GLOBAL EXISTENCE AND DECAY ESTIMATE OF SOLUTION TO
COMPRESSIBLE QUANTUM NAVIER-STOKES EQUATIONS WITH
DAMPING

ZHONGER WU?, ZHONG TAN?, AND XU TANG"*

ABSTRACT. In this paper, we consider the Cauchy problem of the compressible quantum
Navier-Stokes equations with damping in R®. We first assume that the H3-norm of the initial
data is sufficiently small while the higher derivative can be arbitrarily large, and prove the
global existence of smooth solutions. Then the decay estimate of the solution is derived for
the initial data in a homogeneous Sobolev space or Besov space with negative exponent. In
addition, the usual L” — L? (1 < p < 2) type decay rate is obtained without assuming that the

LP norm of the initial data is sufficiently small.

Keywords Compressible quantum Navier-Stokes equations, Global existence, Decay

estimate, Cauchy problem, Damping

1. INTRODUCTION

Quantum fluid model is widely used in many fields of natural science, such as weakly inter-
acting Bose gases [12], quantum semiconductors [9], quantum trajectories of Bohm mechanics
[32] and so on. In 1927, Madelung [22] discovered the hydrodynamic form of the singlestate
Schrodinger equation. In 1993, Ferry-Zhou [9] derived the so-called quantum hydrodynamic
equations from the Bloch equation of the density matrix, and in 1994, Gardner [10] derived the
same equations from the Wigner equation by the moment method. At the beginning of this
century, the dissipative quantum fluid model was proposed. For example, the viscous quantum
Fuler model is obtained by the moment method applied to the Wigner-Fokker-Planck equation
[13]. The Chapman-Enskog expansion in the Wigner equation leads to the quantum Navier-
Stokes (QNS) equations under some assumptions [7]. In this paper, we consider the compressible

QNS equations with damping:
pt + div(pu) =0, (1.1)

A
(pu)¢ + div(pu @ u) + VP — 2vdiv(pDu) = —rou — r1plul*u + 2x%pV <\/\?> , (1.2)

with initial data

(p,u)(z,t)]i=0 = (po,uo) — (p,0), as |z| — oco. (1.3)
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Here, p = p(z,t) is the density, u = u(x,t) = (ui(x,t),us(z,t), us(x,t)) is the velocity, u ® u
denotes the matrix made up of the element w;u;, and Du = %(Vu + Vu') is the symmetrical
part of the velocity gradient. The pressure P = P(p) is a smooth function with P’'(p) > 0 for
p >0, and p > 0 is a constant. The positive constants v and  are called viscosity coefficient
and dispersion coefficient (or Plank constant), respectively. In particular, the inviscid QNS
equation (v = 0) is a superfluid model (see [20]), and its global weak solution with finite energy
is studied in [1, 2]. The expression % in the last term at the right-hand side of the equation
(1.2) satisfies
Ayp IVol’Vp  VpAp  Vp-Vp

20V | == | = div(pV?log p) = AVp + ,
p <\/ﬁ> (pV~logp) P e ; P

we call it the quantum potential or Bohm potential, which comes from the hydrodynamic formu-

la of the singlestate Schrodinger equation, and considered by Wigner [31] for the thermodynamic

equilibrium. The damping terms
—rou — r1p|ul’u,

where 79 > 0, 71 > 0, are proposed by [5].
If ro = r; =0, i.e., no damping term, the equations (1.1)-(1.2) become the QNS equations

pt + div(pu) =0, (1.4)

(pu)s + div(pu @ u) + VP — 2v div(pDu) = 2k*pV <A\/\g5> . (1.5)

At present, there are abundant research results on undamped compressible QNS equations. For
1D case, Jiingel [17] proved the global existence of global weak solutions. And for 3D case, Jiingel
[18] also proved the global existence of weak solutions on the 3D torus with large initial datas
by using a kind of special test functions (i.e. py, where ¢ is smooth) when v < k. Subsequently,
Dong [8] and Jiang [16] extended the results to the cases of v = k and v > k, respectively. In
2015, with the help of adding an extra cold pressure which is introduced in [6], Gisclon et al. [11]
gave a different definition of weak solutions and then obtained the global existence. They also
studied the limit of the QNS system as x — 0. In 2017, Antonelli-Spirito [3] obtained the global
existence of finite energy weak solutions for QNS equations for large initial data in 2D with

v > k while in 3D coupled with %H2 > 12 > k?

. In particular, the concept of weak solutions
is standard, which does not contain additional terms like cold pressure or damping. And in
2019, Tang-Zhang [29] obtained the global existence of weak solutions (standard concept) of
compressible QNS equations in the critical case of v = k.

For the case 79 > 0, 71 > 0, Vasseur-Yu [30] have proved that the existence of global weak
solutions of the system (1.1)-(1.2) in 3D with large data where they assumed Vu is well-defined.
Later in 2019, Lii et al. [21] obtained some new priori estimates, which help they remove the
assumption of Vu in [30], and they also got the existence of global weak solutions of the system
(1.1)-(1.2).

And if ro > 0, r; = 0, the damping term is linear. There are some results about the
asymptotic limit and the incompressible limit, refer to [19, 33] and the references therein for

more detail description.
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In this paper, we consider the case of rg > 0, r; > 0. We prove that if the initial data is
small then the Cauchy problem (1.1)-(1.3) has a unique global smooth solution in R3. Besides,
we also derive the time decay rate of the solution. In fact, our results also hold for the case
ro = 0, see remark 2.1.

The rest of this paper is arranged as follows. In section 2, we first present some basic
definitions, the main results and a series of auxiliary lemmas. In section 3, we derive the
exact energy estimate and prove the local existence of the solution (g, Vo, u) of the Cauchy
problem (2.1)-(2.3). More specifically, the dissipative estimate of u is derived in Lemma 3.1,
and the dissipative estimate of p, Vo are derived by an interactive energy estimate in Lemma 3.2,
and then the local existence of the solution is obtained by solving the iterative approximation
system. In section 4, we derive the evolution of the Sobolev norm and Besov norm with negative

exponent of (9, Vp,u). In the last section, we complete the proof of the main theorem of this

paper.
2. MAIN RESULTS AND AUXILIARY LEMMAS

For convenience, we first do some transformation of the system (1.1)-(1.2). We set o = p — p,
and P'(1)=1, p=1, 2v =1, x = 1. In this way, the system (1.1)-(1.2) can be rewritten as
ot + divu = 5y, (2.1)
{ up —divDu 4+ Vo — AVp = Sy, (2.2)
the corresponding initial data is
(0,u)(z,t)|t=0 = (00, u0) — (0,0), as |z| = oo, (2.3)
where S; (i = 1,2) is defined by
S = — div(pu),
Sy = —rog(@)u — rilul*u —u- Vu— f(0)AVo — h(0)Ve+ g(0)Ve - Du
+ (6*(0)|Vol’Vo — g°(0)VoAo — ¢*(0) Ve - Vo),
and
_Plle+1) P(1) 1

__° _
f(@)—QJrl’ h(o) o1 T g(@)—g+1-

Notation. In this paper, we use the following symbolic conventions. The same letter C' may

be used in different estimates to represent general constants. Sometimes, in order to show
emphasis, C1, C and so on are also used. If A < CB holds for a constant C' > 0, then denote as
A < B. We say that A is equivalent to B, if there exist two positive constans C, Cy such that
C1B < A < (3B, and denote as A ~ B. In particular, Cy represents a constant that depends
on the initial data. The gradient operator V = J, = (85,;1,8132, 8903), Vi=20y (i=1,2,3). For
convenience, we denote
IV' (£ )l = (9415 + 199l
where for integer [ > 0, V! = 8lx represents the usual l-order spatial derivative, k is a positive
integer, and X is a Banach space. For [ < 0 or [ is not a positive integer, the operator A! is
defined by
Nf=771 (el 7f),
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where .Z is the usual Fourier transformation operator and .# ~! is its inverse operator.
Ly (]R3), 1 < p < oo denotes the usual L space, with the norm ||-||z»; HV (R3), N € Z denotes
the usual Sobolev space, with the norm || - ||~; H™* (R%),s € R denotes the homogeneous

Sobolev space in R?, and the norm || - || ;—, is defined by

11 s = AT ]| o

B2_ 5 (R?), s € R denotes the homogeneous Besov space, and the norm || - || By s defined by
) i —ST|| A
17052, 2= 5up 27 s ey

where Aj f denotes the homogeneous Littlewood-Paley decomposition for f (see [4]).
For any integer N > 3, define the energy functional €y (¢) and the corresponding dissipation
rate D () by

N
En(t) ==Y V(e Vo, u)|7s.
=0

N
Dn(t) ==Y [|V(Ve, V2o, u, Vu)|| 1.
=0

The key point to prove the global existence of the solution of the Cauchy problem (2.1)-(2.3) is

that, for £ > 0, construct an interactive energy functional (see [14])

g 2 z " 1 k2 " ,
dtlzg RSVu‘V+Qd:U+4ZZ;HV+ (Q,Vg)||L2

k+2 k+2
<Cll(e.w)lls 3 IV (0, Vo u)|[72 + C(llalls + lulds) D [V e, w)][]
1=k I=k
k+2 ) k+2 ) k+2 .
+ Cllollgsllullms Y[V el e +3 D IV e + 78 D |V 72
1=k 1=k 1=k

and then the dissipative estimates of ¢ and Vo can be derived (Lemma 3.2). Combined with
Lemma 3.1, we can get that for NV > 3, there holds

Sen() +Dy(t) S VEDDN (1), 24)

If ¢3(0) is sufficiently small, then the global existence of the solution in H" can be derived
from (2.4), where N > 3.

In addition, if the initial data (go, Voo, uo) belongs to a negative exponential homogeneous
Sobolev space or Besov space, then the solution of (2.1)-(2.3) and the further decay rate of its
higher order space derivatives can be obtained. In fact, using regularity interpolation method
(see Strain-Guo [27], Guo-Wang [15] and Sohinger-Strain [25]), we can develop a general energy
method, that is, using a family of scaled energy estimates with minimum derivative counts and

interpolation among them to obtain

d

SET D S V&0
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where QE:H and ©£+2 are defined by (5.1) and (5.2), respectively. Then using the properties of
negative homogeneous space, we can use (’E]/,z+2 to bound @ﬁ”. Thus, we can derive the estimae

of time decay by solving an explicit inequality.
2.1. Main results. The main results of this paper are described as follows.
Theorem 2.1. Assume that the initial data
(e0, Voo, uo) € HY (2.5)
for any integer N > 3, and
/]1@3 oodz =0 (neutral condition).

Then
(I) There is a sufficiently small constant &g > 0 such that, if

€3(0) < do, (2.6)

then (2.1)-(2.3) admits a unique global solution (o, Vo, u) € C([O, oc); H3 (R3)) satisfying
sup € (t) + / Dy(7)dr < CEs(0). (2.7)
0<t<oo 0
Furthermore, if €x(0) < oo for any N > 4, then
sup Ex(t) + / Dy (r)dr < CEx(0). (2.8)
0<t<o0 0

(II) Suppose all the assumptions in (I) are true.
If (QO,VQO,UO) e H* for some s € [0, %), then

l(e. Vo.uw)(®)ll-. < Co. ¥t >0: (2.9)
or (go, Voo, U()) € BQ_C‘; for some s € (O, %], then
(. Vo, w)(®ll g < Co, V=0, (2.10)

Besides, there is decay estimate

__k+s
2,

|[V¥(0, Vo, u)(#)]| » < Co(1+1) k=0,1,--- ,N —2. (2.11)

Remark 2.1. In fact, if ro = 0, we just need to adjust our proof process a little bit then there
s no dissipative term HVluHiz meanwhile no 5HVluHi2, and we can get that the theorem 2.1
also holds.

Considering the Hardy-Littlewood-Sobolev theorem (Lemma 2.4), LP C H~5 holds for p €
(1,2], where s = 3(% — %) However, this embedding result does not hold for p = 1. In view
of this defect, Sohinger et al. [25] introduced the homogeneous Besov space B, .- Lemma 2.5
shows that, for p = 1, BQ_ >, is used to replace H~%, and the embedded result L' ¢ B; 242 holds.
In this way, we can derive the optimal LP — L? type decay result by Theorem 2.1:
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Corollary 2.2. Under the assumptions of Theorem 2.1, if we replace the hypothesis about H™*
or B;io with (00, Voo, uo) € LP for some p € [1,2], then

k+sp

IV (0, Vo, u)(t)|| 2 < Co(l+8)" =, k=0,1,---,N =2, (2.12)

1 1
Sp::?) ];—5 .

Remark 2.2. It should be noted that for the general existence in Theorem 2.1, we only assume

where s, 1s defined by

that H (go, Vgg,uo) HHS 1s sufficiently small, while the higher derivative can be arbitrarily large.
We restrict s < % to facilitate the application of Lemma 2.4 to the negative exponential Sobolev
estimate of nonlinear terms by A=°. For s > %, this estimate is invalid. In corollary 2.2, in
order to make p > 1, it is also necessary to restrict s < % In addition, the L? decay rate of
the higher order spatial derivative is obtained by corollary 2.2. By Sobolev interpolation, we can

derive the general optimal LY (2 < q < 00) time decay estimates of the solution.

2.2. Auxiliary lemmas. In order to prove Theorem 2.1, we give a series of auxiliary lemmas in
this section, which will be widely used in the arguments in the next three sections. In particular,
Lemma 2.1-Lemma 2.3 plays an important role in the derivation of many prior estimates. We

first explain the following Gagliardo-Nirenberg inequality with the form of Sobolev interpolation.

Lemma 2.1. Let 0 <+, a < 5. Then

Hv’nyLP N Zr?

~

harilmdiasi

where 0 < o < 1, and v satisfies

v 1 a 1 g 1
———=(-—==-](1- ——=o.
3.p <3 (1)( J)+<3 r)°
For p = oo, it is necessary to restrict 0 < o < 1. In particular, the following formulas hold:
for 2<p <6, ||flle S [ fllms for 6 <p<oo, |[flle S Ifllm2-

Proof. see [24, p.125]. O

Lemma 2.2. Let m > 1 be an integer, then

va(fg)HLp S vafHLpl ”g”Lp2 + HfHL%vagHLm’

where P, P1, P2, P3, P4 € [17+OO]; and
1 1 1 1 1

P Pp1 P2 P3 P4
Proof. see [23, lemma 3.4, p.129]. O

The following results show that Hka(w)HLp (p > 2) can be bounded by HV’“U}HLP.

Lemma 2.3. Let f be a smooth function, and w : R® — R"(n > 1) satisfies ||l gs@s) <6 < 1.
If f(w) ~w or f(0) =0, then for any integer k > 0, there is

IV @), < CRVE0]| -

Proof. see [28]. O



COMPRESSIBLE QUANTUM NAVIER-STOKES EQUATIONS WITH DAMPING 7

If s € [0,3), according to Hardy-Littlewood-Sobolev theorem, we can use || f||z» to bound

11l s

Lemma 2.4. Let0§s<%and%+§:%. Then 1 <p <2 and

1l s S WSl e
Proof. see [26, Theroem 1, p.119]. 0

Similarly, for homogeneous Besov spaces, if s € (O, %], then we have the following result.
Lemma 2.5. Let0<s§% and%+§:%. Then 1 <p <2 and

7 llse. Wl
Proof. see [15, Lemma 4.6]. O

Next, we introduce a special Sobolev interpolation inequality.
Lemma 2.6. Let s > 0 and integer I > 0. Then

IV < IV 151G

_ 1
where § = T

Proof. It can be obtained directly from Parseval theorem and Hoélder inequality. (]

Finally, we will apply the following special Besov interpolation inequality.
Lemma 2.7. Let s > 0 and integer I > 0. Then
l l 1-0) ¢10
19 Als < 944 71151

_ 1
where § = i

Proof. see [15, Lemma 4.5]. O

3. ENERGY ESTIMATES AND LOCAL EXISTENCE

3.1. Uniform a priori estimate. We will prove Theorem 2.1 according to the local existence
of the solution of (2.1)-(2.3), some uniform a priori estimates and the continuity argument. In
this section, starting from the hypothesis of Theorem 2.1, we first analyze the uniform a priori

estimate of (2.1)-(2.3) and derive the dissipative estimate of w.

Lemma 3.1. Suppose all the assumptions in Theorem 2.1 are true, and for T > 0,
sup [[(0, Vo, u)|lgs <6 << 1.
0<t<T
Then, for any integer k>0 and 0 <t < T,

g F2 ) E+2 ) , )
2 V' e Veu)|[ie+ D (I ull 1 + (|9 (diva)[[ . + [[9"ul]2)
=k =k
k+2
< C(SZ HVZ (VQ, V2o, u, Vu) HEQ (3.1)
=k
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Proof. For any integer k > 0, by the V! (I = k,k + 1,k 4 2) energy estimate on o, u for

(1.6)-(1.7), respectively, we have

1d
L (90 9o+ 29+ [P i) )
=—ro [ Vig(o)u)- Viudz —r / Vl(|u\2u) NVude + | VYAVp) - Viudz
R3 R3 R3
+ Vl(—gdivu)~vlgdx+/ Vi(—u-Vo) Viedr — [ V'(u-Vu)- Viudz
R3 R3 R3
- / Vi(f(0)AVo) - Viudz — Vi(h(0)Vo) - Viudz
R3 R3

+ [ V(g(0)Ve - Du) - Viuda + / V(6*(0) Vo2V ) - Viuda
R3 R3

_/ \% (QQ(Q)VQAQ) Viudz —/ v (92(Q)VQ . VQQ) Viudz
R3 R3

(3.2)

Next, we will estimate I; (i = 1,2,---,12). Note that g(p) =1 — f(0) and f(g) ~ o, and then

applying Holder inequality, Lemmas 2.1-2.3, we get

= —7“0/ V (u—f Vludm

< —rol|V'ul[}2 + OV (F(@w)]] 2| V'u]

< —ro[| V'l 32 + C(IV'0ll yollull s + lloll oo ||V ul| ) | V"l
—ro| V'l 7o + C(IV" ol allulli + ol 2 | V1] o) [ V1] o

—ro|[Vhu 3 + Cll(e, w)ll g (|| VVul20 + [V o|[2,).

IN

IN

Using Hoélder inequality, Sobolev inequality and Lemma 2.2, lead to
I < |V (JulPu) || yos || o
S (194 - o) llullos + - ull goge || V]| 1o )11Vl 2
< (190l o luall sl s + llaal2a |9 all =) [ 95+ ] .2
Sl |9l |7
For I3, by integration by parts, (2.1) and Lemma 2.2, it follows that

I3 = VZ(AQ)-Vl(gt—FQdiVU—FU'VQ)dl‘
R3

<=5 | IV elde + O] el Dl + el [T
+ {1Vl ol Vellzo + lulloe [V ol ) [V Ae] .
<—-— / Vg2 da + Cl|(0,w) | 5|V (V 0, Ao, V) |[ ..
For I, emploing Holder inequality and Lemmas 2.1-2.2, we have

I <[V (= diva) | oo | V10l o

(3.3)

(3.4)

(3.5)
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SV ell ol Wl o2 + llell s [V ul] ) [V |

SUVTell o llull gz + llell i [V ell2) IV el 2

2
Sle, wllu2]| V(Yo Vu) [ (3.6)
According to the same estimate, we also have
2
Is S (o, W)l 12]| V! (Yo, V)| 72 (3.7)
2
Is < llullg2 || Vi | (3.8)

For I, utilize
f(0)AVe =V (f(0)A0) — V[(0)Ao,
and then integrating by parts, applying Holder inequality, Lemma 2.2, Lemma 2.3, Sobolev

inequality and Lemma 2.1, we infer that

I; = — VHL(f(0)Ao) - Viuda +/ V! (Vf(0)Ao) - Viuda
R3 R3

= [ V@80 (V- Ve + [ (V@A) Vuds
R3 R3

SV (@A) [V ull 12 + [V (V (A0 oss ][V |
SV allzsllAel s + llellze< V2ol 12
+ [V el 1 Aellzs + 1Vl sl [V 20| ) [V
Slollus ||V (Ve, V2o, V) || (3.9)

For I3, note that h(0) = 0, which satisfies the condition of Lemma 2.3, and then get

Is < lloll 2|V (Vo V)7, (3.10)
from the estimate of I. For Iy, in view of g(¢) = 1 — f(p), give rise to
Iy = » ViV - Du) - Viudz — /R3 Vi f(0)Vo-Du) - Viudz
i=Tlgq + Igp.

By Holder inequality, Lemma 2.1 and Lemma 2.2, get
Ioa S |[V! (Vo V)| pays [ V0] s
S (Vo[ allVullzs + V0| s [Vl 2) (95 | 2
S e )l | V' (Ve, V|-
Combined with Lemma 2.3, we have
Iy S|IV'(f(2)Ve - V)| foss |V ]|
SV ol 2 Vullps + (1 £(@) Ve[ 1|V ull2) [V ] 2
SVl l1Vell s + llelleo IV ol 22) l[ull 2] V7 | 2
+ 1 f (@< Vells |Vl 7

Slolmellullg2]|V (Yo, Va) [ + ol 2|V |-
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Therefore
2
Iy < (e, w)llm2 + el = llull r2) [V (V 2, V)| [ . (3.11)
For Ig, denote Fy(o) = ¢*(0) — 1, then F;(0) =0, and
Lo _/3 V(|Vol|*Vo) -vluda:+/3 V! {(Fi(0)|Vol*Vo) - Viuda
R R
:=I10a + L10b-
If [ = 0, from Holder inequality and Lemma 2.1, we deduce
T4 2/ IVol*Vo - udzx
R3
SIVell= Vel s Vell p2|[ul o
SllellFsll(Vo, Va)f7a.
If | > 1, by integration by parts, employ Lemma 2.1 and Lemma 2.2, it follows that
I0a :—/ VL ([Vol* Vo) - (V- V!u) da
R3
SIVHIVePVe) [Vl .
SV (Ve Vo) eI Velle + IVe- Volls| Vel 1) [Vl 1
SVl oIV el s llell s + Vel Zs [V o] 12) [V | 2
2
§||QH12LI3HVZ(v97 VU)HL2
Using the Holder inequality, Lemmas 2.1-2.3, we further obtain
Lop SHVZ (F1(9)|VQ|2VQ) HL6/5||VZUHL6
SVl s ll(Ve- VoyVel sz + llol= |V ((Ve - Vo)Vo)| )|V ull 12
SIV* ol 2l Vellz< Vel 2 [V el o [ V5 a2
+llellz= (Ve 2 Vel = IV el e + [V oll7e [V ol 12) [Vl 1
2
Slells |9 (e, V) [
Therefore
2
Lo < (el + llellgs) [V (Ve, Va) [ .. (3.12)
For I11, denote Fy(p) = ¢g?(0) — 1, then F3(0) = 0, and
Iy = — / V!(VoAp) - Viudz — / V! (F2(0)VoAo) - Viuda
R3 R3
=h1a + i1p-
If [ = 0, directly from the Hélder inequality, we have
Lg = — /R3 Vole-u da < ||Voll2l|Acl s llull s S llellas[[(Ve, Va) |72

If [ > 1, by integration by parts, employ Lemma 2.2 and Sobolev inequality, give rise to

Ii1a —/ Vl_l(VgAg) . (V . Vlu)d:c
R3
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SVl sllAelizs + Vol ||V Lol )|V .
Slollus|| VI (Vo, Va) ||,

Applying Hélder inequality, Lemma 2.2, Lemma 2.3, Sobolev inequality and Lemma 2.1, we
infer that

Ly S|V (F2(0)VoAo) || Loss [V ull s
S(IV'| sl Vol| s | Aol s + ol s x
(V" oll sollAellzs + 1V allz= [+l 2)) [Vl
Sllells (1™ el 2 + 1V 2ell2) [Vl 2
Slloll%s|| V! (Yo, V2o, V) ||
Therefore
11 5 (lellas + llel3s) [V!(Vo, V2o, V) | .. (3.13)
Similarly, we can see that
Tz £ (llell s + lellia) [V (Ve, Ve, Vi) 1. (3.14)

Putting (3.3)-(3.14) into (3.2), and we deduce
Ld
2dt Jr

2 2
Slite, W)l ||V (e, Vo, V2o, u, V) [ 1 + llell s l|ull s |V (V o, V0, V)|

(9 4 [V o o V) da STl + 19 i) [72) + 7ol 9

+ (el + lullz) [ .
Then Lemma 3.1 is proved. (]

Next, we will construct an interactive energy functional to derive the dissipative estimate of

0, Vo. We have the following results.

Lemma 3.2. Suppose all the assumptions in Lemma 3.1 are true. Then, for any integer k > 0,

d% Vlu-VlH d$+1l§Hvl+l(g \V4 )H2

dt 2 g 0 4 - » VO)|| L2
k+2 ) k+2 ) k+2 )

<Y [V @ Vo) + 33 [Vl + B S Vel 1)
=k =k =k

Proof. Applying V! (I =k, k+1, k+2) to (2.2), and taking L%inner product with V*1p, we

can see that

[ Va5t 4 [P0+ 5l

== [ Vigle)u) V" odw — 1 / YV (ul*u) - V' ode
R R

+ [ Vi(divDu) - V" pdz — Vi(u-Vu) - V' pdz
R3 R3

— [ Vi(f(0)AVo) -V odz — / Vi(h()Vo) - V! oda
R3 R3
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+ [ VooVe D) Vot + [ V(eH0)IVePVe) - V' gds
R3 R

—/ V' (9%(0)VoAo) -V”lgdw—/ V(g (0)Ve- V?0) - VIHpdx
R3 R3

Substituting (2.1) into the first term at the left of the above formula, we have
10 d ) )
Ss=0 v%wﬂmM—/v%Vm@m+Wmﬂp+mem
i=1 RS RS

_ vlu.vl“gdwr Vi - VY (divu + div(ow))dz + ||V |5, + || V120 [5.

dt R3
d
AR e R L R L 310
where
Ji = Viu - VL div(ou)dz.

R3
Now we will estimate J; (i = 1,2,---,11). First, note that g(0) =1 — f(o) and f(g) ~ o, then
by Hoélder inequality, Lemmas 2.1-2.3 and Cauchy inequality, lead to

Ji=—ro . Vi - Vi odz + g vl( flo)u) - V" oda
<ro||V'ul| 12 [V e 2 + C(HV P gsllullzs + 1 £z [ V'ull o) [V el 2
<rf||V'ull}2 + fHVl“aHLa+C(HVH1QHL2HuHH1 +llell [V ul[ ) [V el 2
<rf || V'ull}a + HV”laHLz +Clite. )l [V (e - (3.17)
According to Hélder inequality, Lemma 2.1 and 2.2, arrive at
Jo SV (lulPu) || ][V el 2
SV ) pollulla + [[Tul]] 15 [l o) [V el 2

SUV* ull o lulloe llull s + lellZo |75 ul ) [V ol .

Sl ||V (0 w)]| [ (3.18)
For Js, by integration by parts, then from Cauchy inequality, we get
J3 = — ViDu) - V2 odz
R3
<[V | L[V el
1
<Vl + 41Vl (3.19)
For Jy, from Lemma 2.1 and Lemma 2.2, we have
1 SV ull ol Vullze + llull o |9 ] ) [ Ve
Slull g2 || V' (0, w) |3 (3.20)
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For Js, a process similar to Iy yields

== VIV (f(0)Ao) — Vf(0)Ao) - V'™ odx

= [, V(J(@hde)- (V- VT o)de + / V{(Vf(o)Ae)- V' odw
R3 3

S(IV'ell ol Aellzs + lloll< [V 2ol 2) [ Vel .
+ (1" ell ol Aellzs + Vel [V 2] 1) [V el 2

2
Slellms||[ Ve, Vo) - (3.21)
For Jg, note that h(0) = 0 and apply Lemma 2.3, from the estimate of Jy, we can obtain
2
Jo S lloll 2| Vo[- (3.22)

Now estimate J7, note that g(¢) =1 — f(p), so J; can be written as

Jr :/Rs ViV Du) - VHpdz — /Rd Vi(f(0)- Vo -Du) V™ odx
i=Jra + Jrp-
Imitating the estimate of .J;, we obtain
SV ol 2 IVullz + 190l [V ul| ) |9 el

Slesw) | s | V' (0 )|

Utilizing Lemmas 2.1-2.3, we also obtain

Ty S|V (@) VO) || o IDul e + £ (@) Vol 1= |V D) | 1) |V 0 -
N(Hvlelimuwum + llollze< [V o] o) I Vull o< [V 20| 2
+ lollze= Vel oo | [ V5 ul| 2] [V o

Slellzllull | V4 ol 72 + llells [V (0, w) | 7

Therefore

S (lellas + llolls + ull =) |V (00 w) |72 + llelz lull s ]|V o] - (3.23)

According to the trick in the estimate of I1g, that is, Fi(0) = ¢®(0) — 1, we have

Js :/W V(| Vel*Vo) -vl+1gda:+/RB VH(F(0)|Vol* Vo) - VT odx
S(IV' (Ve Vo) 2l Vellz + Ve Vel [V el 12) [V el 2
+ (V'] 16 IV PVl s + llellx [V (I eV o) [ 12) [V e 2
SV || 2Vl Vol + Vol 2 [V o 2) [V ol 12
+ ([[V ]| 2 IVellie IV el s + el ||V (Ve Vo) || 12) [V o
SelFs Vi ell o + lell3s ][V ol o + lellazllelis |V ell 2) [V el L

<(lelZs + lels) [V el - (3.24)
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Similarly, according to the notation in the estimate of I11, that is, F5(0) = ¢g*(0) — 1, we obtain
Jog=— [ VYVoAp)- - V!Todzx — / V! (Fy(0)VoAo) - VIH oda
R3 R3
SIVI(Verd) || o[V ol 12 + ([[V'ell ol VoAl e + llellz< [V (Vore)]| 2) [V el 2
S+ lellz=) (V" ell ol Aellis + Vel [Vl 1) [V ]
+ HleQHLzHVQHLGHAQHLGHVIHQHLQ
S(llellus + llellzz) IV (. Vol (3.25)

By the same way, we can see that

o S(llellas + lel3) [V (0, Vo) I (3.26)

Finally, from the estimate of Jy, we can also get
11| S (o, )l 2] |V (0 w) [ (3.27)

By substituting (3.17)-(3.27) into (3.16), deduce

% Viu - VH odz + =~ va (2. Vo),

SC”(QvU)HH3Hvl+1(97 Vo, u)|72 + Cllelds + lulld:) [V (0 w7
+ Cllelllullza |97 ol o + 3] 9" ul| 7o + 5| V'u o
From this estimate comes (3.15). Lemma 3.2 is proved. O

3.2. Local existence of solution. In this section, we purpose to prove the local existence of
the solution (g, Vo,u) with small H3-norm. To this end, we will solve the following iterative

Cauchy problem for j > 0:

{ Y dived ! = SjJrl (3.28)
I divDuI T + Vit — AV = S5 (3.29)
with intial data

(@t ) (2, 1) ‘t o = (00,u0) () = (0,0), as |z] — oo, (3.30)

where Sg“(i = 1,2) is defined by
SJJrl —ddive/ Tt — - VI,
S%H =— rog(gj)ujJrl — | P — - VI
— [(@)AVIT — W)V + g() VDT
+ (P () IVIPVIT = g () VI AT — g () Ve - V2.
Here, (QO, Vgo,uo) = (0,0,0) is used as the initial data of the iteration. By solving the above

iterative problem, we can construct a solution sequence (¢’, Vo’,u’);>9. For convenience, we

denote
G = (o, V)20, % = (00, Voo, uo)-

In this way, we have the following results.
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Lemma 3.3. Suppose the assumptions of Theorem 2.1 hold for N = 3. Then
T o+ 70 o+ i s+ 5
<@ w) | (@ Vo V2w [
F (1 o + 112 + 12 e+ 99 2 197w ) 2 (330)

where C' is a positive constant independent of j.

Proof. Taking the V! (0 <[ < 3) energy estimates for (3.28)-(3.29) on ¢/ ™!, w1, respectively,

we can obtain

1d L
L (gt

=— T‘()/ Vi(g(o")uw ™) - Vi de — 7‘1/ V(o Pud T - Vi
R3 R3
—/ Vi(g(o)) dive!™) - VeI da —/ Vi -Vl Vi dr
R3 R3

+ [V avDw ) v+ [ AV Ve
3 R3

— v (uj . Vuj'H) VIt da —/ v (f(gj)AngH) Vit
3 R3

V() Vet - Viu da +/ Vi (g(e) Vo - DutY) - Vit da

3 R3

_l’_

T~

VH(g* )V PV - VI de — / V(e (o) VoI M) - Vi da

3 R3

- [ V(@ (@) V)
1

1

w

.
Il

Similar to the proof of Lemma 3.1, we now deal with K; (: = 1,2,---,13). First, applying
Hoélder inequality, Lemmas 2.1-2.3 and Cauchy inequality, we have

Kl = —T0 Vluj“ 'vlujJrld.T—f—To/

vl (f(g])uj+1) . Vluj+1dx
R3 R3

< = ro| V' L+ CUIV' QN ol o+ 171|907 ] ) 9107
< = 1oV [+ C 1 gl s + 110l o [ ) [ 967
< = ol V'L + Ol ga (0 s + 907 ). (3:33)

Ko S9! (|0 ) | oo |91 o

NA CERRTO1 [PV [ [Pl T VA i (O] T 7%
(H L L L L H
SV el || o+ e [ [ 9 e

P s [ (3:34)

N A

It is obviously that

K 5[10]| sl | (0, Vol ) [ (3.35)
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Ko S0 | s [V [ (3.36)
Kz Sl | a9 [ (3.37)
Ky 510l a9 (7 w7 ) [ (3.38)

Now, by integration by parts, arrive at

K5 — vl(Duj+1) . VHlUjJrldx
R3

1 A . 1 ) A
B vl+1uj+1 . VH'lu]'Hd:U _ / vl((vuj—l—l)T) . Vl'HuH'ldx
2 R3 2 R3

1 ; .
= — IV s + 9! (divad )] [}2)- (3.39)
For Kg, by integration by parts, combined with (3.28), we infer that

K :—/ vHag ™) - (V- Vi) da
R3

= [ V(A V(T + o dived T +uf - Vi) da
R3 !

- ;jt/RS \vl+1gi+1]2dx+/Rg ViAo dived ™ - VT da

< 10 [ |9 e+ OO (190l
1P e+ 10 997277

< 1 [ ()l (T VR T B (30

For Kg, imitating the estimate of .J7, give
Kg =— /R3 VIV (f()AdT) = V() AdT) - Vil M da
=— /RS VL (o)A ~Vluj+1d:::+/RS VLV (o) AT - Vit de
:=Kgq + Kgp.
By integration by parts, and then applying Lemmas 2.1-2.3, derive
K 5 |0/ | (727, ) -
If | = 0, it is obviously that
Ky S 1|07 | (V207 V) |-
If 1 <1< 3, by integration by parts, we have

Ksp S(IV' | 2 1807 oo + ([ ] s IV o) IV 72|
SN s (1920 s + 1V [ 0)
Therefore

Ks S 110" g0 (1920 o+ 97 [[70). (341)
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For K, in virtue of g(¢/) =1 — f(o), then
K= /Rs ViV - Duith) -Vlujﬂdx—/Rg V() Ve - Duitt) . Vil M da.,
If = 0, directly from Holder inequality,
Ko SV o [0 a7 o + 1 ()] o 1V M o [0 o o] o
U lls + 1) 9
If 1 <1< 3, then
Ko = —/RB VLYV - Duth) - (V- Vi ) da +/RS V() Ve D) (V- Vi T dr
SUV' N 2 12w oo + (V] o [V ()| o) [V 07 o+
(1 @)V 19 @u? ) [ o+ 1V (F (&) V) | oD H ] o) [T 102
SNl Vel + (e a1V 0 2 10 | V7 ) 194
Ul + 1) 97 o
Therefore
10 5 (1]l + 1[5 [V [ (3.42)
Further, for K11, we have
Kn —/RS V|V [PVt -vluﬂ'“der/RB V(R ()| VIV ) - Vit da
=K114 + Ki1p-
If = 0, directly from Holder inequality,
Ko 5[V | o[V o[V o 0] o
Sl (1707 [ + 967 ),
combined with Lemma 2.3, give
Kot S|l Ve 7 V07 ol
<l (19 e + (196 ),

If 1 <1 < 3, by integration by parts, then applying Lemma 2.2, Sobolev inequality and Lemma

2.1, derive
Kiig = — /RS VLIV PV (V- Vi T de
SUVTHVE VOV e + 1V V) |1 [V o) [V 0T
SUV'N IV o [V e+ [Tl 1V o) [V
Sl (Ve o + 1907 )
combined with Lemma 2.3, we obtain
Kip=— /RS VYR ()| VI Ve - (V- Vi) da

<AV IV 1V |12 e [V ([ V) | o) 194
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SU 51V gz + 1] IV (VY [ 1) [V s
In view of
IV (VY SV VO V) [V | + [V - V| ol o
SIV'E IV e [V e + (V6197
SN s 1727 | s
therefore, if 1 <1 < 3, then
Ky S 11013 (1927 [ + 1707 ) -
Thus, we deduce
K S (05 + 1197]15) (1907 s + |V [ 770)- (3.43)
Now start to estimate Ki9. Write K15 as
Kis :—/ ViV AT -Vluj+1da:—/ VI (P (0?) Vo Ap™) - Vit da.
R3 R3
If | =0, K12 can be estimated as

K12:/ V(Vou/th) ~ng+1dm+/ V(B () V™) Vo tlda
R3 R3
SUV2E sl o + IV oo 1V ) [V
+ (VN 1V e | ol o + 1€l e
IVl N o + IV e [V ) [V
S + 10 170) 1T 3+ 907 ).

If 1 <1< 3, employ Lemma 2.3, Kj2 can be similarly estimated as
K12 :/R3 VL (Ve Ap) (V- Vluj+1)dﬂc+/RS VB () VI AT - (V- Vi ™) dx
SUVE 1A oo + 1V | o 197 ] ) [V
+ (V7 2V N o [[80 | oo + [l e
V' 1A oo + 190 e [V IV
Ul o+ 1 la) IV o + 907 ).
Thus, we can see that
Kio S0 s + 1) IV & lgs + [V ). (3.44)
By the same way, we can also get
K13 S(12]] s + 12']170) (1907 o + 11907 [)- (3.45)
Putting (3.33)-(3.45) into (3.32) and we deduce (3.31). Lemma 3.4 is proved. O

Similar to Lemma 3.2, we will then derive the dissipative estimates of o'+, Vo/T!. We have
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Lemma 3.4. Suppose all the assumptions in Lemma 3.3 are true. Then
d < . A 1 , .
G [ T I e (190 s + [0 )
1=0

<3| Ve [ + e [ + Cllwd [l (V207 907 [
+ Ol )| | (VT V2w V)
+ O ga + 1075 + 1271170 [| (Ve V207, ) [, (3.46)

where C' is a positive constant independent of j.

Proof. By V! (0 <1 < 3) acting on both ends of (3.29), and then taking the inner product with
Vitloitl we obtain

Vlu{H . vlJrlngrldx + HVIHQ]'HH?J
R3

= — 7’0/ Vl (g(gj)uj'H) . Vl+1gj+1dx — 7’1/ Vl(‘uj|2uj+l) . Vl+19j+1dx
IR3 R3
+/ V! (divDu/t) - v gy +/ VAV - Vgt g
R3 R3

_/ Vi (w - Vi) - v g _/ VI (f(¢) AV - VI gt
R3

RS

_ Vl(h(gj)VQj+1)-Vl+1,_0j+1d1:+/ Vi(g()Ve - D) - Vi gty
R3

3

V(g (o) ‘VQi‘QVQj+1) LV gt g — /

VI(QZ(Qj)ijAQjJrl) VI i g
R3

3

_|_
—

vl(QQ(Q])VQ] X v29j+1) X Vl+1gj+1d$

3
11
=Y M, (3.47)
i=1
Substituting (3.28) into (3.47), give

11

d . ; s j ‘
Yo M= [V e [ 9t dival 9] e [V
=1

R3
d A : A )
= [ I g [V 2, [V, M, (348)
R3
where
M= | VTV (o dive/ T + /- Vit da.
R3

As before, we are now dealing with M; (i = 1,2,---,12). First of all, we applying Holder

inequality, Lemmas 2.1-2.3 and Cauchy inequality, give rise to

My= = [ VG sy [ V(o))
R3 R3

<ro|[ V' T L [IV T o CUNV' ol ] oo+ 17 191 o MV 7

. 1 . . . 4 .
SRV 2 + S 4 (V7 0 W) [ (549
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For M, we have
My S|V (| [P0 ) | oss [V 07| o
SUV' @ - w) | el o+ 1 [ o2 |91 16) 99207

SV gl | o177 ] o o [l [V ) [ 972074

S 1V (V2 w4 (3.50)
From the estimates in Lemma 3.2, it is easy to get
) 1 19
M; SHVIHUJHH; + ZHVZHQJHHLW (3.51)
My = — ||V 2|1, (3.52)
Ms Sl |1 |V (@7 ) s (3-53)
My <[ a9 [ (3.54)
M| S[H(& ) [ o[V (&) [ (3.55)
For Mg, we can estimate it as
My == [ V(VHD)AG - VF(e)A M) - T s
R3
:/ vl(f(Q])AQ]+1) . (V-Vl+lgj+1)dx—|—/ vl(vf(QJ)AQ]-‘rl) ~Vl+lgj+1dm
R3 R3
SN V2 s (3.56)

Now let us estimate Mg. Pay attention to
M; _/R3 Vi(g() Ve - Duith) - Vi g
=/RB VLV - Dudth) . vt oI gy — /RS VHf() Ve - Duitt) . vt pi Ty,
If I =0, in view of g(¢’) € (0,1), and applying Hélder inequality, give
My S [V | o [0 2 [V ]2 S N1 |V (7w [
If 1 <1< 3, Mg can be estimated as

Mg = —/ VL (Ve Dwith) (V- VT g dr
R3

+/ Vl—l(f(gj)vgj .]D)uj-i-l) . (V ) vl+lgj+1)dx

R3

SV pal D] o + [V || oo [V (D) [ ) [ V207 2
+ (V' 21V | oo + 117 oo [V ]2 ) 9274 2
& e [V | e [V @) [ ) [V 274 2

S s + 1 5 1V (V7 7).

Synthesize the above two expressions to get

Ms < (121 s + 121172 [V (&, 927 07 . (3:57)
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In addition, we can also obtain

Mg_/]R3 vl(‘vgj‘Qvgj+l) .vl+1gj+1dx+/Rs vl(Fl(gj)|vgj‘2vgj+l) .vl+1gj+1dx

S W + 121 ) IV s + 192074 [0)- (3.58)
My = _/ VLVl - V2gitY) . Wit gty — / V!(Fy(o) Ve - V2 - Vit g+
R3 R3
S s+ 112]155) (1Y s + 19207 ) (3.59)

The estimate from M7y directly implies

Mo S (1€']] s + 1€1155) IV s + V70 [[)- (3.60)
Putting (3.49)-(3.60) into (3.48) and summing up with [ = 0, 1,2, 3, we deduce (3.46). Lemma
3.4 is proved. O

According to Lemma 3.3 and Lemma 3.4, we can now prove the local existence of solutions
to the Cauchy problem (2.1)-(2.3).

Theorem 3.1. Suppose the assumptions of Theorem 2.1 hold for N = 3. Then there exists
constants €1 > 0, T1 > 0, My > 0 such that, if Hﬁ% < €1, then for each j > 0, 47 €
C’([O,Tl,]; H3) is well-defined and satisfies

s

sup |97 ()| s < Mo, Vi >0, (3.61)
0<t<Ty

In addition, (gj)po is a Cauchy sequence in the Banach space C([O,Tl];H3), whose limit
function &G € C([O,Tl] ; H3) satisfies

sup [4(8) |5 < M. (3.62)

0<t<Ty
Here, 4 = (0,Vo,u) is the solution of (2.1)-(2.3) on [0,T1], and there is at most one solution
satisfying (3.62) on [O,Tl].

Proof. We first prove (3.61) by mathematical induction. For j = 0, (3.61) is obviously true,
because Y = 0 is assumed. Now suppose (3.61) is true for j > 0 and sufficiently small My > 0,
where the size of My will be defined later. We need to prove that (3.61) is also true for j + 1.

Combined with Lemma 3.3 and Lemma 3.4, according to the inductive hypothesis, we have

d. . . . 4
@Hg’“\\f{s + ([l || divad [+ [
<CMy|| (¢, VoI, V2ot Wit vudth) |3

+C (Mo + M2+ M) ||V (o w35, (3.63)

and
3
GO [T (Ve 9P
=0

<3V g+ 1 [ + CME| (V2 Ve ) [

+ OMo|| (Vo™ V2o T v [
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+C (Mo + ME + M) || (Vo V20, Vi )|, (3.64)
Now define

3
|74 3 = [ [+ 53 [ Tt 9,
=0

where & > 0 is sufficiently small. Then Hféﬁl HZS is equivalent to Hfﬂ*l qug
By the linear combination of (3.63)+(3.64) x4 and the smallness of § (provided 36 < 1, 72 § <

1), we can see that
d. . . . ,
1 s + ANV V2P ) [
<C(My+ M3 + M) [V (Ve ) [ + Mo+ MG + 315) 97 e (35)

where A € (0,1) is a constant. Applying Gronwall inequality to (3.65), we obtain

t
1971136 + A/ (Vo V20 VI ) (s)] [ ds
0

t
< O [+ o (ato-+ 013+ 03) [ [9(707 7)) s

for any 0 <t < Ty. Therefore, if we choose €1 > 0, 71 > 0 and My > 0 to be sufficiently small,

we can deduce
t
o0l + X [ (T P T @) s < M (360
0

for any 0 <t < T3, where A" € (0,1) is a constant. This implies that if (3.61) is true for j > 0,
then it is also true for j + 1.

Furthermore, we assert that
gitl(ty e C([o,Tn]; H), Vj>o0. (3.67)

In fact, we set 0 < s <t < T1, then from (3.65) and (3.66) we can derive

t
] ) d .
Ol = W @l =| [ 27 )

t t
gc(Mo+Mg+M§’)/ HV(VQj+1,uj+1)(T)H§{3dT+C(Mo+M(J2—|—Mg’)/ |74 (7)||5,5dr

t t
gO(MO+M§+M§)/ Hv(vgf“,uﬂl)(f)\ﬁ{gdr+C(M0+M§+M§)/ Mgdr,

this implies (3.67).
Next, we consider the convergence of the sequence (%j )
of (3.28)-(3.29), for problem

(671 = &), + div (w*1 —ud) = ST - 81,
(! =), — divD(u ! — ul) + V(! — o) — AV (! — o) = S5 — 5,

i>0° According to the investigation

where Sf“ - Sg (1 =1,2) is defined by
ST =8 = — [ div (W — )+ (& — @) dived + V(T - ) + (v — )V,
$37 =83 = —ro(9() —a(™))w! —rog (&) (! — o)
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=l Pyl = ol )

— (=) VI — -V (- )

— (£(&) = F(&1)AVY - f(d)AV(J = o)
— (h(¢) = (& 1))V —n(d)V (T~ )

+ (9()V = g(0 ) V™) - Dl + g(0?) Vel - D(u T — o)

+ (@ (@) |V = g () |V )V + 6 () |V 'V (I - o)
(

g (<)
P () = (VI AL ~ () VIA (I ~ )
—(*()VI — P(7)VIT) - V2 — () VI - V(I - ),
similar to the derivation of (3.65), we can get

LT~ | 4 X (V- P), VA~ ), V(- )2,
<C (Mo + M3 + M|V (V (/' =07 ),w/ ' =) |20 +-C (Mo + M + M3)||47+ — 7|3,
(M4 M4 M) 97~ 9+ e — 7 P V() e (368)

where \” € (0,1) is a constant. By applying Gronwall inequality to (3.68) and combining with
(3.66), it follows that

% =) 3 [ 1T ). 90— o), T ) 5
< SO MM [0 (My + Mg + M) / V(& = ) =) ()
0

+C’(M0+M3+M5’)T1 sup H(gj—{fj_l)(s
0<s<T1

2 2 . i1 2
+ CMj5 sup @I — @I s ]
i+ M s (67 =)0l
for any 0 < ¢t < T3y. In virtue of My and T are sufficiently small, there exists a constant
B € (0,1) such that

j+1 i1 9
s 1@ =) Ol <8 sw (47 =) O (3.69)

for any 7 > 1. It can be seen that (%j)j>0 is a Cauchy sequence in the Banach space
C([O,Tﬂ ; H3) from (3.69), and the limit function

n

_ 0 : i+1 _ cpd
G =9 +7115202)(54J @7)
=

exists, and ¥ € C([O,Tl] : H3). In addition,

sup [|9(t)]gs < sup  lim [|%7(t)
0<t<Ty 0<t<Ty j—00

HH5 < Mo,

which means that (3.62) is true.

Finally, the local solution of the Cauchy problem (2.1)-(2.3) is unique in C( [O, Tl] ; H3). In
fact, let ¢ (t) and ¢(t) be two local solutions satisfying (3.62), then it can be concluded from
the derivation of (3.69) that

sup Hg(t) HH3<6 sup H%

2
Gt
0<t<T) 0<t<Ty )HH3’
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where 3 € (0,1) is a constant. This implies that ¢(t) = %(t). So far, we have completed the
proof of Theorem 3.1. (]

4. SOBOLEV AND BESOV ESTIMATES WITH NEGATIVE EXPONENT

In this section, we will derive the evolution of the negative Sobolev and Besov norm of
the solution (p, Vo, u) to Cauchy problem (2.1)-(2.3). In order to deal with nonlinear terms
conveniently, we only consider the case of s € [0, %] First of all, we have the following results
for s € [0, %)

Lemma 4.1. Suppose all the assumptions in Theorem 2.1 are true. Then, for s € (0, %], there
holds

d .
e, Ve, il + [IVullf—. + [ divul,
S(IVellzzz + 1Vellzz + IVl + Vel 2 [ V2ul| 4
Vel mllull 2 + llull g [IVullFa) (e, Vo, w)ll - (4.1)

and for s € (%, %), there holds
d 2 2 : 2
e Ve Wl +IVully_, + [l div el

Slella + lull2) 2 (IV ol g + IVl 2)* 27 (| Voll g2 + |Vl g

HIVell2Vellgz + llull 2 + [[Vull 2llull 1) [[(e, Vo, w)ll g (4.2)

Remark 4.1. If s = 0, then the operator A% is an identical operator. By direct energy

estimates, we can conclude that (4.1) also holds.

Proof. Taking the A=% (s > 0) energy estimates for (2.1)-(2.2) on o, u and integrating over R3,

we obtain
1d/ (|A75Q|2 + ]A*suﬁ)dx + 1/ (‘Afs(Vu)|2 + ‘Ais(le'LL)F)dx
2 dt R?, 2 R3
R3 R3
! / A (—edivu) - A™edz + | AT (—u-Ve) - A"odu
R3 R3
+ AT (AVyp) - A udzr — A5 (u - Vu) - A udz

R3 R3

— A (f(g)AVQ) - A udx — A (h(g)Vg) - A Sudx
R3 R3

+/ A™*(g(0)Vo-Du) - A~ *udx
R3

+ /RB A™5(g%(0)|Vol*Vo — g*(0)VoAp — g*(0)Vo - Vo) - A Sudz

10
= Qi (4.3)
=1
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First, if s € (0, %], then %—l—% < 1 and % > 6. Note that g(9) = 1— f(0), and then apply Holder
inequality, Lemma 2.4, Lemma 2.3, Lemma 2.1, Sobolev inequality and Young inequality, we

have
QL=-—r9 ‘A_SuIQ dzr + 7“0/ A (f(o)u) - A Pudx
R3 R3

SIAT (f@w) || o[ A5l 12 S || £ ()ul]
Slell s llull 2| A=) 12 S 190l 15 ][9] 15
SIIVollllullze [ A u|| .- (4.4)

Q2 SIAT (fulu) [| o |A™ul| o S NI Cw-wull v [IA7 ]
Sl wll ol pase A ul| 1o S el s el s | V]| 3572l 357 A=z

Slull g [Vl [ Al 2. (4.5)

T

V20 ull e Ao

For Qs, by integration by parts, then substitute (2.1), and apply the Young inequality, we can

estimate as

Qs :/ A% (Ap) - A_s(gt + odivu + u - Vg)d:c
R3

_ %i A~V dg;+/ A5(Vo) - A~*(=V(odivu) — V(u- Vo))de
1
< 2/ A=*Vo[2dz + C|| A~ (~V(edivu) = V(u- Vo)) . [A*(Vo)] -
1d .
<-32 / A= Vofd + C[(~V(edivu) = V(w- Vo)l 1A~ (Vo).
1d
<50 [ I6VelPde + C(I9al o IVulls + el ave||V2u]
]R3
+lull s/ [ V2| 12) [[A™* (Vo) 2
<5 [ 1AV edn (IR IVl 1l
IVl s V20|19 %ul| o + 19l 2 V2| 12 V2] ) [A 5 (Vo) 2
S_2dt/ AT SVQ‘ dz + C(|IVellf + [ Vullfn) [[A (Vo) | 1»- (4.6)

Similarly, we can see that

Qs S(IVall3 + IVulli) [A0| (4.7)
Qu S(IVellzz + IVull7) A0 2, (4.8)
Qs S(IVullfn + IVullZ2) A~ w2 (4.9)
Q7 S(IVall3 + VA7) [[Aul| 2, (4.10)
Qs S(IVell3 + 1Vell72) || A" ul| .- (4.11)

For Qg, note that g(0) =1 — f(o) and f(p) € (0,1), give rise to

Qo —/ A73(Vo-Du) - A udz —/ A7 (f(o)Vo-Du) - A %udz
R3 R3
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+11£(0)Veo - Dull
S(IVoll 2 IDull s + 1 £ (@) | oo [V oll g2 1Dl /s ) [|A™5ul| .
IV oll e |92l 17| V20l 12| A5y

<(IIVe - Dull [A™%ul|,,

L1/2+ s/3 L1/2+s/3)

I

SIVellz2 [ Voull g [|A7 | - (4.12)
Finally, we infer that
Qu <([[A™(*(@IVel Vo) || o+ A7 (s* () Vele) [ 2 +[|A(9* () Ve - Vo) || o) A~ ull ..
S(lg*@IVePvel 1 +llg*(@Veadl| 1 +llg*(e)Ve- Vz@Hle Al
S(lg()2=IVell= Vol s I Vellz2 + lg(@) 7 1V el pors V20l 2) [|A™*ul| -
SVl S IV el (I ell 2 Vel + V20| o) [ A~
S(IVellie + 1V ellde) [|A 5wl 2 (4.13)

Putting (4.4)-(4.13) into (4.

Next, we consider s € (%

and we get (4.1).

3)
%), in which % +5<land?2< % < 6. Similar to the estimation

process of (4.4), we have
Q1 S| f(Q)ull

Slell o llull g2 ]| A~"ul| 2

<ol IV ol 355 ull 2 | A=l (4.14)

A7l .

1/2 573

From the estimation process of (4.5), give

Q2 S (u-w)ul [[A™"ul| .

L1/2+ s/3

Sllull o lull s [l gare | A 5ul| .2
SIallS2 2 IVl 3522 V| ol g [|A ) - (4.15)

For @5, we have

Qs :/ A™*(Ap) ~A73(Qt + odivu + u - Vg)d:c

:;dt/ |A—SVQ}2d$+/ AT (Vo) - A™*(=V(u- Vo) — V(edivu))dz
<- ;dt/ AV o dz + C||A™(~V(u- Vo) — V(ediva)|,.|[A~*(Vo) |,
s—m/ A"Vl *de + Cl|(=V(u- Vo) = Viediva)| 1 [A7(To)],.
<_ %% A=Vl da + C(|lull s | Ve 2

+ Vel [Vullg2 + [loll s/

Vil ) [IAT (Vo) 2

g—m/ AVl de + C(lull 21V ul 227Vl 2
Vel 2192l IV ulle + lelly 219l 792l ) [IA~ (Vo) e (426)
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Similarly it is easy to get the following:

Qs Slellsz IV el 32 IV ull 2| A0 (4.17)
Qu Sllull3z 2Vl 321Vl 2 A~ (4.18)
Qo Sllullsz IV al35 I Vull 2] | A5 . (4.19)
Qr Sllellsz 2 IV el 32 IV Al 2 | Aul| . (4.20)
Qs Slellsz IV el 32 IV el 2 |A5u]| - (4.21)
Like the estimation process of (4.12), we have

Qo Slo(Ve Dull 1 A"l

<Ng(@) =1V ol pors [ Vel 2| A~ .

SIVolls IVl 32 IV ul 2 A o] . (4.22)

Finally, for @19, we can now estimate it as

Ve el i )[A ],

Vee|p2) A7 ]

Qo (9 @IVel* Vel 1 +llg*(@Vode| 1 +]g”

<190 131V el 1V ol zo/s |V all 2 + lg() 13 Vell 1o/s
<IVolsz V2020 (I all 2 1V el a2 + ||V 20)) 1) | A5l - (4.23)

Putting (4.14)-(4.23) into (4.3) and we get (4.2). Lemma 4.1 is proved. O

Similar to the case of homogeneous Sobolev estimation, we derive the evolution of the negative

Besov norm of the solution (g, Vo, u). Now consider s € (O, %], we have the following results.

Lemma 4.2. Suppose all the assumptions in Theorem 2.1 are true, j € Z. Then, for s € (0, %] ,
there holds
d
dt
+ 2729 Ay (V) |5, + 2729 || A (diva) |7,

(2729402 + 2729 | Ay (Vo2 + 2729 Ayu2.)

S IVl + IV ellzz + 1Vl 2| Vul| 1
HIVoll g llullzz + Vel Fr + lull g Vel )
x (lell e+ IVell e+ llullg); (1.24)
and for s € (%, %], there holds

d
dt

+ 2729 A (V) |7, + 2729 Ay (divw) [
S el + lull2)* 2 (IVoll g + [Vl 12)*/*
% (IVellz + Vel 21V el 2 + 1Vl g + [lull 2 + Ve g2l )
% (lellzys, + Vel zys, + llull g5 ). (4.25)

(22| Ajo 7. + 27291 As (Vo7 +272]|Ajul] )
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Proof. By the A]- energy estimates for (2.1)-(2.2) on o, u, and multiplication with 27257 we

obtain
1d (
2dt

=g 272 /R3 Aj (g(g)u) . Ajud:): —py 27289 /11@3 AJ(\u|2u) . Ajudac

1

22| A olfe + 272 [ Agul ) + 5 (272 Ay (V) [ + 272| Ay (div ) 12)

+ 272 /RB Aj(—odivu) - Ajodw + 2729 /RS Aj(—u-Vo)-Ajodr
. /]R A (AVY) - Ajudr — 27 /R A(u-Vu) - Aguds

— 2728 /RS Aj(f(0)AVo) - Ajudr — 2725 /RS Aj(h(0)Vo) - Ajudzr
+ 2727 /Rd Aj(g9(0)Vo-Du) - Ajudr

+27% /Ra Aj(*(0IVel’Vo — g*(e)Vode — g*(0)Ve - Vo) - Ajuda.

Then combined with Lemma 2.5, we can prove Lemma 4.2. When applying Lemma 2.5, we

only need to pay attention to

25| A f 12 < sup2” Al = 1 llye, SNAI e

In addition, except replacing the H~* norm by the B;® norm and allowing s = %, the proof

200

process is exactly the same as that of Lemma 4.1. Here we omit the later proof. O

5. THE PROOF OF THE MAIN THEOREM

Based on the prior estimates derived in the previous two sections and the local existence of
(2.1)-(2.3) given by theorem 3.1. If the H3-norm of the initial data is sufficiently small, then

we can prove the global existence of the solution. To do this, define

k+2

€k+2 ZHV Q?va HL27 (51)
k+2

®k+2 Z HVZ VQ, V2o, u, VU>HL2 (5.2)
=k

Let us prove the main results of this paper.
Proof of Theorem 2.1. Let k > 0 and N > max{k + 2, 3}. From (3.1) in Lemma 3.1 and
(3.15) in Lemma 3.2, we have

d k+2 k+2

ZHV’ 0. Vo.u)|[ e+ D (Va7 + IV (diven) [ + [[9ul72)

= =k
k+2

<16y V(Yo V2o,u, Vu) 7., (5.3)
=k

and
g 2 1 k2

dtz Vl+lgd3:—|— ZHVZH 0,Vo) HL2
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k+2 ) k-+2 k42
<O 3 [V Vol + 33 IV o IV 6
=k =k

Linear combination (5.3)+(5.4)x4(C; + C3)d, we obtain

d k2 -
{ZHV o, Vo,u HL2 +4(Cl+02 52 'vl—HQd.Z‘}
R3

k+2
<(4C5(Cy + Co)82 + C16 — (Ch + ()5 ZHV”l 172

k2
+ (4C2(C1 + C2) 6% + C16 — (C1 + C2)6 Z IV"%]|3

k+2
+ (4(C1 + Co)rdo + C1o - 1) Y |[Vul7,
=k
k+2
+ (405 (Cy + C2) 8% +12(Ch + Co)d + C10 — 1) Y [V ulf7,.
=k

According to the smallness of § € (0, 1), there exists a constant C3 > 0, such that

d k+2 iio
{ZHV & Ve,u HL2+4 (C1+Cy) 52 RS ‘V““lgd:v}

42
+Cs Y ||V (Vo, V2o, u, Vu) |7, < 0. (5.5)
=k

Now define

k+2 k+2

&2 (1) = & {ZHV 0,Vo,u)|[7, +4(C1 + ) 52 g -v”lgd:c},

In view of § sufficiently small, lead to @2” (t) is equivalent to GZH(t).

Thus, we can see that

%@’“*2( t) + COFT2(t) < 0. (5.6)

Below, we prove the global existence and decay estimates of solutions of (2.1)-(2.3), respec-
tively.

(I) Global existence.

Step 1. Global small solution in H3-norm.

Let k = 0,1 in (5.6), respectively, and then add the two formulas, then for any 7" > 0, we

have
+ /t©3(s)ds < Ce3(0), Vtel[o,T]. (5.7)
0

Now choose the positive constant

€0 := min {6, 51},
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where § and e; are given in Lemma 3.1 and Theorem 3.1, respectively. Then take the small

constant dg to satisfy

VE(0) < Vo =
For the Cauchy problem (2.1)-(2.3), set

T :=sup{t: sup \/€s3(s) <eo}.

0<s<t

(5.8)
1+C

Note that
€0

1+C
and ¥ € C’([O,Tﬂ ; H3) given in Theorem 3.1, we can show T > 0. If T is a finite value, then
from the definition of T', we get

€3(0) <

<egg < e,

sup /€3(s) = .

0<s<T

On the other hand, according to (5.7) and (5.8), give rise to

V& (s) < VT /E(0
0s ey 3(s 3(0 ~/1+C

which contradicts the previous formula. So it can only be T' = co. This implies that the local

solution obtained in Theorem 3.1 can extend time to infinity. In this way, there is a unique
global solution in C ([0, oc]; H?) for the Cauchy problem (2.1)-(2.3), and (2.7) holds.

Step 2. Global solution in H~-norm.

Considering Lemma 3.3 and Lemma 3.4, through a similar argumentation, we can infer the
local existence of 4(t) in C([0,T1]; HY) (N > 3). Combined with the existence of the global
solution with small H3-norm obtained in step 1, the existence of the global solution in HY can
be obtained.

In fact, using (2.5)-(2.6), re-estimating Lemma 3.3 and Lemma 3.4, we infer that

d. . ) . .
197 e + 19 G+ (| divasd G+ ([

< Ol ) [ll (20) [ | (&7, Vo 2l * vt [
+ O (I 52l I + [ I + s
1 5 1 [ Y I () [

and
d Y I, j+1 I+1 j+1 1 i+11|2 2 j+11|2
i 22 [, T e (19 4 9 )
< 3|V T+ 13w+ Ty + Clld 55 o | [ (720, Vo) [
+C[l( o) 5 1(27 w) [ (VT V207 d T V)
+C (51w + 157 17w + [l 32 N [ w )

% H( QJ+1, v2‘-0]—|-17 vuj+1) HHN
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Here, a; € (0,1), 4 = 1,2,---,10 are all constants. In this way, if we assume that the H3-
norm of the initial data is sufficiently small, we can derive the global existence of the solution
(0,Vo,u) of the Cauchy problem (2.1)-(2.3) in H". In fact, for any fixed constant M > 0,
assuming that |4y~ < M, then according to the proof of Theorem 3.1 and the smallness of
Mp in (3.61), we can obtain ||47(t)||,x < M, Vt € [0,T1]. Here T} is given in Theorem 3.1.
In addition, we can verify that the limit function of 47 (t) is indeed the solution of (2.1)-(2.3)
on [0,71]. The results here, combined with the previous a priori estimates, imply the global
solution (o, Vo,u) € C([O, oo];HN). Finally, taking £ = 0,1,--- , N — 2 in (5.6) and take the
sum of k, then we get (2.8) by integrating the time on [0, oo].

(IT) Decay estimate.

From (5.6), it can be seen that @2” is weaker than in”, which indicates that there is no
exponential decay. We need to bound the missing terms in the energy, that is to say, we use
(’3],:+2 to bound Hvk(g, Vo, u)Hi2 For this reason, we need to apply the interpolation inequality
between the Sobolev norm of positive and negative exponents.

For now, let us assume that (2.9) and (2.10) have been established. So, for s > 0 and k£ > 0,

apply Lemma 2.6 or Lemma 2.7, we have

|9* (e, Ve, wl| > <[V (e Ve, u) |57 [V (0, Vo, u) | ; Bt
<C||V¥(Vo, V?0,u, Vu) ||k+1+5, (5.9)
or
IV (e, Vo wl| 2 <[V (e, Vo, w| E | gk (g, Vo, u) | F
<C|V*(Vo, VQQ,U Vu) ||k+1+5. (5.10)
By substituting (5.9) or (5.10) into (5.6), it can be obtain
%@’“*2( t) +Clek 2] <o, (5.11)
where a = 1=, k=0,1,--- , N — 2. By directly solving the inequality (5.11), we can get
ert2() < {[efT2(0)] " + at}_é < Co(1 +t)~k+s), (5.12)

This implies (2.11) to be established.

The remaining part is to prove the estimates (2.9) and (2.10). First, starting from Lemma
, 2] at this
time, but the different values of s must be examined. For s = 0, the conclusion is trivial. For
s € (0, 3], integrating (4.1) with respect to time, combined with the definition of &3(t), D3(t),

deduce

(e, Vo, u)(t)II%-. SH(QO,VQo,uO)Hi,er/ (V&s(r) +1)D3(7)ll (e, Vo, u)(7) || jy-sdr

<Co(1+ sup [l(e, Vo.uw)(n)llg— ) (5.13)
0<r<t

4.1, we can consider proving (2.11). However, it is not possible to prove all s € [O

this implies that (2.9) holds for s € (0, 1], and then (2.11) holds for s € (0, 3]. For s € (3,3),

we find that it can not be demonstrated by the above method for the case of s € (O, 5] . However,
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for s € (2, 4} there is (gg,V@o,uo) € Hfé, due to H5SNL2c H ¥, Vs e [0, s]. In this way,
from (2.11) we have the decay estimate

e 2(t) < Co(1+ )~ "H2) | k=0,1,--- ,N -2 (5.14)
Now define

3
2
=2 IV (Ve. V0. V) [
1=0
We examine the definitions of €3(t), D3(t) and Glg”(t), and then take £ = 0,1 in (5.14),

respectively, give rise to
E3(t) < Co(1+1)71, +/Ds(t) < Co(1l+1t)1. (5.15)

Now, integrating (4.2) on time, substitute (5.15), and then apply Holder inequality to know
that, for s € (2, 4] there holds

(0, Vo, u)(t)||5-.

<l (20, Voo, o) |5 + /0 (lellan + llull2)* 2 (I el + [Vull2) >~
% (V&) + 1)/ Ds(r) + llulz2) e, Vo, u) () -
SJH(QO’VQO’UO)HZ—S—’_/O (( @3(7-))5 1/2( [— )3/2 5(\/7_’_ ) /

+ (el + ullz2) ™ 63<T>)3/2*S||uup)||<g, Vo, u)(r) j--dr

f,\‘(Qo?VQo,uo)Hzfer sup H(&VQ,U)(T)HHfs
0<r<t

t s_T 5_q 349 s-‘r%
< [ (4D 4 (@l e + (U4 1) R w27 ) dr
0

<co (1+ sup 1 Vo)l ( / (1) tars
(/Ot(l—FTS QdT / \|u||L2dT (/ (1+7)"2d /HuHLng >>
<Co(1+ sup li(e. Ve, u)(r)l-. ) (5.16)

0<7r<t
The last inequality is that § — I < —1 and 2 — s < —1 for s € (3, 3], combined with (5.7), it
6), it is known that (2.9)
1], take s = 2 in (2.11),

can be seen that the mtegral with respect to time is finite. From (5.16
holds for s € (1,2], and then (2.11) holds for s € (3, 2]. For s € (2,

there is decay estimate
2 < o144 ), k=01, ,N-2

Then take k = 0, 1, respectively, we have

E5() < Co(1+1)7%, /Ds(t) < Co(1+1)7s.
From the derivation process of (5.16), we can get that (2.9) holds for s € (2,1], and then
(2.11) holds for s € (%, 1]. For s € (1, %), take s = 1 in (2.11), by the same way, we can get

(2.9) holds for s € (1,3). Thus, we obtain that (2.9) holds for s € [0,3). Finally, for (2.10),
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this is the result of the corresponding Besov norm case, and the proof is completely similar
to the above argument. We only need to use Lemma 4.2 instead of Lemma 4.1, and examine
the different values of s. It should be noted that the result of Lemma 4.2 is not expressed

in the form of B;* norm, but after integrating (4.24) and (4.25) with respect to time, the

2,00

results similar to (5.13) and (5.16) can be obtained, then the corresponding results in the form
of B2_ 5, norm can be obtained by taking the supremum of j € Z at both ends of the inequality.

On the other hand, if Bi >, norm is used instead of H~* norm for s = %, the right-hand side

of (5.16) will blow up. Therefore, for the argument of (2.10), we can discuss it in five cases:
s € (0, %) ,S € (%, %] , s€ (%, 1] , S€ (1, %] and s € (%, %] Thus, we can infer that (2.10)
holds for s € (0, %] So far, we have completed the proof of Theorem 2.1. O
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