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Abstract

A recent study on the Taylor series method of second order and
the trapezoidal rule for dynamic equations on time scales has been
continued by introducing a derivation of the Taylor series method of
arbitrary order p on time scales. The error and convergence analysis of
the method is also obtained. The 2 step Adams-Bashforth method for
dynamic equations on time scales is concluded and applied to examples
of initial value problems for nonlinear dynamic equations. Numerical
results are presented and discussed.

1 Introduction

In a recent paper, the Taylor series method of second order and in particular,
the trapezoidal rule for dynamic equations on time scales was developed [11].
The authors of the paper presented the derivation of the method and the error
analysis for the method. The well known trapezoidal rule which is concluded
from the second order Taylor series method was introduced and applied to
examples of initial value problems for nonlinear dynamic equations of first
order.

The purpose of this paper is to establish a continuation of the study given
in [11] by deriving a general Taylor series method of order p for nonlinear
dynamic equations on general time scales.
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The paper is organized as follows. In Section 2, P&tzsche chain rule for
functions of arbitrary number of variables is stated and proved. Section 3
contains the derivation of the Taylor series method of order p and is followed
by Section 4 in which the error analysis and convergence of the method is
presented. The 2-step Adams-Bashforth method is given in Section 5 and
applied to two examples of initial value problems associated with nonlinear
dynamic equations. Section 6 is devoted to conclusion and remarks.

2 A generalization of Potzsche’s chain rule

Throughout the paper, T will denote a time scale, o, p, A, and u the forward
jump, backward jump, delta derivative operators and graininess function on
T, respectively. We refer the reader to [3, 4, 6, 7, 12] for basic concepts on
time scales and dynamic equations.

To develop the Taylor series method, we need a chain rule for derivative
of a composite function of n + 1 variables. A chain rule for the case of a two
variable functions already exists and is known as the Po6tzsche’s chain rule.
We first recall this rule.

Theorem 2.1. (Theorem B.3, [8]) For a fivzed a € T%, let g : T — R and
f:T xR — R be functions such that g, f(-,g(a)) are delta differentiable at
a and let U C T be a neighborhood of a such that f(t,-) is differentiable for

teUU{o(a)}, —f(o(a),-) is continuous on the line segment

{g(a) + su(a)g®(a) R : s €[0,1]}

oz

0
and 2 is continuous at (a,g(a)). Then the composition function F': T — R
T
given as F(t) = f(t,g(t)) is delta differentiable at a with delta derivative

F&(a) = A f(a, gla ( / o(a) + su(a)g A(a))ds) (). (21)

Here A1f(+,g(a)) denotes the delta derivative of f(t,x) with respect to its first
variable and a—f(t, -) denotes the partial derivative of f(t,x) with respect to
T

its second variable.

The derivation of the method, requires a generalization of this rule. Let
g: T x R" — R be a given function. Then for the function g(¢,yi,...,y,) we
denote by A1g(-,v1,...,yy,) its delta derivative.

Theorem 2.2. For some fized to € T", lety; - T — R, j € {1,...,n},
f:T xR" = R be continuous functions such that f(-,y1(to), ..., yn(to)), and
yj, 7 € {1,...,n}, are differentiable at ty. Let U C T be a neighborhood of t,
such that,



1. f(t,-,...,-) is continuously-differentiable for t € U U {o(to)},

2. Avf(yv1(e), - ynl+)) is continuous at t,

aiyjf(a(to)a y1(0(to)), - yj—1(0(t0)), -, yj+1(t), .. ., yn(t))

15 continuous in the line segment

{yj(t)+h(yj(o-(t0))_yj(t)) eER:h € [07 1]}7 JE {17 cee ,TL}, vt € UU{tO}v

3}
4. @f is continuous at (to,y1(to), .-, yn(to))-
J

Then the composition function F: T — R, F(t) = f(t,y1(t),y2(t),...,yn(t)),
is differentiable at ty with derivative

F2(to) = Arf(to, y1(to), y2(to), - - yn (o))
( / o(t0) 91 (f0) + hp(to)y (to), (o). ..,ynao))dh) v (t0)

+ (/0 @f(g(tO)vyl(g(tﬂ))’yQ(tO) + hulto)ys (to), - - - yn(tO))dh> y3* (to)

([ 100001100 320001000, )+ i) ) ) 20
ann 0/)>91 0)):Y2 0))s+--sYn—1 0))sYnl0 0/)9n \*0 n \*0/:

Proof. Let s € (tg — 0,to +0) N'T, s # o(ty), for 6 > 0 small enough, and
s < o(ty) if o(ty) > to. Then

Flo(ts)) ~ F(s)

= £(o(t0), 1 ((t0)), 32 (10))s - i (7(10))) = (5 1(5),92(5)s - 9 (5)

= £(0t0),51(5): 92(5): . 5a5) = F(5.91(8), 32(5) -2y (5))

+F (10 1(0(10)). 92(5), - () = ({10, 31 (5),925)s - ()

+F (o (t0) 31 (0(t0)). 92(o (b)) () = F(t0). 1 (0 (t0)),42(5)s - ()

o

1o (t0). 31 (o(to), 20 (t0)), .y (t0))) = S (t0), 31 (o(t0)). 2( o)), ()
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Then, we have

F(o(to)) — F(s)

1
/0 O Fo(to). 1 (0(t6)), 92(0(to))s - a(5) + hlgm(or(t0)) — yn(S)))dh)

X (yn(a(tO)) - yn(s))

If o(ty) > ty, by the Mean value theorem there exist &,& € [s,0(to)) = [s, to]
so that

Arf (&, 91(5): 42(s), - - yn(8))(a(to) = 5) < flo(to), y1(8), y2(5) - - Yn(s))

_f<87 yl(s)v y2(8)7 s 7yn<8)) < Alf(f% yl(s)v yZ(S)’ s 7yn(8))(0(t0) - S)

and

Alf(tov yl(tO)a yQ(tO)a s ayn(tO)) = 811_)1?0 Alf(fla yl(s)v y2(8>7 s 7yn<8))

< lim
s=to o (tg) — s

(F(0to), (), 5205 - 0n()) = £(5,91(5), 3005, - ()
< lim A f (€, (5), 3205, -0 (5))

= Alf(to, yl(to), yz(to), e ayn(t(J))'

If o(ty) = to, by the Mean value theorem, there exist £, & between s and tg
so that

Arf (&, 91(5) 42(s), -+ yn(8))(to = 8) < [(to, 41(5), 42(s), -+ Yn(5))

—f(s,01(5),92(5), -, yn(5)) < A1 f (&2, 41(5),52(5), -, yn(s)) (t0 — 5).



In this case, if s < tg we have

Alf(t()ayl(tO)a y2(t0)7 cet ayn(tO)) = Sggli Alf(gla y1(5)7y2<3)7 cet ayn(s))

< lim

! s (f(U(to)a yl(s)>y2(3)v s ayn(s)) - f(57y1(5)>y2(5)7 s ayn(s)))

< Lm A f(&,11(5),52(5), - yn(s))

s—to—

= Aif(to, y1(to), y2(to)s - - - Yn(to)),

and if s > t; we have

Ay f(to, y1(to), y2(to), - - -, yn(to)) = Sggl+ A f(&,41(8),y2(8), -+ - Yn(s))

> lim
s—to+tg — S

> lm A f(&,11(5),52(5), - yn(s))

s—to+

(f(o(to), y1(5), 42(s), - -, yn(s)) = F(5,91(5),92(5), - - Yn(5)))

= Alf(tm y1<t0)7 y2(t0)7 s 7yn(t0>)'
Moreover,
1
lim <</0 ;yjf(a(to),yl(a(to)) ..... yji-1(o(t)),y;(s) + hly;(a(to)) — y;(s)),
(to)) — yj(tO))

o(ty) — s

Yi+1(s), ... ,yn(s))dh) y;(o

= 1 ([ o fotto) oo cur-s(otta) s (s) ool ~ o)

- ( / o (10)s - -y (010)) w5 (t0) + hly; (0 (t0)) — 5(t0)),

yiaa(to), . . ,yn<to>>dh) v (t0)



Therefore

1
T lim ( ( | o ot0).1(5) + (o (t0) = 161320, ,yn<s>>dh)

s=rto o Oy
e
i ([ o o)1 (0000, 206) + b0 (o00) = 1) an(s))
e
‘o

1
T lim ( ( /0 8‘an<a<to>,y1<a<to>>,y2<o<to>>, - un(5) + hyn(o(t0)) — yn(S)))dh>

s—to

lelio) ()

U(to) — S

= A f(to,y1(to), y2(to), - - -, yn(to))

+

+ ..
1

+ </0 if(a(to),yl(a(to)),yg(o(to)), -3 yn—1(0(t0)), yn(to) + hﬂ(to)yﬁ(to))dh> Y (to)-

This completes the proof. O

3 The Taylor series method of order p

In this section we derive the Taylor series method of order p > 2. As a matter
of fact, we generalize the derivation of Taylor series method of order 2 given
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in [11].

Let T be a time scale and A denotes the differentiation operator in T as
usual. Suppose that p € N, p > 2, ¢p,ty € T, typ <ty < 00, 7 > 0 be such that
t,t+r € [to,ts]. Consider the initial value problem (IVP)

z2(t) = f(t,x(t), tE [t ts],
(3.1)
z(to) = o,

where zy € R is a given constant, the function f satisfies the following condi-
tions

(|ft,z)| <A, teT, ze€R,
there exists gy (t, z(t), ..., 2" (t) = (f(t, (1), ke{l,....p—1},

such that 'g(t,z)' <A, Aty ye)| <A,

(H1) y

9 .
—ge(tyrs - ue) | <A, je{L,.. k+ 1},

for any ¢t € T and for z,y; e R,j € {1,...,p— 1},
[ where pe's™ A <1 and A > 0.

and

By the Taylor formula on time scales (see Theorem 2.1, [11]), we get

a(t+r) = 2(t)+ha(t+ 1,073 (t) + ho(t + 1, ) () + - + hy(t + 7, )2 ()

PP (t+r) i1
+ / hy(t + 7, 0(u)z™" (u)Au.
t

Let
pP(t+r) i1
Ry(t) = / Bt + 7y 0 ()™ () A,
t

be the remainder term. Let also, tg < ¢, < ... < 41 = ty be a partition of
the interval [to,ts] such that ¢,,+1 = t, +rpp1 € T, rpp1 >0, n € {0,...,m}.
Then

T(tny1) = o(tn) +hi(tnsr, tn)mA(tn) + ha(tni1, tn)xAz (tn)

o Byt )2 (6) 4 Ryftn).

Neglecting the remainder term R, (t), we obtain
Tltnr1) = 2(ty) + hiltnis, t2) 2> (tn) + haltnst, tn)z™ (tn)
oo Bty ta)2™ (t).
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Set

22 =22 (t,), a2 =22 (o), ke{0,...p})
Thus, we get
Tpi1 = Ty + P12y + ha(toin, tn)ﬂcﬁ2 4y (tng, tn)zs”. (3.2)
To compute z,,; we need to determine z2* for ¢ € {1,...,p}. From the

dynamic equation in the IVP (3.1) we determine z4 as

xﬁ = f(tn, xn).

AQ

n oy

Now, we will determine x ., 75", By the generalized Potzsche chain rule,

we have

(Fta()® = A1f<t,x<t>>+( / a%f(o(t),x(t)+hu(t)xA(t))dh) A (0)

= it a(t),2%(t))

and for g € {2,...,p} we compute

(f(t ()™



for t € T". Therefore, we have

28 = Auf(ta,za) + (/ n)s Tn + byt )ﬁﬂQxA
891

:L'AS = A191 (tna T, $§)

(/ a_ylgl n)s T+ hpa(tn) 2y, n)dh)

. A2 dh A
(/ ay291 7 n?‘r —|—h,LL( )n) )I

APTL A AP—1
z, - Algp—l(tnaxnaxnv"'axn )

1
+ </ igp,l(a(tn), Ty + h,u(tn):cﬁ, xﬁ, . ,xﬁp_l)dh> e
0 ayl

! 8 2 p—1 2
+(/ %AWQann+W()ﬁ.”mﬁ)M)ﬁ
0 ys

APF1
. n

from where we can find $n s

4 Convergence and error analysis of the Tay-
lor series method

Now, we will investigate the convergence of the Taylor series method of order
p. We will use the following property of the monomials hy(t, s), ¢ € Ny, which
is proved in [9)].

Theorem 4.1. (Theorem 1.61, [9]). The following estimate

t— )
0 < hy(t, s) < . q!s) L t>s, (4.1)

holds for all ¢ € N.



By the condition (H1) and the dynamic equation in (3.1), we find
22 ()] < A, t € [to, ty).

Next, we estimate

‘az“(t)) < IAlf(“”(’f))H(/o1 Iy

2 flo(t),alt) + hu(t):vA(t))‘ dh) |22 (t)]

< A(l+A), teltotyl,
and

‘xA?) (t)‘ < |Avga(t, 2(t), 22(1))]

. ( /0 12 o2 + hu(t)xA(t),xA(t))‘ dh) A1)

o

¥ ( / -2 g oty atoten,at 0 + hu(t)IM@))’ dh) 2t)

s

<A+ A+ AA+AY
- A<1 + A)2>

(0] < [Augalt(t), 22 (1), (1)

+ ( /0 2 o), o) + hu(t)xA(t),xA(t),JCAQ(t))‘ dh) 24(8)]

oy

" ( / 1 oo (0, 2(o (D), 2 (0) + hit)r™ (), 5 <t>>\ dh) (1)

"o A A2 A3 A3
+(A 2—92(0(t),x(a(t)), 2™ (0 (1), x7 () + hpu(t)z @ﬂ%)@(M

Oys
A+ A+ AA+ A+ A((A+ A%) + A(A + A7)

— A+ A2+ 24(A+ A%) + A2 (A + A7)
= A(1 + A)?,

10



227(0)] < [Auga(t, (1), 25 (0), 2 (1), 22" (1)

+
Oy

/0 (o (t),at) + hu(Ha® (1), 2 (1), 22" (1), 2 (t))' dh> [22(t)]

s

+

(
+ ( / 2 gt w(o0)), 2 0) + () (1), 2 (1), 2 <t>>’ dh) )
( Y3

/ L o0y, 2o 0.0 (00, 2 () + (01 (1), <t>>\ dh) (1)

Oy4

. ( / -2 gyt wto6), 2 (0(0), 2 (0(0)), (1) + hplt)a™ <t>>' dh) [ #)

<A+ A+ AA+ A + AL+ A)(A+ A%) + A(A + A%)(1 + A)?
=(A+AH(1+ A+ A+ A2+ A+ 247 + A%
= A(L+A)", te[toty],

so that we deduce
|22 (t)] < A+ AP,
pﬂ“w]g AL+ AP, te[toty]:
Moreover, for the remaider terms
pa(t+r) .
RAM::/‘ ho(t + (@)™ (@A, qe{l,....ph € [tort)],
t

employing the estimate (4.1) and the fact that p?(t +7r) —t <t+r—t =r,
we get

pe(t+r)
R < [ bt no)]s )] u
t

< EA@+AV@%qu—w (4.2)
patl
< q,AO+AV,qe{L P}
Therefore
Ry(r)=0 (rqH) ged{l,..., p}
Denote



Taking into account the fact that

l‘ﬁ = f(tna$n)a xA(tn) = f(tn7x<tn))7
:L’n = gq_l(tmxn,xﬁ,...,xﬁq_l),

22 () = Ggor1(tns 2(tn), 22 (tn), .., 2™ (t0), q€{2,....p}

x<tn+1) = x(tn) + rn+1f(tm I(tn)) + hQ(tn-i-l? tn)gl (tm $(tn), IA(tn))
ot By (gt tn) ot (b 2(tn)s - 2™ (80)) + Ry(rnga)

and
Tp+1 = Ty + rn—l—lf(tna xn) + hQ(tn-l—la tn)gl (tnv Ty ZE?)
+ te + h/p(tn+17 tn)gpfl(tna xna e 7x§p_1)'
Then

T(tns1) = Tnp1 = (2(tn) — Tn) + o1 (f (En, 2(tn)) — f(tn, 70))
+ ha(tut1,tn (gl(tnvz(tn%xA(tn)) - gl(tmxmxﬁ))

_|_
Byl tn) (gt 2ty (1) = G (b s 7S7)
+ RP(Tn+1)'

Note that by the condition (H1), the Mean value theorem for f and g, implies
that

Pt 2(ta)) — Fltns22) = %m?)(x(tn) ) = %(tn,s?>en,

where £ is between z(t,) and ,,, and ? stands for the partial derivative with
respect to the second variable. Also,

Ot (t0), 22(En), - 2™ (60)) = gty T, 22, .. 225
= ot (), 2% (L), . 2™ (1)) = Grltns T, 22 (t0), . 2™ (£0))
+ Gty T, @ (), -, 7 () = Grltn, Tay 22, 2™ (80))

k—1 k k—1 k
+ gk(tn,xn,xﬁ,...,xf ,ZL'A (tn)) —gk(tn,xn,wﬁ,...,xﬁ ,xﬁ )

12



0 k
= Gttt (t)e
Y1

0 Kk
+ a gk(tnaxmfza"'a A (tn))eﬁ
Y2
+
8 Ak—1 k Ak
+ —gk(tn7$n7"'7xn afk—}—l)en )9 k€{1>"'7p_1}7
OYk+1
where ¢ is between 22" ' (t,) and 22", j € {1,...,k+1} and the ;2- denotes
the partial derivative with respect to the (j + 1)-st variable. Consequently,

of

En+1 = €n + rn+1 ( n 51)

01 9,
+hx%ﬂww(8l<ma, (u))en + o, e

+ e
g, _ _
+hp(tn+la t”) (%(tn, 5{7 17 xA(tn)a e 7$Ap l(tN))en
Ogp-1 " p—1 APty A
+ o (tnyxn, &5 2™ (tn))en
_|_ [N
ag -1 _ —1
+ azp (tn,xn,:cﬁ,...,fg Des” )
+Rp(Tn+1)‘
Let rmaz = max{r,...,Tm+1}. Since ty < oo, there is a constant B > 0 such
that ]
HrmwA(l + AP (" A+ 1) < B.
Then
lenstl < (L halbugrsta) -+ yltniasta)) A (lenl + e8]+ [e2” ]} + [Ry(ras1)]

2 p
T T -
< <1+Tmaa:+ 7721,?1‘_'__1_ 7;7$>A<|6n|+’6$|—|—+’6$p 1|)+‘Rp(7°n+1)|
-1
< e A (lenl +leh ]+ len” ) + Ry (rasa)|

13



In a similar way, we make the following estimates.

el < emma(Jed] 4 [62]) H IRy,
edh| < @A ([ed 4 [e27]) IRy el
eﬁp_Q < emaez A eﬁp_l + [Ro(rns1)],
-1
ent1 | < |Ri(ras)l-
Let R -
Bn:‘en|+}en‘++ en
Then

By < pew ABy + [Ra(rnga)| + -+ 4+ [Ry(rnga)l-
Observe that from (4.2) we get

3
T
|Ry(rps1)| + -+ | Rp(rng1)| < rhg AL+ A) + 22 A1+ A)?

max 2‘

+o o THEA(L 4 AY
D

2 v, Tmas Mar
< 72 A+ A) (1+T+"'+T)

2 A(L+ A s T _
< 1 1 T max . max
< oAl +A) ( + Tma + =57 + +(p_1)!>
< 72 AL+ A)Permes,

14



Thus,
By < pe™meAB, 412, A(1+ A)Permes

max

IN

maxr

pe'meT A (pe”’“” AB,_1 + 12 Al + A)per"‘“z) + rfnal,A(l + A)Pelmas

_ (permazA)2 B’n,fl + <pe’f'mazA + 1) A(l + A)peTmaz

2
T maz

IA

IN

(pe"mer A" By + ( (permes A)" 4 -+ 4 pe'm A + 1) 12, AL+ A)Permas

<p67'max A)]

IN

A(L + Apermar

2
Tmaz

M L[]

I
=)

(petf—tOA)j

IN

A(1 + Apelso

rfnax
J
1
2
1 — petr—to A M
In the last inequality we have used the fact that By = 0 and 7,4, < t5 — to.
Consequently

A(1+ AyPets—o,

AP~
€n

|€n|+‘6§’+"'+

5 The 2-step Adams-Bashforth method: AB(2)

In this section we consider the special case of the Taylor series method of order
p, which in the case of T = R reduces to the numerical method known as the
2-step Adams-Bashforth method [13]. We shall call this method the 2-step
Adams-Bashforth method on time scales.

Consider again the IVP (3.1). Suppose that 7,1 > 0, t,t +r,t —1 € [to, 4],
p*(t + 1), p(t —1) € [to,t;]. Applying the Taylor formula of the second order,
we compute

w(t +7) = x(t) + hy(t + r, ) (t) + ha(t + 1, 8)2™ () + Rao(r) (5.1)
and applying the Taylor formula of the first order, we get

2t —1) = 220) 4 hy(t — 1)z () + Ry(l)

= 22(t) = 122 () + R (D),

15



whereupon

(22(8) — 22(t — 1)) + ~Ru(0).

(1) = l

~| —

We put this expression in (5.1) and we find

hg(t + r, t)

z(t+r) = z(t)+re>(t) + ;

(z2(t) — 22t — 1) + Ri(1)) + Ra(r)

= () ) + 2D () - - e 1)

ho(t + 7t
%Rl(” + RQ(T).
(5.2)
Assume that {tog < t; < ... < t,41 = ts} is a partition of the interval [to, /]
such that t,y 3 = t, + 711 € T, 71 > 0, n € {0,...,m}. Take t = t,,
7= Tpt1, L =1, in (5.2) and we obtain

h2 (tn—i—l ) tn)
Tn

T(tnr1) = @(tn) + rgrf(tn, 2(ta)) + (f(tn, z(tn)) = ftn—1, 2(tn-1)))

h2 (thrl ) tn)
T'n

Rl(’f‘n) + R2 (Tn+1)~

Let z, = z(t,), fu = f(t,,z(t,)). Then, neglecting the remainder terms, we
arrive at the 2-step Adams-Bashforth method (AB(2) method).

h2 (tn-l—la tn)

n

(fn - fn—l)

Tp41 = Tp + Tn—i—lfn +

or

M) fn — an—y (5.3)

Tpt1l = Tn + | Tn1 +
T'n Tn

Remark 5.1. 1. Note that the 2-step Adams-Bashforth method (5.3) is of
order (14 O(r,,))O(r2,,).

2. If T =R and r, = h is constant, then we have ho(t,i1,t,) = (na—tn)” _

2
%2 and hence, (5.3) takes the form

h h 3h h
Tptl = Ty + (h + 5) fn - Efn—l =z, + ?fn - §fn—17

which is the classical 2-step Adams-Bashforth method.
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3. The initial condition x(ty) = x¢ provides the first term of the sequence
{z,}, but one needs the second term x1 in order to compute the following
terms of the sequence. For the computation of x1, one can use the Fuler
method on time scales given in [5] or the trapezoidal rule on time scales

[11].

Below, we apply the method to specific examples of initial value problems
associated with nonlinear dynamic equations.

Example 5.1. As a first example we consider the initial value problem for the
Beverton-Holt model given as follows.

az(t)

2 (t) = T3 20 z(0) = o, (5.4)

where «, § are real numbers. This model has various applications in population

dynamics [1, 2]. Take T = Ny and [to,ts] = [0,20]. The monomial hy on this

(t—s)(t—s—1)
2

size r, = h, then m = 2—]? and t,, = nh for n € {0,...,m}. In this case the AB

(2) formula (5.3) takes the form

. h(h —1) ar,  h(h—=1) ax,
2h 1+ Bz, 2h 14 Pr,
3h—1 ax, h—1 oaxr,_1

2 148z, 2 1+4PBx,q

. If we take constant step

time scale is in the form ha(t, s) =

Tn+1 =

Starting with zo = 2(0) we use the Euler method introduced in [5] to compute

x1 which gives
Qo

]_ —|— 61’0’
and then compute the sequence z,, n € {2,...,m} by using the AB (2)
method.

On the other hand, it is easy to see that the exact solution of the prob-
lem can be obtained by writing the dynamic equation in (5.4) as a difference
equation, that is,

ZE1:ZE0+h

rg = xz(0), o

= T, + n € {0,...,19}.

Tp+1 n m;

The solutions computed with the AB (2) method and the exact solutions for
different choices of xy, a and # and h are given in Figures 1-4. When h =1,
the approximate solution is the same as the exact solution. However, for h = 2
an error is observed.
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Figure 1: Computed and exact Figure 2: Computed and exact

values of the solution with a = values of the solution with a =
1.5,86=0.75,20 =1 and h = 1. 1.5, =0.75,20 =1 and h = 2.
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Figure 3: Computed and exact val- Figure 4: Computed and exact val-
ues of the solution with o = 3,3 = ues of the solution with o = 3,3 =
l,zo =2 and h = 1. 1,z =2 and h = 2.

Example 5.2. Consider the initial value problem

1 t
Tire T1x @0
which is solved by the trapezoidal rule in [11]. As in [11], we take T = aNj for

some a > 0 and [t, ;] = [0,20]. The monomial hy on this time scale is in the
(t—s)(t—s—a)

z2(t) x(0) = o, (5.5)

form hy(t,s) =
m = 22 and ¢, = nh for n € {0,...,m}. In this case the AB(2) formula (5.3)

takes the form
n 3h—a 1 n tn
Tn = x,
i 2 1+ (tn)? 1+ (2,)2

h—a ( 1 i tn,1
2 \14 (tpo1)? 14 (2p1)?

. If we take constant step size r,, = h, then
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Starting with zy = 2(0) we use the Euler method introduced in [5] to compute
21 which gives

+h ( L _ b )
r1 =2
o L+ (t)? 1+ (x0)?)’

and then compute the sequence x,, n € {2,...,m} by using the AB (2)
method.

From the discrete structure of the time scale aNy, the dynamic equation in
(5.5) can be written as a difference equation, that is,

rg = xz(0),
1 an
n = n s €40,...,19},
Tntl . +a(1+(an)2+1+(xn)2> ned }

and hence, can be solved analytically on the inteval [0,20]. The solutions
computed with the AB (2) method and the exact solutions for different choices
of xg, h are given in Figures 5-6. The errors in the computation with the
2-step Adams Bashforth method and the trapezoidal rule are compared in
Figures 7-8. The figures show that there is no significant difference between

14t * Approximate solution | - 14t * Approximate solution | -
O Exact solution

% ) % ) e s®® .
6f 6f e ® @®
a®°
at 4 0®® @
® @ ¢
2 2l g ®
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
t-axis t-axis

Figure 5: Computed and exact val- Figure 6: Computed and exact val-
ues of the solution with zg = 1,a = ues of the solution with zg = 1,a =
0.2 and h = 0.4. 0.2 and h = 0.8.

the exact and computed solutions because h is small. The comparison of the
errors in trapezoidal rule and AB (2) method show that both errors have small
magnitude since the chosen values of h are small.

6 Conclusion

This paper can be regarded as a continuation of [11] and presents a general
Taylor series method of order p. As is known, in the continuous case, that is,
if T = R, different numerical methods can be obtained from the Taylor series
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error axis
)

—— Error of AB(2) method
—— Error of trapezoidal rule | |

error axis

0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
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Figure 7: Errors in the computed Figure 8: Errors in the computed
solutions with AB(2) method and  solutions with AB(2) method and
trapezoidal rule for xg = 1,a = 0.2 trapezoidal rule for xg = 1,a = 0.2
and h = 0.4. and h = 0.8.

method of order p. Here we derived the 2 step Adams-Bashforth method,
however, it is possible to obtain other numerical schemes. In this sense, this
paper provides different perspectives for those who study numerical methods
for dynamic equations on time scales.
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