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Abstract

We analyze a diffuse interface model that couples a viscous Cahn—Hilliard equation for the phase
variable with a diffusion-reaction equation for the nutrient concentration. The system under con-
sideration also takes into account some important mechanisms like chemotaxis, active transport
as well as nonlocal interaction of Oono’s type. When the spatial dimension is three, we prove the
existence and uniqueness of global weak solutions to the model with singular potentials including
the physically relevant logarithmic potential. Then we obtain some regularity properties of the
weak solutions when ¢ > 0. In particular, with the aid of the viscous term, we prove the so-called
instantaneous separation property of the phase variable such that it stays away from the pure
states =1 as long as ¢ > 0. Furthermore, we study long-time behavior of the system, by proving
the existence of a global attractor and characterizing its w-limit set.

Keywords: Cahn—Hilliard—Oono equation, chemotaxis, singular potential, well-posedness,
long-time behavior.
MSC 2010: 35A01, 35A02, 35K35, 35Q92, 76D05.

1 Introduction

In this paper, we consider the following system of partial differential equations

O = Ap— a(e — cp), in 2 x (0, +00), (1.1a)
pu=A¥'(p) — BAp — x0 + €y, in 2 x (0, +00), (1.1b)
0o = Ao + x(1 —¢)), in 2 x (0, +00), (1.1¢)

subject to the boundary conditions
On@ = Oppt = Opo =0, on 99 x (0, +00), (1.2)
as well as initial conditions
©(0) = ¢o, o(0) = oy, in Q. (1.3)

Here, Q C R3 is a bounded domain with smooth boundary 92 and n = n(z) denotes the unit
outward normal vector on 0f2.
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The system (1.1a)—(1.1c) can be viewed as a simplified, fluid-free version of the general thermo-
dynamically consistent diffuse interface model derived in [25] for a two-phase incompressible fluid
mixture with a chemical species subject to some important mechanisms like diffusion, chemotaxis
interaction and active transport. The order parameter ¢ denotes the difference of volume fractions
for the two components, while o standards for the concentration of the nutrient. The function u
defined by (1.1b) is regarded as the chemical potential associated to (p,o). In (1.1b), A, B are two
positive constants related to the surface tension and the thickness of the diffuse interface, respec-
tively. The bulk free energy ¥ considered in this paper enjoys a double well structure that leads to
the separation phenomenon of the binary mixture. A typical form is given by

U(r)= g[(l —r)ln(l—r)+ 1 +r)In(1+r)] + %(1 —r?), VYre(-1,1), (1.4)

with 0 < 6 < 6 (see e.g., [2,5]). Comparing with the classical quartic potential Ypeg(r) = (12 — 1),
the singular nature of its derivative ¥’ at the pure phases 41 guarantees that the phase variable
¢ lies in the physical range [—1,1] (see [1,8,30]). The nontrivial coupling between the Cahn—
Hilliard equation (1.1a)—(1.1b) and the diffusion equation (1.1c¢) for the nutrient is characterized
by the constant y, which models some specific mechanisms such as chemotaxis/active transport in
the context of tumor growth modeling (see, e.g., [12,15]). The Cahn—Hilliard equation (1.1a) also
involves some nonlocal interaction that is given by Oono’s type —a(¢ — ¢p) for the sake of simplicity
(cf. e.g., [17,27]), where o > 0, ¢y € (—1,1). Besides, it contains a viscous term ed,p with € > 0,
which represents possible influence of the internal microforces (see, e.g. [20,31]). In this sense, one
may call (1.1a)—(1.1b) (neglecting the term yo) a viscous Cahn-Hilliard-Oono system.

The Cahn-Hilliard type models have been employed as an efficient mathematical tool for the
study on dynamics of binary mixtures, in particular, recently for the tumour growth modelling
[7,21,32]. Concerning the mathematical analysis of the Cahn—Hilliard equation and its variants, we
refer to [1,3-6,8-14,16,27-30] and the references cited therein. Our aim in this paper is to perform
a first step study on the simplified model (1.1a)—(1.1c) that still maintains some interesting features,
e.g., the effects of chemotaxis and active transport associated with the nutrient, and certain nonlocal
interactions between the two components themselves.

First, under suitable assumptions on the singular potential function ¥ and coefficients of the
system, we show the existence and uniqueness of global weak solutions to problem (1.1a)—(1.3) on the
whole interval [0, +00) (see Theorem 2.1). The proof is based on a suitable Galerkin approximation
that mainly follows the argument in [22] for a more general system with fluid interaction. Thanks to
the singular potential, we are allowed to remove certain restricted assumptions on the coefficients A
and x when a regular potential was adopted (cf. [12,25]). We recall that the existence of global weak
solutions to the Cahn-Hilliard-Oono system with a singular potential has been proven in [17,29].
Our result extends the previous works to the case with chemotaxis and active transport, i.e., the
coupling with equation (1.1c) and x # 0. For well-posedness results on more general system with
further mechanics like tumour proliferation, apoptosis and the nutrient consumption, subject to
different types of boundary conditions, we refer to [11,12] etc.

Next, we pay our attention to the regularity of global weak solutions to problem (1.1a)—(1.3).
After obtaining the existence and uniqueness of global strong solutions (see Theorem 2.2), we
can take advantage of the parabolic nature of the evolution system and show the instantaneous
regularizing effect of weak solutions for ¢ > 0 (see Corollary 2.1). In particular, we prove the so-
called instantaneous strict separation property, which guarantees that the weak solution stays away
from pure phases +1 for all t > 0 and the separation is uniform when ¢ > 7, for an arbitrary but
fixed n > 0.



The property of separation from pure states plays an important role in the study of the Cahn—
Hilliard type equations, since the singular potential can be regarded as a globally Lipschitz function
and thus further regularity of solutions can be gained (see e.g., [1,5,17,30]). When the logarith-
mic potential (1.4) is considered, the strict separation property for the Cahn—Hilliard equation in
dimension two has been proven in [30]. Later on, the authors of [17] extend the result to the
Cahn—Hilliard-Oono equation by using an alternative approach (which can be generalized to more
complicated systems with fluid interactions, see e.g., [18,19,23]). However, the situation is less sat-
isfactory when the spatial dimension is three, because the singularity of the logarithmic potential
seems not strong enough. On one hand, it was shown in [1] that a weak solution of the Cahn-Hilliard
equation will stay eventually away from the pure states for sufficiently large time. On the other
hand, there were two possible ways in the literature to recover the instantaneous strict separation:
one is to impose a stronger singularity on the potential [30, Remark 7.1] (see also [26] for some recent
improvements); the other one is to introduce a viscous term €d;p in the chemical potential i, which
brings some regularizing effect on the time derivative of ¢ (see [30, Section 3]). In this paper, we
choose to include the viscous term and extend the result in [30] to the coupled system (1.1a)—(1.1c)
with chemotaxis, active transport and Oono’s interaction. The argument in [30] is essentially based
on a comparison principle for second-order parabolic equations which is only available for ¢ > 0.
In our case, additional efforts have to be made to overcome the difficulties brought by the nonlocal
Oono’s term (which yields the loss of mass conservation) as well as the coupling with the nutrient
o when x # 0.

Finally, we study the long-time behavior of problem (1.1a)—(1.3). Based on some dissipative
estimates and the asymptotic compactness of global weak solutions, we prove the existence of
a global attractor for the corresponding dissipative dynamical system generated by global weak
solutions of problem (1.1a)—(1.3) in a proper phase space (see Theorem 2.3). In this aspect, we
mention [10, 28] for the study on global attractors of some related diffusive interface models with
regular potentials and neglecting the effects due to chemotaxis as well as active transport. At last,
we characterize the w-limit set of an arbitrary initial datum in the finite energy space (see Theorem
2.4). This also provides a dynamical approach for the investigation of steady states to problem
(1.1a)—(1.3) even for the non-viscous case € = 0 (see Corollary 5.1). We remark that there are some
further issues worth investigating, such as the convergence of any bounded global weak solution to
a single steady state as t — +oo (cf. [1,17]) and the asymptotic behavior of solutions as € — 0
(cf. [30]). These will be addressed in a forthcoming paper.

The remaining part of this paper is organized as follows. In Section 2, we introduce the functional
settings and state the main results. Section 3 is devoted to the existence and uniqueness of global
weak solutions. In Section 4, we prove the existence, uniqueness and the strict separation property
of global strong solutions. In Section 5, we first show the instantaneous regularity and in particular,
the separation property for global weak solutions for ¢ > 0. Then we prove the existence of a global
attractor and characterize the w-limit set.

2 Main Results

2.1 Preliminaries

We assume that @ C R? is a bounded domain with smooth boundary 9. For the standard
Lebesgue and Sobolev spaces, we use the notations LP := LP(Q2) and WkP .= WkP(Q) for any
p € [1,+00], k € N\ {0} equipped with the norms || - [|» and || - ||yyx.». In the case p = 2, we denote



H* := Wk2? with the norm | - ||gx. The norm and inner product on L?(f2) are simply denoted
by || - || and (-, ), respectively. The dual space of a Banach space X is denoted by X', and the
duality pairing between X and its dual will be denoted by (-,-)xs x. Given an interval J C R*,
we introduce the function space LP(.J; X) with p € [1, 4+o00], which consists of Bochner measurable
p-integrable functions with values in the Banach space X.

For every f € H'(Q)', we denote by f its generalized mean value over Q such that f =
Q7 f, Dy . If f € LY(Q), then its mean is simply given by f = |Q|™! [, f dz. Besides, in
view of the homogeneous Neumann boundary condition (1.2), we also set H%(2) := {f € H*(Q) :
Onf =0 on 00} and recall the following Poincaré—Wirtinger inequality:

If = FIl < CpIVFIl. ¥ feH (), (2.1)

where Cp is a constant depending only on the dimensions and 2. Consider the realization of the
operator —A with homogeneous Neumann boundary condition denoted by Ay such that Ay €
L(HY(Q), HY(Q)') is defined by

(AN, V) g1y g = / Vu-Vudz, for u,v € HY(Q).
Q

Then for the linear subspaces
Vo={ucH@Q): =0}, Vj={uecH(Q): uw=0},

the restriction of Ay from Vj onto Vj is an isomorphism. In particular, Ay is positively defined on
Vo and self-adjoint. We denote its inverse map by N = A]_Vl : V§ — Vb. Note that for every f € V{,
u=Nf €V, is the unique weak solution of the Neumann problem

—Au=f inQ, with Odpu=0 on 9.
Besides, we have (cf. [30])
(Avu, Ng)vz vy = (g, )y, Vue H'(Q), Vge Vg, (2:2)
(9N Py ve = (. N Ghvr v = / V(Ng)- VN de, Vg.feV, (2.3)
and the chain rule

(Opu, Nu(t))ve vy = |IVNu|?, a.e. in (0,T),

2dt‘
for any uw € H(0,T; V(). For any f € V{, we set 1fllvy = [IVNf]l. It is well-known that f — || f[lyy
and f — (||f — f||2, + |?|2)% are equivalent norms on Vj and H'(Q)', respectively. Besides, thanks
to (2.1), we see that F=IVEl F= (VIR + 2 )2 are equivalent norms on Vp and H'(€2), and

If]l < ||f||V,||Vf|| 2 for any f € V. We also consider the operator A; := I — A with homogeneous

Neumann boundary condition that is an unbounded operator L?(2) with domain D(A;) = H%(1).
It is well-known that 4; is a positive, unbounded, self-adjoint operator in L?(f2) with a compact

inverse (denoted by N := A7), see, e.g., [34, Chapter II, Section 2.2]. Then f — ||J\/'1%f|| is also
an equivalent norm on H'(Q)".

In the sequel, the symbol C denotes a generic positive constant that may depend on norms of
the initial data, the domain 2 as well as parameters of the system. We denote by Cr if a positive
constant depends on the final time 7T". Specific dependence will be pointed out if necessary.



2.2 Main results

We now introduce the following hypotheses.

(H1) The singular potential ¥ belongs to the class of functions C[—1,1] N C?(—

written into the following form

such that

"
> —
rl—lgcll%( r) =400, and ¥y(r)>6, Vre(-11),

with some strictly positive constants 6y, 8 satisfying

O0p —0:=K > 0.

1,1) and can be

(2.4)

We make the extension ¥y(r) = +oo for any r ¢ [—1,1]. In addition, there exists a small
constant ag € (0, 1) such that ¥ is non-decreasing in [1—ag, 1) and non-increasing in (—1, =1+

ao] .

(H2) The coefficients A, B, €, x, «, cp, are prescribed constants and satisfy

A>0, B>0,e>0, a>0, xR, ¢ € (—1,1).

Remark 2.1. It is easy to verify that the logarithmic potential (1.4) fulfills the assumption (H1).

This is indeed the case we are interested in.

Next, we introduce the notions of weak and strong solutions to the initial and boundary value

problem (1.1a)—(1.3).

Definition 2.1 (Weak solutions). A triple (¢, p, o) is a global weak solution to problem (1.1a)—(1.3),

if it fulfills the following regularity properties

¢ € C([0,+00); H'(2)) N L, (0, +00; HX (2)),
vp € L* (0 +o0; L*(92)),
e Lloc(o +00; Hl(Q))
o € O([0, +00); L*(2)) N
Ao € L*(0,4o00; H(Q)),

Lo (0, +00; H' (),

with ¢ € L= (Q x (0,400)) and |p(z,t)| <1 a.e. in Q x (0,+00),

and satisfies

<at9075>(H1)’7H1 = 7(vﬂv vé-) - a(@ - CO,€)7 a.e. in (O’ +OO),
= A¥'(p) — BAp — xo + €y, a.e. in Q x (0, +00),
(010, &) g1y i + (Vo, VE) = x(Ve, VE), a.e. in (0,+00),

(2.5a)

(2.5b)
(2.5¢)

for all € € HY(Q). Moreover, the initial conditions are fulfilled p|i—o = o, |t—0 = 0.



Definition 2.2 (Strong solutions). A triple (p, i, o) is a global strong solution to problem (1.1a)-
(1.3), if it fulfills the following reqularity properties
p € O([0, +00); HY () N Lie (0, +00; H*(12)),
drp € L>(0,400; L2(Q)) N L*(0, +o0; H(Q)),
i€ L0, +00; LA(Q)) N Liy (0, +o0; H' (),
7 € C([0, +00); HY () N Lie(0, +00; H(Q)),
dro € L>(0, +o0; L*(Q)) N L*(0, +-00; H'(Q)),

(2.6)

and satisfies the system (1.1a)—(1.3) a.e. in Q x (0,400) as well as the initial conditions.
Now we state the main results of this paper.

Theorem 2.1 (Global weak solutions). Suppose that the hypotheses (H1)-(H2) are satisfied, then
for any initial data satisfying oo € H*(Q), o0 € L*(Q) with ||po|lL~ < 1 and [pg| < 1, problem
(1.1a)—~(1.3) admits a unique global weak solution (p, u, o) in the sense of Definition 2.1. Moreover,
consider two groups of initial data satisfying (poi, 00i) € H' () x L2(Q) with ||l o < 1, [Poil <1,

i=1,2 and T > 0. The global weak solutions (¢1,01), (p2,02) to problem (1.1a)—(1.3) on [0,T]
with initial data (voi,00i), @ = 1, 2, satisfy the following continuous dependence estimate:

lo1(t) = @2(OliEy + ellr(®) = 2B + loa (t) — o2() 1

/ lo1(r) — oa(P)|2prdr + / lov(7) — oa(r)|2dr (2.7)
< Cr(llpor — SOOQH(HI)I + ellpor — poal|* + lloor — o02[Esy + [P0t — Pozl),

for all t € [0,T], where the constant Cp > 0 may depend on norms of the initial data, 2, T and
coefficients of the system.

Theorem 2.2 (Global strong solutions). Suppose that the hypotheses (H1)-(H2) are satisfied, then
for any initial data satisfying oo € Hx(Q), oo € HZ,(Q) with [pg| < 1 and

ool e < 1 — do, (2.8)

for some 6y € (0,1), problem (1.1a)—(1.3) admits a unique global strong solution in the sense of
Definition 2.2. Furthermore, there exists a constant § € (0, do] such that

lo()|lree <1—0, Vtel0,+00), (2.9)
where § depends on dy, norms of the initial data, 2, and coefficients of the system.

By virtue of the well-posedness of global strong solutions, we are able to prove that the weak
solution regularizes instantaneously for ¢ > 0.

Corollary 2.1 (Regularity of weak solutions). Suppose that the assumptions of Theorem 2.1 are
satisfied. For any T > 0, the global weak solution (¢, o) obtained in Theorem 2.1 becomes a strong
one on [T,400) and there exists a constant 6, € (0,1) such that

lo®)llze <1 =67, Vi€ |[r,+00), (2.10)

where 6 depends on T, ||@ol g1, |looll, 1 — [@ol, Q and coefficients of the system.



Next, we state the results on the long-time behavior. For any given my € [0,1), ¢o € [-mq, m]
and mg > 0, we introduce the following phase space

Xymy = {(p,0) € HI(Q) x LX(Q) : |lollz= <1, [p] < my, [o] < ma}

endowed with the metric d((y1,01), (¥2,02)) = |1 — w2||m + ||o1 — o2]|. It is straightforward to
check that X}, ., is a complete metric space. Then we have

Theorem 2.3 (Global attractor). Suppose that the hypotheses (H1)-(H2) are satisfied. Prob-
lem (1.1a)—(1.3) generates a dynamical system S(t) : Xy mo — Xy me such that S(t)(po,00) =
(p(t),o(t)) for all t > 0, where (p,0) is the global weak solution in the sense of Definition 2.1
corresponding to the initial datum (g, 00) € X, m,. Moreover, the dynamic system (S(t), Xm, ms)
possesses a compact global attractor Am, my C Xy ms, which is bounded in H?(2) x H?(S).

The last result concerns the sequential convergence of global weak solutions as time goes to
infinity. More precisely,

Theorem 2.4 (Convergence to equilibrium). Suppose that the hypotheses (H1)-(H2) are satisfied.
Let (¢,0) be a global weak solution to problem (1.1a)—(1.3) with initial datum (pg,00) as given
in Theorem 2.1. Then there exists an equilibrium (peo,0s) € H%(Q) x HZ(Q), that is a strong
solution to the following stationary problem

— BApoo + AV (o) = X000 + N (poo — €0) = AV (9o0) — XTo0,  a-€. in K, (2.11a)
A(0s — Xo0) = 0, a.e. in Q, (2.11Db)
OnPoc = Onooo =0, on 9Q, (2.11c)
with Pos = €0, Tog = 00, (2.11d)

and an increasing unbounded sequence {t,} /400 such that
(0(tn),o(tn)) = (oo, Too)  strongly in H*"(Q) x H*"(Q),
for some r € (1/2,1). Furthermore, there exists a constant do € (0,1) such that
[poollzee <1 — dec. (2.12)

Remark 2.2. (1) Similar results can be obtained when the spatial dimension is two. Indeed, in the
two dimensional case, one can prove the instantaneous separation property for the phase function
© when the viscous term vanishes, i.e., € = 0, by extending the arguments in [17, 30]. (2) In (H2),
we have assumed that o > 0, i.e., including the Oono’s interaction in the analysis. Nevertheless,
with minor modifications, the case a = 0 can be easily treated, keeping in mind that the mass is now
conserved.

3 Global Weak Solutions

In this section, we prove Theorem 2.1 on the existence and uniqueness of global weak solutions
to problem (1.1a)—(1.3).



3.1 Existence

For the singular potential ¥ satisfying (H1), without loss of generality, we assume that ¥,(0) = 0.
Then we can approximate the singular part ¥, e.g., as in [29]:

U(=1+R) + (-1 +k)(r+1-r), r<-1+k,
. (r) =  %(r), | <1-&, (3.1)
V(1 —kr)+ /(1 —k)(r—1+r), r>1-—r,

for a sufficiently small k € (0,ag). Define

T
6
o (r) = / T (s)ds,  W(r) = Tou(r) — 5.

0
We can verify that ¥y, (r) > 6 > 0 and ¥ .(r) > —L for r € R, where L > 0 is a constant
independent of x. Moreover, it holds ¥ . (r) < ¥y(r) for r € [—1,1] (see, e.g., [19]).

Let T > 0 be given. We consider the following approximate problem: looking for functions and

(p", u", o) satisfying

<3t<PH»§>(H1y7H1 = —(Vu", V&) — al¢"™ — ¢, §),
pt = AV (p") — BAQ" — x0" + €0y,
(00", &) gy + (Vo™, VE) = x(V¢", V¢),

SDH‘tZO = 0, O-R|t=0 =00,

in Q x (0,T) for all £ € HY(Q).

For every x € (0,ap), the regularized problem (3.2)—(3.5) can be solved via a standard Galerkin
scheme like in [12]. Then following the arguments in [22, Appendix|, one can derive uniform es-
timates of the approximate solutions (¢, u,0") with respect to the parameter £ and time on a
given interval [0, 7). In particular, the additional viscous term edp" in (3.3) yields some additional
regularity on d;¢" such that edyp™ € L%(0,T; L*(2)). Then one can employ a compactness argu-
ment (see e.g., [29]) to pass to the limit as Kk — 0 to obtain a global weak solution (¢, i, o) of the
original problem (1.1a)-(1.3) on an arbitrary interval [0,7]. Since the procedure is standard, we
omit the details here.

3.2 Uniform-in-time estimates

In view of the above discussion, here we confine ourselves to derive sufficient uniform-in-time
estimates that allow us to extend the weak solution (¢, i, o) to the whole interval [0, 400), and thus
complete the proof for existence part of Theorem 2.1. We also note that the dissipative estimate
obtained below will enable us to study the long-time behavior of problem (1.1a)—(1.3) in Section 5.

First estimate. Testing the equation (2.5a) by 1, we obtain

%(@(t) —co) +a(p(t) — ) =0, (3.6)
so that
P(t) =co+e *(po—co), Vt>0. (3.7)



Similarly, choosing the test function £ =1 in (2.5¢), we have
o(t) =09, Vt=>O0. (3.8)

Second estimate. As it has been shown in [17], the convex part of the free energy
N B
& (¢) = IelP + 4 [ dolphdo, Ve H(®),

is a proper, lower semi-continuous and convex functional. Then for (¢, i, o), a weak solution in the
sense of Definition 2.1, it follows from the standard chain rule that

d

%5*(90) = (Op, 1t + bop + x0 — €01p).

Hence, we can obtain the energy identity for weak solutions by testing (2.5b) with u, (2.5a) with
Opp, (2.5¢) with 0 — x¢, and adding the resultants together,

%5(1&) +D(t) + /Q alp(t) —co)p(t)de =0, Vit>0, (3.9)
where
&0 = [ (A¥(e(0) ~xoplt)) do+ FITOIF + 5lo(0),
D(t) = [[Vu)|® + V(o (t) — xe®)|* + el dr(t)]|.
Since

o)l <1, Vt>0, (3.10)
we deduce from the Poincaré-Wirtinger inequality (2.1) and (3.7), (3.8) that
loll < llo = xell + lIxel

< Cp|[V(e —xp) |l + 2o = xel| + [Ixell
< Cp|[V(o —xp)|| + C1, (3.11)

where the constant C; > 0 only depends on y, 2, |gg|. We recall the following inequality due to
the hypotheses (H1) (see, e.g., [17])

K
U(r) <W(s)+U(r)(r—s)+ 5 (r = ) Vr,se(=1,1). (3.12)
Then by (3.10)—(3.12) and Young’s inequality, we can follow the argument in [17,22] to obtain that
a/ (¢ — co)pdr
Q
—aB|VelP +ak [ (¢ - (o) ds - ax [ (o= cods
Q Q
+ ae/ (p — c0)Orp dx
Q

> aB| Vel + a4 [ (#(0) = Fle) = G0~ ) do

9



— ax/ (p —co)odx + Oéﬁ/((p —¢0)Op dz
Q Q

. 1 1 1
> min {a, ﬁ} <6 +X/ opdx — 2|0—||2> _ @Ho‘”2

aAK 2
- (%5= + cta? 2+f)||s0—00\|2—*||8t90!\2 Aal(co) [
> i L le X2 2
> min {o, 125 1 SCQIISOII sez Il
AK
- (M4 4 Ghar? + S5 e - ol - Sl — Aali (o))
: 1 2 2
> I I _ - _ _
_mm{a, 40123}8 QHV(U xo) |l 2”81#’”
1 1
P

where the constant Co > 0 only depends on «, A, B, cg, 0, 0y, x, 2 and 7g.
Taking ¢, := min{a, 1/(4C%)}, we deduce from (3.9) and (3.13) that

d

1
dtg( ) +eE(t) + §D(t) < (3 VE=0. (3.14)

By Gronwall’s lemma, we deduce from (3.14) the following dissipative estimates

E(t) < E(0)e ! + % Vit >0, (3.15)
t+1 '
D(1)dr < 26(0)e” ! +2C5(1 +¢;1), Vit >0. (3.16)
t

As a consequence, we obtain from (3.15), (3.16) and (3.10) that

11l Lo (0,400s 11 (2)) T+ 101l £oc (0, 400522 (2)) < (3.17)
ol 20,151 () + 1002l 20,1 2(0)) + IVl 2200702 (02)) < Crr,y (3.18)
where the constant C' > 0 is independent of time, and Cr > 0 may depend on T (with 7" > 0 being
an arbitrary but fixed final time). In particular, the uniform-in-time estimates (3.17) enable us to

extend the weak solutions (¢, i, 0) from an arbitrary interval [0, 7] to the whole interval [0, +00),
being uniformly bounded in the corresponding spaces.

Third estimate. Testing (2.5b) by £ = 1, using integration by parts and the relations (3.7),
(3.8), we get

[l = Q7AW (), 1) + €(Op, 1)
< QT AN (@)l + 191 ea(@o] + [eol)- (3.19)

The term ||¥'(¢)|| 1 can be estimated as in [17, Section 3] (see also [30]) with minor modifications
such that

17 () e < CUVHI+ Vel + llol + 10 DIVell < CUIVall + llowell + 1), (3.20)

10



where the constant C' > 0 depends on the initial energy £(0) and coefficients of the system. As a
consequence, from the estimates (3.17), (3.18), (3.19) and inequality (2.1), we obtain

el 20,111 02)) < O (3.21)

Fourth estimate. Multiplying (2.5b) with —Ayp and integrating over 2, we have (see, e.g. [22,
Section 3.2.1]).

AW (0)Ve, Vo) + B Agl” < [VullVell + XVl Vel + €@, Ap)
B
< C(IVul + Vel +lowl®) + 5 1A¢]? . (3.22)
Thus, it follows from (H1) and (3.18), (3.22) that
B Agl? < C(|Vull + Vol + [Voll* + 19 ]®),
which implies
T
| 18 de< o,
0
Then by the standard elliptic estimates for the Neumann problem, we obtain
el 20,112 (02)) < Crrs (3.23)

where the constant C7 depends on £(0), 2, and coefficients of the system. Then by comparison in
(1.1b) and using (3.17), (3.18), (3.21) and (3.23), we get

17 (@)l 20,1522 () < Cr- (3.24)

Fifth estimate. In order to obtain an uniform-in-time estimate for 0y, we rewrite system
(2.5a)—(2.5¢) in the following equivalent form:

(O, &) 1y g = —(VI1, VE) — a(® — co, §), (3.25)
i = AV () — BAp — xo + €dyp + aN (¢ — ), (3.26)
(00, &) g1y + (Vo,VE) = x(Ve, VE), (3.27)
Plt=0 = o, lt=0 = 00, (3.28)

in Q x (0, 400) for all ¢ € HY(Q). Then testing (3.25) with /i, (3.26) with 0y, (3.27) with o — x¢,
adding the resultants together, we obtain

%]—"(t) +G(t) = —a(e(t) — co, 1(t)), Vtel0,+00), (3.29)

where
FO) = [ (47(e0) = xopt)) da+ FITEOI + 51Ol
+ S IVt - B,

G(t) = IVa®* + [V (o(t) = xe(0)II* + el (t)]*.
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Similar to (3.19) and (3.20), we have
1" (D)l < CL+ VAl +[10well), (3.30)
and thus
i < C(L+[IVAll + [|0wel))- (3.31)
By Young’s inequality, we deduce from (3.7) and (3.31) that
—a(@ = co, f1) < ae™'[5 — col |
< Ce 4 VAW + Sla()]*

Inserting the above estimate into (3.29), we deduce that

1
%F(t) + 59(1&) < Ce ™™ Vte|0,+00), (3.32)
which implies
d C _.n 1
- —e = < 3.33
Z(FW) + e ) + 59 <0, Ve 0, +ox), (3.33)

such that F(t) + £~ serves as a Lyapunov functional for problem (1.1a)-(1.3).
Hence, integrating (3.33) with respect to time, we get

1 t
Fit)+ g / G(r)dr < F(0) +Ca~l, Vit e [0,+00). (3.34)
0
As a consequence,
IV il 20, 400;c202)) T+ €100l L2(0,400;22(0)) < C, (3.35)
and
IV (e = x@)l| 22(0,+00;22(02)) < € (3.36)

where the constant C' may depend on «, A, B, ¥, 6o, x, 2, |lvoll g1 and |log|]. In view of (2.5¢)
and (3.36), we also obtain

||at0||%2(07+oo;H1(Q)/) <C. (3.37)
3.3 Continuous dependence

We now prove the continuous dependence estimate that yields the uniqueness of global weak
solutions. To this end, let (y1, p1,01) and (p2, e, 02) be two weak solutions of problem (1.1a)-
(1.3) given by Theorem 2.2 corresponding to the initial data (o1, 001) and (g2, 002), respectively.
Denote their differences by

((P,/L, U) = (@1 — Y2, H1 — M2, 01 — 0_2)7
(v0,00) = (po1 — Y02, o1 — 002).

Then we have

<8t<)07 §>(H1)’,H1 = _(vlu’ﬂ v&) - Oé((p, 5)7 (3383')
= AV'(p1) — AV (ps) — BAp — xo + €dyp, (3.38D)
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<8ta7 §>(H1)’,H1 + (VO', v&) = X(V(pa vﬁ)? (338C)
for almost every ¢ € [0, +00) and any ¢ € H'(Q). From (3.38a), we infer that

d 1d

dts& +ap =0 as well as §£¢2 + ap® = 0. (3.39)
Next, taking the test function £ = N (¢ — P) in (3.38a), we obtain

1d _ _

5z le =@l + (ke = %) +alle - 2ly; = 0. (3.40)

Following the arguments in [17] (see also [22, Section 4]), we can deduce that
_ 1 _
(¢ = %) = BIIVell” = (Al6o — 0] + x)lell* = 5 llol* = x*|2I%"

_ A wl _ W’ - 2
(P (p1) = ¥(p2), ) + thllw @l
with
2 2 _ B 2 2
(A0 = 0l + X )lell” < SVl + Cliel Ty -
Thus, from (3.39), (3.40) and using the equivalent norm on (H')’, we get
1d

2 2
2dt(ll@” 'y +elle —21%) + ||V90H + ale]
< §||UH2 +CllellEy + A(W'(@l)\lp + 19 (p2) [l 1) [ (3.41)
On the other hand, taking the test function £ = Njo in (3.38¢), we get
1d
thllffH 'y + llol? = (0,Mo) + x(Ve, VNI9), (3.42)

where

(0, N10) + X(Vip, VN10) < |||ty + X[Vl [ VAo ]|
B
< ZHWHQ + Cllo|IE gy (3.43)

Collecting the above estimates, we deduce from (3.41)—(3.43) that

1d B 1
5 3 ([€ll¢y + elle = 21% + llollzny) + Z Vel + Sllo]?
< CllellErny + lollEyy) +ANE (o)l r + 12" (02) ] 1) - (3.44)
From the first equality in (3.39), we have

P(t) = e g0, V>0, (3.45)
and thanks to (3.18), (3.20), it follows that
T
| 7 A s + 19 (sl )r < Cr. VT € (0.450)

Therefore, by an application of Gronwall’s lemma to (3.44), we obtain

Hw(t)H?Hly+6H(<P—90)(t)!!2+Ha(t)H?Hl)Hr/O Hw(T)HipdTﬂL/o lo(7) |2 dr

< Cr(llpoll Py + ellwo — ol + o2y + [70l), V¢ € [0,7],

where the constant C'r > 0 depends on norms of the initial data, €0, the coefficients of the system
and T'. Combining (3.46) with (3.45), we arrive the conclusion of Theorem 2.1. O

(3.46)
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4 Global Strong Solutions

In this section, we prove Theorem 2.2 on the existence and uniqueness of global strong solutions
to problem (1.1a)-(1.3). Since a strong solution is indeed a weak solution, then its uniqueness is
a direct consequence of the continuous dependence estimate (3.46). Next, concerning the existence
part, recalling the arguments in [30, Corollary 4.1] for the viscous Cahn—Hilliard equation, we only
need to derive sufficient a priori estimates. Different from [30], here we have to overcome several
additional difficulties due to the Oono’s term (i.e., loss of mass conservation) and the coupling with
nutrient equation.

Hence, in what follows, we provide a formal derivation of a priori estimates for (p(t),o(t)),
assuming that they are sufficiently regular functions satisfying the additional assumption

[ llze <1, Vt>0. (4.1)

It is obvious that the lower-order estimates that we have obtained in Section 3.2 also hold for (¢, o).

First estimate. Similar to [30, Section 3], we can rewrite the problem (1.1a)—(1.1b) in the
following equivalent form by using (3.6):

e(Orp — Opp) + N (Orp — Oup) + aN (¢ — P) (42)
= BAp — AV (p) + xo + AV (¢) — XO. .

Differentiating (4.2) with respect to t, we get
€0y (Opp — Opp) + ON (Opp — Opp) + aN (Bpp — )
= BAOp — AV (0)0yp + xOro + AW (0)0yp,

where we have used the fact (3.8). Multiplying the above equation by 9, — 9, and integrating
over {), we obtain

%’H(t) + B Vo) + allVN (9p(t) — dep(t)I* = J1(t) + Ja(t), V=0, (4.3)

where

€ _— 1 —
H(t) §||6tg0(t) — Fp(t)|I” + §”VN(875<P(’5) — dp()|1%,
J1(t) = (x0o (t), Orp(t) — Bro(t)),
Ja(t) = (=AW (p(1))Dep(t) + A" (0)Orp(t), Drp(t) — Drep(t)).
The two terms on the right-hand side of (4.3) can be estimated as follows:
Ji = —(XAN 90, dp — Drp) = X(VN 810,V dyp)
< B vl + XiHV/\/atUH2
-2 2B '
while for J2, we infer from the fact ¥”(¢) > —K (thanks to (H1), (4.1)) and (3.7) that

(=AW (9)Dpp + AW () Dy, Opp — Orp)
< AK||y0||? + A|Q| T (0)Dpp Dy

d — d—
_ 2 et / _ ! _
= AK ||0ue* + A1 = (7(2) Dip) — AIQI T () Do

d _ . -
< AK 0wl + Al (77(0) Bie ) + Aa®e ™|/ ()] 115 — col.
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Then it follows from (4.3) and the above estimates that

L) + 2 VoD + ol TN (up(r) — Fip(0)
(4.4)

d/—
< Cle™ W/ () + |0l + VN Ool?) + Al (T2 Brp), V20,
The initial value of H is give by
€ _— 1 _
H(0) = 511900 = DupoI” + SIIVN (Qupo — Duspo)|I* =2 Ho, (4.5)

where in view of (4.2), the initial value for the time derivative of ¢ denoted by Opp is understood
as

depo = (Oup(t))]i=0
= (e+N) Y (BApy — AV (o) + xo0 + AP (p9) — XT0 — aN (¢ — F0))
— a(%o — co). (4.6)

From our assumption on the initial data, it follows that ||J:po| < C, where C' > 0 may depend
on ||¢ollz2, looll, do,  and coefficients of the system. As a result, Hy < C. On the other hand,
recalling the relation (3.20) and the dissipative estimate (3.16), we see that

+oo
A W (1)) 11 dt = §j/' W (1)) | 11
< Z —w/ 1 (p(t)|| 2 dt < C, (4.7)

where C' > 0 is a constant depending on norms of the initial data, €2 and the coefficients of the
system. Thus, integrating (4.4) with respect to time and using the estimates (3.35), (3.37), (4.7),
we obtain

B t
+L/HV@wﬁW%h

< €+ A10| (F(0(0) 92(0)) — A2 (¥7(00) Divo)

<O+ AlQ| (W’(go(t)) ﬁtgo(t)>, Vit > 0. (4.8)

From the definition of #H(t), it follows that
100 (t) — Bep()II* < 26 AJQ(0(2)) Dep(t) + O, Yt € [0, +00), (4.9)
which further implies
10 ()17 < 4™ AIQIE(0(2)) Dep(t) + C, V't € [0, +00). (4.10)

Second estimate. Testing (4.2) with Ay and using the facts fQ Apdr =0 and ¥ (p) > —K,
we obtain

BllAgl* + alle - 7]



= (N (9ip — Br), Ap) + AP (), Ap) — x(0, Ap) + €(Orp, Ap)
= —(Orp — Bpp, ) — A(W" () Vi, V) — x(0, Ap) + (edpp, Agp)

1 1 e B
< S0l + Sllel? + 121171 Pee] + AK [V + 5| A
2 2
€
+ Sllol? + Sl (4.11)

From (3.7), (3.17) and (4.11), we deduce that

B ) e (€1 2
_ < - 4.12
S 18012 +allp = 2l < (5 + 5 ) 0l + €, (4.12)

where C' > 0 is a constant depending on norms of the initial data, €2, the coefficients of the system.
Third estimate. It follows from the equation (4.2) and the estimates (3.17), (4.10), (4.12) that

12" () — ()2

1 — _
= G IBAG +x(0 =) — (01 — Dip) — N (0o — Bip) — o' (i — 9)
C = _ _
< 5 (B2AIP + (& +O)[(@rp = D) + a2 IN (¢ = D)2 + X2l — 71%)
B
< c(5lagl? +alle - 72) + Claw|* +
< C3(1 4 )W (p) Bpp + C. (4.13)

From the assumption on initial data, we have dp := 1 — |@g| € (0,1]. On the other hand, by
co € (—1,1) and (3.7), we have ©(t) € [co, Po] C [co, 1 —00] if o > co, or () € [P0, co) C [—1400, o)
if ©g < ¢o. Hence, we have

()| <1—481, Vt>0, withd =min{l —cg, co+1,d} > 0. (4.14)

Thanks to (4.14), we can apply [30, Proposition A.2] to obtain

()| < Ol () = ()| 2 + C, (4.15)

where the constant C' > 0 depends on ¢;. From Young’s inequality, we have

1

V()] < ¥ (¢) — ¥ (p)||* + C. :
70 < s 170 - PR+ (4.16)
In light of (4.13) and (4.16), we have
W (1) < C, Vtel0,+00), (4.17)

where C' is a constant depending on norms of the initial data, §2, the coefficients of the system. By
(4.8), (4.12), (4.13) and (4.17), we obtain that

10e ()11 + 1AL + 12" (0 ()1 +/0 V(1) |* dr < C, Vi€ [0,+00). (4.18)

The constant C' may depend on the norm of the initial data, Q and coefficients of the system, but
is independent on time. Thus, the above estimate together with (3.17) and (3.35) yield

19epl oo (0,4-00:22(2)) + 19621l £2(0,4-00:E1 () T 1]l Lo (0, 4005 2 () < C- (4.19)

16



From (4.13) and (4.17), we have

17" (0| Lo (0,400sL2(02)) < C- (4.20)
Then by the estimates (3.17) and (4.19)—(4.20), we infer from the equation (1.1b) that
[l o< (0, +00s22(02)) < C. (4.21)

Fourth estimate. Multiplying (1.1c) with —Ac and integrating over 2, we get

Ld

5 IV + A0 = x(Ap, Ad).

An application of Young’s inequalities leads to

1 2 X2 2
X(Ap, Ao) < S|Ac]” + Z-[|Agll,
1
IVa|* = —(0,A0) < EHAUH2 + llo1?,

which together with the estimates (3.17), (4.19) imply that

1d

1
v 2 2 2
‘77 f!o- <

From Gronwall’s lemma and (3.17), (3.18), we obtain
ol Lo 0, 400m(2) < € loll207.m20)) < Cr-
By comparison with (1.1c), we infer from (4.19) and the above estimate that
do € L},.(0,+00; L2(Q)).

Next, differentiating (1.1c) with respect to time, multiplying the resultant by ;0 and integrating
over {2, we get

Ld

1 X2
9 2 v99_2< va0—2+7§78(0 2_ .

Noticing that
10t (0)]] = |Aco — xAgoll < llooll2 + Ixllloll m

and invoking the estimate (4.19), we conclude
¢
o) + [ IVow(r)|Par < ¢, vizo, (4.23)
0

As 9o = 0, we deduce from the Poincaré-Wirtinger inequality and (4.23) that

10k0]| 20,4 o0s 11 (02)) < C-

By the elliptic estimate for the Neumann problem and (4.19), (4.23), we have

ol oo (0, 40052 (02)) < C,
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which together with the Sobolev embedding theorem yields
e[| oo (0, +00; L (02)) < C. (4.24)
Fifth estimate. As in [30], we rewrite (4.2) as
€drp — BAp + AW () = h, (4.25)

where the right-hand side is give by

h=xo — x0T + AV () + 0o = N(Oup — 0rp) — aN (¢ — 2) + Abog.
Then, thanks to the estimates (4.18), (4.19) and (4.24), we have

17| oo (0,400 Lo (02)) < Chs

where the positive constant Cj;, may depend on the norm of the initial data, 2 and coefficients
of the system. The above estimate enables us to invoke the following auxiliary ODE systems as
in [30, Section 3|:
d
egyi(t) + AUl (y+(t)) = £Cp, Vit e [0,+00),
y+(0) = £(1 — do).

By the Picard-Lindel6f theorem and the comparison principle, we see that the solutions y; and
y— are well-defined for ¢ > 0 and there exists a constant § = §(do, C) € (0, dp] satisfying (cf. [30,
Proposition A.3])

(4.26)

y+(t) <1-90, y_(f) = —-1+0, Vi=0.
Due to the comparison principle for second-order parabolic equations, for (4.25), we see that
—1+0<y-(t) Spt,z) <yi(t)<1-96, Vt=0, z€Q

As a consequence, it holds

which implies that, if the initial value of ((t) is strictly separated from the pure states 1, then it
is uniformly separated from 41 for all time.
Sixth estimate. Consider the elliptic problem

—BAp = p— AV (p) + xo — €dip, in €,
Onp =0, on 0f).

From (H1), (3.21), (4.19) and the standard elliptic estimate for the Neumann problem, we infer
that

el z2o,m;m3(0)) < Cr- (4.28)
In a similar manner, invoking (1.1c), the above estimate (4.28) together with (4.23) yields
loll 20,7583 0)) < Cr-

In summary, based on the above a priori estimates, we are able to prove the existence of global
strong solutions to problem (1.1a)-(1.3) by using a suitable approximation scheme (e.g., the one
in Section 3.1) and a standard compactness argument (cf. [29,30]). This completes the proof of
Theorem 2.2.
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5 Long-time Behavior

In this section, we aim to study the long-time behavior of global weak solutions to problem
(1.1a)—(1.3).

5.1 Instantaneous regularity

First, we show the instantaneous regularity of weak solutions for ¢ > 0, in particular, the
instantaneous separation from pure states +1.

Proof of Corollary 2.1. For any given initial datum (g, 0¢) satisfying g € H'(2), o9 € L*(Q)
with ||¢o|lze < 1 and |@g| < 1, let (¢,0) be the corresponding unique global weak solution to
problem (1.1a)—(1.3) defined by Theorem 2.1. For any 7 € (0, 1], we deduce from Theorem 2.1, in
particular the estimates (3.18), (3.23) and (3.24) that there exists 79 € (g, §) such that

p(10) € HY (), o(r) € H'(Q), ¥'(p(m0)) € L*(9), dpp(r0) € L* (), (5.1)

where

drp(10) = (e + N) 1 (BAp(10) — AW (p(10)) + AW’ (p(10)) + x0(10) — x0(70))
—ale+ N) TN (p(10) — ¢(10)) — alp(r) — co)- (5.2)
To conclude the result of Corollary 2.1, a natural idea is to prove the existence of a unique global
strong solution on [19,+00) with the initial data given by (5.1)—(5.2). However, the regularity
stated in (5.1) is not sufficient for the application of Theorem 2.2. To achieve the goal, we extend
the approximate procedure in [30] for the viscous Cahn-Hilliard equation. The proof consists of

several steps.

Step 1. For (¢(79),0(70)) given by (5.1), we can find a sequence of approximating functions

(goén), 0(()”)) with n € NT, such that @én) stays away from the pure states +1 and 0(()") € H%(Q). To

this end, we take

cp(()n) = (1 — %)gp(m), o(()n) = (1 + %AN>710(7'0).

It easily follows that 0(()") € H%(Q) satisfies Ha[()n)HHl — |lo(10)||gr as n — 4o00. Next, as in [30],
<p(()n) € H3%(9) satisfies Hcp(()n)HLoo <1-4 and
o6 iz = o)l 19" (26™)]| = ¥ (p(ro))l| a5 m = +oc.

Denote
gagn) = (e +N)71(BAgoén) — Akl'/’(go(()n)) + AlI/’(go((]n)) + Xa(()n) — Xa[()n))

— ale+ M) TN = o) = alpg” — o).
Thanks to (5.2) and the Lebesgue’s dominated convergence theorem, it holds (cf. [30, pp. 562])

lim (o™ = 180 (70)]]-

n—-+oo

Step 2. Taking (gp(()"), o(()n)) as the initial data, we can now apply Theorem 2.2 to conclude that
there exists a unique strong solution (o™, u(™ (™) to problem (1.1a)-(1.3), satisfying

1860 ™| Lo (rp +003L2 ()12 (r0 - 00s 1 (@) F 16 ] oo (70 -4 003 2(00)
1 oo (o oosz2@) F 1P (@) Lo (g ocsL2(52)) (5.3)

+ ||U(n)HL°°(TO,+oo;H1(Q)) <C,
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and
11| 2,701 (@) + 1000 ™ | 20 7 22000)) + 10| L2 (o 1318200 < Cr (5.4)

Here, the positive constants C, Cr may depend on ||o|lz1, ||looll, Po, €2, coefficients of the system
and 7y (and thus on 7), but is independent of n according the approximating property of the initial

data shown in Step 1. Of course, the constant C'r may also depend on T with T > 7.

Now for the approximate solution ¢(™), we infer from (5.4) that there exists 71 € (7o, 27 such

that ;o™ (1) € L?(Q) with
10,0™ ()| < C(r,71), (5.5)

where the constant C(7,71) depends on 7 and 71, but is independent of n. We note that 71 can be
choosen arbitrary close to 9. For any given h > 0, we denote the difference quotient of a function

f by OLf(t) = h=L(f(t + h) — f(t)). Applying it to (1.1c), we get

d

@8,?0(") — Adle™ = A ™ . (5.6)
Multiplying (5.6) by dl'c(™ and integrating over , it follows that

1d
5 IOt ™ P +IVofo |2 = —(xAdte™, 00 ™). (5.7)

Like in Section 4, from Young’s inequality, we have

1d

1 2
1A on ()2, ho(m)2 « X° h_(n))2
S Ior I+ SIVaLa P < T Va1, (5.8)

Recalling the estimates (5.3) and (5.5), we can integrate (5.8) with respect to time on (71, +00),
then pass to the limit as h — 0 to get

1060 ™ || oo (ry 400z2()) + 1V ™ || 12y 1002 () < C-
Hence, it follows from Poincaré-Wirtinger inequality and the fact (3,50(")> = 0 that
10:0 ™ | 127y oos1 () < C- (5.9)
Besides, from the equation (1.1c) and the elliptic estimate for Neumann problem, we have
0| oo (ry o022y < C (5.10)

which implies
o Loy sz () < C (5.11)

The constant C' > 0 in (5.9)—(5.11) depends on 7 and 71, but is independent of n.
Step 3. For the equation

0™ — BAQ™ + AW (™) = h(™), (5.12)

with its right-hand side given by

W) = xot™ — xo () + AW (o) + edyp™ — N (9,0 — Do)

— aN ("™ = ™) + Afpp™. (5.13)
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Thanks to estimates (5.3) and (5.11), we have
1B oo (ry ooizoe () < Chs (5.14)
where the constant Cj, > 0 is independent of n. Consider the initial value problem of ODEs (cf.

(4.26))

eZul(0) + AL (1) = +Ch, Vi€ [, +00),
(5.15)

v () = £(1 - ).
We infer from [30, Corollary A.1] that for any 75 > 71, there exists a constant 5 € (0,1) depending
on 7, 71, Cp and 79, but is independent of n, such that
W0 <1-5, V>
Then by the comparison principle for second-order parabolic equations, we obtain

145 <yWt) <™t a) <yMt)<1-5, Vi>m, zeQ, (5.16)

which implies the uniform separation of ¢(™ from the pure states £1 for ¢ > 7. We note that 5
may depend on 7, 71 and 7o, but is independent of n. From (5.16) and by a similar argument in the
sixth estimate in Section 4, we also obtain

1" N 22 7302y + 110 2(mg 7213 (02)) < Cr (5.17)

Step 4. Since the estimates (5.3), (5.4), (5.9)—(5.11), (5.16) and (5.17) obtained in the previous
steps are independent of n, then by using a similar compactness argument like in [29, Section 4], we
are able to pass to the limit as n — 400 and find a convergent subsequence of {((™, ¢ (™)} such
that the limit function denoted by (¢, , f1) is indeed a global weak solution to problem (1.1a)—(1.3)
on [1p, +00) subject to the initial datum (¢(79), 0 (7)), with the following regularity properties

¢ € L™ (9, +00; Hy (),

Orp € L™ (19, 4+00; L2(Q)) N L? (19, +00; HL(Q)),
fi € L™ (10, +00; L2(Q)) N L2 (10, +00; HY()),
& € L™ (19, +00; HY(Q)) N L. (70, +00; H*(Q)),
o6 € L (10, +o0; HY(Q)),

as well as

6 € L®(1y,+o0; HY (), 0,6 € L*(1,+o0; HY (),
pE LZQOC(TQ, +oo;H3(Q)), o€ L?OC(T2,+OO;H3(Q)),

for 19 < 71 <7 <7, and in particular,
@)l <16, Vt=>r.

Hence, we are now in a position to complete the proof of Corollary 2.1. Thanks to the uniqueness
of weak solutions of problem (1.1a)—(1.3), it follows that (p, u,0)(t) = (p,0,4)(t) for all t > 7.
Hence, the global weak solution (¢, i, o) becomes a strong one on the interval [r,4+00). Besides,
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fixing 71 € (3, %T) and 7 = %T in the estimates of previous steps, we can obtain the uniform
separation property

Iz <1 =67, VixT (5.18)

where the constant ¢, € (0,1) depends on 7, ||@oll g1, |looll, 1 —|@ol, 2 and coefficients of the system.
The proof of Corollary 2.1 is complete. O

5.2 Existence of a global attractor

Now we prove the existence of a global attractor, which is the unique compact set in a suitable
phase space, being invariant under the semigroup generated by the evolution problem and attracting
all bounded sets as time goes to infinity (see [34]).

Proof of Theorem 2.3. First, it follows from Theorem 2.1 that the global weak solutions to
problem (1.1a)-(1.3) defines a closed semigroup S(t) on the phase space Xy, m, in the sense of [33].
Next, we observe that Corollary 2.1 implies the asymptotic compactness of S(¢). In particular, let
(¢,0) be a global weak solution to problem (1.1a)—(1.3), we infer that for any 7 > 0,

le@lnz + llo@lg2 < Cry VE=T,

where the constant C; > 0 depends on ||@o||g1, ||oo|, 2, coefficients of the system and 7, but is
independent of ¢. From the above estimate, the continuous dependence estimate (2.7) and a standard
interpolation argument (cf. e.g., [17, Proposition 6.1]), we see that S(t) € C(Xn, ma, Xmimy) for
all t > 0. As a consequence, S(t) is actually a strongly continuous semigroup on X, m,. Finally,
we note that the estimates (3.7), (3.8), (3.10) together with the dissipative estimate (3.15) implies
the dissipativity property of S(t) in Xy, m,. Namely, S(t) possesses a bounded absorbing ball
By C Xy m., whose radius depends on €2, m1, ma and coefficients of the system but is independent
of the initial data. For every bounded set B C Xy, m,, there exists a time to = to(B) > 0 such that
S(t)B C By for all t > tg.

Thanks to the above facts, by applying a standard argument in the theory of infinite dimensional
dynamical systems [34], we can conclude that the dynamical system (S(t), X, m,) defined by
problem (1.1a)—(1.3) admits a global attractor A, ms C Xim,y m, that is bounded in H? () x H2(12).
The proof of Theorem 2.3 is complete. O

5.3 The w-limit set

Finally, we proceed to characterize the w-limit set of an arbitrary given initial datum (g, o)
belonging to the set

Z ={(z1,22) € H'(Q) x L*(Q) : ||21]| < 1, [77] < 1}.
Denoting H = H?"(2) x H?"(Q) with r € (1/2,1), we define the w-limit set of (¢g,00) as
w (po,00) = {(21,22) € Z: 3 {tn} /' +o0 s.t. (¢ (tn),0 (tn)) — (21,22) strongly in H}, (5.19)
where (¢, 0) is the unique global weak solution corresponding to (g, 00). Then we have

Proposition 5.1. Suppose that (H1)-(H2) are satisfied. For any initial datum (po,00) € Z, its
w-limit set w(pg, 0g) is nonempty and compact in H. Moreover,

22



(1) w(po,00) consists of stationary points (Poc, 0oo) only, where (Poo,0s) € Har () x HZ(Q)
is a strong solution to the stationary problem (2.11a)—(2.11d), satisfying (oo, 0o0) = (c0,00). In
particular, there exists a constant 6 € (0,1) such that

ool <1 -9, (5.20)

where § is independent of Yoo-
(2) w(po,00) is invariant under the semigroup S(t) defined by the global weak solution to problem
(1.1a)—(1.3), that is, S(t)w(po, 00) = w(po,00) for all t > 0.

Proof. For any initial datum (¢g,00) € Z, we denote the associated unique global weak solution
by (¢,0). From Corollary 2.1, we see that for any fixed 7 > 0, it holds ¢ € C([r, +00); H*(2)),
o € CO([r, +00); H%(R)), being uniformly bounded for all ¢ > 7. Hence, it follows from the Sobolev
embedding theorem that the orbit {(¢(t),o(t))}+>- is relatively compact in H, which implies that
w (o, 00) is a nonempty, bounded subset in H%(Q) x H?(2) and thus compact in .

Then for any cluster point (e, 0o0) € w (¢0,00), We see that (poo,000) € H2(Q) x H?()
and Yoo = €0, 0o = 0p. Following the argument in [3,24], we are able to show that (¢oc,0c0) is
indeed a solution to the stationary problem (2.11a)—(2.11d). To this end, we recall (3.33), which
implies that F(t) + ge_at is indeed a strict Lyapunov function for problem (1.1a)—(1.3). Since it is
non-increasing in time and bounded from below, there exists some constant F, € R such that

lim F(t)= lm <]—"(t)—|—ge°‘t> = Foo (5.21)

t—+00 t—+00

Let {t,} be an unbounded increasing sequence such that

(@(tn), o(tn)) = (Poo, 00)  strongly in H,
(p(tn),0(tn)) = (Yoo, 0o)  weakly in H2(Q) X HQ(Q)

For any 7 € (0,+00), we recall Corollary 2.1 such that
le()||pee <1—0(1), VtE][r,+00), (5.22)

which together with the Sobolev embedding theorem H?" < L (for » € (1/2,1)) yields the
conclusion (5.20). Without loss of generality, we assume t,4+1 > t, + 1 for n € N. Integrating the
inequality (3.33) on the time interval [t,, tp41], we obtain

F () = F(ta) + 3 /t VA 2+ IV (0 (s) - xe()I? + el dup(s) |2 ds

2 (5.23)
§ Eze—aml__fze—auH4’
« o
which implies
tn+1
Jm t IVA)I? + 180 ()1, + €lldro(s)|* ds = 0. (5.24)

As a result, we have for n — oo

o (tn + s1) — @ (tn + s2) || = 0, uniformly for all s1,s9 € [0,1],
|o (tn + s1) — 0 (tn + s2) [lyy — 0,  uniformly for all s1,s; € [0,1].
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Combining the above facts with the boundedness of (¢(t),o(t)) in H? x H?, by a standard inter-
polation we infer that

|(p(tn +5),0(tn, +5)) — (Poo, 0co)|[x — 0,  uniformly for all s € [0, 1]. (5.25)

Moreover, the strict separation property (5.22) enables us to regard the singular potential ¥ as a
globally Lipschitz function when n is large. Denote #, := t, + s with s € [0,1]. Then for any
¢ € HY(Q), we deduce from Lebesgue’s dominated convergence theorem that

/QBV%O VE+ AV (po0)€ — AV (0o0)€ — XT00€ + XToo + N (po0 — Poo)€ d

1
= dim [ [ BV Ve AV (plh))E - AVRE) ¢
30 (E)E + X0 () + 0N (p(F) — plEn) ) € da ds
~ lim / JRCART >—eatso<fn>+eatso<fn>)fdxds

n—-+0o0o

IN

lim / |A(t.) — )Illlﬁl\d8+€ ||(9t90 tn) — Oup(tn) 1€l ds

n—-+0o

sngrfoo ( / IV, H2d8> !€H+Ce( / |Oro (e \ds) el

From (5.23), we also infer that

[ V0w —xpw)- Vedz =0, vee H®).
Q

As a consequence, (@0, 000) is a weak solution to the stationary problem (2.11a)—(2.11d) with
oo = AV (o) — XToo. Since we already know that (puo,000) € H2(Q) x H?(Q), then it is also a
strong solution.

Finally, since every (¢oo,000) € w(ipg,00) is a stationary point, i.e., S(t)(¢¥oo, 0o0) = (Yoo, Tco)
for t > 0, this yields the invariance of w(pg, o) under S(t). The proof is complete. O

Proof of Theorem 2.4. It is straightforward to check that the conclusion of Theorem 2.4 is
an immediate consequence of Proposition 5.1. O

We note that Proposition 5.1 also provides a dynamical approach for the study of the stationary
problem (2.11a)—(2.11d), which is independent of the viscous parameter e.

Corollary 5.1. Let (¢«,04) € Z be a weak solution of the stationary problem (2.11a)—(2.11d).
Then (¢, 04) € H%(Q) x H%(Q) and there exists a positive constant § € (0,1) such that the strict
separation property (5.20) holds for p..

Proof. 1t is obvious that (¢, 0x) can be viewed as a global weak solution to the evolution problem
(1.1a)—(1.3) with the particular choice of initial datum (pg,00) = (¢« 04) (cf. [30] for the vis-
cous Cahn-Hilliard equation). Thanks to the uniqueness of weak solutions (recall (2.7)), we have
S(t) (s, 0x) = (s, 04) for all t > 0. Therefore, we can infer that (¢, 0x) € w(ps,0x) and then the
conclusion follows from Proposition 5.1. 0
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