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Abstract

In this paper, we formulate a generalized hepatitis B virus (HBV) infection model
with two modes of infection transmission and adaptive immunity, and investigate its
dynamical properties. Both the virus-to-cell and cell-to-cell infection transmissions are
modeled by general functions which satisfy some biologically motivated assumptions.
Furthermore, the model incorporates three distributed time delays for the production
of active infected hepatocytes, mature capsids and virions. The well-posedness of the
proposed model is established by showing the non-negativity and boundedness of solu-
tions. Five equilibria of the model are identified in terms of five threshold parameters
Ro, R1, Rz, R3 and R4. Further, the global stability analysis of each equilibrium under
certain conditions is carried out by employing suitable Lyapunov function and LaSalle’s
invariance principle. Finally, we present an example with numerical simulations to il-
lustrate the applicability of our study. Nonetheless, the results obtained in this study
are valid for a wide class of HBV infection models.

Keywords: HBYV infection; General incidence function; Adaptive immunity; Distributed
delay; Global stability; Lyapunov function

1 Introduction

Hepatitis B is a dangerous viral infection caused by the hepatitis B virus (HBV) that at-
tacks and injures liver cells called hepatocytes. It can cause both the acute and chronic
illness, and it also represents a major global health problem during the last few years. For
instance, the World Health Organization (WHO) estimated that 296 million people were
living with chronic hepatitis B infection, and 820 000 people died in 2019 mainly due to cir-
rhosis and hepatocellular carcinoma (primary liver cancer) [1]. Chronic hepatitis B infection
can be treated with medicines including oral antiviral agents. However, there is no specific
treatment for acute hepatitis B.

Adaptive immunity plays a substantial role in the defense against HBV infection by using
two fundamental arms, which are humoral and cellular immune responses [2, 3]. The first
one is based on the antibodies that are produced by the B-cells and they are programmed to
neutralize the HBV [2, 3]. Whereas, the second arm is mediated by cytotoxic T lymphocyte
(CTL) cells in order to kill the infected hepatocytes [2, 3].

Modeling the role of adaptive immunity in HBV infection has attracted the attention of
many researchers. One of the first models was introduced in [2] to explain mathematically
the dysfunction of the adaptive immune response in patients infected with HBV, which was
observed by Boni et al. [4] in 2007. Hattaf et al. [5, 6] extended the model of [2] in order to
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describe the dynamics of other viral infections such as human immunodeficiency virus (HIV)
that often causes acquired immunodeficiency syndrome (AIDS). More recently, Manna and
Hattaf [3] proposed an immunological model that incorporates the intracellular HBV DNA-
containing capsids, three delays, adaptive immunity and general incidence rate that covers
the bilinear incidence rate, the standard incidence, the Beddington-DeAngelis functional
response, the Crowley-Martin functional response and the Hattaf-Yousfi functional response.

On the other hand, HBV infection in liver can spread via two different modes, one by
virus-to-cell transmission and the other by cell-to-cell transmission through direct contact
[7, 8, 9]. However, most of the mathematical models considered only the first classical mode
of transmission of HBV [2, 10, 11, 12]. Furthermore, an experimental study in [13] showed
that the direct cell-to-cell transmission can contributes to the viral persistence. Based on
these biological reasons, Hattaf [14] proposed a class of immunological models with both
modes of transmission but he did not consider the HBV DNA-containing capsids. However,
both these components of HBV infection have been considered in [15], but the first arm of
immunity mediated by antibodies was neglected. This paper aims to develop a generalized
mathematical model that better describes the dynamics of HBV infection in presence of
capsids, both arms of adaptive immunity, two modes of transmission, and three distributed
delays.

Primary goal of this study is to provide dynamical properties of the generalized HBV
infection model which is an amalgamation of several commonly used specific models. The or-
ganization of the rest of this paper is as follows. We introduce our generalized HBV infection
model incorporating both modes of infection transmission and multiple distributed delays
in the next section with a brief description. In Section 3, we establish the non-negativity
and boundedness of solutions as well as the existence of possible equilibria depending upon
the conditions in terms of threshold parameters. Global stability of all equilibria and associ-
ated conditions are obtained in Section 4. Further, in Section 5, we present an appropriate
application of our study with numerical simulations. Finally, we end this paper with brief
concluding remarks.

2 Model formulation

In this section, we propose and describe a generalized HBV infection model with two modes
of infection transmission process (that is, virus-to-cell and cell-to-cell infection processes),
adaptive immunity (that is, antibody B cell and CTL mediated immune responses), and
multiple distributed delays. Our generalized model is the following system comprising of six
delay differential equations:

% = s—pH(t) = f(H®),I{t), V)V (t) —g(H(t),1(t))I(t),
% N /Ooofl(T)e“”[f(H(t—T),I(t—T)aV@—T))V(t—T)+
g(H(t = 7), 1(t = 7)) I(t = )] d7 = 81(t) — pI(H) Z(2),
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where H(t), I(t), D(t), V(t), W(t) and Z(t) are the densities of the uninfected hepatocytes,
infected hepatocytes, capsids, virions, antibodies and CTL cells at time ¢, respectively.
The parameters s and p represent the constant production and natural death rates of the
uninfected hepatocytes, respectively. The infected hepatocytes are assumed to die naturally
at a rate § and to get neutralized by CTL immune responses at a rate p. On the other
hand, capsids replicate at a rate x and get converted to virions at a rate 8. The effective
decay rate of capsids is thus represented by (58 + §). The natural and antibody-induced
death rates of virions are denoted by v and ¢, respectively. Both the antibody and CTL
immune responses are respectively activated at rates a and b, while the parameters ¢ and
71 stand for the respective decay rates. In model (1), both the virus-to-cell and cell-to-cell
infection processes in their general forms are characterized by the terms f(H,I,V)V and
g(H,I)I, respectively. In this case, the incidence functions f(H,I,V) and g(H,I) for both
these modes of infection are assumed to be continuously differentiable and to satisfy the
following biologically feasible hypotheses [3, 15, 16, 17]:

(A1) f(0,I,V)=0forall I >0andV > 0.

(A2) f(H,I,V) is a strictly increasing function with respect to H for fixed I > 0 and V >0
(i.e., % > 0).

(A3) f(H,I,V) is a monotone decreasing function with respect to I and V' (i.e, % <0 and
9 < 0)
- <0).

(A4) g(0,I) =0 for all I > 0; g—fl > 0 and % <O0forall H,I>0.

We can explain the above hypotheses within the periphery of biology as follows. The first
hypothesis (A1) indicates that the incidence rate for the virus-to-cell infection transmission
becomes zero in the absence of uninfected hepatocytes. The next two hypotheses (Asg)
and (A3) mean that the incidence rate for this mode of transmission increases with the
increasing density of uninfected hepatocytes, while it decreases with the increasing densities
of both the infected hepatocytes and virions. Similarly, the last hypothesis (A4) indicates
that the incidence rate for the cell-to-cell infection transmission becomes zero in the absence
of uninfected hepatocytes, becomes increasing with the increasing density of uninfected
hepatocytes, and decreases with the increasing density of infected hepatocytes. Overall, the
higher density of uninfected hepatocytes puts the infection process in fast-track, however,
the higher densities of infected hepatocytes and/or virions cause to decline the infection
rate. It should be noted that several commonly used incidence rates in the literature follow
the above-mentioned hypotheses. We will exhibit one such example in Section 5.

In model (1), the term [~ fi(r1)e™ ™ [f(H(t — 71),I(t — 71),V(t — 7))V (t — 1) +
g(H(t —71),1(t — 7)) I(t — 71)]dry describes the newly activated infected hepatocytes at
time ¢ which are infected through at least one of the two modes of transmission 7; time
ago [15]. In this case, e~ 1™ represents the survival rate of latently infected hepatocytes
during time period [t — 71,¢] with a probability distribution fi(71). Similarly, the terms
koS fa(r2)e™ 2™ I(t — mp)dTy and B [y f3(73)e” 3™ D(t — 73)d3 respectively account for
the mature capsids and virions produced at time ¢ [15]. Here, e~%2™ and e~ 3" respectively
indicate the survival rates of immature capsids during time period [t — 72,t] and mature
capsids during time period [t — 73, ] with corresponding probability distributions f2(72) and
f3(73). Without any loss of generality, we have denoted 7y, 72 and 73 by 7 in model (1) as
they are all integration dummy variables. Also, the probability distributions f;(7) : [0,00) —
[0, 00) are assumed to have compact supports, f;(7) > 0, and fooo fi(r)dr =1fori=1,2,3.

The model (1) is supplemented with the following non-negative initial conditions:

H(0) = ¢1(0) 2 0, 1(0) = ¢2(0) 2 0, D(0) = ¢3(6) >0, V(0) = ¢4(6) > 0,



W(0) = ¢5(0) >0, Z(0) = ¢s(0) > 0, for § € (—0,0]. (2)
Now, we define the Banach space of fading memory type as follows [18, 19, 20]:
C = {p € O((—0,0],R)|p(f)e" is uniformly continuous for § € (—o0,0] and ¢|| < oo},

where the norm ||¢|| = supy< [¢(6)|e"? with r being a positive constant. The corresponding
non-negative cone of C is defined by C; = C((—o0,0],Ry). We also define ¢; € Cy as
v (0) = @(t + 0) for 6 € (—00,0] and ¢ € C4. In this case, the initial conditions for model
(1), ¢ = (¢1,¢2,¢3,¢4,¢5,¢6) S Ci = C+ X C+ X C+ X C+ X C+ X C+. All the model

parameters are assumed to be positive from their biological considerations.

3 Preliminaries

The model (1) along with an initial condition of the type (2) admits a unique solution for
t > 0 and it can be easily proved by the standard theory of functional differential equations
[20, 21]. In what follows, we prove the non-negativity and boundedness of solutions of the
system (1)-(2). Further, we find the possible biologically feasible equilibria of the model (1)
and their existential criteria.

Theorem 3.1. All solutions of the model (1) along with initial conditions (2) are non-negative
and ultimately uniformly bounded for t > 0.

Proof. First, we show that H(t) > 0 for all ¢ > 0 by the method of contradiction. Let us
consider H(t1) = 0 for some ¢; > 0 and H(t) > 0 for ¢ € [0,¢;). Then the first equation
of the model (1) implies that de—(ttl) = s > 0. Thus, H(t) < 0 for t € (t1 —¢,t1) with
sufficiently small € > 0. This contradicts the fact that H(¢) > 0 for ¢ € [0,¢1), and it follows
that H(t) > 0 for all ¢ > 0. Also from the last two equations of the model (1), we have
Ly =0and “Z| _ =0. This implies that W(t) > 0 and Z(t) > 0 for all t > 0. From
the remaining three equatlons of the model (1), we obtain

I(t) = ¢2(0)e—f5<5+p2<5))d£+/t6—f2<6+p2<5))d£ /OO fi(r)ye T
0 0
[F(H(C=7), 1(C=7), V(C=m)V(C=7) + g(H(C = 7), [(¢ = 7)) I(¢ = 7)]drd,
t oo
(B+38)¢ Fe—2T ] _Tde} —(B+o)t
n(0) 4 [ O[T oyt - ryara] e

t [e’s)
V() = ¢4(0)e—13(l’+qW(5))df+ﬁ/ e—fg(V+qW(£))d£/ F5(T)e" 3T D(¢ — T)drdC,
0 0

g
~
~
G

which imply that I(t) > 0, D(t) > 0 and V(¢) > 0 for small ¢ > 0. If possible, we assume
that t2 > 0 is the first time such that min{(t2), D(t2),V(t2)} < 0. If I(t2) <0, I(¢t) > 0
for 0 <t < tg,and D(t) > 0 and V(t) > 0 for 0 < ¢ < ¢, then we obtain

/ AT [F(H(ty — 1), I(t2 — ), V(t2 — 7)) V(b2 — 1) +
g(H(tQ — 7'), I(tQ — T))I( 2 — T)] dr — 5I(t2) I(tQ)Z(tQ) > 0.

This contradicts the fact that I(t2) < 0 and I(¢

) >0 for 0 <t <ty Alsoif D(tz) <0,
D(t) >0 for 0 <t < g, and I(t) > 0 and V(t) > 0 for

0 <t <ty, then we have

dD / f2 a271(t2 — T)dT — (ﬂ + 5)D(t2) > O,



which amounts to another contradiction. Finally, if V(¢2) < 0, V(t) > 0 for 0 < ¢ < ¢2, and
I(t) > 0 and D(¢t) > 0 for 0 < t < t9, then we have

dV (t2)
dt

= B‘/OOO fS(T)e_OtsTD(tQ - T)dT — VV(tg) _ qV(tQ)W(tQ) >0,

which is again a contradiction. Therefore, we obtain I(¢) > 0, D(t) > 0 and V(¢) > 0 for all
t>0.

Now, we prove the boundedness of solutions. From the first equation of the model (1),
we obtain 42 < s — ;H(t) and this implies lim sup,_, ., H(t) < &. Let us define

X(t) = /OOO fi(r)e ™™ TH(t — 7)dr + I(t) + %Z(t).

Then, we have

dX

pl 5/0 fi(r)e” 7 dr — u/o fi(r)e "™ TH(t — )dr — 61(t) — %Z(t)

< 8/00 fi(m)e™* 7 dr — mX (¢),
0

where m = min{u, d,n}. Hence, it follows that limsup, . X (t) < = fooo fi(r)e7dr =
M;. As a consequence, we obtain limsup,_, I(t) < M; and limsup,_,., Z(t) < M;. Now
using the bound for I(¢) in the third equation of model (1), we have

aD > —QoT

< [ hmeTar - (3+8)DG)

0

This implies that limsup,_, . D(t) < ('E—A-fé) fooo fa(T)e=*27dr := Ms. Further, we define
Y(t) = V(t) + 2W(t). Thus, we have

d > o
T = 8 s =i - L
< ﬂMg/O fa(m)e T dr — vV (t) — %W(t}
< BM, /00 fa(m)e=*7dr — nY (¢),
0

where n = min{v,o}. Hence, it follows that limsup, , Y (t) < '8]7\;[2 fooo fa(T)e=*37dr =

Ms. As a result, we have limsup,_,. V(t) < M3 and limsup,_,., W(t) < Ms. Therefore,
H(t), I(t), D(t), V(t), W(t) and Z(t) are ultimately uniformly bounded. O

Now, we derive all possible equilibria of the model (1). A typical equilibrium point

s—,uﬁ—f(f{',f,f/)f/—g(f{,f)f =
DV [f(B.1.7)7 + (. D)I) - 6T - pIZ ~
kol — (B+0)D =
ﬁI‘3l~)—V1~/—q‘~/W =
aVW — oW =
bIZ —nZ

—
w
~—

o O O o o O



where
I = / fi(r)e="dr for i =1,2,3. (4)
0

We can easily deduce from the above system (3) that the model (1) always admits a unique
infection-free equilibrium point Ey = (HO, 0,0,0,0, O) with Hy = i This equilibrium point
Ey basically indicates that either an infected individual is completely cured from the HBV
infection or an individual without any exposure to the infection. Now, we define the basic
reproduction number of the model (1) by
HﬂF1F2F3 F1
Ry := —————=f(Hp,0,0) + —g(Ho,0). 5

0 ud(ﬂ+5)f(0 ) + 59(0 ) (5)
The basic reproduction number, Ry, provides a measure for the average number of sec-
ondary infections and it has been represented as a sum of two quantities due to two modes

of transmission of the infection process. To be specific, the term %][(HO,O,O) =

R(gl) represents the basic reproduction number for virus-to-cell transmission and the term
% g(HO, O) = R((J2) represents the same for cell-to-cell transmission.
If we take W = 0 and Z = 0, then we have I= %(s — uﬁ), D = £hil2 (s — uf[),

~ - 5(5+9)
V = stz (s — puH) and

~ T ~ . KATT,T
}BTITTs f (H — (s — pH), %

3 (s—uﬁ))—l—l/(ﬁ—i—é)l"m(fl,%(s—ufl))
=vd(B+ 90).

Of course I is biologically feasible if and only if I >0 and it implies H < ﬁ Let us define
a function ®; on the closed interval [0, s/u] as follows
Fl HﬂF1F2F3
¢ (H) = I el H —(s—puH), ———(s — uH
() = RO (5 (s utt). S (s )

+uv(B+ )y (H, %(s - uH)) —vé(B+9).

Then, we obtain ®,(0) = —vd(8+6) <0, ¢q (ﬁ) =v§(B+0)(Ro—1) >0 for Ry > 1, and

, _ Of plhof  wBuTaTel's 0f
Pi(H) = wBTT2Ts [8H 5 oI  uvs(B+o) oV
dg  pI't dg

Using the hypotheses (A3)-(A4), we have ®{(H) > 0 and this implies that ®; is a strictly
increasing function of H. Therefore, there exists a unique immune-free equilibrium point

Ey = (Hy, Iy, D1, V4,0,0) with H, € (0,5), L = 5 (s — i), Dy = 555 (s — pHy) and
i = % (s - ,qu) whenever Ry > 1. On the other hand, the consideration Ry < 1
leads to @, (%) < 0, and hence, the equilibrium point E; does not exist in this case.

Further, if we consider W # 0 and 7 = 0, then we have V= z, I= %(s — uf[),

D= ;(I;;fg) (s — quI ) and W = % (s — M}NI ) — %. Similarly, W is biologically feasible

if and only if W > 0 and it implies H < ﬁ — GBS Also, we obtain

S0 f (f[%(s wﬁ),%) aly (s — ui)g (fl,%(s—uﬁ)) — ab(s — i),



In this case, let us define a function ®5 on the closed interval [O, s — M} as follows
© akfBpl1 T2l

Oy(H) = b0 f (H %(s — pH), %) +al'y (s — puH)g (H %(s - uH)) — ad(s — pH).

We can easily observe that ®3(0) = —ads < 0 and

‘) = 60| 2L HOf oy | 29 #9g
Oy(H) = 50[81‘] 5 I +al'i(s — pH) 50 5 87

a5 1ua (1.5 )]

Using the hypotheses (A;1)-(A4), we have ®45(H) > 0 which implies that @5 is a strictly
increasing function of H. Now, we define the reproduction number for antibody immune
response by

a
Ry = -V 6
1 o 1, ( )

which provides a measure of the average number of antibodies activated by virus when CTL
immune response has not been activated [3, 6]. Here, V; represents the density of virions at
the immune-free equilibrium level, while other parameters a and % respectively indicate the
activation rate of antibody immune response and the average life expectancy of antibody

immune cells. If Ry > 1, then we have Vi > 2 and H; < ﬁ — %. Thus, we obtain
s dvo(B+9) do
Py —— —————~— — kBT o5 f(Hy, 1, V1 NT1g(Hy, I
2(# akBul'1 sl ~ KBTI [T LoLsf (Hy, 11, Vi) 4+ (5 + O)Thg (i, 1)
oo
—ud 0| = ———&,(H;) =0.
v (ﬂ+ )] mﬁF1F2F3 1( 1)
Therefore, there exists a unique infection equilibrium point with only antibody immune
response By = (Ha, I, Do, Va, Wa,0) with Hy € (0 5 _ %) I = D (s — i),
Dy = %(s —‘LLHQ), Vo = % and Wy = %(s —,qu) — % whenever Ry > 1.
ovo(B+0)

However, the condition R; < 1 implies that V3 < 2 and H; > ﬁ — aRBaTH S Hence, we

have
s dvo(B+9) do
d, [ 2 — ®,(Hy) =0.
2<u aﬁBuF1F2F3><KﬁF1F2F3 1(H) =0

Thus, the equilibrium point Fz does not exist for Ry < 1.

Now, we consider W = 0 and Z # 0. In this case, we obtain I = %, D = ﬁ%)’
V= 'Zfz’g}rg)?’ and Z = bFl ( ,uH ) ‘5 . Since Z is biologically feasible if and only if Z> 0,
then we have H <g- W Also, we have

n
~ n KPNels ~ 7 ~
Dolaf (H, 2 208 5 (H,—):b 5)(s — pH).
KBNL2 3f< b by(ﬁ—i—é)) +nv(B+4)g b V(B +6)(s — puH)

Let us define a function ®3 on the closed interval [0, % — bl‘i—gl] as follows

+ (B +8)g (H %) — (B + ) (s — pH).

O3(H) = vyl f (H U “B”F2P3>

bv (B +9)



Then, we can easily obtain that ®3(0) = —bsv(8 + §) < 0 and

af dg

)
o TB+O) Sy
Using the hypotheses (Az) and (A4), we deduce that ®5(H) > 0 which indicates that ®3 is a
strictly increasing function of H. Now, we define the reproduction number for CTL immune
response by

DL (H) = kBl —— + buv(B +6).

b
Ry = -1, 7
2=k (7)

which provides a measure of the average number of CTL cells stimulated by infected hep-
atocytes when antibody immune response has not been activated [3, 6]. In this case, I
represents the density of infected hepatocytes at the immune-free equilibrium level, while
other parameters b and + respectively describe the activation rate of CTL immune response
and the average life expectancy of CTL cells. Now, if Ry > 1, then we have I; > 3 and

H <2 - % Thus, we obtain
i

s <§ - b/‘i;) > g [RATATTs f (Hay 1 Vi) + w8+ )19 (Ha, 1) = v0(5 + 0)]

= ﬁogﬂﬁ_o

Therefore, there exists a unique infection equilibrium point with only CTL immune response

_ : s _ kPN
By = (Hy, Iy, D3, Vs, 0, Zs) with Hy € (0,2 = 55), I = 4, Dy = 578535, Vs = 520020
and Z3 = bFl ( — ,qu) — % whenever Ry > 1. On the other hand, the consideration Ry < 1
leads to Il # and H; > % — bi—gl, and hence, we obtain
oy (500 o Mg ) =
\u buly Fl M
Thus, the equilibrium point E3 does not exist for Ry < 1.
Finally, we consider W # 0 and Z 75 0. Then, we have I = 1, D= b?gifs)v V=2

i Bnral __ b
W= s — . 7= M (s ) - § and

bo f (ﬁ,%,%) + ang (ﬁ, %) = ab(s—uﬁ).

Since the condition Z > 0 is required for biologically feasible Z then we obtain H < ; — bl‘j«gl .

In this case, let us define a function ®4 on the closed interval [O, bHF1j| by

Oy (H)=bof (H, g, %) + ang (H, %) —ab(s — pH).
It is easy to notice that ®4(0) = —abs < 0, and ®}(H) = bog5 ‘W + cm 2+ abp > 0 due to

the hypotheses (A3) and (A4). Now, we define two reproductlon numbers for competitive
CTL and antibody immune responses as

b
Ry := ~1Ip and Ry == 2V3, (8)
n g

respectively. From the biological perspective, R3 provides a measure for the average number
of CTL cells activated by infected hepatocytes when the antibody immune response is already



at work, and R4 describes the same for antibody immune cells activated by virions when
the CTL immune response is already at work [3, 6]. Of course, R4 > 1 implies that W =

RAels — £ = £(Ry — 1) > 0. On the other hand, Ry > 1 implies that I > % and

Hs < ﬁ — Then, we have

bul'y
s on b s on b
o= — =20, (2= 2T ) 5 20, (H,) = 0.
4(u bul“1> 5 2(u pry )~ 502 (2) =0

Therefore, there exists a unique infection equilibrium point with adaptive immune responses

Ey = (Ha Iy, Dy, Va, Wy, Z4) with Hy € (0,; ), I = 3, Di = g2 Vi = g
W, = % - % and Z, = b%( — ,uH4) — 5 whenever R3 > 1 and R4 > 1. However,

the equilibrium point E; does not exist if any one of R3 and R4 becomes less than unity.
Above discussions regarding the existence of possible equilibria of the model (1) can be
summarized as the following result.

Theorem 3.2. If Ry < 1, then the infection-free equilibrium Ey = (HO, 0,0,0,0, O) is the only
equilibrium of the model (1) with Hy = i If Ry > 1, then the model (1) admits another
four equilibria along with Ey and they are the following:

(a) The model (1) admits an immune-free equilibrium Ey = (Hl, I;,Dq,V1,0, 0) with Hy €

(O ) L = (s—qu) D1:%(S—MH1) andVlz%(s—qu).

(b) If Ry > 1, then the model (1) admits an infection equilibrium point with only antibody
immune response Ey = (HQ,IQ,DQ,VQ,WQ,O) with Hy € (O, 5 — M), I, =

aNBMF1F2F3
L (s—,qu) Dy = %(s—u[ﬁ), Vo =2 and Wo = %(s—u[ﬁ) -4
(¢) If Ry > 1, then the model (1) admits an infection equilibrium point with only CTL
immune response B3 = (Hg,]g,Dg, Vs, 0, Z3) with Hs € (O 2 — buFl) Is =13, D3 =
rnl rBNL2T: _ b
wars Ve = Suars ond Zs = G (s — uHs) — .

(d) If Ry > 1, Ry > 1, R3 > 1 and R4 > 1 hold simultaneously, then the model (1) admits
an infection equilibrium point with adaptive immune responses E4 = (H4, 1y, Dy, Vi, Wy, Z4)

. _ wkqD _ arfBnlaI: 1%
with Hy € (0.5 —git), Io = §, Da = gy, Vi = 2, Wa = G0l — & and
Zy =81 (s — pHy) - 2.

4 Stability analysis of equilibria

In this section, we investigate the conditions for global stability and instability of all five
equilibria of the generalized model (1) using suitable Lyapunov functions and linearization
technique.

Theorem 4.1. The infection-free equilibrium Ey = (Ho, 0,0,0,0, O) 1s globally asymptotically
stable when Rg < 1 and it becomes unstable when Rg > 1.

Proof. We first define a Lyapunov function Lo (¢) as follows
p

wD@) + wv@) + MW@) + = Z(t)

Lolt) = r I( )+ v(B +9) v av by

i [T n@e [ @100V ) + o510, 10)10) ain
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KﬁF3fHQ,OO —
azT 0)dbd
e /f2 / 1(6)dodr +

ﬂf H0,0 0 / Fa(r)eosT t D(9)dodr.

For the sake of convenience, we denote N = N(t) and N, = N(t — 7) for any N €
{H,I,D,V,W,Z}. Then, the time derivative of Ly(¢) along solutions of the model (1)

gives

dLo(t) _ L UOO e T {f(H,, L., V:\Vy + g(H,, I,)I} dT — 5I—pIZ} +

dt Ty
ﬁr3f(H070 0 f(H07070)
14

V(B+90) {/ per azda—(ﬂ”)]

[ﬁ /00 fa(r)e=**" D dr —vD — qVW] + M[GVW —oW]+
av

b2~ nZ)+ [f(H,I, V)V + g(H, l).r—Fi1 /O Fu(r)e

l{ﬂF:ﬂf(HOv Oa O)

{f(He I, V) Vs + g(Hy, 1) I } dr] + [Tyl —

v(B+9)
/ fo(T)e 2T I dr } Bf(HO’O ) {r D - / f3(r)e= ™D dT}
- Iiﬂrll—‘grg
= (f(H,1,V) = f(Ho,0,0))V + I {mf(Ho,0,0) + 7g(H, I) - 1] I
QUf(Ho,0,0)
S, W — EZ

As we have already shown in the previous section that limsup,_,,, H(t) < £ = Ho, then it
is sufficient to consider H(t) < Hy. Then, using the hypotheses (A;)-(A4) we can write

AL 5 RIS r
B 00 - I 000V + [ SRR 0 0.0 + o0 -1
qu(HO7070) pn
Vo7
= (f(H,0,0) = f(Ho,0,0))V + %(Ro - I~ WW N %Z'

Thus, the condition Ry < 1 obviously leads to M < 0. Further, we can observe that

2olt) — 0 if and only if (f(H,0,0) — f(HO,O,O))V =0, (Ro—1)I =0, W = 0 and

Z = 0. First, we assume H = Hj, and in this case, we obtain I = 0 and V = 0 from
the first equation of model (1). Then, the fourth equation of model (1) yields D = 0.
On the other hand, the assumption H # Hy implies V' = 0. In this case, the fourth
and third equations of model (1) respectively yield D = 0 and I = 0. Then, the first
equation of model (1) results in % = s — pH which implies H(t) — ﬁ = Hpast —
oo. Hence, the singleton set {EO = (Hy,0,0,0,0,0 } is the largest invariant subset of
{(H I, D.VW,Z) € | dﬁo = O} Therefore, the infection-free equilibrium Fjy is globally
asymptotically stable When RO < 1 due to the LaSalle invariance principle [20, 21].
However, it remains to establish the instability of the infection-free equilibrium Fy for
Ry > 1. The characteristic equation for the model (1) at the infection-free equilibrium Ey
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is given by
A+ A+ o) (A +n)Fo(A) =0, 9)
where
Fo(\) = M+ [[3 Y25t u— ﬁ(x)g(ﬂo,o)} A2 4 [(ﬂ F )0 +v)+ov—Ta(N(B+6
+v)g(Ho,0)] A + dv(8 +6) |1 — KﬁrléiigziA(g);3(A) f(H,,0,0)—
ﬁ()\)g(HO,O)] |
5
Note that
[i(\) = b (1) (@it NT g h i(T)dT =
E= [ 40 ar< [ firar =1, (10)

and T;(0) = T; for i = 1,2,3. We can easily observe that the characteristic equation (9) ad-
mits three negative real roots —p, —o and —7. On the other hand, we have limy_, 1 o, Fo(\) =
+o00 and

HﬂF1F2F3

Fo(0) = 6u(B + 0) {1 ~ 5B

7 (Ho,0,0) - %g(Ho, o)} — 5u(B+8)(1 - Ro),

which becomes less than zero if Ry > 1. Thus, the characteristic equation (9) possesses at
least one positive real root when Ry > 1 and this implies that the infection-free equilibrium
FEy becomes unstable in this case. O

Before going into the detailed results regarding stability of remaining equilibria of the
model (1), we define a function G(U) = U —1—1In(U) for U > 0. Then, it is easy to observe
that G(U) > 0 for all U > 0 and the equality occurs if and only if U = 1. Further, we assume
that the incidence functions f and g satisfy the following hypotheses with H, I,V > 0:

JLLY)  (fEILV) v
(4s) (1 - f(H,zi,vn) ( FELV) W) <0,

f(Hi,1i,Vi)g(H,I) f(H, 1, Vi)g(Hi, L) I
(4s) (1 - f(HJhVi)gE]HiJi)) (f(Hi,Ii,wzg(H,I) - 17-) <0,

where H;, I; and V; denote the densities of uninfected hepatocyte, infected hepatocyte and
virus at the equilibrium level F; for ¢ = 1,2, 3, 4.

Theorem 4.2. Let us consider Ry > 1 and let the hypotheses (As)-(Ag) hold for equilibrium
E;y. Then, the immune-free equilibrium FEi = (Hl,Il, Dy, V1,0, O) is globally asymptotically
stable if both the conditions Ry < 1 and Ro < 1 are satisfied simultaneously. However, it
becomes unstable if at least one of Ry and Rs is greater than unity.

Proof. We define a Lyapunov function £;(t) as follows
A®) f(Hy, L, W) Lo, (I(t)
L(t) = H(t)— Hy — L dU |+ =G =) +
1) ( (1) = Hy /Hl f(U, I, 1) I < I )

fUHy L VWD, (D(t)> LB O)f(Hy, I, Vi)V (V(t)>
KFQIl D1 HﬂFQFgIl V1
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(/8 + 6)qf(H15115 Vl)vl

GKBF2F311 W(t)+ bl—‘l Z( )
f(Hl,Il,Vl)Vl T e ! (f(H(H),I() V(9)V ()) .
/ fime /t S\ )™
Hl,h I J— g(H(6),1(0))1(0) .
/ filr /tTG( oL I D dodr +
f(Hlu Ilu Vl)Vl —asT 1(9)
A o)
f(Hy, L, Vi) [ o [ D(6) a
—FS /0 fa(r)e /t_TG( D, >d6‘d .
Then, the time derivative of £ (¢) along solutions of the model (1) yields
di(t) _H ~ f(Hi, L) .V fH L)
G = (o) (- ) e [ - SR
fH,I,V)V ] G(H I { L L fH L Vig(H 1)
HIl,Vl)V DRV L f(Hy, I, Vi)g(H, )
(Hlalla 1) (ﬁ"'(s)gf(HlaIlvVl)Vl
S(H, I, Vi)g(H 17[1 } akfBlol'sl (B - )W—FW(RQ_U
f Hl,fl,Vl)Vl alf{ (f(HlJl,Vl)> (f(HJl,Vﬂ)
! “hee e ra o) Ty )t

f(H- I, Vo)V 1, )} Hl,fl I _alr[ (f(Hl,Il,Vl))
G(f(Hl,h,vl)vl i / filr F(, 1, V2)

g(Hy, I)I HIth (Hi, 1) f(Hy, L, Vi)W
+G( (H1,I1 f(Hy, I, Vi) g(H, T) ar Iy

ULV [ ptoyeee (G2
/ fQ G < DIl ) Fg ) fg(T G VD1 dT.

As the incidence function f is strictly increasing with respect to H (see hypothesis (Az2)),
then we have (1 — Hil) (1 — %) < 0. Further, simple calculations and hypotheses
(A5)-(Ag) lead to

[_1_ v fH LW fHLV)V } _ <1_ fH,LV) > <f(H,Il,V1) - K)
i fHLV) o f(H, L, Vi) f(H, I, V1) f(H,I,V) W
[_1_£+f(H,11,V1)g(H1,11)+ f(Hl,Il,Vl)g(H,I)I}
Iy f(Hy, I, Va)g(H T) - f(H, 1, Va)g(Hy, 1)1

_ (1_ f(Hl,Il,Vl)g(H,I)> (f(H,Il,Vl)g(Hl,Il) I) <o

fH I, V) g(Hy, 1) ) \ f(Hy I, Va)g(HI) L

Thus, the conditions Ry < 1 and Re < 1 yield %t(t) < 0. In this case, we can easily prove
that the singleton set {E; = (Hiy, I, D1,V1,0,0)} becomes the largest invariant subset of
{(H,I,D,V,W,Z) € R} | %+ = 0}, and therefore, the LaSalle invariance principle [20, 21]
guarantees the global asymptotlc stability of the immune-free equilibrium E; when Ry, <1
and Ry < 1.

It still remains to investigate the stability of the immune-free equilibrium E; if at least
one of Ry and Ry becomes greater than unity. The characteristic equation for the model (1)
at the immune-free equilibrium F; is given by

(A+o—aVi)(A+n—blL)Fi(N) =0, (11)
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where
A+ tu +C C/g\/ 0 NC3
F(\) = —I‘l(/\)C'l A+06 —31()\)02 0 T (A\)Cs
B 0 —kD2(N) A+B+0 0
0 0 —BTs(N) A+v

with Cy = ($hV +41)| . Co= ($V+541+9g)| andCy= (v +7)| . Then,
1 1 1

we can easily observe that the characteristic equation (11) admits positive roots A = aV; —

and A = bl; —n if Ry > 1 and Ry > 1, respectively. Therefore, the immune-free equilibrium
E; is unstable whenever at least one of Ry and Ry becomes greater than unity. O

Theorem 4.3. Let us consider Ry > 1 and Ry > 1, and let the hypotheses (As)-(Ag) hold
for equilibrium Es. Then, the infection equilibrium with only antibody immune response
By, = (Hg, Iy, Do, Vo, Wa, 0) s globally asymptotically stable if R3 < 1. Howewver, it becomes
unstable whenever Rg > 1.

Proof. We define a Lyapunov function £5(t) as follows

H(t)
Lo(t) = (H(t) — Hy — /H 7fjff[[]2’jf’v‘3)dU> + FlG( g)) +

f(Ha, I, VZ)VZDQG (D(t)> n (B+0)f(Hy, I, V2) V5 G <V(t)>
k212 Dy kBT 2'315 Va

LB+ 0)af(Ha, I, Vo) VoW (o (WD)
arflal's 15 G ( Wo > + EZ( )+

[ oG

H2,12 12/ e mT/TG(g(H(%I(@))I(@) d6dr +

(
f(Hz,Iz,Vsz cer [ 1(9)
05 [ e [ (1)

2
f(Ha, I, Vo) Vo [ caar (" D(6) .
F—3/0 fa(r)e /tTG< >d6‘d :

Then, the time derivative of L3(t) along solutions of the model (1) yields

L H Hy, I, V. v
;t(t) = uH, (1 - —) (1 - %&i’é’vj))) + f(Hy, I, Va) Vs [ 1— 7t

f(H I, Va)  f(H, V)V I
FHLV) ©F(H. IQ,VQ)VJ + ot L)L [‘1 Lt
f(H, I, V2)g(Ha, I2) f(Hz,Ig,Vg)g(H,I)I}

f(Ha, I3, Va)g(H,I) ~ f(H, Iy, V2)g(Ha, I2)I>| = 0Ty

f(H2712a‘/2)V2 > —on T f(H2a127V2) f(H7]27V2)
o2 [ e o (S +G< (T

f(HijT;VT)VTIQ>:| r H27]2 IQ 70417- |: <f(H2712;‘/2))
G(fw%bw@wf ¢ / A f(H, I, Va)

Q(HT,IT)IT> (f(H7 127V2) (Hzafz)ﬂ L fU, 1, Vo)Vs
e ( g(Ha, I2)1 e f(Hz, I, Va)g(H, I) ! Iy

PRy —1)Z -
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e Q2T _ f(H27127V2 V2 / e asT D
/ Fa(7 G<D12)d T, fs(r C\vp, )&

As discussed in the proof of the Theorem 4.2, the hypotheses (As), (A5) and (Ag) lead to
dLZ(t) < 0 for R3 < 1. In this case, the singleton set {Ey = (Ha, Iz, D2, Vo, W5, 0)} becomes
the largest invariant subset of { (H,1,D,V,W,Z) € RS | dﬁz = O}. Therefore, the global
asymptotic stability of the infection equilibrium with only antibody immune response Fjy
for R <1 is guaranteed by the LaSalle invariance principle [20, 21].

Now, we investigate the stability of the infection equilibrium with only antibody immune
response Fy for R3 > 1. The characteristic equation for the model (1) at the equilibrium
F» is given by

(A4 n—bL)F2()\) =0, (12)
where
A+ /L + 61 62 0 53 0
—Fl(/\)C'l A+4 —E1(A)Cz 0 —T'1(\)Cs 0
Fy(\) = 0 —kDa(N) A+B+6 0 0
0 0 —ﬁl—‘3()\) A4v+ QWQ qVé
0 0 0 —aW,q AN+o—aVy

with C; = ( Vo 801)’E, Cy = ( V4 2 1+g) and Cy = (%wrf)
Clearly, the characteristic equ;tion (12) admits a positive ro20t A = bl — n when Rz > i

Therefore, the infection equilibrium with only antibody immune response Es is unstable
whenever Rz > 1. O

Theorem 4.4. Let us consider Ry > 1 and Ro > 1, and let the hypotheses (As)-(Ag)
hold for equilibrium Es. Then, the infection equilibrium with only CTL immune response
FE3 = (Hg,[g,Dg,Vg,O, Zg) 18 globally asymptotically stable if Ry < 1. However, it becomes
unstable whenever Ry > 1.

Proof. We define a Lyapunov function £3(t) as follows

H(t)
Ls(t) = (H(t) — Hj —/H %dlj> + F1G< I(:j)) "

f(Hs, 15, V)V Ds (D(t)> LB 0)f(Hs, Is, V3) Vi (Wﬂ)

kD213 D3 kB3T3 V3
§)qf(Hs, Is, Va) V- Zs (7t
+(5+ )af(Hs, I3 3)3W()+u (t) n
aliﬂrgrgjg bFl Zg

J(Hs, I3, V3)V: — k JS(H(0),1(0),V(0)V(0)
3F3 : 3/ filr /t ( F(H;, Is, V) Vs )dadT

G
H37[3 13/ hr —alT/t TG (9(H(9) 1(6))1(6)>d6‘d7+
G

g(Hs, I3)I3
Hs, I3, V3)V- ¢
f( 3,F3, 3) 3/ fg(T)e_a”/
2 0 t—T

(
J(Hs, I, V)V /OOO fa(r)e 8T /;G (D(9)> dodr.

I's
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Then, the time derivative of L3(¢) along solutions of the model (1) yields

dls(t) H f(Hs, I5, V3) 14
i M <1_F3) (1_ f(H,Is,m)”(H‘””I‘””‘/?’W‘”’[ =yt

f(H, I3, V3) SH, I,V)V I f(H I3,V3)g9(Hs, I3)
FH,LV) T, Ig,vg)VJ + ol Is)ls [_1 T T I Va)g(HL 1)
f(Hs, I3, V3)g(H, I)I ] q(B+0)of(Hs, I3, V3)V3
Jf(H, I3, V3)g(Hs, I3)13 arBlol'313
f(H37]3;‘/3)‘/3 o e—alT |: (f(H3aI37‘/3)> <f(H7]37‘/3)>
p e e (faey) ¢ rary

f(HijT)VT)VTI3>:| H3J3 I3 ot [ <f(H3J3,V3))

© ( (s I Vo)Vl )7 / hilr F(H, I3, Vs)

Q(HTaIT)L') (f(HvI?nVB) (H3713)>:| S f(H?nI?nVS)VB
+G( (Hs, I3)1 e f(Hs, I3, V3)g(H, I) a Ty

=T D3I f(H37[37V3)V3 /OO —asT Vs D~
/ Ja(T G(ng) T ) f3(1)e” "G VD dr.

As discussed earlier, the hypotheses (Asz), (As) and (Ag) imply dﬂg(t) < 0 for Ry < 1.
In this case, the singleton set {E3 = (Hs, I3, D3, V3,0, Z3)} becomes the largest invariant
subset of { H,I,D,V,W,Z) e R6 | % ‘MS = O}. Therefore, the global asymptotic stability of
the infection equilibrium with only CTL immune response E3 for Ry < 1 is guaranteed by
the LaSalle invariance principle [20, 21].

Now, we investigate the stability of the infection equilibrium with only CTL immune
response F5 for Ry > 1. The characteristic equation for the model (1) at the equilibrium
Ej5 is given by

+

(Ry — )W —

(A4 0 —aV3)F3(\) =0, (13)
where
A+ /J, + 61 62 0 63 0
—I‘l()\)Cl A + 1) +pZ§V— Fl(/\)ag 0 —Fl(/\)ag pIg
BMN=| o —KT5(\) A+ B+36 0 0
0 0 —BT5(A) A+ 0
0 A 0 0 A+ n—bls

with Ty = ( it 3‘71)‘E, Ty = ( V4 I+g) and Oy — (%Vﬂ‘) i
Clearly, the characteristic equz;tion (13) admits a positive rosot A =aVs — o when Ry > i

Therefore, the infection equilibrium with only CTL immune response Fs3 is unstable when-
ever Ry > 1. O

Theorem 4.5. Let us consider Ry > 1, Ry > 1, Ry > 1, R3 > 1 and Ry > 1. Also, we assume
that the hypotheses (As)-(Ag) hold for equilibrium E4. Then, the infection equilibrium with
adaptive immune responses Ey = (H4, 1y, Dy, Vy, Wy, Z4) 18 globally asymptotically stable.

Proof. We define a Lyapunov function £4(t) as follows

H(t)
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f(H4,I4,V4)V4D4G (D(t)> n (B+0)f(Hy, Iy, Vy)VE G <V(t)>

Iil—‘ng D4 KﬁF2F3I4 V4
(ﬂ+5)(Jf(H4,I4,V4)V4W4G Wi(t) pZ4G Z(t) "
GKBF2F3I4 W4 bF1 Z4

f(Hy, I, Vi)V - ! f(H(6),1(0),V(0))V(0)
Iy / Y /FTG < f(Ha, 14, Vi) Vi ) dbr

H4,I4 14/ _ / (g(H(G),I(H))I(@)
T G dodr +
hir oy g(Hy, 14)14
Hy, 1 ! I(6
—f( 414, Va V4/ fz(T)e*W/ G <Q> dbdr +
Iy 0 t—r Iy
Hy, 1 o ! D(0
F(Ha, I, V)Va 4’V4)V4/ f3(T)e*a37/ G< ( )>d9d7’.
I's 0 t—r Dy
Then, the time derivative of £4(t) along solutions of the model (1) yields
dL4(t) H f(Ha, 14, Vi) v
a0~ (1- ) (1o e T Hy, I, Vi)Vi |1 — —
dt pHa Hy f(H7]45V4) +f( b 4) ! Vi

f(H7]47V4) f(H,I,V)V I

FH,LV) " f(H, 14,V4)V4] + 9 ol [_1 L

J(H, 14, Vy)g(Hy, 1) n J(Hy, Iy, Vi)g(H, 1)1 ] B

Sf(Ha, 14, Va)g(H, I) — f(H, 14, Vi)g(Hy, 1s) 14

f(Hy, 14, Vi)Vy [ - W[ (f(H4,I4,V4)> (f(H,I4,I/4)>

PRpn [ oo e (T ) o (Tma)
f(HT7IT7VT)VTI4>:| . H47[4 1, _alr[ (f(H4,I4,V4))

G(f(H4,I4,V4)V41 I / hlr F(H, Ts, Vi)

M) <f<H,f4,v4> 1) 5, LT Vil
+G< (Hy, 1)1 G f(Ha, 14, Va)g(H, I) o Iy

om0t DyI: J(Hy, 1y, Vi) Vy [ —agr e [ VaDr
/ falr G< ) 1“—3/0 fa(r)e G(VD4>dT'

As discussed earlier, the hypotheses (Az), (A5) and (Ag) imply %t(t) < 0. In this case,
the singleton set {Fy = (Hy, I, D4, Vi, Wy, Z4)} becomes the largest invariant subset of
{(H,I,D,V,W,Z) e RS | 4 dﬁ“ = 0}. Therefore, the global asymptotic stability of the infec-
tion equilibrium with adaptwe immune responses F, is guaranteed by the LaSalle invariance
principle [20, 21]. This completes the proof. O

+

At this point, one might wonder about possible dynamics of the system (1) when the
conditions Ry > 1, Ry > 1, Ry > 1, R3 < 1 and R4 < 1 are satisfied simultaneously. We can

ov ) . . 5
observe that Hy € ( s %) implies I = %(s—,qu) > % Thus, we have

R3 = bI > f;:g;i‘;jﬁ) On the other hand, R4 = Vs = %. Then, we obtain Rg > Ri,
ie., R3R4 > 1. However, the conditions R3 < 1 and Ry < 1 imply R3R4 < 1. Hence, we
arrive at a contradiction. Therefore, the results presented in this section effectively capture

the complete dynamics of the system (1).

5 An application with numerical simulations

System (1) is considered to be a generalized model describing HBV infection in vivo with
both modes of infection transmission and three distributed delay terms. Of course, the
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biologically relevant assumptions (Ap)-(A4) on incidence functions are valid for a widely
variety of commonly used incidence functions [3, 15, 22]. Also, the probability distributions
used to describe distributed delays can take different forms such as gamma distribution and
Dirac delta functions [22, 23, 24]. In this section, we consider the specific forms of incidence
functions as f(H,I,V) = 1—1% and g(H,I) = 1—’%, and probability distributions as
fi(t) = A(7 — 7;), the Dirac delta function, for ¢ = 1,2, 3. Then, the generalized model (1)

reduces to the following system:

o= e -

G o () )t
W~ eI =) — (34 9D, 14
% = BeD(t —13) — VvV (t) — qV ()W (1),

% — aV(OW(t) — oW (1),

% — I Z(t) — nZ(1).

The above model (14) is obviously a discrete-delay model where 7; (i = 1,2, 3) represent
the respective time delays and it arises due to the consideration of Dirac delta functions
as probability distributions. Further, v; and p; (i = 1,2) respectively denote the infection
transmission and saturation rates for the corresponding mode of transmission.

The model (14) always admits the infection-free equilibrium Ey = (s/u,0,0,0,0,0) and
the basic reproduction number is given by

— Sﬁﬁ’yl e—(a17'1+0t27'2+a37'3) + ﬁe_alﬁ,
ouv(B +9) o

However, it is difficult to obtain analytical expressions for other four equilibria of the model
(14) and associated reproduction numbers. Hence, we rely on numerical computations to
get them. Also for the chosen incidence functions, simple calculations lead to

(H I V) (Hvlia‘/;) 1% . —pl(V_‘/;)Q
(1 - JH, Iu"z)) ( JHLV) Vz) T A+ V)1 +pVi)Vi <0,
(

(1 LBl B0 (HULL 0T 1) 1Y ool -1
f(Hallvvl) (HlaIZ) (Hlallvvl)g(HaI) Ii B (1+P21)(1+p21i)1i -

where ¢ = 1,2,3,4. Thus, the hypotheses (As5)-(Ag) are automatically satisfied for our
chosen incidence functions. Therefore, stability properties for all the equilibria of the model
(14) can directly be inferred from Theorems 4.1-4.5.

Now, we illustrate some numerical simulations of the model (14) to corroborate our
analytical results regarding stability of equilibria. Note that the parameter values used
for a particular simulation are mentioned in the caption of corresponding figure. In this
regard, Figure 1 shows that the infection-free equilibrium Ey = (100,0,0,0,0,0) is asymp-
totically stable when Ry = 0.83 < 1, whereas stability of the immune-free equilibrium
Ey = (47.82,11.643,4.017,0.205, 0, 0) is encapsulated in Figure 2 for Ry = 22.706 > 1, Ry =
0.123 < 1 and Rz = 0.466 < 1. Further, Figures 3 and 4 respectively illustrate the stable in-
fection equilibria with only antibody immune response Ey = (48.477,11.496,3.967,0.167,2.734, 0)
and with only CTL immune response F3 = (50.886,2.5,0.863, 0.335, 0, 1.692) for appropriate
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values of the threshold parameters Ry, R, Ro, R3 and R,. Finally, Figure 5 encapsulates the

stable infection equilibrium with adaptive immune response E4 = (53.165, 2.5,0.863,0.2,1.275,1.59)
when all the threshold parameters are greater than unity. We would like to mention that ob-
tained theoretical results have also been verified with other types of incidence functions and
probability distributions. However, we refrained ourselves from incorporating those results

in this paper for the sake of brevity.

6 Conclusions

Till date, a large class of mathematical models have been considered in literature to un-
derstand the within-host HBV infection. In this study, we have intended to provide results
regarding dynamical properties of a generalized HBV infection model which can directly
accommodate several models as special cases. Our model has six compartments such as
uninfected and infected hepatocytes, capsids, virions, antibody and CTL immune responses.
In order to model infection transmission process, we have considered both the virus-to-cell
and cell-to-cell transmissions which are incorporated in the model through general functions
constrained to some biologically feasible conditions (A;)-(A4). Further, we have considered
three distributed delays accounting for the time needed in latently infected hepatocytes to
become active, and capsids and virions to get matured. We have proved the non-negativity
and boundedness of solutions to guarantee the well-posedness of the proposed model. Also,
we have defined five reproduction numbers Ry, Ri, Rs, R3 and R4 which act as threshold
parameters for the existence of all possible equilibria and take a crucial part in character-
izing the system dynamics. Depending upon the values of these threshold parameters, our
proposed model can admit at most five equilibria.

The conditions responsible for global stability of each equilibrium have been identified
by using a suitable Lyapunov function and LaSalle’s invariance principle. We have obtained
that the infection-free equilibrium FEj is globally asymptotically stable when Ry < 1. This
means that infection cannot persist in an infected individual, and as a result, the individual
will become completely cured. Further, the immune-free equilibrium E; is globally asymp-
totically stable under the assumptions (A4s)-(A4g) when Ry > 1, Ry <1 and Ry < 1. In this
case, both the viral load and infected hepatocyte level within an infected individual are un-
able to activate any kind of adaptive immune responses. On the other hand, the conditions
Ry >1, Ry >1and R3 < lor Ry > 1, Ry, > 1 and Ry < 1 lead to the global stability
of E5 or E3 when both the assumptions (As)-(Ag) are satisfied. This indicates that either
viral load or infected hepatocyte level is such that only the corresponding arm of adaptive
immune responses will be activated. Finally, the infection equilibrium with adaptive im-
mune responses Fy is globally asymptotically stable whenever it exists and the assumptions
(As)-(Ag) are satisfied. In this case, both the arms of adaptive immunity will work together
against the infection. Overall, the HBV infection persists if Ry > 1 as one or both arms of
adaptive immunity fails to eradicate the virus in this case. However, the presence of adaptive
immunity is beneficial for an infected individual as it can effectively reduce the viral load
and infected hepatocyte level to a certain extent.

Also, we can observe from the expression of Ry (given in Section 3) that time delays
are inversely related to Rg. Thus, sufficiently large time delays can effectively drive the
value of Ry below unity, and as a result, infection can be completely eliminated. Further,
Ry is defined to be a sum of basic reproduction numbers for both modes of transmission
(that is, R" and R(?) in this study. Thus, we have Ry = R(" + R{?’ > R{". On the
other hand, most of the existing HBV infection models in literature have ignored the cell-
to-cell transmission. This could potentially lead to under-estimation of Ry. To this end, we
would like to emphasize on the fact that all the results obtained in this study are robust
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Figure 1: Temporal evolutions for components of the system (14) when Ry = 0.83 < 1. The
used parameter values are s =10, u=0.1,§=1,p=02, k=12, 5 =0.87,v =4, ¢ = 0.3,
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with respect to a wide class of incidence functions and several probability distributions for

distributed delays.
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