Global uniqueness in an inverse problem for a
class of damped stochastic plate equations

Yongyi Yu* and Qingmei Zhao!

Abstract

This paper deals with the global uniqueness of an inverse problem for the stochastic
plate with structural damping. The key point is the Carleman estimate for the fourth
order stochastic plate operators dy; — pAydt + A?ydt. To this aim, a weighted point-
wise identity for a fourth order stochastic plate operator is established, via which we
obtained the desired Carleman estimate for the corresponding stochastic plate equation
with structural damping.
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1 Introduction and main results

In this paper, we study the global uniqueness in an inverse problem for a class of damped
stochastic plate equations by establishing a global Carleman estimate. To begin with, we
introduce some basic spaces used in stochastic framework.

Fix a complete filtered probability space (€2, F,{F:}i>0,P), on which a one-dimensional
standard Brownian motion {B(t)}:>¢ is defined such that IF = {F;};>¢ is the natural filtra-
tion generated by B(+), augmented by all the P-null sets in F. Let T > 0 and ‘H be a Banach
space, and let L(0,T;H) be the Banach space consisting of all H-valued {F;};>¢-adapted
processes X (+) such that E(|.X(+) %Q(O,T;H)) < o0, with the canonical norm; by Ly (0,7;H)
the Banach space consisting of all H-valued {F;}+>o-adapted essentially bounded processes;
and by LZ(Q;C([0,T];H)) the Banach space consisting of all H-valued {F;};>o-adapted
continuous processes X () such that E(|X ('>|%([O,T};H)) < o00. Similarly, one can define
L (Q;C™([0,T];H)) for any positive integer m.
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Let I >0, 2 = (x1,2') € R", 2’ = (23,---,2,) € R", and G’ ¢ R"* be a bounded
domain with C* boundary. Denote G = (0,1) x G', Q = G x (0,T), and ¥ =T x (0,7),
where I is the boundary of G.

We are interesting in the following damped stochastic plate equation:

(dy, — pAyedt + Aydt = [aly + H(t,2')R(t, x)} dt
/ .
) +[asy + F(t, )Rt 2)|dB@) in Q. "
y=Ay=0 on X,
L (0) =0, 4(0)=0 in G.

Here p > 0, a1 € Lp(0,T;Wh=(@G)), ay € L (0, T;W3*(G)), R € C*([0,T] x G)
are given functions, and H € Li(0,T; H*(G')), F € Ly (0,T; HY(G')) are two unknown
functions. Referring to [19, 33], it is easy to show that (1.1) admits a unique strong solution

y € Ly(QC([0,T); U)) N Ly (5, CH([0, T H*(G) N Hy(G))).

where

U={y € H(G)NH,(G) | Aylr = 0}

The main purpose of this paper is to study the inverse source problem of the system (1.1),
that is, to determine H and F' simultaneously from the boundary observation %l[O,to}xF and

%'[O,to]xf’ where ¢ty € (0,7) and v = v(x) denotes the unit outer normal vector of G at
x € I'. More precisely, we study the following problems:

— 8Ay’ —
[0,to]xI —  Ov 1[0,to]xI" —

Inverse Source Problem: Let R be given and ¢y, € (0,7). Does g_ly/
0 imply H(t,2') = F(t,2') = 0in (0,ty) X G’,P-a.s.?

The undamped plate equation (p = 0) is presented as a linear model of a rigid vibrating
body in which the potential energy contains curvature-like terms. Energy dissipation is
ignored in this model and the equation has no smoothing effect ([5]). One adds damping
terms to incorporate the loss of energy. Structural damping describes a situation where
higher frequencies are more strongly damped than low frequencies. Structurally damped
beam equations and plate equations have been studied intensively in the deterministic case
(e.g [8, 17, 18, 22]). In such equations, the damping term has “half of the order” of the
leading elastic term, as it was proposed in the seminal paper [5, 20].

It is well known that there are numerous studies on inverse problems for deterministic
partial differential equations (e.g [3, 2, 13, 25]). In this respect, we mention [26, 31] for a study
of an inverse source problem of plate equations, and the identified sources are independent of
spatial variables. Stability estimates for a plate problem were studied in [10, 23], the Lipschitz
stability for a Kirchhoff plate equation was obtained in [30], and inverse source problems
of Euler-Bernoulli plate equations were studied in [1]. However, unlike the deterministic
counterpart, the solution of a stochastic equation cannot have derivatives with respect to
time variable, and the stochastic equation is time-irreversible. For the inverse problems of
stochastic partial differential equations, we refer to [15, 24, 29] for the heat equations and
[16, 28] for the wave equations. In the case of inverse problems for the fourth order stochastic
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plate equations with structural damping, to the best of our knowledge, there is no references
addressing it. In this paper, we study the global uniqueness problem for stochastic plate
equation with structural damping.

The main result of this paper is the following uniqueness result:

Theorem 1.1 Assume that ty € (0,T), and |R(t,z)| # 0 for all (t,x) € [0,t9] x G. Let
y € L(QC([0,T]; U)) N LE(Q; CH([0, T); H*(G) N HY(Q))) satisfies (1.1). If
@ _ 0Ay
ov  Ov

=0 on [0,t] xI', P-a.s., (1.2)

then
H(t,z')=F(t,2") =0 forall (t,2') € [0,t)] x G', P-a.s.

Remark 1.1 In this paper, we consider stochastic plate equation with hinged boundary con-
ditions. It would be interesting to consider other kind of boundary conditions for the stochas-
tic plate equation. For example, the boundary conditions in (1.1) is changed to the clamped
boundary conditions y = % =0 on X. The method developed in this paper also can deal with
the inverse source problem in this situation, i.e. if Ay = % =0 on [0,tg] x I, P-a.s., then

H(t,a2') = F(t,2') =0 1in [0,ty] x G', P-a.s.

In order to prove Theorem 1.1, the tool we employed is the global Carleman estimate,
which can be regarded as weighted energy estimates. To this aim, we first give the choice of
our weight functions.

Let A\, > 0 and ¢(¢t) € C*(R) with |i| > 0. Write
E(t) = Xp(t), p(t) = e and 6 = e, (1.3)
Throughout of this paper, C' = C(ay, a2, R,T,G) is used to denote a generic positive

constant which may vary from line to line. The global Carleman estimate for (1.1) is the
following;:

Theorem 1.2 Let p > 0, ¢(t) = —t, and 0,¢ be given in (1.3). There ezists a constant
w1 > 0 such that for all p > py, one can find two positive constants C' and Ay = A\ (p), such
that for all y satisfying

dy, — pAy,dt + A%ydt = fdt + gdB(t) (1.4)

with f € L3#(0,T; L*(G)), g € LE(0,T; HY(G)) and y = Ay = 0 on T, for all X > Ny, it
holds that

]E/ 02 [A3u4903!y|2 + N’ | Vyl? + MQSO(\A@J\Z + Iyt\z)
Q

+M<|VAy|2 + |V?Jt|2>}dxdt (1.5)

< C(p) [E/Qe?|f|2dxdt+IE/Qe?<AW|g|2+ |Vg|2>d:pdt

+e (BIW0), 1:0) Brsiapssie + EIVI(T) e )|
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where

C(p) —C<1+p2+%>. (1.6)

Remark 1.2 [t is obviously that blow-up phenomena for constant C(p) could occur when
p = 0, which means that the same result cannot be obtained with our method for the undamped
plate equation, even in one-dimensional case. In our forthcoming paper, by adding extra
observational information, we can obtain the global uniqueness of the following stochastic
beam equation:

Ay + Yoazadt = [ary + H(OR(2) |t + [azy + FOR(2)|dB) in (0,1) x (0,T),

y(0>t) = y(1>t) = yw:p(oat) = yww(lat) =0 on (0, T),
y(0) =0, %(0) =0 in (0,1).

More precisely, by y.(0,t) = yz(1,t) = Y220(0,1) = Yuue(1,2) = 0 on (0,7) and y = 0 in
Go x (0,T), where Gy be a given nonempty open subset of (0,1), we can also determine H
and F at the same time. As far as we know, multi-dimensional case (i.e.(1.1) in the case of
p =0) is an unsolved problem.

Remark 1.3 Although this paper deals with stochastic plate equations with structural damp-
ing, it 1s easy to know that all results in this paper cover the deterministic case.

Remark 1.4 The Carleman estimate also can be established by decomposing the stochastic
plate operator. Put

w =1y — (a —1ib)Ay, a:g, I

where i = /=1, a >0, b € R and a® + b*> = 1. Therefore, (1.4) can be written equivalently
as the following system

dw — (a + ib)Awdt = fdt + gdB(t) in Q,
Y — (a —ib)Ay = w in Q.

Then, the global Carleman estimate for the damped plate operator can be proved by using the
Carleman estimate for stochastic complex Ginzburg-Landau operator in an iteration manner.
But this method only work for p € (0,2), so we establish the estimate directly from the
operator itself.

Remark 1.5 The reason why we choose the general weight function in (1.3) instead of
W(t) = —t is that other kind choice of 1(t) can be used to study other inverse problems.
For example, 1 (t) =t is chosen to consider backward uniqueness.

The rest of this paper is organized as follows. In Section 2, we devote to establishing the
global Carleman estimates for structurally damped stochastic plate equation. Finally, we
give the detailed proof of the inverse problem results in Section 3.
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2 Proof of Theorem 1.2

This section is devoted to establishing the global Carleman estimate for the fourth stochastic
plate operator dy; — pAy,dt + A%ydt.

Carleman estimate (1.5) is derived by a weighted identity for a structurally damped
stochastic plate operator. Carleman-type estimates were introduced by T. Carleman in
1939 to prove the unique continuation property for some elliptic equations in [4]. Up to
now, they have become one of the useful tools for studying deterministic partial differential
equations and the related control and inverse problems. The weighted identity method is one
of the the significant ways in establishing global Carleman estimates for deterministic partial
differential equations (see [9, 7] for example). Recently, Carleman estimates for stochastic
partial differential equations are getting more and more attention. We refer to [14, 21, 27]
for stochastic parabolic equation, [32] for stochastic hyperbolic equation, [6] for stochastic
complex Ginzburg-Landau equations, [11, 12] for stochastic Kuramoto-Sivashinsky equation,
[33] for stochastic beam equation and so on. The main idea of this approach is to multiply the
partial differential operator by an appropriate multiplier. Then, the product is transformed
into a sum of divergence terms, energy terms, and some good terms. By integrating this
identity and choosing parameters large enough to absorb the undesired terms, which is the
key idea of Carleman estimates.

2.1 A pointwise weighted identify

Let
Ly = dy, — pAy,dt + A*ydt.

Set z = 0y, recalling the definition of 6, it is easy to show that
0Ly = dz — 26, 2,dt + (€2 — &) zdt — pAzdt + p&Azdt + A?zdt = Iidt + I, — I, (2.1)
where
I = =2&2, — pAzy + ciuAz
I = dz + APzdt + (6 — &) zdt + p&Azdt + copzdt, (2.2)
I3 = cipuAzdt + copuzidt.

Here, two auxiliary functions with coefficients ¢; and ¢, in this weighted identity are
introduced to make sure that the coefficients in front of the energy terms are positive. We
have the following weighted identity, which will play a fundamental role in what follows.

Lemma 2.1 Let ¢;,co are given constants. Assume that y is an H*(R")-valued continuous



semi-martingale. Set § = e and z = Oy. Then, one has the following equality:
I <6£y + c pAzdt + czuztdt>

— Pdt+dM + V-V + (3@@3 - gtgm) |22dt + (gtt _ 202,@) 24| 2dt

P 2 2 2 (2:3)
+ [ - 3[)&&% + igttt - cl,u(ﬁt — &t)i| |VZ‘ dt + (clu + Cg[)ﬂ) |V,Zt’ dt
2
+<§tt + %ftt + C1,0,u§t> |Az|?dt — e p|VAzPdE + &(dz)? — g|det|2,
where Iy is given by (2.2) and
(V= —pVzidz + [ — sV + (=262 — pAzy + aplAz)VAzZ + 26 A2V 2
(&2 — €4)(=pV 2z + 1 uV2)z — 20622V 2 + cop(—pV 2 + 1V 2) | dt,
p p p (24)
M = (=&z + i plAz)z — §|Vzt|2 + §|VAZ|2 - (1 + §>§t|Az|2
6l - 60 + (L6 - L - 92 vsp
L t\St tt o St o St 9 2 .
Proof. The proof is long, we divide it into several steps.
Step 1. By (2.1) and (2.2), it is easy to see that
I (ecy + 13> = I2dt + LI, (2.5)
and
LIy = Lidz + LA zdt + (62 — &) Lzdt 4 p& I Azdt + ol zdL. (2.6)

Now, we compute every term in the right side of the sign of equality in (2.6), respectively.
First, let us compute I;dz;. On the one hand,

(—2&2¢ — pAzy)dz
= d(—&27) + Euzidt + &(dz)® — V - (pV 2dz) + d(gletP) - g|det|2.
On the other hand,
Azdz = d(Azz) — Azzedt = d(Azzy) — V- (2:V 2)dt + |V 2| dt.
Combining the above two equalities with (2.2), we find that
Idz
= d( — &22 + e plzz + g\Vzt|2> — V- (pVzdz + c1uzV zdt) (2.7)

+ &z dt + e pu| V| ?dt + &(dz)? — §|det|2.
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Step 2. Let us compute “I;A%zdt”. Notice that
(—pAz + c pAz) A2 zdt
=V [(—pAzt + cl,qu)VAz} dt + d(g|VAz\2) — e | VAzAdt.
Further,
—26,5 N 2dt =V - (=264 VAZ)dt + 26,V 2, - VAzdt
=V. ( — 26 VAz + 2£tVztAz> dt + d( — &\Az!2> + &y | Az |Pdt.
Then the second term of (2.6) reads as
I, A?zdt
=V- [(—2&2,5 — pAz + i pAz)VAzZ + 2§tVztAz} dt + d<g|VAz|2 - §t|Az|2> (2.8)
+&| Az|Pdt — |V Az|dt.
Step 3. Compute “(£2 — &;)12dt”. First, we have

—26(&] — &u)zzdt
= d[ - 615(5152 - ftt)22:| + ftt(ftZ - ftt)zzdt + & (266n — fttt)Zth-

Further,
(§t2 — &) (—pAzy + c pAz)zdt
~-V. [(53 ) (—pV + cl,qu)z] dt + (€2 — &) (szt V- clu\Vz]2>dt
= V- (6 = &u)(=pV i+ cpV2)z b+ d |56~ &) V4P
22660 — &) V2Pdt — e1p(€] - &) V=Pt
Then, by the definition of I;, we see that

(€t2 — &u) l12dt
=V- [(&2 — &) (—pViz + clqu)z] dt + d[ —&(& — &) + g(fg - gtt)|vz|2] (2.9)

+ (3608 — € — )22t — |5 (26060 — &) + capu(§f — &) ||V 2[4t
Step 4. Let us compute “p& 1 Azdt”. Notice that
_ P 2 p’ 2 2
P&(—pAzy + c1pAz)Azdt = d — 5ft|AZ| + ?gtt|AZ‘ dt + c1pu&|Az| dt.
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Further,
—2p2 2 Azdt =V - < - 2,053th2> dt + d<p§t2|Vz|2> — 206,64 |V 2|2dt.

Then, one can know that

pftleZdt
2
P
=V. ( - 2p§fthz>dt + d( - ?§t|Az|2 + p5t2|Vz|2> (2.10)
2
+ <3£tt + ClPM§t> ’AZ|2dt — 20,64 |V 2|2dt.

Step 5. Now, we compute the last term “coulyz;dt” in the right side of the sign of
equality in (2.6). First,
(—pAz + 1 pAz) zedt
=V- [(—szt + clpJVz)zt} dt + p|Vz|2dt + d( - %u|Vz|2>.
Then, from the above equality and (2.2), it follows that
Coptly zdt
=V- |:C2/,l/<—pVZt + cl/LVz)zt} dt — d(%/ﬂv,ﬂ?) (2.11)
teoppt|V 2| Pdt — 2coué 22 dt.
Combining (2.6)-(2.11) with (2.5), one can get the desired weighted identity (2.3). 0O

2.2 Proof of Theorem 1.2

This subsection is devoted to proving the Carleman estimate (1.5) by means of the weighted
identity (2.3).

Proof of Theorem 1.2. By ¢(t) = —t, it is easy to check that
&= Mg, Eu= Mo, Eu=-NCp, @=—pp, u=[lp. (2.12)

Integrating (2.3) in @ and taking expectation. Choosing ¢; = —p, ¢o = 2, there exists a
1o > 0 such that for all y > pyg, it holds that

T
]E/M‘ da:+]E/V-dedt+IE/ (= Aupldzf? = LIV dzf?)de
¢ 10 Q Q 2

+01E/ (Agu“so?’!Z!Q + pN PO V2P + M|z P + pP Aol Az
9 (2.13)
+pu|V2ze|* + pu!VAzF)dxdt + IE/ |1 |Pdxdt
Q

< ]E/ ]Il|2dxdt+lE/ 02| f P dadt.
Q Q
8



In the following, we estimate the terms in the left hand side of inequality (2.13) one by one.
Since &, vy < 0, it is easy to check that

T
]E/M‘dx
a 0

2
—E [ [(~n+ o)z - 5I0af + DIVAL - (1+ 5)6lAsP
G

(2.14)
3p,.0 P C1C2 o 2 ’
6l = &) + (8 = G = 77 IVaF| o
> —CeM1+4p+p°) <1E\(y(0), Y1 (0)) 53y r2 () + E|vyt(T)|%2(G))'
Further, by y = Ay =0 on I' and z = 0(¢)y, we have that
IE/ V - Vdzdt
9 (2.15)
= ]E/ [(—pAzt + 1 uA2)VAz + thAZVZt] -vdSdt = 0.
)
By It6’s formula, one knows that
]E/ ( — up|dz|* — g|det|2>dx
“ (2.16)

> ~C(1+ p)E | 6 [pllal* +4?) + Vgl + V| dodt.
Q

Combining (2.13)-(2.16), it follows that there exists a py > 0 such that for all x4 > p;, one
can find a A\; = A\j(p) > 0, so that for any A > Ay, it holds that

]E/Q [/\2u3<p2 (Augsz + |Vz|2> + )\,u2<p<|Az|2 + |zt|2> + u<|VAZ|2 + |Vzt|2>]dxdt
<C(p)|E /Q 0| f12dzdt + e (B ((0), (0D s 2 + EIVHUT) acc)
+IE)/Q€2 ()\uga|g|2 + |Vg|2>d:)3dt},

where C'(p) is given in (1.6). Noting that z = 0y, one can get the desired result immediately.
O

3 Proof of Theorem 1.1

In this section, we will give the proof of global uniqueness result.

Proof of Theorem 1.1. For arbitrary small ¢ > 0, choose t; and t, such that 0 <ty — e <
t1 <ty < to. Also, let x € C*(IR;[0,1]) satisfy that x(¢) = 1 for ¢t < t; and x(t) = 0 for
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t > ty. For any strong solution y of (1.1), put y = Rh. It is easy to check that h satisfies
that

dhy — pAhydt + A*hdt = | Fy(h) + H(t, x')] dt + [azh +F(t, x’)] dB(t) in [0,t] x G,

Oh O0Ah
h—a—Ah— 5 =0 on [0,t] x T,
h(0) =0, h(0)=0 in G,
(3.1)
where
a R:rjxk
Fi(h) = fih+fa- Vh+ fshy + fiAh + f5 - Vhy + fg- VAR —4 ) .
k=1
and
fi=a - & N pPAR; B AR _ 2pVER, B 4VAR
1 — U1 R R R ) 2 — R R )
3 — R ) 4 — R ) 5 — R ) 6 — R :

Differential both sides of (3.1) with respect to z; and set u = h,,. Noting that h,, = g—l}f =0
on ({0} x G")U ({I} x G"), we get that

duy — pAuydt + A*udt = [Fl (u) + Pl(h)} dt + (agu + amlh) dB(t) in [0,%] X G,

u:%:Au:O on [0, ] x I,
u(0) =0, u(0) =0 in G,
where

Pi(h) = fizh+ (£2)z, - VR + fs o b + fam, AR+ (£5), - Vi

u Rxw L1
+(fe)s, - VAR —4 ) JRk P .-
k=1

Set w = yu, we know that w solves

4

dw; — pAwpdt + A*wdt = [El(u) 4By (w) + XPl(h)] dt
+ <a2w + CLQ}:EIXh> dB(t) in [0,%0] x G,
ow
w:$:Aw: on [0,tg] x T,
| w(0) =0, w;(0) =0 in G,

where

Ei(u) = X"u + 2x"us — pxX'Au — X' fsu — X'fs - V.
10



By means of u = h,, and h(t,0,2") = 0 for (¢,2') € (0,t9) x G’, then we obtain that

1 x1 T
xh = X/ ha, (t,m, 2")dn = x/ u(t,n,z")dn = / w(t,n,z")dn, (3.2)
0 0 0

and

xhi zx/ ut(t,n,x’)dnz/ wt(t,n,x')dn—x’/ u(t,n, ')dn. (3.3)
0 0 0
Therefore, w satisfies

(

dw; — pAwdt + A*wdt = [Eg(u) + Fg(w)] dt + [agw

1
+a27x1/ w(t,n,x')dn] dB(t) in [0,t] X G,
\ 0 (3.4)
ow
w:%:szo on [0,] x T,
| w(0) =0, w(0)=0 in G,
where
, 1 1
Eafu) = By() = XS [ ultn.)dn = X(Es)oy - [ ultona'dn
0 0
Fa(w) = Fi(w) + fiay [ wtna)dn+ @)V [ wlton )
0 0
+f3m / we(t,m, 2")dn + faz A / w(t,n,2")dn (3.5)
0 0
Tl 1
+(f5)a -V/ we(t,n, 2")dn + (f6)z, -VA/ w(t,n, x")dn
0 0
—4 2”: <%) </x w(t,n,x')d'rz) :
L Sk R T 0 TjT

Applying the Carleman estimate (1.5) in Theorem 1.2 to (3.4), noting that w =
on [0,tg] x I" and w(ty) = w(ty) = 0, we have that

g—f =Aw=0
to
]E/ / ik [)\SMSLpBwQ + A2 [ Vwl|? + )\,ucp<|Aw|2 + |wt|2> + |VAw|* + |th|2} dxdt
0o Ja
to to
< C’]E/ /92|E2(u)|2datdt+C]E/ /02|F2(w)|2dxdt
0o Ja 0o Ja

to 1 2 1 2
+CE/ / 6> [A,ugp(’/ w(t,n,x')dn‘ +w2> + ‘V/ w(t,n,x')dn) + |Vw|2] dxdt.
o Ja 0 0 (36)
Since

€1 2 l
‘/ w(t,n,z")dn Sl/ lw(t,n, 2')|dn,
0 0
11




it is easy to see that

/ /02 / w(t,n,x dn) dxdt < 12/ /0290]11) (t,n, x")|[*dxdt. (3.7)

By means of w(t,0,z") = 0, we find that

z1 2 1 2
’V/ w(t,n,x')dn‘ = (w(t,xl,x’),/ Vm/w(t,n,x’)dnﬂ
0 0

= (w(t,xl,x’)—w(t,o,x’),/ erw(t,'r],x’)dn>
0

2

1 2 l
- / Vw(t,n,x’)dn‘ < l/ |Vw(t,77,a7’)|2d77.
0 0

//QQ‘V/ w(t,n, o dn) dzdt < IPE / /GQthn, " Pddt. (3.8)

Substituting (3.7) and (3.8) into (3.6), there exists ps > 0 such that for all p > po, it holds
that

Then,

to
IE/ / 160* [Ag,u?’go?’wz + N p2o? | Vwl]? + Amp(\AwF + ]wt|2) + [VAw]? + |V, |? | dzdt
o Ja

to to
<CE / / 02| By (u)[2dwdt + CF / / 02| Fy(w) 2 dadt.
0 G 0 G

Similarly with (3.7) and (3.8), one can get that

o ol [ o

to
< PE / / o \wt(t,n,x’)\QJr|th(t,n,x’)|2>dxdt.
0 G

(3.9)

2
+ ‘V/ wt(t,n,x’)dn‘ )dazdt
(3.10)

2

Y

x1 2 Z1
5 [Cwtnain| = | [ dwtenadn + e 6.0.5)
0 0

and
2

9

‘VA /aj1 w(t, n,x’)dnr = ‘ /aj1 VAuw(t,n,z")dn +n
0 0

where n = (Aw(t,O,x’),u%:g2 (t,0,2"),--- ,wmwn(t,o,x’)>, and recalling that w,, = 2% =0
on ({0} x G")U ({I} x G'), we have that

1 2
/ /02 ‘A/ w(t,n,x dn’ +‘VA/ (t,n,x’)dn‘ >d:pdt

to
< l2]E/ / 0> |Aw(t,n,x’)|2 + |VAw(t,n,x')|2>dxdt.
o Ja
12
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A short calculation shows that

Z / w(t,n, x dn

This imples that

2
/ /92’ Z / w(t,n, )d77>
Ty
On the other hand, it is easy to see that
to n 9 to n
E / / 0’| > Wy, | dedt < CE / / 0> " |wao, | dudt
0 JG ko 0 JG k=1
to n
= C]E/ /62 Z [(wxjwmjzk> — (wxijkxk> +wx].xijkxk]dxdt (3.13)
0 Tk z;

to
:CIE/ /92|Awy2dxdt.
0 G

Combing (3.6)-(3.13) with (3.5), we know that there is a pug > 0 such that for all u > pus,
there exists a A;(ps3) > 0 so that for all A > A;(ps3), it holds that

/ Z ww]xk t 1, T 7]

TjTg

to n )
dedt < I’E / / 92( S W (tm, 2| dadt.
o Jo 4=

(3.12)

to
]E/ / 6> [/\3u3gogw2 + A2 ? | Vw)? + /\,u<p<|Aw|2 + ]wt|2> + |[VAw|? + |Vw|? | dadt
o Ja

to
<CE / / 02| By () [2dvdt.
0 G

By the definition of Ey(u) and y, fix 4 = ps3, we see that

to to
B[ [ #lmPdea <o w [ (1l + 190+ S
0 G t1 G

T 2 r1 2
—I—‘/ u(t,n,x')dn‘ —I—‘/ Vu(t,n,x’)dn’ )d:pdt
0 0 (3.15)

< Ce”e‘mE/ (|uy2+ g2 + | Vul? + |Au|2)dxdt
Q

(3.14)

2Xe t 2
=Ce T (P, ht,m)|L§(0,T;H2(G)xL2(G))~

By virtue of (3.11) and (3.15), for all A > A;(ps3), this implies that
to—e
e2Ae‘“3<’*0‘€>E/ / (jwf? + el + [Vl + | Awf?) drdr
0 G
to—e
g]E/ /92<|w|2+|wt\2+|Vw|2+|Aw|2>d:cdt
0 G

Ae—H3t 2
< O™ (hays b )2 052 () x 12(6) -
13



Therefore, by a simple calculation, the above inequality indicates that

2
|(w, wy) |L§(o,t0—e;H2(G)xL2(G)

: < Oegx(e—mﬁ —eH3(to—e))

2
(h:c1 ’ ht,acl ) |L§(0,T;H2(G) xL2(Q@))"

Noting that ty — € < t;, then e™#! — ¢~#3(to=¢) < (), Letting A — +o0, it follows that

w(t,z) =0 in (0,tp —€) X G, P-a.s.

Together with equality (3.2) and recalling the definition of y, implies that

h(t,z) =0 in (0,tg —¢€) X G, P-a.s.,

which means

y(t,z) =0 in (0,tp —€) x G, P-a.s.

Then, by equation (1.1), we deduce that

H(t,2')=F(t,2') =0 in (0,ty —€) x G', P-a.s.

By the arbitrariness of € > 0, the proof of Theorem 1.1 is completed. O
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