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Abstract In this paper, a conserved domain decomposition method for solv-
ing convection-diffusion equations with variable coefficients is analyzed. The
interface fluxes over the sub-domains are firstly obtained by the explicit fluxes
scheme. Secondly, the interior solutions and fluxes over each sub-domains are
computed by the modified upwind implicit scheme. Then, the interface fluxes
are corrected by the obtained solutions. We prove rigorously that our scheme is
mass conservative, unconditionally stable and of second-order convergence in
spatial step. Numerical examples test the theoretical analysis and efficiencies.
Lastly, we extend our scheme to the nonlinear convection-diffusion equations
and give the error estimate.
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1 Introduction

Convection-diffusion equations are widely used in science and engineering, s-
ince they describe heat and mass transfer, oil reservoir simulation, groundwater
modelling, and various other physics processes(see, for example, [2-4,9,17,22],
etc). Due to large scale and long computing time simulations in real applica-
tion, it is of great importance to develop an efficient domain decomposition
method for solving the convection-diffusion equations.

Domain decomposition ([1,5,6,8,10,12,13,17,19-21,25],etc) is an efficien-
t and powerful tool for solving large scale simulations in applications. It is
well-known that in presence of both diffusion and convection, the difference
methods can become unstable and non-reliable due to spurious numerical oscil-
lations, the characteristic ([15-18,23,28], etc) and upwind ([7,24], etc) methods
were used to solve the convection-dominant diffusion equations.

However, the above domain decomposition methods for solving convection-
diffusion equations break mass conservation. By defining the substance fluxes
which contain convection and diffusion terms on the interfaces and combining
the operator splitting, papers [11,14,26] developed the mass-preserving and
modified upwind splitting domain decomposition method(S-DDM) for solving
convection-diffusion equations and multi-component contamination flows in
porous media, while the scheme is unconditionally stable and of second-order
convergence in space. Theoretical analysis of the scheme in paper [26] was only
conducted for convection diffusion equations with constant coefficient and the
analysis of the proposed scheme in paper [14] with variable coefficient cannot
be obtained. By computing the interface fluxes with the local multi-point
weighted average schemes on the interfaces, paper [27] analyzed an efficient
mass-conserving operator splitting domain decomposition method for solving
two dimensional parabolic equations with variable coefficient.

The modified upwind and mass-conserving domain decomposition method
for solving convection-diffusion equations with variable coefficients is proposed
in three step over each sub-domains. In the first step, the interface fluxes of are
computed firstly by the modified semi-implicit flux scheme. In the second step,
the interior solutions and fluxes are solved by the coupled modified upwind
implicit scheme. In the third step, the interface fluxes are corrected by the
obtained solutions. We prove rigorously that our proposed scheme is uncon-
ditionally stable and mass conserving. By some mathematic techniques and
inequalities, we give the error estimate and prove the convergence. Numerical
examples are presented. In addition, the nonlinear convection diffusion equa-
tions is developed, where the scheme, algorithm, error estimate and numerical
experiments are given.

This paper is divided into five parts. In Section 2, the scheme of the convec-
tion diffusion equations with variable coefficients is proposed. The theoretical
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results and numerical experiments are given in Section 3 and Section 4. In
Section 5, the error estimate of nonlinear convection-diffusion problems are
given.

2 Scheme

The convection-diffusion equations with Neumann boundary conditions are
considered as follows,

d(a:,t)%) = f(z,t), xz€l,

ot x ? N
b(z,t)e —d(z,t) 9 =0, z€0l, (1)
c(z,0) = co(x)

where b(x,t) is the velocity of the fluid and d(x,t) is the diffusion coefficient.
The right term is f(x,t), and the initial function co(z) is a smooth function.

The uniform conforming mesh on domain I = [0, L] with Az = £ is defined
and we introduce the staggered mesh points z; and x; 1as

:Cl-Jr%:iAx, 1=0,1,---, N, x; = (i —

The time interval (0, T is discretized uniformly by ¢ = nAt, n=0,1,---, M,
where At = L. Let ¢7 = ¢(;,t"), ¢;‘+% = ¢(x;11,1") denote the function
¢ at the mesh points (z;,¢") and (z;,1,t"). Define the following difference
operators as

no_gn ¢ 1= 1 ntl_yn
Sedfy = At G = —Hd gt = Aot
Let
u(z) = b(z,t)c — d(z, t)%. (2)

It is well-known that in presence of both diffusion and convection, the differ-
ence methods can become unstable and non-reliable due to spurious numerical
oscillations, the modified-upwind discrete flux operators are defined for (2) as

Uips = by 1 (A(by1)ei + (1= A(biy1))eir) — Ji+%5zci+% +0((Ax)?), (3)

d(z,t)

[b(,t)] '
L+ 5 Az

d(x,t) =

and A(s) is the sign function given by

1, s>0,
A(8):{0 s < 0.
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Let C; be the numerical approximation of exact solution ¢; and the fluxes

U;, 1 be numerical approximations of the fluxes u, 1 The discrete fluxes can
be defined as

Uiy = by Ay )G + (L= Ab))Cit) = diy10:Crye (4)

Assume that the domain is divided into multiple nonoverlapping sub-

domains. Denote "}, = d""! AL The domain decomposition method

iatd = Gy e
over each sub-domains is proposed in three step at time interval [t", "] as:
Step 1. The interface fluxes {Ul."':ll} on z; .1 € I’y are obtained by the
aTy

following semi-implicit schemes
rn+1  _ rrn n+1 n __orrn+1 n _ gn+1 n+1
Uia+%_U’ia+%+T’a §(Uia7% 2Uia+%+U’ia+%) dia+%At5xfia+%

JnJrl (5)

Remark 1 Due to the diffusion D with the variable coefficient, the predicted
scheme 5 is slightly different from the scheme in paper [11,26], which adds

jn+1 n n n :
on term _dia+§5mcia+% + dia+%5zcia+% and would be interperted as the
ad dc

approximation to g7 4=.

Step 2. The interior solutions and fluxes {C’f“, U;f;l} are computed by
2
the modified-upwind implicit solution and flux coupled scheme.

ot —op
S U = Y me
+1 __ +1 +1 “+1 +1 +1 n—+1 +1

UL = b A+ (L= MO O = A0, Cr) gy € T,

n+1l _ rrn+1
Ul = @iy € L,

+1 _

UZ%_O, $i+%681.

(6)

Step 3. The interface fluxes {U?Tl } are solved as
aT3

Ut = (@) (1 - A(bjﬁ%))oﬂg) — &yjj%amcg;%. (7)

iats  iatsg 3
Meanwhile, the initial values are given by

OO = Co(Ii), x; € 1. (8)

K2

3 Theoretical result

In the section, without loss of generality, the domain is assumed to be divided
into 2 sub-domains.
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3.1 Conservation

The scheme (5)-(8) is rewritten into as

CrH 4 5 UM = i =12, iy — 1,01+ 2, , N,
et !
6tcn+1 + 6 Un+1 fn—i-l i1+5 i1+ 5 77; _ ila (9)

gn+t fUn+1
n+1 n+1 n+1 ity aty oo
8150 141 +5 U11+1 fl1+1 A, ,’L—’Ll—|—1.
It is easily to prove the following theorem.

Theorem 1 The scheme (5)-(8) meet mass conservation on the global domain
i.e.

Z Cr Az = Z CVAzx + Z fl+1A:z: At, (10)

forn > 1.

3.2 Stability

Rigorous mathematical analysis shows that the stability of our scheme is non-
obvious and more difficult to prove. For doing this, we introduce some nota-
tions and preliminary lemmas and assume that b(x,t) > 0 as well.

Let U=A{Ui}, V=A{Vi}, X ={X; 1}, Y = {Yj 1}, be discrete functions.
Define the discrete inner products, and the corresponding discrete L2-norms
as follows,

N
U, V)= UVide, | U |=(U,0)2,

i=1
N-—-1 .
(X, Y)= 3 XYide, | X ||I= (X, %)%,
1=0
N—-1 .
(X7 Y)a - aiJr%XiJr%}/iJr%AIv || X Ha: (XaX)l%
1=0

Let I, . 1 be the interface lines. We define the corresponding inner prod-
ucts and norms on the interface lines.

<X’Y>Fia+%_X %Y +1

<XY >ar, =, +1XZ 1Y

| X |r, 1:<X,X>FV +1,|X|a7[’i =< X, X >
iaty

aty +3 m+7

@ Nl

where (X, X), and < X,Y >, are defined as the inner products with the
weighting function a(x).
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Lemma 1 Let U = {U;} and V = {V;}. Then it holds that
iy
At 2At 2At

Lemma 2 If C = {Ci} and U = {U;, 1} satisfy Uy = Upys = 0, it holds
only if it is assumed that Eq. 7 is valid,

BT =NVID+ 5 U=V 2. (11)

b, 1
(0.U,C)=|| U |} = Zicy 7 Uiy CilAw. (12)
2

Lemma 3 Let C = {Ci} and U = {U; 1} be the solution of the scheme
(6)-(8). We have that

mn A n n
(L= puat) | O 2+ S U g U )
2 2
< (L+amd) | o |2 + A” (1vrig, , +1U"
2
+MAL(| fr ||2+<““ ) If"“ 7).

i=11,51+1

) (13)

where M > 0 is a positive constant.

Proof Multiplying both sides of Equs. (9) by C7"** Az, respectively, and sum-
ming up with 4 from 1 to N, we obtain that

(étCnJrl’CnJrl) + (51Un+1, OnJrl) _ (fnJrl, OnJrl) + ]_%7 (14)

where ~
R= (UL = U8 ) (=000 ) A (15)

Applying the definition (4), it holds that

_gntt s ontt

n+1 n+1 i3 T i+d
R= (U1+2 i) —h A
n+1 rrn+1 n+1 n+1 n-+1
= U - OO, b On A
11+2

— AI<U"+1 _ UnJrl, Un+1> 1 r

—d’nJrll i+ d

i1+4
bn+1
i1+ n+1 rrn41 n+1
dn+12 (U“Jrl Ui, 1)0' Az (16)
11+—
_ AI(| Un+1 |2 _ | Un+1 |2 .
i1+§ m+1 > i1+%
11+§ ~ itg
_ n+1l _ n+1 n+1
A$(<U U ,U >ﬁ’Fil+l)
i1 3 2
bnil T 5 1 +1
_its n n n
— g (URTS — U )OR Aa
11+§

Subtracting the second equation from the third equation of Equns. (9), we have

that — o I -
mn n n n n

5””Ci1+%_510i1+% U b3 —2UZ.1+%+U1.177

! + (Ary? =5, (17)

1+1
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ultiplying both sides o wi 1, We ge a
Multiplying both sides of (17) with d"+, get that
n+1 n+1 mn m+1 n
dI +IJC 1+d +16’”Cz +1 B d1 +15C] +1er %61011+%
Un+1 A Un+1 +Un+1 At (18)
_|_dn+1 11+2 11+% dn+1 5 n+1
i1+ (Az)? ity Clii+ g
Further, we get that
Un+1 *U" bn+1 Cn+1 bn Cn
11+2 '”1+2 _ 11+ '”1+2 n+1 fnJrl
At At z +1 €z
dn+1 5 Cn er S C Un+1 2Un+1 +Un+1 (19)
_ Ty ey Oy | e Yy 3%y
= At i1+ (Aﬂﬁ)2 ’

bt optter O
Adding both sides of Eqn. (19) with nty o y.v 12 7 and using the defini-
tion of U

we obtain that

+1’
Uy S L
71 n n+ n+ n+ n
T 1+_5qu+ 1+1At6 f 1+15 cr.
(20)
Subtracting Eqn. (5) from Eqn. (20), we have that
n+1 n+ n+1 n+1 n+1
U11+2 +1U +1 =T +1(U -5 +1U +1) (21)
11 (Ull 3 + Uil )+ b C 11+1C

Thus, it follows that

n+1 rrn+1 7rn+1 gn+1 n+1 n+1l yrrn+1
S = OO = —di G (UR T, +Ur U
11+—
n—+1 A n n n+1 n+ n+1 n n+1
+dp s G Uh_s + U s U S (e C b 1 CL ot

T (22)
Applying the perfect square formula (a — b)? = a? + b* — 2ab, we obtain that

_ At n+ n+1
(Ar)2 -4 i+

_ At n+1 n+1\2
2(Azx)? (U“ﬂ Uity) —

At
2 )
(23)
For the first term of Eqn. (23), by applying the second equation of Eqns. (9),
we can have that

sl (UL — ULy
Un+1 Un+1

At( 7.1+é i1*%)2: %(fﬂJrl 8Cn+1)

U P A R

i1+%

2 Az R
= 3 TR oo oot
! . gnl gt (24)
= ST P 2 O R | A0 )
X
mtt
%(U a Cn—i—l T, _ | fn+1 %11) _9 i1+%AI nfffn-l-l)
SUOC R = 1R - SO ORI,
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where | 9,C™F (7, = (Q,C7FN2, | frH 7 = (fi)2
Substituting (24) into (23), we can obtain that

At n Tn At s n n
B - Sae -1 )
At ~ At

n+1 |2 n+1 |2 e 41 n+1 n+1
2(A(E)2(| U |I’i17% + | U |Fi1+%) A,CC( i1+2 Uzlf—)f .

(25)
Similarly, applying the third equation of Eqn. (9), we have that

At 1 A

n+1 n+1 n+1
- GOty = S0~ 1 )
At ~ At -
n+1 (2 n+1 |2 n+1 n+1 n+1
_2(A.’IJ)2(|U |Fi1+% +|U |Fi1+%)_E( i1+g U )f11+1
(26)
Substituting (25) and (26) into Eqn. (22), we get that
n—+1 rrn+1 7rn4+1
O UL UM
11+—
= S QO | E [0 ) = SH R L)
B (it NS ST
+3
_’_ﬁi (fnJrl(UnJr{ Uzil ) fﬁjrrll(UlnilS Un+1 ))
+ e (Ul s +U£ )U”* + O C”+1 - b7+lcn)Ujfl
(27)

For the third and fourth terms of Eqn. (27), we use the Hélder-inequality and
e-inequality, respectively, i.e.,

Gar Uy + UL UL < 581U , FIUMIE +2|Un+1 7,
(28)
and
SO - o) - A niy Ui
<e(lU™E, | , + gt |2 +2|U"+1 7, (29)

2 Ay? +1
(Az )2 Ez =i1,i1+1 | fn

Substituting (28) and (29) into Eqn. (27), we get that

_<Un+1 _ Un+170n+1> L r
n+1 ’ 11+2
11+2

< FUBC B, +1AO I, )+l UT L + UM, <2 0

2<Aw ! U, U+ m Ao 4100,
+M Am)2 Zz i1,i14+1 | fn+1 |2 (b?trll O"Jrl Cn)UanJrrll

(30)

vy

l\)\»—t

i)

)
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Substituting (30) into (16), we obtain that

< AmAt n+1 |2 n+1 n+1 |2 |7+l 2
R (| 30 |F T | 30 |F *1)+AI(| v | n+1 *F11+1 |U |m+1 vFi1+%)
11+— 11+2
SAGUTT R U )+ AU O )
AL U U 2 | D)
bn+1 ! bn+1 2

td et CnHAiL“ + dnljf U"H Ch Ax + M( ) Diciy vt | frHE

dn+1 i +1
1+1

n+1 n—+1 n n+1
+Aa(brh Ot b L )Ul+2

i1

(31)
By Lemma 1 and Lemma 2, we have that

@Cmtt,om ) = g (O™ = [ ) + S a2, (32)

and

n+1

b
ZN 1 d;++21 U:l-‘rlcn-i-le (33)
2

(6wUn+17Cn+l) :” Un—i—l ||2
J

¢ 1

Substituting (31)-(33) into Eqn. (14), we can have that

el Cn+11 IIE I C”ALI) A‘ZIIZ?C"+1 1> .
IO s (U Iy U™ R )

—53: (1 U" |2 U )

< 222L(| §, o |2 +10, ot 70

A UnJrl 2 o UnJrl 2
FA( Uy TR )
i1+ 11+2 (34)
Fe A UM U 42 | O
1+35 i1+
bn+1
i1+
HC Y + i i dn1+12 Ugfl Crtl A
bn+1 +
+d13I12 Uricnde+ MEE YL R
+
1 1 1
+A;v(b"+ - +ICW)UZ"L

For the last term of (34), applying e—inequality, we obtain that

n+1 n+1 n n+1
(melC C )U 1+3 i1+

<2 | UPY P A (1S PIOTT P+ 10 PIC

h %)
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For the fourth, sixth and seventh terms of (34), applying the Hélder-inequality,
we get that

o (| CFHIP =L C™ %) + S | d.0m |2

N2, 4555 yh n,_, FIUE L)
2

- (U |2 LHIUM )
-2
< B3 e+ GO, )
n+1 _ n+1 |2
+Az(| U |m - U ey
1+3 i1t3
+edx(| U |2 g TIUTE L)
L 35
+46A,’E | Un+1 |F l l || Cn-i-l ||2 % || fn—i—l ||2 ( )
220 1| IC" |2+|b"+1 PICh 1 1)
o ug Siin | PR
b
+Zz 11,17511[ dn+1 |Ulnill |2 ldlntgl |Cn+1 |2] &€r
+2 bn+1 2 11+2
gk | U P+ | OnF PlAw,
11+ 2 11+2
Letting € < %, we get that
Pl O~ o )+ AL ACm
FIUm R, AR USRI UT R, )
SALGURE U )
-3 1+3
1 b"*: +1 +1 |12
_ [ ‘173 1 T n
(3 + max Ve oy PLI Ol
< AzAt(| 8 On+1 |2 4 | 8t0"+1 %Zlﬂ)
—Az(1 -1 —4ed"+1 gntt |2
( ) | | n+1 ’Fi1+% (36)
11+2
bn+1 2
+[max%ﬁl 3 |anrl e ?
z;ézl d11+1
2

n A n
+3 0 f I+ + M Ziinintr | f +1
+Az ! (4 +ed;1:§>|U”+l 2,

i=11,i7£101 I

djwrll Fip+d
i1t %

+Az U2,
n+1 ’ il*%
7,1+2
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1}<1, §—4ded !

Assuming that max{1 5+ 4ed" ! > 0, and applying the

+ 19
Holder-inequality, we obtam that

e Ko B (e S S A PR ~ - (LA S R
bn+1 2 1Tz 2 17z

—[%%%i‘;n% ALl Keloan &

(n+1 2 1+2

+
< b gt = 3 10 PLIC™ P 0 () P S IR,

i1

(37)

We complete the proof.

Then we can have the following theorem.

Theorem 2 (Stability) The scheme (5)-(8) is unconditionally stable in the
sense of discrete L?-norm over multiple sub-domains, i.e.,

I{Cm 1, U2 < MOIHCO, U NP + 275 Al £11%),  (38)

where M > 0 is a positive constant and

Cn+l UntIy|12 =|| ot |2 4 (Aan? U+l |2 + | Ut 2 7
I{ HII® =[] * +=-( Ipf% | Ipiﬁ%) (30)

A
(R (S e R a5 N L A

Proof From (13), we have that

(1= BiAL) | 1 |2 805 (| ot 7, U L)
5
<1+ At) | O |2+ —<| U3 ,l+|U" 2 §> (40)
i1—35 i1+ 5
FMAL() AL ),
i=141,i1+1

So we have that

O I {Cm L UM 1P < s(I{C™ L, UM HIIP + (1 {C™ U HI?) + M ] fl(lll%)-

41
where K = a > 0 is only dependent of the coefficients but independent of At
and Az. Summing (41) up with respect to n, and by the discrete Gronwall’s
lemma, we complete the proof.

3.3 Convergence

Let c' be the value of the exact solution c(x,t) at the point (z;,¢"). Define
the flux u?+% = b?_i_% cr — d?-i-% 5mc?+%
In order to analyze the truncation error of the scheme (5)-(7).
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Lemma 4 Assuming that the exact solution satisfies ¢ € C°([0,T]; C*(£2)) N

C?([0,T); C°(£2)), we can have the following truncation error equations:

Oecf 4 St = P op Y
where 07 = O(At + (Az)?.

Proof From (42), we can have that

n+1 un+1

1
6m+1 _ C?+ —cf + ”2 -5 n+1
i - At Ax
bn+1 n+1 bn n+1
entl_gn il i 1Ci—1
— i i + 2 2
’Atl 1 1 Az 1
I s B
1+§ 1+2 1—5 1—— fn+1
Az

For the first term of the right-hand side of (43), we can have that

C?H —c? At

A L= (et - 7(%)?1,

For the second term of (43), we can have the following error

prtlontl bn+1( n+11 _ Ax( )n—i—l + (A ) (Cm)n-i-l —|—O((A3:)3)),

z+lc it z+§ 2 i+3

and

Ci1 2 8

i—

2
bn+1 n+1 bn+21( n+11 Az (Cm)nJrll (Az) (cmm)nJrl +O((A£L‘)3)),

2

For the third term of (43), it follows that

dn+l
dn+15 n+1 %@cﬁ;
1+ n+21 Ax
z+2
dn+1 A )
+
= ()] + S o) + O((AR))
i+l 2 2
'L+2
mn—+1 bjlem 2 n+1
= 4} (1= 5 + O((A0))) ()]
it
A 2
52 (o)} + O((A2))
n+11 T
it L
= diH () — ()l + O((Aw)?,
and
bn+1 Ax

TG, = d (e - ()] + O((Ax)?).

(42)

(44)

(45)

(46)
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From (45),(46) and (47), we can get that

bn+1 n+1 n+15 n+1 bn:j Zi;l o dn+1( >n+1 + O((Ax)Q), (49)

and

an ntl d"+15 n+21 bn+1 el d?jél( )?+1+O((ACE)2)- (50)

2 '3

Thus, we can have that

e T T S L g
Ax =
e dtﬁaw(cm)éﬁ—déj o)}
— k2 P k2 2Azl P K2 _ k2 P k3 2AIZ 5 k2 O((A:E) )
(51)
From (45), (46), (47), (51) and Eqn. (1), we can get that
07t = O(At + (Ax)?. (52)

Assume that the exact solution satisfies ¢ € CY([0, T]; C°(£2))NC? ([0, T]; C*(£2)),
we can further obtain that

b 9":11 = O(At + (Ax)2. (53)
Let
n+1 n+1 n+1 n+1 n+1 n+1 .
P; i _C‘ ) p+1 —CH_l C+17 Vi,
n+1 n+1 n+1 n+1l n+1 m+1 n+1 .
<1+1 —UH_1 UH_l —bl+1pl _dH_lpH_lu 7,7511, (54)
<n+1 _ n+1l ﬁnJrl
i1+ 143 i1+

Subtracting Eqns. (42) from Eqns. (9), we have the error equations as

apn+l+5w<—in+1:9?+lu i:17...,i1_1,i1+2,...7l7

Fn+1 _ sn4l

n+1 i1+3 -3 gn+l .
8p #—9 ) =11, (55)
n+1 n+1
n+1 i1+3 Cii+d n+1 s __
i g =0, =it

and
2 )Gy = Gy iy @y +

_ gn+1 n n+1
di1+%51pi1+% +di1+%6wpi1+1 +711+—

n+1 n+1
ny) - Al 5,00

(56)

where 7"111 = O(At+ (At)) ) and with the boundary conditions C"+1 =0 and
o =

Sumlar to the proof of Lemmas 3, we have the following lemmas.
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Lemma 5 Let {p'"'} and {C""H} be the solution of (55)-(56). It holds that

(L= Buat) [ 2+ GE (3 )
2
< (1+4adt) | pm |2 +40° (I ¢ IE +|<" F0y)
+MAt(H gn+1 H2 +(At) Ez i | gn+1 |F ) —|—MAt(A:17 | ,.Yn“rl |2 )

(57)

where M > 0 is a positive constant.

Considering the estimates of §; and v, e Applying Lemma 5 and Theorem
2, we can obtain the following theorem.

Theorem 3 (Convergence) Assuming that the solution ¢ of (1) satisfies
that

c € C°([0,T1; C°(62)) N CH([0, T); C*(£2)) N C*([0, T]; C*(2)).
Let C' be the numerical solution of the scheme (5)-(8). It holds that
(At)®

| ™ — O™ |< M(At + (Az)? +

forn > 1, where M > 0 is a constant.

4 Numerical experiments
4.1 Example 1

In this example, we assume that the initial condition is ¢ = 22(1 — z)2, the ve-
locity and diffusion coefficient are b(x,t) = (1—2)z, d(x,t) = D(1+2?) and the
source (or sink) term f = 2e~" (22(1 — 2)*(1 — 3z) — D (102" — 122 + 922 — 6z + 1)).
The exact solution is ¢ = e !2%(1 — z)? over the domain [0,1].

In Table 1, the time step At is set 1/1000000. The space step h is taken as
1/100, 1/200, 1/400 and 1/600. We can find that our scheme is asymptotically
a second order when the space h decreases.

In Table 2, we take At = h. The space step h is set from 1,/100, 1/200,
1/300 to 1/400. We can find that the scheme is asymptotically a first order
when the time step At becomes small.

In Table 3, the time step At is set 1/1000000. The space step h is taken as
1/20, 1/50, 1/100 and 1/200. The error decreases with the decrease of space
step, and the mass error is kept at 1073, which satisfies mass conservation.

The efficiency of our parallel algorithm are performed on the small serv-
er which has only two CPU and each CPU (Intel(R) Xeon(R) Silver 4216)
contains 16 cores. We take the space step h = 1/2000 and time step as and
At = 1/1000000 with the diffusion D=5E-3. The speedup S, is defined by

Sp = %, where T, is the total time used over multi-block sub-domains and
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Table 1 The space order of convergence of the scheme

t D\h 1/100 1/200 1/400 1/600
1 L?—norm 1.8568E-5 4.6201E-6 1.1332E-6 4.8769E-7
order - 2.0068 2.0275 2.0794
L2—norm 2.2867E-6 5.5247E-7 1.2029E-7 4.3829E-8
order - 2.0493 2.1994 2.4900
L?—norm 5.9887E-6 1.5678E-6 4.1068E-7 1.9287E-7
order - 1.9335 1.9327 1.8640
L?—norm 3.4603E-5 1.1330E-5 3.3635E-6 1.6008E-6
order - 1.6107 1.7521 1.8312
L?—norm 3.4177E-5 8.5259E-6 2.1130E-6 9.2551E-7
order - 2.0031 2.0126 2.0360
L2—norm 3.8457E-6 9.4306E-7 2.1782E-7 8.4388E-8
order - 2.0278 2.1142 2.3387
L2—norm 1.0743E-5 2.8031E-6 7.2384E-7 3.3080E-7
order - 1.9383 1.9533 1.9313
L2—norm 6.5125E-5 2.1320E-5 6.3184E-6 2.9987E-6
order - 1.6110 1.7546 1.8381
L?—norm 7.2657E-5 1.8170E-5 4.5473E-6 2.0247E-6
order - 1.9995 1.9985 1.9955
L?—norm 7.7602E-6 1.9450E-6 4.9120E-7 2.2199E-7
order - 1.9963 1.9854 1.9588
L?—norm 1.9585E-5 5.0913E-6 1.2967E-6 5.7868E-7
order - 1.9436 1.9732 1.9899
L?—norm 1.3503E-4 4.4181E-5 1.3058E-5 6.1785E-6
order - 1.6118 1.7585 1.8456
L?—norm 1.1621E-4 2.9061E-5 7.2733E-6 3.2384E-6
order - 1.9996 1.9984 1.9956
L2—norm 1.2394E-5 1.9689E-6 8.7628E-7 4.9422E-7
order - 1.9963 1.9850 1.9577
L2—norm 2.2893E-5 5.9506E-6 1.5147E-6 6.7553E-7
order - 1.9438 1.9740 1.9915
L?—norm 1.9610E-4 6.3927E-5 1.8814E-5 8.8836E-6
order - 1.6171 1.7646 1.8507

0.1
0.1
0.01

0.001

0.1
0.2
0.01

0.001

0.1
0.5
0.01

0.001

0.1

0.01

0.001

T, is the time used with the second order modified upwind scheme. Let p
be the number of sub-domains. E;¢ is the parallelism efficiency, defined by

Epp = 52 We can see that the L? errors are nearly same (about 1077) in
Table 4, and CPU time decreases when the domain is divided into multi-block
sub-domains. The speedup increases when multi-block sub-domains are used
and the parallelism efficiency is about 50%.

4.2 Example 2
In the second example 2, we take the velocity b(z,t) = sinz and
f=e"(2*(1 = 2)*(cosz — 1) + 2zsinz(2z — 1)(z — 1) — 2D (102" — 122° + 92° — 62 + 1)) .

the initial solution and exact solution is same as the Example 1.



16 Ruiqi Dong et al.

Table 2 The time order of convergence of the scheme

t D\ At 1/100 1/200 1/300 1/400
1 L?—norm 1.0951E-4 6.3737E-5 4.3040E-5 3.1415E-5
order - 0.7809 0.9684 1.0944
L?—norm 6.3087E-5 3.0046E-5 1.9659E-5 1.4698E-5
order - 1.0702 1.0462 1.0109
L?—norm 4.3230E-5 1.9699E-5 1.2729E-5 9.3995E-6
order - 1.0944 1.0770 1.0540
L?—norm 6.0573E-5 2.0958E-5 1.1558E-5 7.7731E-6
order - 1.0944 1.4678 1.3790
L?2—norm 1.7391E-4 7.4913E-5 4.6730E-5 3.4316E-5
order - 1.2151 1.1639 1.0733
L2—norm 7.2673E-5 3.5424E-5 2.3411E-5 1.7483E-5
order - 1.0367 1.0215 1.0149
L2—norm 5.3947E-5 2.5400E-5 1.6645E-5 1.2386E-5
order - 1.0867 1.0424 1.0273
L2—norm 7.7592E-5 2.7168E-5 1.5263E-5 1.0481E-5
order - 1.5140 1.4221 1.3065
L?—norm 1.7573E-4 7.4084E-5 4.6382E-5 3.3700E-5
order - 1.2461 1.1549 1.1103
L?—norm 1.0553E-4 5.0890E-5 3.3509E-5 2.4975E-5
order - 1.0522 1.0306 1.0217
L?—norm 8.1443E-5 4.0537E-5 2.7095E-5 2.0365E-5
order - 1.0066 0.9936 0.9925
L?—norm 1.2784E-4 4.6462E-5 2.6905E-5 1.8967E-5
order - 1.4602 1.3474 1.2153
L?—norm 2.3254E-4 8.8687E-5 5.3103E-5 3.7595E-5
order - 1.3907 1.2649 1.2005
L?—norm 1.4748E-4 7.0628E-5 4.6391E-5 3.4533E-5
order - 1.0622 1.0366 1.0261
L2—norm 1.2025E-4 6.0778E-5 4.0763E-5 3.0680E-5
order - 0.9844 0.9852 0.9878
L2—norm 1.8220E-4 6.8919E-5 4.1217E-5 2.9679E-5
order - 1.4025 1.2679 1.1416

0.1
0.1
0.01

0.001

0.1
0.2
0.01

0.001

0.1
0.5
0.01

0.001

0.1

0.01

0.001

In Table 5, the time step At is taken as 1/1000000 and the space step h
is taken as 1/100, 1/200, 1/400 and 1/600, respectively. It is clear that our
scheme is of second-order convergent in space.

In Table 6, we take the time step At = h and the space step h = 1/100,
1/200, 1/300 and 1/400. We can find that the time convergence order is first
when the time step At becomes small.

In Table 7, the time step At is taken as 1/1000000. And the space step h is
taken as 1/20, 1/50, 1/100 and 1/200. The error decreases with the decrease
of space step, and the mass error is kept at 10713,
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Table 3 The error and mass errors of the scheme

t D\h 1/20 1/50 1/100 1/200
1 L?—norm 4.6446E-4 7.4349E-5 1.8568E-5 4.6201E-6
Masserror 9.8887E-14 2.1965E-13 3.4212E-14 1.1049E-13
L?—norm 5.7306E-5 9.2159E-6 2.2867E-6 5.5247E-7
Masserror 2.2177E-13 3.6174E-14 6.5523E-14 6.3232E-14
0.01 L?—norm 1.1393E-4 2.2188E-5 5.9887E-6 1.5678E-6
’ Masserror 1.2411E-13 1.5550E-13 5.9483E-14 5.2941E-14
0.001 L?—norm 2.9985E-4 9.4188E-5 3.4603E-5 1.1330E-5
’ Masserror 2.8627E-14 1.8106E-14 4.1340E-14 9.4625E-14
L?—norm 1.8148E-3 2.9058E-4 7.2657E-5 1.8170E-5
Masserror 4.0842E-13 9.1076E-13 1.4161E-13 4.5687E-13
L?—norm 1.9363E-4 3.1020E-5 7.7602E-6 1.9450E-6
Masserror 9.2033E-13 1.4992E-13 2.7087E-13 2.6139E-13
0.01 L?—norm 3.7116E-4 7.2663E-5 1.9585E-5 5.0913E-6
’ Masserror 5.1320E-13 6.4202E-13 1.4580e-13 2.1906E-13
0.001 L?—norm 1.1401E-3 3.6587E-4 1.3503E-4 4.4181E-5
: Masserror 1.1575E-13 3.6587E-04 1.7074E-13 4.4181E-05
L?—norm 2.9028E-3 4.6477E-4 1.1621E-4 2.9061E-5
Masserror 6.5747E-13 1.4677E-12 2.2827E-13 7.3471E-13
L?—norm 3.0927E-4 4.9538E-5 1.2394E-5 3.1065E-6
Masserror 1.4835E-12 2.4081E-13 4.3507E-13 4.1927E-13
0.01 L?—norm 4.3048E-4 8.4856E-5 2.2893E-5 5.9506E-6
' Masserror 8.2302E-13 1.0319E-12 3.9390E-13 3.5081E-13
0.001 L?—norm 1.6213E-3 5.3079E-4 1.9610E-4 6.3927E-5
’ Masserror 1.8559E-13 1.2723E-13 2.7589E-13 6.2725E-13
L?—norm 3.9655E-3 6.3493E-4 1.5876E-4 3.9701E-5
Masserror 9.0390E-13 2.0214E-12 3.1442E-13 1.0066E-12
L2—norm 4.2723E-4 6.8426E-5 1.7119E-5 4.2914E-6
Masserror 2.0453E-12 3.2876E-13 5.9493E-13 5.7399E-13
0.01 L?—norm 2.6950E-4 5.3638E-5 1.4530E-5 3.7818E-6
' Masserror 1.1249E-12 1.4091E-12 5.4015E-13 4.8152E-13
L?—norm 1.6645E-3 5.7959E-4 2.1583E-4 6.9971E-5

0-001 Masserror 2.5711E-13 1.7607E-13 3.8015E-13 8.5872E-13

0.1
0.1

0.1
0.5

0.1

0.1

5 Nonlinear convection diffusion equations

In this section, we extend our scheme to nonlinear convection-diffusion equa-
tions. The nonlinear convection diffusion equations are considered as follows,

9 + 2(B(0)0 — D(0)92) = f,(2,t) € (0,L) x (0,T),

B(0)0 — D(0)3¢ =0,if z=0o0rz=L, t>0,

0(z,0) = Op(z), z € (0,L), (59)

where the initial function 6y(z) is a smooth function. Let ¢(z,t) be the flux of
problem (59) defined as ¢ = B(6)6 — D(O)% which ensure that our proposed
scheme is mass conservative.The numerical solutions {7} and numerical flux-
es {Q7F, 1 } to denote the numerical approximations to solution 6(z;,t™) and

9it6is1

fluxes q(z;, 1,t"), respectively. Let (9i+% = 5

77
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Table 4 Speedup and efficiency over multi-block sub-domains

1 2 8 10
en 5.5543E-8 5.5544E-8 5.5543E-8 5.5543E-8 5.5543E-8
t=0.1 Masserr 2.6754E-15  2.6103E-15  2.6784E-15 1.44286E-15 1.88521E-15
’ Ty (sec) 4.9301 3.0488 2.0474 1.5897 1.4438
Sp 1.0000 1.6171 2.4080 3.1013 3.4147
E'ff(%) 100.00 80.86 60.20 38.77 34.15
en 7.5750E-8 7.5751E-8 7.5750E-8 7.5749E-8 7.5749E-8
t=0.2 Masserr 5.1339E-15  5.0055E-15  5.2102E-15 2.8259E-15 3.6438E-15
Ty (sec) 9.1878 5.7497 3.6867 2.5771 2.3824
p 1.0000 1.5980 2.4921 3.5652 3.8565
Eff(%) 100.00 79.90 62.30 44.56 38.57
en 1.1217E-7 1.1217E-7 1.1216E-7 1.1216E-7 1.1216E-7
t=0.5 Masserr 1.0950E-14 1.1090E-14 1.1276E-14 5.9709E-15 7.8843E-15
’ Ty (sec) 23.8091 14.6632 8.2321 5.3486 4.7635
Sp 1.0000 1.6237 2.8922 4.4515 4.9982
Eff(%) 100.00 81.19 72.30 55.64 49.98
en 1.4487E-7 1.4487E-7 1.4487E-7 1.4487E-7 1.4487E-7
=1 Masserr 1.8579E-14 1.7923E-14 1.8024E-14 9.2704E-15 1.2278E-14
Ty (sec) 45.5337 28.5940 17.2753 10.6398 9.4153
Sp 1.0000 1.5924 2.6358 4.2796 4.8361
Eff(%) 100.00 79.62 65.89 53.49 48.36
5.1 Scheme

Our mass-conserving domain decomposition method is described as follows.
Step 1: The predicted interface fluxes {Q”Jr1 } are computed as

Q"n+1 " n 72Q71+11+Qn 1

iat3 iat3 D"+1 iatd

ia—3
At iatd @

where i, is the location index number of the interface and D™

and
Dn
no_ it3
DH— 5 ‘B?+l | .
1+ 557w
'L+ 3

n+1
1 +1

1
O:finey

1
lat3

Dn+1

iatd
At

1 ?oc +1
_ _fatg fats 5 cr +(1670
o 2

D(@Zx‘i‘%)

Step 2: The intermediate solutions {@f“} are computed by the coupled

implicit scheme.

@n+1 @n

5 QnJrl +f’n,+1 2 c Qa,

QZLJ:-II _ Bn-l—l()\(Bn-i-l)@n-i-l (1 )\( n+1))9;z:-11) ?:115 @nj-ll, H_% € 2a,

Q?-’:é _Q?J’:la ia"l‘% EFa.

(61)
where D}''} = D(O]}) and B;f;: B(O}1).
Step 3: The interface fluxes {Q:H'Jrll } are recomputed by
@ 2
Q?;rl; = Bl";;ll (/\(Bl.";;l%)@;:r1 +(1- )\(B;:H ))@ft}l) D”Jrl J, @Z:Z;

(62)

)



mass conserving DDM for CDE 19
Table 5 The space order of convergence of the scheme
t D\h 1/100 1/200 1/400 1/600
1 L?—norm 1.7843E-5 4.4391E-6 1.0881E-6 4.6776E-7
order - 2.0070 2.0285 2.0821
0.1 L?—norm 3.3944E-6 8.5137E-7 2.1201E-7 9.6216E-8
01 ' order - 1.9953 2.0057 1.9485
' 0.01 L?—norm 4.9170E-5 1.3527¢E-5 3.5602E-6 1.6150E-6
’ order - 1.8619 1.9258 1.9496
0.001 L?2—norm 2.4633E-4 1.0696E-4 3.9381E-5 2.0353E-5
) order - 1.2035 1.4415 1.6279
1 L?—norm 3.3009E-5 8.2343¢E-6 2.0404E-6 8.9350E-7
order - 2.0031 2.0128 2.0366
01 L?—norm 4.3698E-6 1.0937E-6 2.6916E-7 1.1769E-7
0.2 ' order - 1.9984 2.0227 2.0403
' 0.01 L?—norm 9.5280E-5 2.6369E-5 6.9490E-6 3.1473E-6
' order - 1.8533 1.9240 1.9534
0.001 L?—norm 5.9878E-4 2.7535-4 1.0443E-4 5.4445E-5
) order - 1.1208 1.3987 1.6064
1 L?—norm 7.0267E-5 1.7572E-5 4.3980E-6 1.9583E-6
order - 1.9996 1.9984 1.9954
0.1 L?—norm 5.7084E-6 1.4371E-6 3.6431E-7 1.6524E-7
05 ' order - 1.9899 1.9799 1.9499
' 0.01 L?—norm 1.5968E-4 4.4633E-5 1.1805E-5 5.3472E-6
' order - 1.8390 1.9187 1.9532
0.001 L?—norm 1.3326E-3 6.3852E-4 2.4680E-4 1.2937E-4
) order - 1.0614 1.3714 1.5930
1 L?Z—morm 1.1231E-4 2.8087E-5 7.0297E-6 3.1302E-6
order - 1.9995 1.9984 1.9954
01 L?—norm 8.3130E-6 2.0913E-6 5.3228E-7 2.4328E-7
1 ' order - 1.9910 1.9741 1.9310
0.01 L?—norm 9.2289E-5 2.6174E-5 6.9880E-6 3.1810E-6
' order - 1.8180 1.9052 1.9410
0.001 L?—norm 8.3056E-4 4.0300E-4 1.5725E-4 8.2785E-5
’ order - 1.0433 1.3577 1.5824
The boundary conditions are approximated by
1 n+1 n+1 n+
Q71H_ =q¢i, Q7 1=4q/ "1 (63)
1 1 1+3 = 9yt
2 2 2
The initial values are computed by
9? = 90(2’1'). (64)
Next, we will give the theoretical analysis when QZH =Q""! =0, and it
2

I+3
does extend to more general boundary problems.

Theorem 4 The scheme (60)-(64) satisfy mass conservation over the global

domain with f =0, i.e.,

SLoerA: =" @Az, n=1,--- M.

(65)
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Table 6 The time order of convergence of the scheme

t At\h 1/100 1/200 1/300 1/400
1 L?—norm 1.9612E-4 1.1937E-4 8.1425E-5 5.9695E-5
order - 0.7163 0.9435 1.0791
L2—norm 1.1427E-4 5.4797E-5 3.5953E-5 2.6930E-5
order - 1.0603 1.0394 1.0045
L?—norm 8.0336E-5 3.3090E-5 2.0806E-5 1.5222E-5
order - 1.2797 1.1443 1.0863
L?—norm 2.5328E-4 1.0869E-4 6.1642E-5 3.9834E-5
order - 1.2205 1.3988 1.5177
L?—norm 3.1139E-4 1.3871E-4 8.7350E-5 6.4475E-5
order - 1.1667 1.1406 1.0555
L2—norm 1.2328E-4 6.1046E-5 4.0558E-5 3.0368E-5
order - 1.0140 1.0085 1.0058
L2—norm 1.1247E-4 4.0920E-5 2.4424E-5 1.7474E-5
order - 1.4587 1.2727 1.1640
L2—norm 5.9542E-4 2.7523E-4 1.6022E-4 1.0481E-4
order - 1.1133 1.3344 1.4752
L?—norm 2.4972E-4 1.1596E-4 7.5145E-5 5.5579E-5
order - 1.1067 1.0699 1.0484
L?—norm 1.6636E-4 8.2069E-5 5.4461E-5 4.0751E-5
order - 1.0194 1.0114 1.0081
L?—norm 2.0606E-4 7.3143E-5 4.1859E-5 2.8931E-5
order - 1.4943 1.3765 1.2840
L2—norm 1.3602E-3 6.6634E-4 3.9837E-4 2.6544E-4
order - 1.0295 1.2687 1.4113
L?—norm 2.5895E-4 1.0538E-4 6.5179E-5 4.7036E-5
order - 1.2971 1.1849 1.1340
L2—norm 2.2155E-4 1.0868E-4 7.1980E-5 5.3808E-5
order - 1.0275 1.0162 1.0114
L2—norm 3.2282E-4 1.4510E-4 9.2435E-5 6.7621E-5
order - 1.1537 1.1121 1.0866
L2—norm 1.2028E-3 6.3124E-4 4.0330E-4 2.8580E-4
order - 0.9301 1.1049 1.1971

0.1
0.1
0.01

0.001

0.1
0.2
0.01

0.001

0.1
0.5
0.01

0.001

0.1

0.01

0.001

Proof Multiplying the first equation of (83) with Az and summing ¢ from 1
to I, respectively, we can have that

on+1l__ aon
S T A= 8.Qi T A, (66)

Applying the boundary condition Q7! = Q?Ii =0, it holds that
2 2

2 0.0 =0, (67)
Substituting (67) into (66), we obtain that
S emttaz - eraz=o. (68)

We complete the proof.
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Table 7 The error and mass errors of the scheme

t D\h 1/20 1/50 1/100 1/200
1 L?—norm 4.4641E-4 7.1453E-5 1.7843E-5 4.4391E-6
Masserror 2.7086E-13 1.0094E-13 8.6157E-14 3.5036E-14
L?—norm 7.9558E-5 1.3385E-5 3.3944E-6 8.5137E-7
Masserror 4.3108E-15 1.4119E-13 9.5466E-15 2.1038E-14
0.01 L?—norm 6.5579E-4 1.6458E-4 4.9170E-5 1.3527E-5
’ Masserror 6.5219E-14 3.3466E-14 2.7756E-14 1.6400E-14
0.001 L?—norm 1.1986E-3 5.0673E-4 2.4633E-4 1.0696E-4
’ Masserror 1.5593E-13 2.1219E-14 3.2715E-14 2.5764E-14
L?—norm 1.7553E-3 2.8102E-4 7.0267E-5 1.7572E-5
Masserror 1.1481E-12 4.1885E-13 3.5588E-13 1.4531E-13
L?—norm 1.3842E-4 2.2640E-5 5.7084E-6 1.4371E-6
Masserror 1.8862E-14 5.8428E-13 3.9108E-14 8.6289E-14
0.01 L?—norm 1.8155E-3 5.1442E-4 1.5968E-4 4.4633E-5
’ Masserror 2.5483E-13 1.4192E-13 1.1558E-13 6.7564E-14
0.001 L?—norm 4.0892E-3 2.3293E-3 1.3326E-3 6.3852E-4
: Masserror 6.1763E-13 9.0266E-14 1.3458E-13 1.0576E-13
L?—norm 2.8057E-3 4.4919E-4 1.1231E-4 2.8087E-5
Masserror 1.9064E-12 6.7633E-13 5.7333E-13 2.3411E-13
L?—norm 2.0439E-4 3.3087E-5 8.3130E-6 2.0913E-6
Masserror 3.0753E-14 9.3947E-13 6.3435E-14 1.3884E-13
0.01 L?—norm 1.0113E-3 2.9102E-4 9.2289E-5 2.6174E-5
’ Masserror 4.0142E-13 2.3241E-13 1.8639E-13 1.0821E-13
0.001 L?—norm 2.4745E-3 1.4293E-3 8.3056E-4 4.0300E-4
’ Masserror 9.7590E-13 1.5031E-13 2.1555E-13 1.6974E-13
L?2—norm 3.8310E-3 6.1334E-4 1.5336E-4 3.8351E-5
Masserror 2.8083E-12 9.3320E-13 7.8938E-13 3.2077E-13
L?2—norm 3.1039E-4 4.9951E-5 1.2521E-5 3.1468E-6
Masserror 4.1966E-14 1.2858E-12 8.6774E-14 1.8832E-13
0.01 L2—norm 7.3458E-4 1.4279E-4 3.6996E-5 9.2541E-6
' Masserror 5.5041E-13 3.1929E-13 2.5390E-13 1.4930E-13
L?—norm 1.8149E-3 7.4523E-4 3.3285E-4 1.2156E-4

0-001 Masserror 1.3589E-12 2.1200E-13 2.9425E-13 2.3329E-13

0.1
0.1

0.1
0.5

0.1

0.1

5.2 Error estimates

In this subsection, we will prove error estimate of the mass conserved DDM

, _?Jrl = % and the flux-
— — — 2 — —
Meanwhile, we first give the following three assumptions as:

(I) The problem has a unique smooth solution 6(z,t) and satisfy the reg-

ularity condition, i.e.,

scheme in discrete L?-norm. Let 67 = 6(z;,t")

0 C?([0,T];C°(2)) NC*([0,T];C*(£2)) . (69)
(IT) There has a positive constant Dy, such that for any £ and 0,

(gvD(Zatvo)g) > DO | 5 |2 . (70)
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(IIT) The coefficient D(z,t,0), B(z,t,0). and f(z,t,0)¢ are continuous with
respect to x,t, and continuously differentiable with respect to 0, i.e.,

max{| Dgg |,| Boo |,| fo |} < G. (71)

When the conditions (I)-(III) are hold, we only provide the analysis about
error estimate, where we assume that the solutions of the scheme (60)-(64) are
exist and unique.

Lemma 6 Assuming that the ezact solutions 6 € C° ([0,T]; C*(£2))NC? ([0, T]; C°(£2)).
We have the following truncation error equations as

n+1 n
)

St = g T T ol (72)
where, 0 = O(At + (Az)?).
Proof From (72), it holds that

L gt gntl
?Jrl _ 9f+At—0i" _ i+%Azi7% - fin+1. (73)
Applying the Taylor formula for the first term of the right-hand side of (73),

ie.,

o

n+1 n
o7 o

o = (07 - %(9#)?1- (74)
For the second term of (73), it holds that

n+1 n+1
ort—or

n+1l __ m—+1 nn+1 n+1 m+1 n+1 N/ an+1\Yi
Gy = B(9i+%)(A(B(9i+1% )3553@:1;1 —ABO IO - DO} = —
_ - il n
= B(O;)(01 + T“Az(ez)i 1 +0(42)%)
an+1 2>\(B(9i+%))71 2 n+l | (4z)? n+1
~(DE]) ~ Az O(A ) (07 + B (0 )
N’ 2)2 n nn
= D(@j%)((ez):?:; + 157 (623 — BT
o n+ n+1 n+1 n+1 2
_B(HH%)HH% —D(GH%)(HZ)H% + 0((Az)%). )
Similarly, we obtain that
g = BE e - DErt 6.+ 0((42)). (76)
Further, we obtain that
"t n+1
22— ((BY). — Z(DO)2)T +0((A2)2). (77)
We obtain that
ot = (6 — £(DO)F) + 2F2 = I+ O(AL+ (A7) (g
= O(At + (Az)?).

Similarly, if @ € C° ([0, 7]; C5(£2)) N C? ([0, T]; C*(£2)) , we can obtain that
50" = 0(At + (A2)?).

it3
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Similar as the proof of Theorem 3, we can obtain the error estimate as

Theorem 5 Assume that 6 € C° ([0, T];C5(£2)) NC? ([0,T]; C*(2)), it holds
that

6" = Om l|< M(AL+ (A2) + L4, (79)

for n > 1, where M > 0 is a constant.

Remark 2 From Theorem 5, we give the error estimate. Because of the non-
linearity of B and D, we need give the assumption (I)-(IIT).

5.3 Algorithm
In this subsection, we propose the algorithm for (59). Because of it’s strong

nonlinearity, we describe the iterative approach by using the extrapolation
technique. Let £ > 0 be the index of the linearization number, and for £ = 0,

we define
n—1
—n,k w ) n = 1,
w - { 2wn71 o wn72, 2 S n<M (80)
and for k > 1,
n,0
—nk w, k= 1,
w - { (1 _ G)wn,kfl 4 ewn,k72, k> 2. (81)

where —1 < 0 < 1 is a weighting parameter for the iterative procedure. Now,
we describe the algorithm of our iterative approach over each sub-domain as
below,

A. Initialization:

The content 6 is given at initial time ¢y and set ©Y = 0(to, 2;).

B. Time Stepping Procedure:

for the time steps t" n=0,1,--- ,M — 1 do

B1. Set the linearization index k = 1.

B2. Compute the interface solutions {QnJr1 k} by as

Q~n+l k Qn B n 3 72@n+l,k+Qn | Dn+1 k—1 Dn 1
1a+2 10<+2 :DnJrl,kfl oty 'La+% a3 nJrlk 15 fn+l _ 1a+2 - iatg 510,;"‘ (182)

At fats (Az)2 1a+1

n+1,k n+1 k
Q)

B3. Compute solutions and fluxes {©); 517"} by the coupled implicit

scheme.

O:+1 ¥ -o7 + § Qn+1 k fn+1
Q:z-:-ll,k _ BZL:ll,k—l()\(Bn—i-l Jk— I)Qn-i-l k + ( /\(Bn-i-l Jk— 1))8;1:11 k) D:lz:ll,k—lézezz:ll,k,
2 2 Lk Lk 2 2
QZ:;% - Q7++l » Zigt) €T
(83)
B4. Set the linearization index k = k + 1.
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B5. Tterations. Repeat B2-B4 at current time step until Error < tolerance
or k> kg.
Error =|| erthk _ gntlk-1 |-

end do
5.4 Numerical examples

Let B(0) = e =6, D(A) = D(1+6?) and the initial solutions as fy = cos(mx).
The right source(or sink) term is defined as

f=e3 [Dn?*cosmz (3cos® mx — 2) + me! sinwz(2cos mx — 1) + e* cosma (Dn? — 1)] .

The domain is set as [0, 2] and we can solve the exact solution § = e ‘cos(mz).

Table 8 The space order of convergence of the scheme

t D\h 1/300 1/400 1/500 1/600
1 L?—norm 3.1227E-5 1.7635E-5 1.1343E-5 7.9252E-6
order - 1.9862 1.9776 1.9666
L?—norm 1.3348E-4 7.5593E-5 4.8525E-5 3.3728E-5
order - 1.9764 1.9865 1.9951
L?—norm 1.1763E-3 7.1186E-4 4.7720E-4 3.4216E-4
order - 1.7458 1.7923 1.8246
L?—norm 3.3593E-3 2.3671E-3 1.7845E-3 1.4054E-3
order - 1.2169 1.2661 1.3099
L?—norm 3.2837E-5 1.8556E-5 1.1946E-5 8.3551E-6
order - 1.9840 1.9736 1.9610
L?—norm 1.8041E-4 1.0207E-4 6.5450E-5 4.5438E-5
order - 1.9799 1.9914 2.0016
L2—norm 1.9477E-3 1.1759E-3 7.8693E-4 5.6352E-4
order - 1.7541 1.8000 1.8316
L?—norm 5.8870E-3 4.1465E-3 3.1231E-3 2.4570E-3
order - 1.2183 1.2702 1.3157
L?—norm 2.5234E-5 1.4278E-5 9.2064E-6 6.4516E-6
order - 1.9795 1.9665 1.9502
L?—norm 1.5512E-4 8.7470E-5 5.5890E-5 3.8645E-5
order - 1.9914 2.0073 2.0237
L?—norm 2.3976E-3 1.4348E-3 9.5454E-4 6.8060E-4
order - 1.7848 1.8264 1.8553
L?—norm 1.0517E-2 7.3995E-3 5.5569E-3 4.3566E-3
order - 1.2221 1.2834 1.3347
L?—norm 1.5229E-5 8.6349E-6 5.5829E-6 3.9253E-6
order - 1.9723 1.9544 1.9321
L?—norm 9.9089E-5 5.5688E-5 3.5439E-5 2.4388E-5
order - 2.0031 2.0254 2.0498
L2—norm 1.5229E-3 8.9917E-4 5.9305E-4 4.2020E-4
order - 1.8315 1.8651 1.8898
L?—norm 1.2458E-2 8.5180E-3 6.2445E-3 4.7986E-3
order - 1.3215 1.3914 1.4446

0.1
0.1
0.01

0.001

0.1
0.2
0.01

0.001

0.1
0.5
0.01

0.001

0.1

0.01

0.001

In Table 8, the time step At is taken as 1/100000 and the space step h is set
from 1/300, 1/400, 1/500 to 1/600. It is clear that our scheme is asymptotically
a second order in space when the space step h is smaller.
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Table 9 The time order of convergence of the scheme

t D\Fh 1/300 17400 17600 17800
| LP—norm 9.1204E-3 7.5249E-3 5.3776E-3 4.0805E-3
order - 0.6684  0.8286  0.9946
01 L?-morm 4.4661E-3 3.2708E-3 2.1274E-3 1.5926E-3
o1 order - 1.0827  1.0608  1.0064

L?—norm 1.5892E-3 1.0954E-3 6.8164E-4 5.0043E-4
order - 1.2935 1.1699 1.0742
L?—norm 4.1004E-3 2.6066E-3 1.4122E-3 9.1920E-4
order - 1.5748 1.5116 1.4926
L?2—norm 1.1875E-2 8.7030E-3 5.6092E-3 4.1771E-3
order - 1.0802 1.0833 1.0247
L2—norm 3.9113E-3 2.9432E-3 1.9651E-3 1.4750E-3
order - 0.9885 0.9963 0.9972
L2—norm 1.8978E-3 1.2288E-3 7.0015E-4 4.9109E-4
order - 1.5109 1.3873 1.2328
L?—norm 5.6069E-3 3.8766E-3 2.2707E-3 1.5255E-3
order - 1.2828 1.3192 1.3827
L?—norm 9.9674E-3 7.4332E-3 4.9271E-3 3.6848E-3
order - 1.0197 1.0142 1.0099
L?—norm 2.6351E-3 1.9833E-3 1.3267E-3 9.9670E-4
order - 0.9878 0.9916 0.9942
L?—norm 2.0684E-3 1.3496E-3 7.9438E-4 5.7537E-4
order - 1.4842 1.3071 1.1212
L?—norm 9.0352E-3 6.4498E-3 3.8708E-3 2.6278E-3
order - 1.1717 1.2593 1.3463
L?—norm 5.1933E-3 3.8843E-3 2.5822E-3 1.9338E-3
order - 1.0095 1.0070 1.0051
L2—norm 1.5896E-3 1.2010E-3 8.0653E-4 6.0707E-4
order - 0.9744 0.9820 0.9875
L?—norm 1.8261E-3 1.3974E-3 9.7634E-4 7.5781E-4
order - 0.9301 0.8843 0.8808
L2—norm 8.5774E-3 5.9614E-3 3.4497E-3 2.3118E-3
order - 1.2647 1.3491 1.3913

0.01

0.001

0.1
0.2
0.01

0.001

0.1
0.5
0.01

0.001

0.1

0.01

0.001

Take At = h and choose h = 1/300, 1/400, 1/600 and 1/800 in Table 9. Tt
is clear that the time convergence order is first when the time step At becomes
small.

In Table 10, the time step At is taken as 1/100000. And the space step
h is taken as 1/20, 1/50, 1/100 and 1/200. The L?—error decreases with the
decrease of space step and the scheme preserve mass.

In Table 11 shows the error and mass error when the domain is divided
into multiple sub-domains. Take time step At = 1/10000 and the space step
h = 1/400. We can find the L?—norm is almost same and mass is conservative
when the domain is divided into 2, 5, 10 and 20 sub-domains.
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Table 10 The error and mass errors of the scheme

t D\h 1/20 1/50 1/100 1/200
1 L?—norm 7.0585E-3 1.1212E-3 2.7998E-4 7.0070E-5
Masserror 5.2548E-15 1.9022E-15 1.1494E-15 7.5839E-16
L?—norm 2.0435E-2 4.1223E-3 1.1279E-3 2.9573E-4
Masserror 2.9070E-15 5.6303E-15 2.0592E-15 2.1959E-15
0.01 L?—norm 5.0403E-2 1.7232E-2 6.7290E-3 2.3177E-3
’ Masserror 7.0990E-16 4.9840E-16 1.6581E-15 1.4051E-16
0.001 L?—norm 5.7501E-2 2.3408E-2 1.1454E-2 5.3758E-3
’ Masserror 1.0110E-15 1.6151E-15 1.2408E-15 4.7040E-16
L?—norm 7.4041E-3 1.1778E-3 2.9416E-4 7.3646E-5
Masserror 4.3279E-15 8.5013E-16 7.1828E-16 2.1799E-15
L?—norm 2.8132E-2 5.6118E-3 1.5298E-3 4.0017E-4
Masserror 6.7642E-15 6.7314E-15 4.3157E-15 4.7690E-15
0.01 L?—norm 8.2196E-1 2.8637E-2 1.1220E-2 3.8505E-3
' Masserror 1.1141E-14 3.5341E-15 3.5167E-15 8.5725E-17
0.001 L?—norm 9.5617E-2 4.0160E-2 1.9922E-2 9.4118E-3
: Masserror 1.9602E-15 2.1446E-15 4.4036E-15 2.1482E-15
L?—norm b5.6772E-3 9.0328E-4 2.2570E-4 5.6543E-5
Masserror 1.2723E-14 5.6242E-15 6.2310E-15 5.6602E-16
L?—norm 2.5641E-2 4.9323E-3 1.3288E-3 3.4529E-4
Masserror 1.4883E-15 5.9071E-15 8.2621E-15 3.7117E-15
0.01 L?—norm 1.1192E-1 3.8043E-2 1.4465E-2 4.8118E-3
’ Masserror 1.0704E-15 4.3369E-15 1.2085E-15 4.8261E-17
0.001 L?—norm 1.4404E-1 6.5860E-2 3.4512E-2 1.6741E-2
: Masserror 1.6371E-15 1.1375E-15 2.2404E-15 2.7546E-16
L?2—norm 3.4127E-3 5.4340E-4 1.3585E-4 3.4071E-5
Masserror 1.8416E-14 4.6822E-15 5.6733E-15 3.3378E-15
L?2—norm 1.6700E-2 3.1853E-3 8.5433E-4 2.2122E-4
Masserror 3.9061E-15 6.9211E-15 1.0974E-14 7.9761E-16
0.01 L?2—norm 1.0069E-1 2.9449E-2 1.0080E-2 3.1341E-3
' Masserror 7.6241E-16 1.2407E-15 1.7852E-15 8.6033E-16
L?—norm 1.6030E-1 8.1647E-2 4.3447E-2 2.0472E-2

0-001 Masserror 1.4946E-14 6.2165E-15 3.2762E-15 3.7681E-17

0.1
0.1

0.1
0.2

0.1
0.5

0.1
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