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Abstract
This paper is concerned with the following nonlocal Schrédinger-Poisson type
System:
—(a—=b [o |VrulPdz) Agu + pou = Au|?%u, in Q,
—Apo =u? in 2,
u=¢=0 on 052,

where a,b > 0 and Ay is the Kohn-Laplacian on the first Heisenberg group H!, Q ¢ H!
is a smooth bounded domain, A > 0, u € R are some real parameters and 1 < ¢ < 2.
With the aid of the Ekeland’s variational principle and the mountain pass theorem,
the existence of negative energy solution, positive energy solution and positive ground
state solution are obtained, respectively. Moreover, we also obtain the multiplicity of
solutions by using the Clark theorem. Our result is new even in the Euclidean case.
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1 Introduction and Main results

Recently, Heisenberg group has attracted the attention of many scholars, and it plays
an important role in quantum mechanics, harmonic analysis, partial differential equations
and other branches. The expansion and contraction of Heisenberg group gives it a very
rich geometric structure, which is essentially different from Euclidean space. The first
mathematicians who study of subelliptic analysis on the Heisenberg group were Folland
and Stein in [13], who consistently created a generalisation of the analysis for more general
stratified groups [14]. And it can also be noted that Rothschild and Stein generalised these
results for general vector fields satisfying the Hormander’s conditions. These results were
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published in the famous book by Folland and Stein [15] which laid the anisotropic analysis.
And it is worth noting that homogeneous Lie group is nilpotent.

The present study is concerned with a class of nonlocal Schrédinger-Poisson type system
in the Heisenberg:

—(a—=b [, |Vyu|*dz) Agu+ pou = Aul?%u, in Q,
— Ao =u? in €, (1.1)
u=¢=0 on 0f),

where a,b > 0 and Ay is the Kohn-Laplacian on the first Heisenberg group H!, Q c H! is
a smooth bounded domain, A > 0, i € R are some real parameters and 1 < g < 2.

The paper was motivated by some works appeared in recent years. On the one hand,
Tyagi in [33] considered the following singular boundary value problem on the Heisenberg
group:

—Apu = p—2 L N6, £E€Q,
= ey TG0, (1.2)
ulgq = 0,
the existence of weak solutions are obtained by using the Bonanno’s three critical point
theorem. In [3], the authors studied the the following Schrodinger-Poisson type system

—Agu+ pdu = Nul"%u + |uPu, in Q,
—Ap¢ = u?v in €, (1.3)
u=¢=20 on 0f),

where 1 < g < 2, by the Green’s representation formula and the critical point theory, they
obtained at least two positive solutions and a positive ground state solution. In [23], the
author proved that problem (1.3) with ¢ = 2 and p = 0 admits at least one positive solution.
And then, this result was extended to a critical semilinear boundary problem with singular
nonlinearities, see [24]. In [27], the authors proved the concentration-compactness principles
on the Heisenberg group for treating nonlinear problems involving critical nonlinearities
and Hardy terms. On some recent results recovering the Heisenberg group, we refer to
6, 7, 23, 28, 29, 30| and the references therein.

On the other hand, the study of Kirchhoff-type problems, which arise in various models
of physical and biological systems, have received more and more attention in recent years, we
refer the reader to [2, 8, 11, 12, 19, 20, 21, 31, 35]. In this paper, we mainly consider a new
type of Kirchhoff equation, that is, the form with a non-local coefficient (a — b [, [Vu[*dz).
Its background is derived from the negative Young’s modulus, when the atoms are pulled
apart rather than compressed together, the strain is negative. Recently, the authors in [36]
first studied this kind of problem

—(a—=0b [, |VulPdz) Au = [u|~?u, =€,

u =0, x € 08,
where 2 < p < 2%, they obtained the existence of solutions by using the mountain pass
lemma. Furthermore, some interesting results have been obtained for this kind of Kirchhoftf-

type problem with sublinear terms, we refer the readers to [10, 25, 34] and the references
therein.



Inspired by the works in the above references, our main purpose in this paper is to study
the existence and multiplicity of solutions for problem (1.1). To the best of our knowledge,
this paper is the first to deal with Schrodinger-Poisson system with the nonlocal term in the
case of Kohn-Laplacian, our result is new even in the Euclidean case.

We are now in a position to state the existence result as follows.

Theorem 1.1. Let y < bSﬂQ]’é and 1 < g < 2 be satisfied. Then, there exists A, > 0 such
that X € (0, A,) problem (1.1) has a negative energy solution.

Theorem 1.2. Let ju < bS®|Q|~2 and 1 < q < 2 be satisfied. Then, there exists A* > 0 such
that A € (0, A*) problem (1.1) has a positive energy solution.

Theorem 1.3. Let i < bS®|Q|~2 and 1 < q < 2 be satisfied. Then, there exists A* > 0 such
that A € (0, A*) problem (1.1) has a positive ground state solution.

We also obtain the multiplicity of solutions for problem (1.1) by using the Clark theorem.

Theorem 1.4. Let —oco < p < bS®|Q™2 and 1 < q < 2 be satisfied. Then, there exists
A > 0 such that A € (0,A) problem (1.1) has at least m — n pairs of solutions.

We point out that problem (1.1) contains nonlocal terms ¢u and nonlocal coefficient
(a—0b [, |Vul*dz), there is no doubt that we encounter serious difficulties because of the lack
of compactness, it becomes more difficult to give the accurate threshold of ¢ (see Lemma
3.2). In addition, it’s different from the superlinear problem, due to the limitation of A, it
becomes more difficult to apply the mountain pass theorem (see Theorem 4.2). In order to
overcome these difficulties, we will use some more accurate estimates for related expressions.

This paper is organized as follows. In Section 2, we present some necessary preliminary
knowledge on the Heisenberg group functional setting. In Section 3, we prove the Palais-
Smale compactness condition. In Section 4, we prove Theorem 1.1 and Theorem 1.2 via
the Ekeland’s variational principle and Mountain Pass theorem. In Section 5, we prove that
problem (1.1) has a positive ground state solution. Finally, Section 6 is devoted to the proof
of Theorems 1.4, that is to the proof of existence and multiplicity of solutions for problem
(1.1) by using the Clark theorem.

2 Preliminaries

In this section, we briefly recall the relevant definitions and notations related to the
Heisenberg group functional setting. For a complete treatment, we refer to [16, 17, 22, 26].
The Heisenberg group H! is identified with R? under the following group composition: if
¢ = (z,y,t) € H', then the group law is defined by

T H - H', 7(¢)=¢€0¢,

where
ol = (x4, y+y,t+t +20'y—y'2)), VEEeH



For s > 0, a natural group of dilation on H' is defined by &,(§) = (s, sy, s*t). Hence,
0s(&o 0 &) = 05(&0) 0 05(€). The homogeneous dimension of H! is Q = 4. For £ € H! | |{|gy is
the intrinsic distance of the point ¢ to the origin, namely
€l = [(@* +y*)* +27]*, e
The Kohn Laplacian Ay on H! is defined as
Apgu = divy(Vyu),

where 5 p 5 5

and Vp is the horizontal gradient, X and Y is a basis for Lie algebra of left-invariant vector
fields on H'. The left-invariant distance dy on H! is accordingly defined by

d(§0.§) = |§_1 OSO|H-

It is well known that Ay is a very degenerate elliptic operator and Bony’s maximum principle
is satisfied (see [5]).

In the paper, statements involving measure theory are always understood to be with
respect to Haar measure on H!, which coincides with the L3 dimensional Lebesgue measure

(see [27]); then

|Brr (60, 7)| = agr€,

where By (&, ) is the Heisenberg ball of radius r centered at &, that is
By (&,r) ={¢ € H 1 dy(&,€) <1}

and ag = |By(0,1)].
The Folland-Stein space Sj(€) is defined as the closure of C§°(£2) with respect to the
norm

Jull = iy, = | Ve
Let
Jull? = / e, e LP(Q),

denotes the usual LP-norm. We denote by B, the closed ball of radius p centered at zero in
the Folland-Stein space S§(f2), and by S, its relative boundary, that is,

B, ={ue S5(Q) : |lul| <p}, S, ={uecS5(Q): |ull = p}.
By [13], we know the Folland-Stein space is a Hilbert space and the embedding
S3(Q) < LY(Q) for 0 € [1,Q%)
is compact, where Q* = QQ—% While it is only continuous if § = Q*, the best Sobolev

constant ,
Q" dg) @

S = inf

(2.1)
weS§ Y ([ |u

4



is achieved by the C'*° function
Co

Uz, y,t) = NS

where ¢ is a suitable positive constant (see [18]). On the other hand, the function U is a
positive solution of the following equation:

~Apu=u* wue S;(H") (2.2)

and satisfies

/ |VHU|2d§:/ \U|*d¢ = S2.
H! H?

coep(§)

Set

u (&) = U.(&) = 2.3
(O =Pl = =5 (2.3
where ¢ € C5°(Br(0,70)), 0 <@ <1 and ¢ =1in By(0,%) (see [3]).
Let us first consider the following problem:
—A¢ = u? in
»=u m (2.4)
=0 on 0.

It follows from the Lax-Milgram theorem that, for every u € S}(Q), problem (2.4) has a
unique solution ¢, € S§(2). In addition, from the maximum principle, we have ¢, > 0.
Moreover, ¢, > 0 if u # 0. We give some properties of the solution ¢,, the detailed proof
process can be found in [3].

Proposition 2.1. For each solution ¢, € S(Q) of problem (2.4), we have
(i) Guu = by for allt £ 0;
(ii) For all u € S}(Q), there holds that

[ ourds = [ (Vusuie < 5 ull < 5700l (25)
Q Q 3
(iii) Let u, — u in S§(Q). Then ¢, — ¢, in SE(Q) and
/ bu, UpvdE — / pyuvde, ¥V v € SH(R).
Q Q

Now, we define a weak solution to problem (1.1).

Definition 2.1. We say that u € S}(Q2) is a weak solution of problem (1.1) if and only if

a/Vqudf—b/ |Vu|2d§/Vqudquu/(buuvd{—)\/ |u|! 2uvdé = 0
Q Q Q Q Q

for any v € SH(Q).



The corresponding energy functional Iy(u) : S§(£2) — R to problem (1.1) is defined by

b
B = Gl =l + 4 [ oucde =2 [ pupae (26)

From Proposition 2.1, we know that the functional I, is well defined and I, € C'(S3(Q), R)
(see [32]). Moreover, the Fréchet derivative of I, is given by

(I (u / Yy uV gudé — b / IV 2 de / Yy uV gude
—i—u/ﬂgzﬁuuvdf—/\/ﬂ|u|q_2uvd§, (2.7)

for all u,v € S§(2). Thus, the (weak) solutions of problem (1.1) coincide with the critical
points of 1.

3 (PS). condition
In this section, we first begin giving the following general mountain pass theorem (see [1]).

Theorem 3.1. Let E be a Banach space and I, € C*(E,R), with I,(0) = 0. Suppose that
(I1) there exist p,a > 0 such that I \(u) > « for all uw € E, with ||u|| = p;

(1) there exists e € E satisfying |le||g > p such that I\(e) < 0.

Define I' = {y € C([0,1], E) : v(0) = 0,7(1) = e}.

=] >
¢ = inf max L(y()) 2 &

and there exists a (PS). sequence {u,}, C E.
Now, we begin proving that I, satisfies the assumptions of the mountain pass theorem.

Lemma 3.1. Assume that p < bS3|Q|_% and 1 < q < 2 are satisfied. Then there exists
A, > 0 such that for each A € (0,A.), the functional I satisfies the mountain pass geometry,
that is,

(i) there exist o, p > 0 such that I (u) > a for any u € S§(Q) such that ||u|| = p;
(ii) there exists e € S3(Q) with |le]| > p such that I)(e) < 0.

Proof. We will prove the main conclusion in two cases:
Case I: 1 <0.
If 1 < g <2, we have

a _ _ A a4
I(u) > lull? §HUH2 “ — do||ul|* q—ES 2|

1
b—uS—3|0|2

where dy = 1



Let a
n(s) = 532_(1 — dys*e.

o= (i)

is the maximum value point of 7(s), that is,

Then

2—¢q
2

a ( a2-q)
1(po) = max(s) = ;— p <2d0(4 - q)) -0

Set |
A* = §QS% |Q|qT7](p0)'

Then, for all A € (0, A), we have

1(po)
9

I(u) > pd >0, forall u € S5(Q) with |lul = p,.

where p small enough.

Case IL: 0 < ;1 < bS?|Q| 2,

In this case, it is easy to prove that condition (i) of Lemma 3.1 holds.

On the other hand, let u € SH(Q) \ {0}, it follows from the Holider inequality,
0<p<bS3Q|™2 and 1 < ¢ < 2 that

a b it D
I(tu) = —u2t2——u4t4—|——/¢uu2d§——/ ul?dé
() = Gl = et + 2 | = [ 1

b ¢ . N
< GlulPe = Jhule + Eesaltultas - 22 [ urag

1
o242 b— S0z 44 tq/\/
= 2 - | 2T -z 3
 Jul ( ) e = 2 | g

So, we have
I\(tu) » —oc0 ast — oc.

Furthermore, if p < 0, it is obvious that I, (tu) — —oc as t — +oo. Thus, for u < bS3|Q|_%,
there exists e € Sj(Q2) \ By, such that I)(e) < 0. This completes the proof of Lemma 3.1. [

We recall that a C'! functional Iy, on Banach space SE(€) is said to satisfy the Palais-Smale
condition at level ¢ ((PS), in short) if every sequence {u,} C S§(Q) satisfying lim I(u,) = ¢
n—0o0

and lim /I (un)]|s1()» = 0 has a convergent subsequence.
n—oo

Lemma 3.2. Assume that u < bSﬂQF% and 1 < g < 2 are satisfied. Then for each A > 0,
there exists a positive constant M which is independent of A such that

lim sup [|u, || < M.

n—o0



Proof. Let {u,} be a sequence in S}(£2) such that

et 0(1) = Iy(un) = Sl = 2l + / 1 >dE — / wltde (3.1)
and
o(Dunll = (I3(un),v) :/QVHuanvdﬁ—b/Q|VHun]2df/QVHunVHvd§
_ q—2
tu /Q Gt vdE — A /Q R (3.2)

By (3.1) and (3.2), we have
1

cto(Dlwl = ) = ¢ (). w)
~ (g—=2)a o, (4—q)b 4_#(4_61) 2
= P+ E T = B [ 6t
92— 4—
> oD+ B2 s (0 (33)

From the Young’s inequality, we have

Eo D < o [E520] 4 St

2q 2
Let € = ( (b 1S3Q)2) > 0. It follows from (3.3) that
1 !/
ctoD)unll = In(un) — 5<1>\(un)aun>

S )

This means that {u,} is also bounded in S}(2) since p < bS?|Q2|~2 and 1 < ¢ < 2. Thus for
each A\ > 0, there exists a positive constant M which is independent of A\ such that

(4—q) -3101% 4
> b— Q|2 -
Z & (0 — pS™2[2) [Jun|

lim sup ||u,|| < M.

n—o0

This completes the proof of Lemma 3.2. O

Lemma 3.3. Assume that p < bS3|Q|_% and 1 < g < 2 are satisfied. Then for each A > 0,
the functional Iy satisfies the (PS). condition with ¢ < Z—i — D), where

4 - q —9q
D= <—q) sS40 7" M,
4q

M is given by Lemma 3.2.



Proof. Let {u,} be a (PS). sequence, by Lemma 3.2, {u, } is bounded in S}(£2). Since Sj(9)
is reflexible. Therefore, we still may assume that u, — uy weakly in S}(Q2) and u, — g

strongly in L?(Q) with 1 <6 < 4.

Set w, = u, — ug, then ||w,| — 0. Otherwise, there exists a subsequence (still denoted

by w,) such that
lim ||w,| = .
n— o0

For every v € S(2), it holds

(3.4)

(Ix(un), v) = (a—bHun|I2)/QVuandﬁﬂLu/quununvdé—k/glunlq2unvd£=0(1)- (3:5)

Using the Brézis-Lieb lemma (see [4]) and let n — oo, we have

o= 08+ 8ualP)] | VaoVuds +p [ duguavds = [ fuol" uavds = of1).
Q Q

Particularly, take v = g in (3.6), there is

(0 — (b2 + blJuo )] / Vo ?dé + 1 / by dE — \ / fuol9dE = of1).

Furthermore, as n — oo, it holds

(By(wn) 1) = allan = b+ 1 [ G =2 [ ol
Q Q
Using the Brézis-Lieb lemma again, we get
o(1) = allw,]* + alluol|* — 2b]lws|*|uol* — blluoll* — bljw|*
b [ a2\ [ Jun e
Q Q
By (3.7) and (3.9), we have
al® = bl* — b ||uel|* =0, I>0.

So that
a

= = Juoll*.

b
On the one hand, from (3.9) we have

bl = alluol? = b ol = bl + 1 | Gugualas = [ Juoftde
Q Q

(3.6)

(3.7)

(3.9)

(3.10)

(3.11)

(3.12)



Recalling that [Ju,| < M, using (3.12) and the Hélider inequality, it follows that

a a
Bw) = ol = Sl + 2Ll = [ guguitde +3 [ uolode

L / bugtio?dE — 2 / |1
4 q.Ja
a bl2 4 —
= gl + L (qu)A [ ulede

bl? 4 — g —q
> Sl + 2 ul? - (£20) asHoyF ar

4 4
a bl?
= ZHUOHQJFZHUOHQ_D)\’ (3.13)

where D = ( — > _’|Q|
On the other hand, from (3.10) and (3.11), we have

a b

D) = Ghuol? = Flult + 5 [ owuds =2 [ juoftag
a

= D) — Sl + Sl + 2o + o)

b
= o= Zlhwnl? + ZlwalPlluoll? + o(1)

2

a a/a b
< = DA =1 (5 = luol®) + Z lwn Pl
a b
= lluol* + S ¥[luoll* — DA, (3.14)
4 4
which is a contradiction by comparing the calculations from (3.13) with (3.14). Therefore,
[ =0, it implies that u, — ug in S§(€2). This completes the proof of Lemma 3.3. O]

4 Proof of Theorem 1.1 and Theorem 1.2

In this section, we apply Ekeland’s variational principle and mountain pass theorem to prove
that Theorem 1.1 and Theorem 1.2.

Proof of Theorem 1.1. On the one hand, for any v € S3(Q2) \ {0}, we have

_L(su) A q
lim = q/ﬂ|u| d¢ <0 (4.1)

s—0t+ 89

which means that there exists u € B, such that I(u) < 0, that is,
inf 7I(u) < 0.

u€Bp
On the other hand, from Lemma 3.1, we have

inf I)(u) <0< inf I(u).
u€ By,

u€Sp,

10



Noting that I,(|u|) = I,(u), by applying Ekeland’s variational principle in B,, there exists
a minimizing sequence u,, C B,, such that

1 1
I\(u,) < inf Iy(uw)+— and Iy(v) > I\(u,) — —|lv —u,| forallve B,.
n n

u€Bp,

Therefore
I(u,) — ¢ and I(u,) =0 asn — oo.

Since u,, < po and u, > 0, there exists uy € B,, with uy > 0 such that u,, — uy in Sj(Q2) as
n — oo. By Lemma 3.3, we can obtain u,, — uy in Sj(€2) and

d = lim I,\(un) = I)\(u,\) < 0.
n—00

Hence, we have uy > 0 with uy # 0 is a solution of problem (1.1). By the maximum principle
[5], we can know that uy > 0 in 2. The proof of Theorem 1.1 is complete. O

Lemma 4.1. Let 11 < bS®|Q|~2 and 1 < q < 2 be satisfied. Then, there exists Ay > 0 such
that if A € (0,As),

2

sup Iy(uy + tu.) < — — DA. (4.2)
>0 4b

Proof. Let u. as defined in (2.3). Since u, is a positive solution of (1.1) and I)(uy) < 0, if
0 < pu < bS3Q| "2, it holds that

a b A
L(uy +tu,) = §||u>\ + tue||* — —||u>\ + tu||* — —/ luy + tue|?dE + " / Gurru. (U + tu)?dE

a at? bt
= §||UAH2 + at/(VUAVUs)dﬁ + —||UsH2 - —|| u||* — —|| ue||*

2
—bt||uk||2/ﬂ(VuAVu6)d§—bt2 (/Q(Vu)\Vug)cK) 2 P

A
—bt3||ua||2/(Vu>\Vua)d§ — 5/ |ux +tu€|qd§+%/ Guy+tu. (Ux +tu5)2df
Q

at? bt bt?
—|| e||2——|| e|l4——||uA|| [Juc)?

IN

Ix(ux
,u
Z </ qbu)\-l—tug U + tua) gbu;\u)\ 4t¢uAU>\U€d§>

</ luy + tu|? — |u,\|qd§> +)\t/u,\q Lucdé

Q
at?, o, bt bt ) L\ P
—H u|| ——H ue | ——HUAH [Juel|* + At /QUA dg /Qus‘*—qdé

H </ ¢U)\+tu5 (U)\ + tus)2 - ¢uAuA2 - 4t¢u>\u)\u€d£>
Q

at? bt* bt?
= —H st——|| e||4——||uA|| Jue||? + Atljunl[ ||ue|!43;q

IN

% </ Bun s+t (Un + TU)? — Py, up? 4t¢uAuAu€d§> (4.3)

11



On the other hand, we have
[ ot + 0 = uys® = o uc )
< /Q (6t° G, ue” + 43y upue + 'y, u”)dE.
From (4.3) and (4.4), one has

at? bt bt?
Ii(ux +tue) < —H |I? —IHueH‘*—gHuAH [Jug||?

1
4

It follows from the Hélder inequality and Lemma 2.1 of [3] that
Jucl? = 52+, [ bt < ol < Ce.
L%#%%SWMMW@WMS&%
[ duuds < ol < ¢

Noting that
/¢Mﬁssﬂmw%w
Q

Thus, it follows from (4.5) that

2 t4 2 4
I)\(U)\ +tu€) < at2 (% + C€> _ o (S Io(g ))
bt? ) 5
__HUAH ue||? + Ot + Xtl|ua||§™ ||us||%q,
where )
apg =b— puS7?|Qz > 0.
Define
S? agt*(S% + O(&* bt?
g(t) = at? (7 + Ca) _ ( 1 () — —||u,\|| l|ue||* + Ct3e? 4 AN
Since

lim g(¢) >0 and lim g(t) = —oc.

t—07t t—00

Thus, there exists . > 0 such that

dg
supg(t) = g(te), =
tzgg() g(t:) o =t

12

(4.4)

(4.5)

+— (/ (612, 1> + 43, uru. + t4¢u5u52)d§) + )\tHuAHg_lﬂugHg%q.
0

(4.6)

||u€||ﬂ-
2



Therefore, there exist two positive constants ¢y, t5 independent of €, A such that
0<ty <t. <ty <oo.
Moreover, it holds from (4.6) that

sup Iy(uy +tu.) < supg(t)

>0 >0
t2 bt*
< sup (a—llueHQ - —||u€||4) WS 4 Che + AChe
>0 \ 2 4
a2
< @ - 0252 + 015 + )\035.
Let 052
=X and Ayi=(—2 ).
c an 2 (201 + D)
Then
Ce > M\Cke.
Furthermore,

—CyS% + 0183 + ACse < —(58% +2Ce < A(2C1) = A(2C1 + D) = —DA

for all 0 < A < Ay. Combining this with (4.7) implies that
2

sup Iy (uy + tu.) < a D).
>0 4b

On the other hand, it is easy to verify that

2
sup Iy (uy + tu.) < % _Dx for w<0.
>0 4b
In either case, we have
2
sup Iy (uy + tu.) < 2 _ D
>0 4b
for u < bSS|Q|_% and 1 < ¢ < 2. The proof of Lemma 4.1 is complete.

Proof of Theorem 1.2. Let

@2
A" = min {A*,AQ, 4b_D} )
Applying the mountain pass lemma (see [1]), there exists u,, € S§(Q2) such that
I(u,) — ¢ and  I§(u,) =0 asn — oo.

where

¢ = inf max 1(v(t))

13

(4.7)



and
[ = {3 € C(0,1], E) : 4(0) = up, 7(1) = e}

It follows from Lemma 3.3 that {u,} has a convergent subsequence (still denoted by {u,})
such that w, — u; in S}(2). Moreover, we obtain u; is a non-negative weak solution of
problem (1.1) and

I(uy) = 7}1_)12101)\(11,1) =c> 0.

It follows that uy # w; and u; # 0. In fact, similar to the proof of Theorem 1.1, we also
have u; > 0 and hence u; is a second positive solution of problem (1.1). O

5 Proof of Theorem 1.3

In this section, we will prove that problem (1.1) has a positive ground state solution, where
1 < ¢ < 2. To this end, we define

) = Libgjfvl,\(u), N ={ue SiQ):u#0,(I}\(u),u) =0}. (5.1)

Proof of Theorem 1.3. Obviously, if v € N, one has I\(Ju|) = I,(u), therefore we can
consider a nonnegative minimizing sequence {u,} C N and such that

Iy(u,) = v asn— oo. (5.2)

By I)(uy) < 0 and Lemma 3.2, we can see that ¢ < 0 and {u,} is bounded in S}(€2). We
may assume that u, — uy weakly in S3(€Q) and u,, — uy strongly in LY(Q) with 1 < 6 < 4,
Then uy # 0. In fact, if us = 0 and lim ||u,|* = [, we have

n—oo

(T (1t ) = @l |2 — Blleall” + s / b 1€ — ) / 7. (5.3)

So, we get

al — bl*> = 0.

From this fact, we obtain [ =0 or [ = {.

If I =0, we have I(u,) — 0 as n — oo. This is a contradiction from (5.2).
If | = ¢, we have Iy(u,) — Z—Z. This is a contradiction from Lemma 4.1. Therefore, we
must have uy # 0 in S} ().

It follows from Lemma 3.3 that u, — uy in S§(2). It means that uy is a positive solution
of problem (1.1) and I(ug) > 9.

Next, we will prove I)(uz) < . By the Fatou’s Lemma, we get

v = Jim ) = ).}

n—oo
. q—2 b4 —q 4—q
S -V Gt T T Gl / 1,2
n—oe [ 2q 4q 4 Ja
q—2 2 b(4—Q) 4 M<4_Q>/ 2
> L2 g2 = Doyt - 2D de. 4
> L2 - D gt - 22D [ g (5.4)
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In addition, since uy is a positive solution of problem (1.1), one has

-2 b(4 — 4 —
a(ue) = (us) — () ) = L2 P O Dl - O e, (55

2q
It follows from (5.4) that I)(ug) < . Thus I)(u2) = ¢ and ¢ # 0. This proves that us is a
positive ground state solution of problem (1.1). O

6 Proof of Theorem 1.4

In this section, we apply the Clark critical point theorem (see [9]) to prove that problem (1.1)
has at least m — n pairs of negative energy solutions. Note that T is a closed, symmetric
subset of X \ {0} at the origin. If A € T define genus

7(A) = min{k € N3¢ € C(A,R*\ {0}), é(—2) = ¢()}

and
['(A) ={A e T;v(A) > k}.

Theorem 6.1. If I, € C*(S}(Q2),R) is even, I,(0) = 0, I, satisfies (PS). condition and the
following conditions:

(1) There is an m dimensional subspace X, and a constant r > 0, S.(0) = {u €
SV ||lul] = r} such that  sup  In(u) <O0.
u€Sr(0) N Xm

(Iy) If there ezist an n dimensional subspace X,,(n < m) such that inf I(u) > —o0.
ueX

Then, I\(u) has at least m — n pairs of critical points with negative critical value, where

o= i e bt
Remark 6.1. Assume that 1 < q < 2, u < b5’3|Q|_% and ¢ < 0, then for each
A€ (0, ZbD ), the functional I satisfies the (PS). condition, where D is given by Lemma
3.3.

Proof. If \ € (O, ZbD 1) we have Z—z — DX > 0 > c¢. Then, the conclusion of Remark 6.1 is

the corollary of Lemma 3.3. [

Proof of Theorem 1.4. To prove Theorem 1.4, we shall use Theorem 6.1. Note that S ()
is a Banach space, Iy € C' be an even functional and I,(0) = 0.

Next, we divide the proof process into two steps.

Step I: Let 0 # u € X,,, C S3(Q), where X, is an m dimensional subspace, we define
u = T,v with [[v|| =1 and 7,, = ||u]|.

If0 < pu < bS3Q| 2

2 4b 4 q )\
I\(u) = Tm® _ Tm + mh! / Pv2dE — —TZ / lv|?dg
Q

2
2 q
SLQ_T )\/|v|qd§
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Since 1 < ¢ < 2 and the finite dimensions space all norms are equivalent, so there exists
To > 0 small enough such that

2 q
I(u) < %a - %/ [v]9d¢ < 0 for all 7 € (0,79). (6.1)
Q

Besides, if © <0, it is obvious that there (6.1) still holds. Thus

sup  I)(u) <0,
u€Sr(0) N Xm

where S,(0) = {u € S5()||[ullsi@) = r}. This fact means that (1;) in Theorem 6.1 holds
true.
Step II: If —oo < 11 <0, by (2.5) and the Hélider inequality, we get

a b p A
1) = Sl = 3 el + 5 / utde - / ufde
a b Ko 1 _g 4—q
> Sllull = Jlull® + 5571902 ullt = AS™EQ T flul” (6.2)
a
> Slull® = Cullull* = Cuflull?,

where C; = 2 and C5 = AS_%|Q\%. Since 1 < ¢ < 2, we can choose small ||u|| and an n

dimensional subspace X,, C X,,(n < m) such that

inf [ > —00.
Jnf L) > =00

Besides, if 0 < pu < bS3|Q]’%, it is easy to verify that (6.2) still holds. Hence, (I3) in

Theorem 6.1 is valid.
a2
A=A, —D '},

Let
It follows from Remark 6.1 and Lemma 3.3 that I, satisfies the (PS). condition at all levels
¢ < 0. Consequently, by theorem 6.1, we know that the problem (1.1) has at least m —n
pairs of negative solutions. O
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