a Cerami sequence for

_3=2s 4
|1 K || oo 2 st). Then u # 0.

J at the level ¢, and up, — u in E, where c € | 0, 3+2S

Proof. Suppose by contradiction that, u = 0. From (2.3) we get

1 .
4 on(1) = J(un) = 5 Junl, - [ K@ funf o+ 0,(1),

2(25-1) Jr
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and
R

Then

L. 2 : 1 9v_1

= g dm lunly— Jim sy [ K6 e .15)

and

0= lim ||un|\129— lim / K(2)pu, |un|*da

n—oo n—oo Jp3

Let

lim ||u,|5 = lim/ K (2)pu, |tun| > Ldz = 1. (2.16)
n—oo —

By (2.16) and (2.15), we have ¢ = 3J2r52 [. Moreover, from (2.7) and (2.16) we deduce that

I < ||K|2, 82 %L

_3=2s _3-2s
Therefore, either | = 0 or | > || K| * Sz, If 1 > HKHOO = S25, then ¢ > 3+28 | K |loo S5, which
is a contradiction. If [ = 0, then we have ¢ = 0, which contradlcts to the assumption ¢ > 0. The proof
is completed. O

In the next part, we estimate the interval value of c¢. To this purpose, we let n € C§°(R?) be a cut-off
function with support in B;(0) such that n € [0,1] on B;1(0). We define

Ue = n(aj)Ua(‘T)v u =

Ug
HUEHLQE‘ (RS)7

where
3—2s
KRE 2
U€(x) = 3— 29 ) (2'17)

(€ + |z —xol?) 2

solves the equation (—A)*u = u?~1 z € R3, k is a normalization constant, see [31]. The following

estimates can be deduced from the standard arguments [32],

s 3
I(—A)2uc3 = S& + O(e*%), (2.18)
* 3
luell3: = S8 +O(?), (2.19)
[Vuell; = OE*), (2.20)
and

0" H) it p> o3,

/ uclPdz = { 0" Jloge|) if p= 5, (2.21)
R3 (3-28)p ) 3
O(E 2 ) lf p < 395"

Lemma 2.10. Assume V(z), a(z) and K (z) satisfy the assumptions (D1)—(D3) and (K), respectively.

Let
nity = & K 2-1g
(t) - 9 ¢u£’u5’
R3

Then for any t > 0,

2(2:—1)
(_A)%us t

2
da:+/ V(a:)]uSIde> —
R3

2 _3-2s
S HK”oo 25 st +O( 3— 25).

h(t) <
<)_3+2s
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Proof. Set h(t) = %a '52((2271)

a= [ |(-A)zu |da:+/ V(z)|uc|?dz and b:/ K(2) ¢y, ue|*Vda
R3

]R3

b, where

1
Solving h/(t) = 0, the root of the equation is tg = (%)2:-?. Combining h/(ty) = 0 with h"(tg) =
(4 —22%)a < 0, we have that h(t) reaches the maximum at ¢y. Then,

3+2s

3425 S0 12 4s
2 _9)q % <f3— 2’d)
maXh(t) = h(to) = ( > )a 34725 = = 3—2s °
20 2(2r—1)b % 2(2¢ — 1) (fRs L) Py, |uc|% —ldx)T
On the other hand,
3225
K (2)|u|* dx = K(wo)/ |ue|% da — </ [K(x0) — K(:U)]|u5|2zd$> . (2.22)
R3 R3 R3
Once that (K) is true, we have
/ K (w0) — K (2))|us | da < C & — w0l ue P da + 2 HKHOO/ el = I, + Iy,
R3 |z—z0|<d |lz—z0|>8

Substituting (2.19) into I; and I, respectively, we deduce that

k% |z — 20|

L<C |z — 0| °|Uc*dz = C 3
o —a0| <3 w0 <8 (€% + |z — @0|?)
5§ 2483 400
_ C/-i?’s%/ T < Ceﬂ/ (1+r2)3-3d(1 +r2) = O,
0 (e2+12) 0

and

K2se?

L=2|K| / e[ dr < c/ da
> |z—x0|>0 : |z—x0|>d (82 + |.CU - $0’2)3

“+o00 2 —+o00
< 063/ 27,723(17’ < C’a?’/ r~4dr = C&3.
s (e2+1?) 5

From ( € [3 — 2s,3), we have that

/R K (a0) — K (@)]fuel dr < O (2.23)
Hence, by (2.22) and (2.23) we get
/RB K (@) uc[% da > || K|, [uel3: — =7 = | K|, 82 + O(?), (2.24)
From (2.18), (2.24) and 8 € [3 — 25, 3), one has
Kla)luel® = [ (~8)i0u. (~8) fucldz

1 LN
u d
< SR o (B + 5 [ 8P

1 2% —1 HKH / é 2
< — dzx d

R3
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which shows that

K(2)u.lue*de > 2| K|, / K(@)luel? de — | K2, / (—A)u2de
R3 R3 R3
> 2|[K |2, 8% +O(F) — | K| S% — O(* %)

3
= ||K[%, S& — O().

Therefore, we obtain

3+2s

%2 (S% + 0(83_2S)> 45 25 3-2s 39
h(t) < < Kl 2 st O(328
(112, 57— 029)
which implies the assertion. ]

Lemma 2.11. Assume V(z), a(x), K(x) and f(u) satisfy the assumptions (D1) — (D3) and (f1)— (f4),

respectively. Then,
€ 25 = S2s
0 K s 25 .
¢ ( 3+2s 15 e )

Proof. According to the mountain pass geometry, there is p > 0 small enough such that J(u) > a > 0
when [|u||; = p. Thus, ¢ > a > 0. Since u. > 0 and u. # 0, from (f2), it follows that lim;_ o J(tue) =
—o0. Combining this with J(0) = 0 and J(u) > 0 when ||u||; = p for some p > 0, there is t. > 0 such
that J(t-u:) = maxs>o J(tue).

Claim 1: ¢ < maxy>o J(tu:) = J(teue). Indeed, it follows from Lemma 2.6 that there is top > 0 large
enough such that J(tou.) < 0. Define yo(t) = ttou.. Obviously, yo(¢) € I'. Hence,

c= ;Ielf‘ tgl[(z]%}li] J(y(t)) < fél[g)f] J(ttous) = tg[l(?iz} J(tus) < max J(tue) = J(toue).

Claim 1 implies that

d
J(teus) >0  and  —J(tug)|i=r. =0,

dt

that is,

t2 s o 2 -1) .

9 (|(=A)2us | + V(z)u )d:l:— " K &) o, () |ug |~

S 2 (2.25)

_/ a($)F($7t5uE)dgp > 0.
R3
and
o[ C-25uP 4 Ve — 2578 [ K@) @)l s

N “ (2.26)

—/ a(x) f(x, teus )usdz = 0.
R3
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Claim 2: There exist some €3 > 0 and t2 > 0 such that t. < ts for each ¢ € (0,e2). We first consider
(D3)1 holds. Inserting (2.8) and (2.9) into (2.25), we obtain

(202:-1)

e 21

s L, K@ @)l
2

t
< ) + / a(2)F(z, tous)do
2 R3

t2 . .
<= HuHQE + Etg/ a(m)\ua\Qda: + Cgtgs / a(a:)|u5|25dx
2 R3 R3

t2

2 2 * 23
= llullp + et? Juellf; + CetZ Jall o Iluell3: -
S

7.
Vil
Because ¢ is small enough, we can choose ¢ H%HOO < %, verifying
225-2) )
I3 *_ 2 *__ ;
CYCTREY / K (x)u, (2)|ue* o < uelf + CctZ 72 [lal| o [luell2: -
2(25 1) Jrs :

Therefore, there exist €97 > 0 and t9; > 0 such that t. < to1 for € € (0,e97).
Now we suppose that (D3)s holds. Combining (2.11), (2.14) and (2.25), we have

t2(2:_1)
€ 2%—1
K s7d

s [, K@ e

t2 " .
< Sl Luct? [ alo)fusPdo + Lot [ a(o)lufdo

R3 R3
t2 25 —p

2 + 2 2%
ullz + L1ct? |llallo 1BrR(O) % [luellys + € fluellp + € [luel3:
S S

B
+ Loet? [lall o 7% [|ull

23

:P 2%
% ”UaHp; + Lictie ”U6||2E + LictZe ||“6H2§

2 5
= 5 llullg + L1ct2 [lall o | Br(0)]
. T
+ Lot flall o S™7 |ulls -
Therefore, there are g99 > 0 and to2 > 0 such that t. < tog for € € (0,292). Let e = min {e91, 22} and
to = min {t91, ta2}. Then t. <ty for € € (0,e2).

Claim 3: There exist some 1 > 0 and ¢; > 0 such that ¢, > ¢ for every € € (0,¢1).
We first consider (D3); holds. From (2.8), (2.9), and (2.26), we have

lue | < #2635 /R K (2)bu. () uc % da + /R o) ue P + Ct2 2 /R a(@)|uc[* da

*_ * * 2%
< 25572 | K ()¢, (2)|ue* dx + e lulf + Cet2 72 all o luella: -

|7l
R3 Voo
Take ¢ sufficiently small, such that ¢ H%HOO < % So,
* *__ * 2%
fuelfy < 252 [ K@@l o e [ ol Pde+ CtE? fal el
. ;

which implies that there exist £1; > 0 and ¢1; > 0 such that t. > ¢1; for € € (0,e11).
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Now, suppose that (D3), is true. From (2.11), (2.14) and (2.26), we see that

el = 25 [ K@@l o+ [ ale) o teuueds

St?;?’/ K(m)gi)ue(m)\ua\z:ldx—l—ngt*gl/ a(x)\ua\pdx—l-LgEtg:l/ a(z)|ug|* dx
R3 R3 R3

25

<223 [ K(@)gu. |uedo + L2 all, [BrO)| % [uclBy + Lict? e uc]
> Ug RS ue | Ue lele o) R ell2x lele ellE

— 2% —_
4 Lt el + Lot al, [ e,
R

combining with Claim 2, we infer that

*
25—

*__ * _ *p —
fuelfy < 25D [ K@)l do -+ Lict? ol [BrO] % el + Licty ™ el

_ 2% *_ *
+ Lict? % el + Lact? 2 al [ o
R

Similarly, choosing 5L1€t§72 < %, one has

*
2% —

1 *_ * — *p
5 el < 23572 / K (@)pufuel*do + Lictt™ [lallg [Br(O)] - [lucll3,
R

% dx.

— 2% *_
+ Lact? e [l + Lot 2 ol [

showing that there are €19 > 0 and t12 > 0 such that t. > t15 for € € (0,£12).
Let €1 = min{ej1,e12} and t; = max{t11,t12}.Then t. > t; for € € (0,e1). Denote by gy =
min {e1, 2}, then for each € € (0,2¢), we have 0 < t; < t. < to.

The rest of the proof is to estimate the upper bound of J(t.u.). By Lemma 2.9 we get

J(teus) = h(t:) — /R3 a(x)F(z,toues)dz

2 _3-25 3
2s 2s 3—2s _
s 1K™ 8 +0E ) = [ a)P,tou)da,

(2.27)

<

When case (D3); occurs, we have from (f;) that, for given €1 > 0 small enough, there is 4; > 0 small
enough such that |f(¢)| < eit, 0 < t < d1; and by (f2), given €2 > 0 small enough, there is My > 0 large

enough such that |f(t)] < ext™ !, ¢t > Mp. Since f(t) € C[81, Ma], we sce that |f(t)] < it for
1

some A > 0. Consequently, for every ¢ > 0, we have

A . A .
If(t)] < et + <52 + 52:1) t271  and  |F(t)] < et + (62 + 52?“1> t%.
1

On the other hand, from (f4), it follows that given X > 0 large enough, there exists M3 > 0 large enough
such that |F(t)| > Xt™*! with m € (3 —2s,2% — 1), t > Ms. So,

F(t) > —eit?,  if0<t<dy;  F(t)> Xt ift > Ms,
and B
F(t) > —e1t? AN MZE22 s <t < M
()__51 + 524—52;7_1 3 , 101 S 1 M3,
Therefore, the exists M > 0 such that for £ > 0,
F(t) > —Mt?. (2.28)
Again, by (f4), we have that for ¢t > M3,



GROUND STATES FOR CRITICAL FRACTIONAL SCHRODINGER-POISSON SYSTEMS

15
(3—2s)(m+1)—2
3X2 2 ma1
F(t) > e ; (2.29)
o o (k1) 775
where ap = mingep, (4,) a(z). Set €3 = min ¢ g9, —~——, 1 ¢, then Bc(zo) C Bi(zo) for each ¢ € (0,¢3).
2M3372$
For z € B.(xy),
3—2s 3—2s
RE 2 KE 2
teue = ten(x)Us(x) =t ty

—5 > —5 > Mg.
(24 |x—$0|2)% (262)°2
Then, from (2.28) and (2.29), it follows that

/ a(x)F (teue)d /
R3 Be(w

F(teus)dr + / a(x)F (teue)dx
R3\ Bz (20)

(3 29)(m+1) 2
> (teus)"™da —|—/ a(x) [—M (teue)?| da
/Bs Hm+1tm+1 o R3\ Be (o) [ o ]
(3 2s)('m+l) 2
X2 ()™ dz — M2 || 2] Va2 (2.30)
kmtlg Be(z0) c 21V oo =2
3X2(372s)(;n+1)72 m+1 (3—2s)(m+1) a
s ~ M4 1Vl
Kmtle /Bs(xo) (2 + |z — 330‘2)@725)2(”1“) 2llv Vuelz
(3=2s)(m
> X g | ] vl
Therefore, by (2.27), (2.30) and (2.20), we have
_ (8=2s5)(m+1)
J(teus) < 5o [ ™ 53 + 0(e2) — (x5 7 vt I 1vel3)
2s —==== (3—2s)(m+1)
< 5125 HKHOo = SX—FO(ES_QS)—XE?’_ 2 .
Since m € (3 — 2s,2% — 1), then
-2 1
0<3- 0 3)2(m+ ) « 95?4753 (2.31)
Simple calculation shows that, for s € (0,1)
325> —2s% + 75— 3, (2.32)
then for € small enough, we derive that

J(tau) < =22 K% ® 5%
sle) = 5o 1 lleo '

When case (D3)y occurs, by a similar argument as that of (2.27), there is M > 0 such that for ¢t > 0

F(t) > —MtP.
Then for € € (0,e3), we have

(3—25)(m+1)
[ a@F e = x5 g 2] v,
R3 o
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Hence, by (2.21), we get

4s

(3=2s5)(m+1) a
J(t Ko 8% 4 0(72) = (X350 — Mg [ 2| v
(1e0e) < 5o NI 5% 4 O - ] ivele
O(E2E), > ot
_ % ol Y M L STCES s2-ptae o
g Kl ST HOETT) - X 0,z el P =5
O(e =z 7P), p< g
When 2 < p < 2, O(e37%) + O( ) = O(e*7%%). Since X > 0 can be large enough, let

4s—(3—2s) L. . _ _(a_
X=c 2z p, combining with 3 — (3 25)2(m+1) s (32 2500 3 _9sform-+1 > p, we have O(g372%) —
(3-25)(m+1) )
g3~ 2 < 0 for ¢ sufficiently small.
2(2— p)+2.sp

When p = 28, O(e372) + O(e |loge|) = O(e372%). Because X > 0 can be large enough,

choose X = ¢ (25 3/2) using 3 — 7(3_25)2(7”“) — (28 — %) <3—-2sform+1> 73—325’ we get O(e372%) —
3—2s)(m—+1
Xe R < 0 for e sufﬁciently small.
2— 2s

When 2~ < p < 3%, 0372 4+ O(e et ") = O(e3%). Because X > 0 is large enough, let
X = g~ (25-3/2) combmlng with 3 — w (28 %) <3-—-2sform+1>p> 332 , we infer
O(e 3_25) ~ XS S for e sufficiently small.

when 2 < p <25, 032 +0(e" 2 7)) = 0" 57"). Since 3 — E=2)m+) _ 3@=pl+2w

3(2— p)+25p 3_ (3—2s)(m+1) .

for m+1 > p, we derive O(e ) — Xe 2 < 0 for ¢ sufficiently small.

From the four cases above, we have,

23 3—2s 3
J(teue) < 5125 | Koo 2* S2.
Combining J(t-ue) < 3 Koo = S% with Claim 1, we have that
C<J(t5u5)<3 e Sz,
As a result, Claim 1, we derive that
0< e I(tous) < 5o K] ™ 57
€=Ut S g g 1 e ’

which completes the proof. O

3. PROOF OoF THEOREM 1.1

In this section, we will prove that system (1.9) has a positive ground state solution. In order to obtain
the desired result, we need to apply the following theorem A.I due to Berestycki and Loins [7], which is
crucial in the prof of the main result.

Lemma 3.1. ( [7]) Let P and @ be two continuous functions from R — R and satisfy the following:

(I) % — 0 as [t| — +o0.

Suppose u, is a sequence of measurable functions from RN — R such that

(1) 5D fon |Q(un ()| < +00;
and
(I3) P(up(x)) — v(z) a.e. in R™ as n — oo.
Then for any bounded Borel set B, one has

/ |P(un(x) —v(x)|de — 0 as n — oc.
B

If one further assumes that
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(1) G — 0 as |t] — +o0;

and
(I5) un(z) — 0 as |x| — +oo0, uniform consideration of n,

then P(uy,) converges to v in L*(R™) as n — oc.
Lemma 3.2. Under conditions (D1) — (D3) and (f1) — (f1), then, there is u € E such that J'(u) = 0.

Proof. Lemma 2.6 implies that there is a sequence u, C E such that J(u,) — cand (1+|lun || g) || I (un)| —
0 asn — oo.

From Lemma 2.8, we see that u, is bound in £. Then, up to a subsequence, exist a u© € F such that
un — u in E. Because u,, — u, for each w € C§°(R?), that

/ (=A)2up(—A) 2w + V(z)ugwdz — [ (=A)2u(—A)2w + V(z)uwdz,
R3 R3

From Lemma 2.6, we see that

K(x)¢un‘un‘2;_3unwd$—>/ K () ¢u|ul? Buwdz.
R3

/ a(z) f(up)wdz —>/ w)wdz. (3.1)

For this aim, we use some ideas from Alves and Souto [1]. When (D3); holds, repeating the similar
arguments used in Lemma 2.11, we have for any t > 0 and q € (2,2,

[F@)] < eft] +eltf ™+ Co )"

R3
Now, we prove that

Consequently,

[ at@f s < [ o) [elunl+ efinf* 1+ Colunl] fulds
R3 R3
a
<ellgll L, vilumliwldr + <ol [ fun
§6C</ V(m)|un||w|d$—|—/ |un|2§_1|w|dm>+C’g/ a(x)|up |7 w|d.
R3 Rs R3

By Holder inequality, we get

/R3v<g:)yun|yw|dg: < [/W V(x)|un\2d:nr [/W V(x)\w\de] .

251 1
* * ? * g
/ | |2 Hw|dx < </ \unQde> </ |w 2Sde‘) ,
R3 R3 R3
g—1
/ a(x)|up |7 Hw|de < [/ a(m)]un|qu] ’ [/ a(:c)]w\qu]
R3 R3 R3

q—1

1
g 1 q
< [ / a<x>run\%x] lallZ [ / \w\qu]
R3 suppw

q

<C {/R a(x)|un|qd1:] '

In view of u,, = uin E — L% (R3) and w € C§°(R?), we see that [5; V )|un|]w|dx and [ps |up 2**1]’Lt)|d:1:
are both bounded. By Lemma 2.2 and u, — u in E, we know that [p; a(z)|uy|%de — [ps a(x)|u|?dz,
and there exists 7 > 0 large enough such that | Be(0) a(x)|up|?dz < e. Thus, we have

%= 1]w|daz+C/ ) [ty |7 Hw|da
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<eC-2C) + Cee < (2C1 4+ 1)Ce. (3.2)

/ a(x) f (up)wdz
Bg(0)

When (D3)s holds, by (f1), we have that for given £ > 0 small, there exists ¢; > 0 small enough such
that |f(t)| < C.|t|P~1, 0 < t < t;. Hence, from (2.13), it follows that 0 < |u,| < t1, and so

a(@)f (un)w] < 2Ce [V (@) [un] + a7~

lw|, |z| > r. (3.3)

On the other hand, by (f2), for given € > 0 small, there exists to > 0 large enough such that
|f(t)] < elt|>~1, t > so. Thus, if |u,| > t2 holds, we get

21y, (3.4)

From equations (3.3) and (3.4), we assume 0 < |uy| < t1 or |u,| > to,

la(z) f(un)w]| < [lallo elun

la(@) f(un)w] < eC [V (@)lun] + Junl* ] ], Ja] > 7.

Define A,, = {a: ER3: t) <|uy| < tg}. Then

/ a(z) f (up)wdzx
B£(0)

< / la(a) £ (un)wldz + / la()f (wn)wldz
B&(0)NAg, B&(0)NA,

<0 [ V@l folde+ [ o) f(un)ulds
Be(0)NAS Be(0)NAn

= 13 —|—I4.

I ggc/ V(x)|unHw\dx+eC/ 2 | dee
R3 R3

3+2s

< (/R3 V(x)|un|2dx); (/R3 V(x)|w\2d$>é +eC (/R3 |un|362sdm>6 </RB |w|2’s‘dz> °

From the boundedness of {u,} in E «— L% (R3) and w € C§°(R?), we have I3 < 2eCCy.
Similarly, by (2.11), one has

n<f () [Lachun P+ Lochu,
suppwNBE(0)NAr

Therefore,

J;*"‘

2;71} |lwlde < C a(x)dx.
BE(0)NAn

<2eCCi; +C a(x)dx.
Be(0)NAn

/ a(x) f (up)wdz
Bg(0)

From u, — u in E < L% (R?), it follows that [gs |u,|*dz < C, and so, fAn [up|?sdx < C.
From A, = {z € R®: t; < |uy| < tp}, we know t%:|An| < fAn |w,|% da, we have |A,| <

¢.. Thus,
£

condition (D2) implies that lim,_ 4 fAntg(O) a(z)dz = 0, uniformly in n € N, then fAntg(o) a(z)dx <
¢ for r large enough. Hence,

/ a(z) f(up)wdz
7(0)

< (2CC) +1)e. (3.5)

By (3.2) and (3.5), we get

< Ce. (3.6)

/ a(z) f(up)wdz
B£(0)

Next, we show that fBT(O) a(z) f (up)wdz — fBT(O) a(z) f(u)wdz as n — 4o0.
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From Lemma 3.1, we can take P(t) and Q(t) by f(t)w and t* 1w, respectively. Condition (fo) implies
that (I1) holds. Because u, — u in E — L% (R?) and w € C§°(R?), then

342s

sup [ |uysTw|dr < sup |t |32 d |w|*s dx < 400.
n JR3 n R3 suppw

From u, — u in E, f € C!, we see that f(u,)w — f(u)w a.e. in R3 as n — +o0. Hence, for bounded
Borel set B;(0), one has

/ |f (up)w — f(u)w|dx — 0, as n — +o0,
B, (0)

implying

— 0,

/ (ae) f (un) — a(@) f ()] de
- (0)

| a@te— [ a@f@e. (3.7)
B,(0) B,(0)

Combining (3.6) and (3.7), we have as n — o0,
[ a@ = [ o
R3 R3
Thus, J'(uy)w — {(J'(u),w) for every w € C§°(R3), implying J'(u) = 0, which completes the proof. [J

that is,

Proof of Theorem 1.1. By Lemma 3.2, we see that (u,¢,) is a weak solution of the system (1.9).
Next, we show that (u, ¢,,) is a ground state solution. For this aim, we need to prove J(u) = c¢. Because
uZ0, f(u)u > (m+1)F(u) and m € (3 — 2s,2% — 1), then

J(u) = J(u) - m7—|—1J/( u)u

_Lu 22, -1 ~1-m ) o () |u)?s da
= s M+ S L, K@u@ufd

1

+ o /Rg a(z) [f(u)u — (m+ 1)F(u)|dx

> Pl
— ||U
~2m41) "
> 0.

Denote by v, = u,, — u. Using Brezis-Lieb lemma [7] and Lemmas 2.3, 2.5, we have

c+on(l) > J(uy) — J(u) = % anH% — / K(x)¢vn(a:)|vn|2;71dx + on(1).

2(2; — 1) Jpo
and
On(l) = J’(un)un - J’(u)u = H’l}nHZE — /3 K(x)¢vn(x)‘vn’2:_ldx + On(l)
R

Hence,

1 . 9 a:

c> iggngolrvnllE—gLH;OQ 2 1) / K(2) ¢y, (x)|oa|>~ (3.8)

and

0= Jim Joalfy = Jim [ K(@)on, @)]on* o

n—oo n—oo |p3

We assume

hm anHE = lim K(x )qbvn(x)|vn\2;71dx =1,

n— n—oo R
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By (3.8), we get ¢ > 339251 But from (2.7) we have

o (2:-1)
[, K @)oo < KL 7% o
The results generated such that
I < ||K|2, S~ %1% 0

3-2s _3-2s
Therefore, either [ = 0 or | > |[K||lm > S%. If1> [|K|x ® S5, > 2 " §3s, which

leads to the contradiction. Thus, [ = 0, and we get lim,, oo |[vn||% = 0, which implies that v, — 0 in E.
This means that u, — u in E as n — co. So we can get that J(u,) — J(u).

We only need to prove that the ground state solution is positive. Put u™ = max{u,0} the positive
part of u. We note that all the calculations above can be repeated word by word, replacing J with the
functional

JHw) =1 / |<—A>% Pt 3 [ Vo
2 2 (3.9)
STy oy Gl e = [ a@) Pl
— -
Using v~ = min{u,0} as a test functlon in (3.9), in view of (J7)(u)u~ = 0, and (a — b)(a™ —b") >

la= — b~ |2, we conclude that

o e < [ == D iy [ Vi P

Thus, v~ = 0 and u > 0 is a solution of (1.9). By Lemma 6.1 [28], and by Theorem 3.4 [12] we can
see that u € L>®(R3) N C%%(R3) for some a € (0,1). Next we only need to prove that the solution u
is positive. Otherwise, if u(xg) = 0 for some ¢ € R3, then (—A)*u(x¢) = 0 and by the definition of
(—A)*, we have [27]:

s G u(wo +y) + u(zg —y) — 2u(zo)
(_A) U(ZEO) - - ‘y|3+23 dy.

Hence, [ps %dy = 0, which means that u = 0, a contradiction. Thus, u(x) > 0 in R3. This
completes the proof. O
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