
GLOBAL WELL-POSEDNESS AND OPTIMAL TIME DECAY RATES
OF SOLUTIONS TO THE THREE-DIMENSIONAL
MAGNETO-MICROPOLAR FLUID EQUATIONS

DONGJUAN NIU AND HAIFENG SHANG

Abstract. This paper deals with the global existence and decay estimates of solu-
tions to the three-dimensional magneto-micropolar fluid equations with only velocity
dissipation and magnetic diffusion in the whole space with various Sobolev and Besov
spaces. Specifically, we first investigate the global existence and optimal decay esti-
mates of weak solutions. Then we prove the global existence of solutions with small
initial data in Hs, Bs

2,∞ and critical Besov spaces, respectively. Furthermore, the op-

timal decay rates of these global solutions are correspondingly established in Ḣm and
Ḃm

2,∞ spaces with 0 ≤ m ≤ s and in Ḃm
2,1 with 0 ≤ m ≤ 1

2 , when the initial data

belongs to Ḃ−l2,∞ (0 < l ≤ 3
2 ). The main difficulties lie in the presence of linear terms

and the lack of micro-rotation velocity dissipation. To overcome them, we make full
use of the special structure of the system and employ various techniques involved with
the energy methods, the improved Fourier splitting, Fourier analysis and the regularity
interpolation methods.

1. Introduction

The three-dimensional (3D) incompressible magneto-micropolar fluid equations can
be written as

∂tu+ (u · ∇)u− (µ+ χ)∆u = −∇P + b · ∇b+ 2χ∇× w,
∂tw + (u · ∇)w + 4χw − κ∇∇ · w − γ∆w = 2χ∇× u,
∂tb+ (u · ∇)b− ν∆b = b · ∇u,
∇ · u = ∇ · b = 0,

u(x, 0) = u0(x), w(x, 0) = w0(x), b(x, 0) = b0(x),

(1.1)

where (x, t) ∈ R3 × R+. u,w, b and P denote the velocity fields of the fluid, micro-
rotational velocity fields, the magnetic field and the pressure, respectively. µ, χ and ν
are, respectively, kinematic viscosity, vortex viscosity and magnetic resistivity. κ and γ
are angular viscosities.

The magneto-micropolar fluid equations usually describe the motion of aggregates of
small solid ferromagnetic particles relative to viscous magnetic fluids under the action of
magnetic fields, such as salt water, ester, fluorocarbon [1, 14]. Using spectral Galerkin
method, Rojas-Medar [29] proved the existence and uniqueness of local strong solutions
to (1.1) in bounded domain. Later, Rojas-Medar and Boldrini [30] established the
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global existence of weak solutions to system (1.1) in bounded domain. Later, the global
existence of classical solutions to (1.1) with small initial data and Dirichlet boundary
condition was proved by Ortega-Torres and Rojas-Medar in [27]. Recently, the global
existence of weak solutions and global strong solutions with small initial data to (1.1) in
the whole space R3 were established (see, e.g., [25, 40]). For more results related to the
global regularity and regularity criteria, one refers to [5, 7, 11, 15, 21, 43, 45, 49, 50, 51]
and the references therein.

When ignoring the angular viscosity (see, e.g., [48, 33]), system (1.1) becomes the
following 3D magneto-micropolar fluid equations,



∂tu+ u · ∇u− (µ+ χ)∆u = −∇P + b · ∇b+ 2χ∇× w,
∂tw + u · ∇w + 4χw − κ∇∇ · w = 2χ∇× u,
∂tb+ u · ∇b− ν∆b = b · ∇u,
∇ · u = 0,∇ · b = 0,

u(x, 0) = u0(x), w(x, 0) = w0(x), b(x, 0) = b0(x).

(1.2)

So far, to our best knowledge, the previous well-posedness results on (1.2) mainly focus
on the two-dimensional system. In particular, Yamazaki [48] proved the global existence
of smooth solutions in R2 by fully exploiting the structure of (1.2) and applying the
techniques of Littlewood-Paley decomposition. Recently, system (1.2) with fractional
dissipation was studied by Shang and Wu [33]. Moreover, Shang and Gu [32] studied
the global regularity of solutions to (1.2) with only partial magnetic diffusion. For more
results about the global well-posedness with various partial dissipation, one can refer to
[6, 8, 12, 13, 16, 22, 28, 34, 44, 47] and the references therein for interested readers.

Once the global well-posedness is established, one may wonder the large time behav-
ior of global solutions. This is an important issue in the fields of partial differential
equations. It is well-known that the L2 decay problem of weak solutions to the 3D
Navier-Stokes equations, i.e., (1.2) with w = 0 and b = 0, was proposed by the cel-
ebrated work of Leray [20]. By introducing the elegant method of Fourier splitting,
Schonbek [35, 36] successfully established the optimal time decay rate of weak solutions
of the Navier-Stokes equations, see also [19, 46]. Recently, by virtue of the structure to
(1.1) and the Fourier splitting method, Li and Shang [25] established the decay estimates
for weak solutions of (1.1) and obtain the same rate as those of the 3D Navier-Stokes
equations. One can refer to [9, 18] for more results about the decay rate of system (1.1).
Very recently, Braz e Silva, Cruz, Freitas and Zingano [4] improved the decay rate of w
for the solution of the 3D micropolar equations (1.1) with b = 0. In addition, the decay
estimates of the higher order derivatives of smooth solutions of 3D Navier-Stokes equa-
tions and magneto-micropolar equations with small initial data were obtained in [26, 37]
and [25, 40] respectively. We remark that the methods to derive the decay results above
are strongly depending on the full Laplacian dissipation in all equations.

In this paper we are interested in the global well-posedness and decay estimates of
solutions to (1.2) with only velocity dissipation and magnetic diffusion. We establish the
global existence results to system (1.2) in various Sobolev and Besov spaces. Further-
more, the optimal large time decay rates of these global solutions in the corresponding
spaces are also established.
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We now list the main results of the paper. The first result is the following global
existence and optimal decay estimates of weak solutions in L2 space.

Theorem 1.1. Let µ > 0, χ > 0, ν > 0 and κ ≥ 0. Assume that (u0, w0, b0) ∈ L2(R3)
with ∇ · u0 = 0 and ∇ · b0 = 0. Then the following statements hold:

(i) For any T > 0, system (1.2) has a global weak solution (u,w, b) satisfying

(u, b) ∈ L∞(0, T ;L2(R3)) ∩ L2(0, T ;H1(R3)), w ∈ L∞(0, T ;L2(R3)). (1.3)

(ii) Let (u0, w0, b0) ∈ Lp(R3) with 1 ≤ p < 2. Then the global weak solution (u,w, b)
satisfies for all t > 0,

‖u(t)‖L2(R3) + ‖w(t)‖L2(R3) + ‖b(t)‖L2(R3) ≤ C(1 + t)−
3
4

( 2
p
−1), (1.4)

where the positive constant C depends on µ, χ, ν and the initial data (u0, w0, b0).

Remark 1.2. The decay estimate (1.4) for the velocity field u and magnetic field b are
optimal, because it agrees with that of the heat kernel. In addition, we believe that the
decay rate for micro-rotational field w in (1.4) cannot be improved better. In fact, if we
take the L2-inner product of the second equation in system (1.2) with w, we obtain

1

2

d

dt
‖w‖2

L2 + 4χ‖w‖2
L2 ≤ 2χ‖∇u‖L2‖w‖L2 ,

which yields

‖w(t)‖L2 ≤ e−4χt‖w0‖L2 + 2χ

∫ t

0

e−4χ(t−τ)‖∇u(τ)‖L2dτ.

This implies that to improve the decay rate of ‖w‖L2, we need to get the decay estimate
of ‖∇u‖L2. However, due to the strong coupling structure of system (1.2) and the lack
of dissipation in the equation of w, it is extremely difficult to achieve this goal for weak
solutions.

The proof of global existence of solutions in Theorem 1.1 can be referred to the
Friedrichs method and fully exploiting the structure of (1.2). Classical Fourier splitting
methods developed by [19, 46] are not applicable to establish the decay estimate (1.4)
because of the lack of the dissipation of w. The main observation is that the low
frequency effect dominates in the study of the L2 decay of weak solutions. Therefore,
we overcome the difficulty based on the improved Fourier splitting methods and fully
utilizing of the damping term 4χw in (1.2), then eventually establish the desired decay
estimate.

The next three theorems are devoted to the global existence and the time decay
estimates of solutions to system (1.2) with small initial data in Sobolev and Besov
spaces. In general, the approach to establish the global existence includes two main
steps. The first one is related to the local (in time) well-posedness while the second
extends the local solution into a global one based on a global (in time) a priori bounds.
For simplicity, we omit the proof of local well-posedness of solutions and pay attention
on the global a priori bounds of (u,w, b). We are able to obtain the global existence in
three Besov spaces. Furthermore, by using the interpolation method, energy estimates
and the technique of Fourier analysis, we obtain the correspondingly optimal time decay
rates of these solutions.
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More precisely, the first theorem establishes a unique global solution when the initial
data (u0, w0, b0) is sufficiently small in Hs(R3), and obtain the optimal decay rates of
the global solution itself and its higher order derivatives, as stated below.

Theorem 1.3. Let µ > 0, χ > 0, ν > 0 and κ ≥ 0. Assume that (u0, w0, b0) ∈ Hs(R3)
with s > 0 and ∇ · u0 = ∇ · b0 = 0. Then the following two statements hold:

(i) Let s > 3
2
. Then there exists a positive constant C0 such that for all 0 < ε < C0,

if

‖u0‖2
Hs(R3) + ‖w0‖2

Hs(R3) + ‖b0‖2
Hs(R3) < ε, (1.5)

then system (1.2) has a unique global solution (u,w, b) satisfying, for any t > 0,

‖u(t)‖2
Hs(R3) + ‖w(t)‖2

Hs(R3) + ‖b(t)‖2
Hs(R3)

+

∫ t

0

(‖∇u(τ)‖2
Hs(R3) + ‖w(τ)‖2

Hs(R3) + ‖∇b(τ)‖2
Hs(R3))dτ ≤ Cε, (1.6)

where C > 0 is a constant independent of t.
(ii) Let s > 5

2
. Suppose that (u0, w0, b0) ∈ Ḃ−l2,∞(R3) with 0 < l ≤ 3

2
. Then the global

solution (u,w, b) satisfies the following decay estimates:
i) For all real number m with 0 ≤ m ≤ s,

‖Dmu(t)‖L2(R3) + ‖Dmw(t)‖L2(R3) + ‖Dmb(t)‖L2(R3) ≤ C(1 + t)−
m
2
− l

2 . (1.7)

ii) For 0 ≤ m ≤ s− 1, the following improved decay estimates for w hold

‖Dmw(t)‖L2(R3) ≤ C(1 + t)−
m+1

2
− l

2 . (1.8)

iii) Assume also that there exists a positive constant C1 such that

‖Dmeν∆tb0‖L2(R3) ≥ C1(1 + t)−
m
2
− l

2 . (1.9)

Then the following lower bound decay estimates for b hold

‖Dmb‖L2(R3) ≥ C(1 + t)−
m
2
− l

2 . (1.10)

Remark 1.4. (1) Theorem 1.3 establishes the optimal Lp(R3)-L2(R3) type of decay rates
for p ∈ [1, 2) for all of the derivatives of order 0 ≤ m ≤ s for (u, b) and 0 ≤ m ≤ s−1 for
w in the larger space Ḃ−l2,∞(R3), since Lp(R3) ↪→ Ḃ−l2,∞(R3) with 1 ≤ p < 2 and l = 3

p
− 3

2
.

(2) Our global existence part (i) is an obvious generalization of that in [40], where the
Hs(R3) with s ≥ 3 smoothness on the initial data is required. In fact, our assumption
s > 3

2
is crucial and necessary to ensure L∞(R3) ↪→ Hs(R3).

(3) The decay estimates of solutions to (1.1) with full dissipation were studied in [40].
Our results of Theorem 1.3 improves that of Theorem 1.2 ([40]) in two aspects: First,
the decay estimate (1.7) is only valid for 0 ≤ m ≤ s−2 in [40]. Second, the upper bound
decay estimate (1.8) of w is improved to (1.8) other than (1.7) in [40].

(4) A sufficient condition of lower bound (1.9) is due to Oliver and Titi [26].
(5) We also remark that it may be difficult to obtain the lower bounds of the decay

rates of u and w because of the presence of linear terms in the equation of u and w
and lack of the dissipation in the equation of w. Therefore, it would be interesting and
challenging to derive the lower bound of decay estimates for u and w in the near future.
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The proof of the global existence part of Theorem 1.3 relies on the global a priori
bound for ‖(u,w, b)‖Hs(R3). Due to the lack of dissipation in the equation of w, we utilize
the special structure of system (1.2) and take advantage of the velocity dissipation
and damping term in equation of w to overcome the difficulty from the linear terms
2χ∇×w and 2χ∇×u. We remark that Sohinger and Strain [38] first introduced negative
homogeneous Besov space Ḃ−l2,∞(R3) to study the decay estimates of the Boltzmann
equation. Later, this space is used to study the decay estimates of other evolutional
equations (see, e.g., [10, 39, 40]), whose advantage comes from the fact that the solution
can preserve the evolution of time. As we know, it is difficult to verify that the Lp(R3)
(with 1 ≤ p < 2) norm of the solution can be propagated.

The second theorem states that system (1.2) has a unique global solution when the
initial data (u0, w0, b0) is sufficiently small in Bs

2,∞(R3), and also establish their optimal
decay rates.

Theorem 1.5. Let µ > 0, χ > 0, ν > 0 and κ ≥ 0. Assume that (u0, w0, b0) ∈ Bs
2,∞(R3)

with s > 0 and ∇ · u0 = ∇ · b0 = 0. Then the following two statements hold:
(i) Let s > 3

2
. Then there exists a positive constant C0 such that for all 0 < ε < C0,

if

‖u0‖2
Bs2,∞(R3) + ‖w0‖2

Bs2,∞(R3) + ‖b0‖2
Bs2,∞(R3) < ε, (1.11)

then system (1.2) has a unique global solution (u,w, b) satisfying, for any t > 0,

‖u(t)‖2
Bs2,∞(R3) + ‖w(t)‖2

Bs2,∞(R3) + ‖b(t)‖2
Bs2,∞(R3)

+ ‖∇u‖2
L̃2
t (B

s
2,∞(R3))

+ ‖w‖2
L̃2
t (B

s
2,∞(R3))

+ ‖∇b‖2
L̃2
t (B

s
2,∞(R3))

≤ Cε, (1.12)

where C > 0 independent of t is a pure constant.
(ii) Let s > 5

2
. Suppose that (u0, w0, b0) ∈ Ḃ−l2,∞(R3) with 0 < l ≤ 3

2
. Then the global

solution (u,w, b) satisfies the following decay estimates:
i) For all real number m with 0 ≤ m ≤ s,

‖u(t)‖Ḃm2,∞(R3) + ‖w(t)‖Ḃm2,∞(R3) + ‖b(t)‖Ḃm2,∞(R3) ≤ C(1 + t)−
m
2
− l

2 . (1.13)

ii) For 0 ≤ m ≤ s− 1, the following improved decay estimates for w hold

‖w(t)‖Ḃm2,∞(R3) ≤ C(1 + t)−
m+1

2
− l

2 . (1.14)

Remark 1.6. Since Ḣs(R3) ↪→ Ḃs
2,∞(R3), the decay estimates of Theorem 1.5 lies in a

space which is larger than Ḣs(R3).

To ensure the global existence results of Theorem 1.5, it is important to prove the
uniform bounds of ‖(u,w, b)‖Bs2,∞(R3). Due to the lack of dissipation in the equation of w,

we need to employ the interpolation inequality of Besov spaces and utilize the properties
of the heat operators to overcome the difficulties.

Finally, the following theorem shows that system (1.2) has a unique global solution
when the initial data (u0, w0, b0) is sufficiently small in critical Besov spaces. Further-
more, the decay rates to the global solution are also established.
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Theorem 1.7. Let µ > 0, χ > 0, ν > 0 and κ ≥ 0. Assume that (u0, b0) ∈ Ḃ
1
2
2,1(R3) with

∇ · u0 = ∇ · b0 = 0 and w0 ∈ Ḃ
3
2
2,1(R3). Then the following two statements hold:

(i) If there exist positive constants C0 and C1 such that

C0χ < min{µ+ χ, ν}, (1.15)

and for any 0 < ε < C1,

‖u0‖
Ḃ

1
2
2,1(R3)

+ ‖w0‖
Ḃ

3
2
2,1(R3)

+ ‖b0‖
Ḃ

1
2
2,1(R3)

< ε, (1.16)

then system (1.2) has a unique global solution (u,w, b) satisfying, for any t > 0,

‖u(t)‖
Ḃ

1
2
2,1(R3)

+ ‖w(t)‖
Ḃ

3
2
2,1(R3)

+ ‖b(t)‖
Ḃ

1
2
2,1(R3)

+

∫ t

0

(‖∇u(τ)‖
Ḃ

3
2
2,1(R3)

+ ‖w(τ)‖
Ḃ

3
2
2,1(R3)

+ ‖∇b(τ)‖
Ḃ

3
2
2,1(R3)

)dτ ≤ Cε, (1.17)

where C > 0 independent of t is a pure constant.
(ii) Suppose that (u0, w0, b0) ∈ Ḃ−l2,∞(R3) with 0 < l ≤ 3

2
. Then for all real number

m with 0 ≤ m ≤ 1
2
, the global solution (u,w, b) established in (i) satisfies the following

decay estimates

‖u(t)‖Ḃm2,1(R3) + ‖w(t)‖Ḃm+1
2,1 (R3) + ‖b(t)‖Ḃm2,1(R3) ≤ C(1 + t)−

m
2
− l

2 . (1.18)

To prove Theorem 1.7, we focus on the uniform bounds of ‖(u, b)‖
L2(0,t,B

5
2
2,∞(R3))

and

‖w‖
L2(0,t,B

3
2
2,∞(R3))

. Due to the lack of dissipation in the equation of w, it seems extremely

difficult to deal with the linear terms on the right hand sides of system (1.2) in critical
Besov spaces. To overcome these difficulties, a condition of coupling parameters (1.15)
is imposed. Therefore, it would be interesting to establish the global well-posedness
and decay estimates to system (1.2) without the assumption (1.15), which is left to be
investigated in future.

Throughout this manuscript, to simplify the notation, we will write
∫
f for

∫
R3 fdx,

‖f‖Lp for ‖f‖Lp(R3), ‖f‖Ḣs and ‖f‖Hs for ‖f‖Ḣs(R3) and ‖f‖Hs(R3) respectively, Ḃs
p,r and

Bs
p,r for Ḃs

p,r(R3) and Bs
p,r(R3) respectively, and Lqt (Ḃ

s
p,r) and L̃qt (Ḃ

s
p,r) for Lqt (Ḃ

s
p,r(R3))

and L̃qt (Ḃ
s
p,r(R3)) respectively.

The rest of this paper is divided into six sections. In section 2, we introduce some
definitions and related results of Besov spaces and give several useful calculus inequalities
to be used in the subsequent sections. Sections 3, 4, 5 and 6 state the proofs of Theorem
1.1, Theorem 1.3, Theorem 1.5 and Theorem 1.7, respectively. The proofs of Lemma 2.5
and Lemma 2.6 below are provided in Appendix A.

2. Preliminaries

This section provides several notations of functional spaces and calculus inequalities,
which will be helpful in the next sections.
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2.1. Functional spaces. In this preparatory subsection, we recall the Littlewood-Paley
operators and their elementary properties which allow us to define the Besov spaces.
Related results can be found in several books and many papers (see, e.g., [2, 3, 24, 31,
42]).

We start with several notations. S denotes the usual Schwarz class and S ′ its dual,
the space of tempered distributions. To introduce the Littlewood-Paley decomposition,
we write for each j ∈ Z

Aj =
{
ξ ∈ Rd : 2j−1 ≤ |ξ| < 2j+1

}
.

The Littlewood-Paley decomposition asserts the existence of a sequence of functions
{Φj}j∈Z ⊂ S such that

suppΦ̂j ⊂ Aj, Φ̂j(ξ) = Φ̂0(2−jξ) or Φj(x) = 2jdΦ0(2jx),

and
∞∑

j=−∞

Φ̂j(ξ) =

{
1, if ξ ∈ Rd \ {0},
0, if ξ = 0.

Therefore, for a general function ψ ∈ S, we have
∞∑

j=−∞

Φ̂j(ξ)ψ̂(ξ) = ψ̂(ξ) for ξ ∈ Rd \ {0}.

We now choose Ψ ∈ S such that

Ψ̂(ξ) = 1−
∞∑
j=0

Φ̂j(ξ), ξ ∈ Rd.

Then, for any ψ ∈ S,

Ψ ∗ ψ +
∞∑
j=0

Φj ∗ ψ = ψ

and hence

Ψ ∗ f +
∞∑
j=0

Φj ∗ f = f (2.1)

in S ′ for any f ∈ S ′. To define the inhomogeneous Besov space, we set

∆jf =

 0, if j ≤ −2,
Ψ ∗ f, if j = −1,
Φj ∗ f, if j = 0, 1, 2, · · · .

(2.2)

To define the homogeneous Besov space, we set

∆̇jf = Φj ∗ f, if j = 0,±1,±2, · · · . (2.3)

Besides the Fourier localization operators ∆j, the partial sum Sj is also a useful
notation. For an integer j,

Sj ≡
j−1∑
k=−1

∆k.

For any f ∈ S ′, the Fourier transform of Sjf is supported on the ball of radius 2j. It is
clear from (2.1) that Sj → Id as j →∞ in the distributional sense.
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Definition 2.1. The inhomogeneous and homogeneous Besov spaces Bs
p,q and Ḃs

p,q with
s ∈ R and p, q ∈ [1,∞] consists of f ∈ S ′ satisfying

‖f‖Bsp,q ≡ ‖2
js‖∆jf‖Lp‖lqj <∞,

and
‖f‖Ḃsp,q ≡ ‖2

js‖∆̇jf‖Lp‖lqj <∞,
respectively.

Several classical function spaces are special cases of Besov spaces. The following
proposition lists some useful equivalence and embedding relations.

Lemma 2.2. For any s ∈ R,

Hs ∼ Bs
2,2, Ḣ

s ∼ Ḃs
2,2.

For any s ∈ R and 1 < q <∞,

Bs
q,min{q,2} ↪→ W s

q ↪→ Bs
q,max{q,2}.

For any non-integer s > 0, the Hölder space Cs is equivalent to Bs
∞,∞.

We have also used the space-time space defined below.

Definition 2.3. For t > 0, s ∈ R and 1 ≤ p, q, r ≤ ∞, the inhomogeneous and

homogeneous space-time spaces LrtB
s
p,q, L

r
t Ḃ

s
p,q and L̃rtB

s
p,q, L̃

r
t Ḃ

s
p,q are defined through

the norms

‖f‖LrtBsp,q ≡ ‖‖2
js‖∆jf‖Lp‖lqj‖Lrt , ‖f‖LrtBsp,q ≡ ‖‖2

js‖∆̇jf‖Lp‖lqj‖Lrt ,

and
‖f‖L̃rtBsp,q ≡ ‖2

js‖∆jf‖LrtLp‖lqj , ‖f‖L̃rt Ḃsp,q ≡ ‖2
js‖∆̇jf‖LrtLp‖lqj ,

respectively.

The inhomogeneous space-time space has the following properties.

LrtB
s
p,q ↪→ L̃rtB

s
p,q, if q ≥ r, L̃rtB

s
p,q ↪→ LrtB

s
p,q, if r ≥ q.

As q = r,
‖f‖LrtBsp,q ≈ ‖f‖L̃rtBsp,q .

The homogeneous space-time space has the similar properties.

Bernstein’s inequalities are useful tools in dealing with Fourier localized functions.
These inequalities trade integrability for derivatives. The following proposition provides
Bernstein type inequalities for fractional derivatives. The upper bounds also hold when
the fractional operators are replaced by partial derivatives.

Lemma 2.4. Let α ≥ 0 and 1 ≤ p ≤ q ≤ ∞.

1) If f satisfies

supp f̂ ⊂ {ξ ∈ Rd : |ξ| ≤ K2j},
for some integer j and a constant K > 0, then

‖(−∆)αf‖Lq(Rd) ≤ C1 22αj+jd( 1
p
− 1
q

)‖f‖Lp(Rd).
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2) If f satisfies

supp f̂ ⊂ {ξ ∈ Rd : K12j ≤ |ξ| ≤ K22j}

for some integer j and constants 0 < K1 ≤ K2, then

C1 22αj‖f‖Lq(Rd) ≤ ‖(−∆)αf‖Lq(Rd) ≤ C2 22αj+jd( 1
p
− 1
q

)‖f‖Lp(Rd),

where C1 and C2 are constants depending on α, p and q.

2.2. Calculus inequalities. As preparations we first give two lemmas regarding to
commutator estimates and product law, which proofs are put in the Appendix A.

Lemma 2.5. Let s > −1, (p, r, p1, p2, q1, q2) ∈ [1,+∞] with 1
p

= 1
p1

+ 1
q1

= 1
p2

+ 1
q2

and

u be a smooth divergence free vector field. Then for j ∈ Z,

‖2js‖[∆̇j, u · ∇]v‖Lp‖lrj ≤ C(‖∇u‖Lp1‖∇v‖Ḃs−1
q1,r

+ ‖∇v‖Lq2‖∇u‖Ḃs−1
p2,r

), (2.4)

‖2js‖[∆̇j, u · ∇]v‖Lp‖lrj ≤ C(‖∇u‖Lp1‖v‖Ḃsq1,r + ‖v‖Lq2‖∇u‖Ḃsp2,r), (2.5)

where [∆̇j, u · ∇]v = ∆̇j(u · ∇v)− u · ∆̇j(∇v).

Lemma 2.6. Suppose that s > 0 and (p, r, p1, p2, q1, q2) ∈ [1,+∞] with 1
p

= 1
p1

+ 1
q1

=
1
p2

+ 1
q2

. Then the following holds true

‖fg‖Ḃsp,r ≤ C(‖f‖Lp1‖g‖Ḃsq1,r + ‖f‖Ḃsp2,r‖g‖Lq2 ). (2.6)

Remark 2.7. In particular, Lemma 2.5 and Lemma 2.6 with p1 = q2 =∞ and q1 = p2

have previously been obtained in [2, 24].

Finally, we recall the following three inequalities for homogeneous Besov space.

Lemma 2.8. (see [38]) Let 0 ≤ l ≤ 3
2

and 1 ≤ p ≤ 2 with 1
2

+ l
3

= 1
p
. Then

‖f‖Ḃ−l2,∞(R3) ≤ C‖f‖Lp(R3). (2.7)

Lemma 2.9. (see [38]) Let s1 ≤ s < s2, 1 ≤ p2 ≤ p ≤ p1 ≤ ∞ and 1 ≤ q2 ≤ q ≤ q1 ≤
∞. Then

‖f‖Ḃsp,q(R3) ≤ C‖f‖
s2−s
s2−s1
Ḃ
s1
p1,q1

(R3)
‖f‖

s−s1
s2−s1
Ḃsp2,q2 (R3)

. (2.8)

Lemma 2.10. (see [2, 24]) Let s, s1 and s2 be real numbers. Let s1 < s2, 0 < θ < 1,
1 ≤ p ≤ ∞ and 1 ≤ r1 ≤ r2 ≤ ∞. Then

‖f‖Ḃsp,r2 (R3) ≤ C‖f‖Ḃsp,r1 (R3). (2.9)

‖f‖
Ḃ
θs1+(1−θ)s2
p,1 (R3)

≤ C‖f‖θ
Ḃ
s1
p,∞(R3)

‖f‖1−θ
Ḃ
s2
p,∞(R3)

. (2.10)



10 NIU AND SHANG

3. The proof of Theorem 1.1

In this section, we shall prove Theorem 1.1. The global existence part (i) of Theorem
1.1 can be attained according to Friedrichs method. For simplicity, we sketch the key
ideas as follows.

Proof of assertion (i) of Theorem 1.1. Consider the approximation problem
∂tu

N + PJN(PJNuN · ∇PJNuN)− (µ+ χ)∆PJNuN = PJN(JNb
N · ∇JNbN)

+2χ∇× JNwN ,
∂tw

N + JN(PJNuN · ∇JNwN) + 4χJNw
N − κ∇∇ · JNwN = 2χ∇× PJNuN ,

∂tb
N + JN(PJNuN · ∇JNbN)− ν∆JNb

N = JN(JNb
N · ∇PJNuN),

uN(x, 0) = JNu0, w
N(x, 0) = JNw0, b

N(x, 0) = JNb0,

(3.1)

where we denote P the Leray projection onto divergence free vector fields, and the
spectral cutoff JN

ĴNf(ξ) = χB(0,N)(ξ)f̂(ξ), N > 0,

where B(0, N) = {ξ ∈ R3||ξ| ≤ N}, and χB(0,N) is the characteristic function on B(0, N).
Moreover, we define

L2
N = {f ∈ L2(R3)|suppf̂ ⊂ B(0, N)}.

Using Picard’s theorem in [23], it is easy to prove that system (3.1) has a unique local
solution (uN , wN , bN) ∈ C1([0, TN);L2

N) with TN > 0. Furthermore, we derive that

PuN = uN , JNu
N = uN , JNw

N = wN , JNb
N = bN ,∇ · uN = 0 and ∇ · bN = 0.

Therefore, equations (3.1) can be reduced to
∂tu

N + PJN(uN · ∇uN) = (µ+ χ)∆uN + PJN(bN · ∇bN) + 2χ∇× wN ,
∂tw

N + JN(uN · ∇wN) + 4χwN − κ∇∇ · wN = 2χ∇× uN ,
∂tb

N + JN(uN · ∇bN) = ν∆bN + JN(bN · ∇uN)
∇ · uN = 0,∇ · bN = 0,
uN(x, 0) = JNu0, w

N = JNw0, b
N(x, 0) = JNb0.

(3.2)

To extend the local solution to the global one, we just need to show that (uN , wN , bN)
remains bounded in L2

N for all time. Taking the L2-inner products with (uN , wN , bN) to
(3.2), then standard calculations yield

1

2

d

dt
(‖uN‖2

L2 + ‖wN‖2
L2 + ‖bN‖2

L2) + (µ+ χ)‖∇uN‖2
L2 + 4χ‖wN‖2

L2 + ν‖∇bN‖2
L2

≤ 4χ

∫
∇× uN · wN . (3.3)

where we used the facts that∫
∇× wN · uN =

∫
∇× uN · wN ,

∫
bN · ∇bN · uN +

∫
bN · ∇uN · bN = 0.

Applying the Young inequality, we derive that∫
∇× uN · wN ≤

µ
2

+ χ

4χ
‖∇uN‖2

L2 +
χ

µ
2

+ χ
‖wN‖2

L2 . (3.4)
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Inserting (3.4) into (3.3), one obtains

1

2

d

dt
(‖uN‖2

L2 + ‖wN‖2
L2 + ‖bN‖2

L2) +
µ

2
‖∇uN‖2

L2 +
4χµ

µ+ 2χ
‖wN‖2

L2 + ν‖∇bN‖2
L2 ≤ 0.

(3.5)

Then it follows from this and Picard’s theorem that (uN , wN , bN) exists for all time and
satisfies for any T > 0,

‖(uN , wN , bN)‖L∞(0,T ;L2) ≤ C, ‖(∇uN , wN ,∇bN)‖L2(0,T ;L2) ≤ C, (3.6)

where C is independent of N . These estimates imply that there exists a subsequence of
(uN , wN , bN) (still denoted by (uN , wN , bN) for convenience), such that

(uN , wN , bN) ⇀∗ (u,w, b) weakly in L∞(0, T ;L2
loc(R3)). (3.7)

(∇uN , wN ,∇bN) ⇀ (∇u,w,∇b) weakly in L2(0, T ;L2
loc(R3)). (3.8)

Subsequently, for any T > 0, standard computations show that

∂tu
N ∈ L

4
3 (0, T ;H−1), ∂tb

N ∈ L
4
3 (0, T ;H−1). (3.9)

Thus by virtue of Aubin-Lions Lemma in [41] , there exists a subsequence of (uN , bN)
such that

(uN , bN)→ (u, b) strongly in L2(0, T ;L2
loc(R3)). (3.10)

These convergence, together with the method of [20], verify that (u,w, b) is a weak
solution of (1.2). We thus complete (i) of Theorem 1.1.

�

Now we start to prove assertion (ii) of Theorem 1.1. We remark that the following
proof is formal, which can be rigorously applied to the approximate solution (uN , wN , bN)
above.

Similar as (3.3)-(3.5), we obtain the uniformly global a priori estimates as follows.

Lemma 3.1. Let (u0, w0, b0) ∈ L2(R3). Then for any t > 0, the solution (u,w, b) of
system (1.2) satisfies

d

dt
(‖u‖2

L2 + ‖w‖2
L2 + ‖b‖2

L2) + c0(‖∇u‖2
L2 + ‖w‖2

L2 + ‖∇b‖2
L2) ≤ 0, (3.11)

and

‖u‖2
L2 + ‖w‖2

L2 + ‖b‖2
L2 + c0

∫ t

0

(‖∇u(τ)‖2
L2 + ‖w(τ)‖2

L2 + ‖∇b(τ)‖2
L2)dτ

≤ ‖u0‖2
L2 + ‖w0‖2

L2 + ‖b0‖2
L2 , (3.12)

where c0 = min{µ, 8χµ
µ+2χ

, 2ν}.

Another preparation is the following lemma which will play an important role to
derive the decay estimates of Theorem 1.1.

Lemma 3.2. Let (u,w, b) be a smooth solution to system (1.2) with ∇ · u0 = ∇ · b0 = 0.
Then for any |ξ| ≤ 1, there exists a constant C > 0 such that

|û(ξ, t)|2 + |ŵ(ξ, t)|2 + |b̂(ξ, t)|2 ≤ 2e−2c0|ξ|2t(|û0|2 + |ŵ0|2 + |b̂0|2) + C|ξ|−2. (3.13)
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Proof. Applying the Fourier transform to the first three equations of system (1.2), we
obtain

∂tû+ (µ+ χ)|ξ|2û = −F(∇P ) + F(b · ∇b) + 2χiξ × ŵ −F(u · ∇u),
∂tŵ + 4χŵ + κξξ · ŵ = 2χiξ × û−F(u · ∇w),

∂tb̂+ ν|ξ|2b̂ = F(b · ∇u)−F(u · ∇b).
(3.14)

Taking the dot product to (3.14)1, (3.14)2 and (3.14)3 with ¯̂u, ¯̂w and
¯̂
b respectively,

multiplying (3.14)1, (3.14)2 and (3.14)3 conjugated by û, ŵ and b̂ respectively, and
adding them up, we obtain

∂t(|û|2 + |ŵ|2 + |b̂|2) + 2(µ+ χ)|ξ|2|û|2 + 8χ|ŵ|2 + 2ν|ξ|2|b̂|2

= −F(∇P ) · ¯̂u−F(∇P ) · û+ F(b · ∇b) · ¯̂u+ F(b · ∇b) · û+ 2χiξ × ŵ · ¯̂u+ 2χiξ × ¯̂w · û

−F(u · ∇u) · ¯̂u−F(u · ∇u) · û+ 2χiξ × û · ¯̂w + 2χiξ × ¯̂u · ŵ −F(u · ∇w) · ¯̂w

−F(u · ∇w) · ŵ + F(b · ∇u) · ¯̂b+ F(b · ∇u) · b̂−F(u · ∇b) · ¯̂b−F(u · ∇b) · b̂.
(3.15)

The terms in (3.15) will be labeled as K1, K2, · · ·, K16 according to the order they
appear in (3.15).

Taking advantage of the divergence free condition ∇ · u = 0, we derive that

K1 = K2 = 0.

Using the properties of Fourier transform and the divergence free condition ∇ · b = 0,
we obtain

|K3 +K4| ≤ 2|ξ||F(b⊗ b)||û|
≤ 2|ξ|‖b⊗ b‖L1|û|
≤ 2|ξ|‖b‖2

L2|û|.

Similarly, we have

|K7 +K8| ≤ 2|ξ|‖u‖2
L2|û|.

|K11 +K12| ≤ 2|ξ|(‖u‖2
L2 + ‖w‖2

L2)|ŵ|.

|K13 +K14 +K15 +K16| ≤ 4|ξ|(‖u‖2
L2 + ‖b‖2

L2)|b̂|,

Applying the Young inequality,

|K5 +K6 +K9 +K10| ≤ 8χ|ξ||ŵ||û|

≤ (µ+ 2χ)|ξ|2|û|2 +
16χ2

µ+ 2χ
|ŵ|2.

Combining the above estimates with (3.15), yield

∂t(|û|2 + |ŵ|2 + |b̂|2) + µ|ξ|2|û|2 +
8χµ

µ+ 2χ
|ŵ|2 + 2ν|ξ|2|b̂|2

≤ C|ξ|(‖u‖2
L2 + ‖w‖2

L2 + ‖b‖2
L2)(|û|+ |ŵ|+ |b̂|).
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Hence for |ξ| ≤ 1, this inequality implies

∂t(|û|2 + |ŵ|2 + |b̂|2) + c0|ξ|2(|û|2 + |ŵ|2 + |b̂|2)

≤ C|ξ|(‖u‖2
L2 + ‖w‖2

L2 + ‖b‖2
L2)(|û|+ |ŵ|+ |b̂|),

which immediately yields

∂t

√
|û|2 + |ŵ|2 + |b̂|2 + c0|ξ|2

√
|û|2 + |ŵ|2 + |b̂|2 ≤ C|ξ|(‖u‖2

L2 + ‖w‖2
L2 + ‖b‖2

L2).

(3.16)

Integrating (3.16) in [0, t], we obtain√
|û|2 + |ŵ|2 + |b̂|2 ≤ e−c0|ξ|

2t

√
|û0|2 + |ŵ0|2 + |b̂0|2

+ C

∫ t

0

e−c0|ξ|
2(t−τ)|ξ|(‖u(τ)‖2

L2 + ‖w(τ)‖2
L2 + ‖b(τ)‖2

L2)dτ. (3.17)

Then this inequality, together with Lemma 3.1, yield the desired result (3.13).
�

With the help of Lemma 3.1 and Lemma 3.2 at our disposal, we are ready to prove
assertion (ii) of Theorem 1.1.

Proof of assertion (ii) of Theorem 1.1. Set

S(t) = {ξ ∈ R3||ξ| ≤ ρ(t)}

with ρ(t) ≤ 1 to be chosen later. By Plancherel’s theorem,

‖∇u‖2
L2 + ‖∇b‖2

L2 =

∫
R3

|ξ|2(|û(ξ)|2 + |b̂(ξ)|2)dξ

≥
∫
|ξ|≥ρ(t)

|ξ|2(|û(ξ)|2 + |b̂(ξ)|2)dξ

≥ ρ2(t)

∫
|ξ|≥ρ(t)

(|û(ξ)|2 + |b̂(ξ)|2)dξ

= ρ2(t)(‖u‖2
L2 + ‖b‖2

L2)− ρ2(t)

∫
|ξ|≤ρ(t)

(|û(ξ)|2 + |b̂(ξ)|2)dξ. (3.18)

Note that ρ(t) ≤ 1, we obviously obtain

‖w‖2
L2 ≥ ρ2(t)‖w‖2

L2 . (3.19)

Inserting (3.18) and (3.19) into (3.11), it derives that

d

dt
(‖u‖2

L2 + ‖w‖2
L2 + ‖b‖2

L2) + c0ρ
2(t)(‖u‖2

L2 + ‖w‖2
L2 + ‖b‖2

L2)

≤ ρ2(t)

∫
|ξ|≤ρ(t)

(|û(ξ)|2 + |b̂(ξ)|2)dξ. (3.20)
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Combining (3.13) with (3.20), we obtain

d

dt
(‖u‖2

L2 + ‖w‖2
L2 + ‖b‖2

L2) + c0ρ
2(t)(‖u‖2

L2 + ‖w‖2
L2 + ‖b‖2

L2)

≤ 2ρ2(t)

∫
|ξ|≤ρ(t)

(|û0|2 + |ŵ0|2 + |b̂0|2)dξ + Cρ2(t)

∫
|ξ|≤ρ(t)

|ξ|−2dξ

≤ Cρ2+3( 2
p
−1)(t)(‖u0‖2

Lp + ‖w0‖2
Lp + ‖b0‖2

Lp) + Cρ3(t), (3.21)

where we have used Hölder’s inequality∫
S(t)

|f̂(ξ)|2dξ ≤
(∫

S(t)

|f̂(ξ)|qdξ
) 2

q
(∫

S(t)

dξ

)1− 2
q

,

and the Riesz theorem

‖f̂(ξ)‖Lq ≤ C‖f(ξ)‖Lp

with 1
p

+ 1
q

= 1 and 1 ≤ p ≤ 2.

Choosing T0 > 0 and

ρ(t) =

(
3

c0(1 + t)

) 1
2

, (3.22)

such that ρ(t) ≤ 1 for all t > T0.
Inserting (3.22) into (3.21), and multiplying the result by (1 + t)3, we obtain

d

dt
((1 + t)3(‖u‖2

L2 + ‖w‖2
L2 + ‖b‖2

L2)) ≤ C(1 + t)2− 3
2

( 2
p
−1) + C(1 + t)

3
2 .

Integrating it in [T0, t], it leads to

‖u‖2
L2 + ‖w‖2

L2 + ‖b‖2
L2 ≤ (1 + t)−3(1 + T0)3(‖u(T0)‖2

L2 + ‖w(T0)‖2
L2 + ‖b(T0)‖2

L2)

+ C(1 + t)−
3
2

( 2
p
−1) + C(1 + t)−

1
2

≤ C(1 + t)−
1
2 . (3.23)

When |ξ| ≤ ρ(t), combining (3.12) and (3.23) with (3.17), we have for t > T0,√
|û|2 + |ŵ|2 + |b̂|2 ≤ e−c0|ξ|

2t

√
|û0|2 + |ŵ0|2 + |b̂0|2

+ C

∫ T0

0

e−c0|ξ|
2(t−s)(‖u0‖2

L2 + ‖w0‖2
L2 + ‖b0‖2

L2)ds

+ C(1 + t)−
1
2

∫ t

T0

e−c0|ξ|
2(t−s)(1 + s)−

1
2ds

≤
√
|û0|2 + |ŵ0|2 + |b̂0|2 + C. (3.24)

Inserting (3.24) into (3.22), we eventually obtain

d

dt
((1 + t)3(‖u‖2

L2 + ‖w‖2
L2 + ‖b‖2

L2)) ≤ C(1 + t)2− 3
2

( 2
p
−1) + C(1 + t)

1
2 .
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This immediately yields

‖u‖2
L2 + ‖w‖2

L2 + ‖b‖2
L2 ≤ (1 + t)−3(1 + T0)3(‖u(T0)‖2

L2 + ‖w(T0)‖2
L2 + ‖b(T0)‖2

L2)

+ C(1 + t)−
3
2

( 2
p
−1) + C(1 + t)−

3
2

≤ C(1 + t)−
3
2

( 2
p
−1), (3.25)

which implies (1.4) for t > T0. For the case t ≤ T0, we have

(1 + t)−
3
2

( 2
p
−1)(‖u‖2

L2 + ‖w‖2
L2 + ‖b‖2

L2) ≤ (1 +T0)−
3
2

( 2
p
−1)(‖u0‖2

L2 + ‖w0‖2
L2 + ‖b0‖2

L2) ≤ C,

where we have used the fact 1 ≤ p < 2. Thus the proof of assertion (ii) of of Theorem
1.1 is completed.

�

4. Proof of Theorem 1.3

This section is devoted to the proof of Theorem 1.3. We first prove the global well-
posedness part (i) of Theorem 1.3. As we know, it suffices to establish the global a priori
Hs estimates.

Proof of assertion (i) of Theorem 1.3. Applying ∆̇j to the first three equations of (1.2),
we have

∂t∆̇ju+u·∇∆̇ju−(µ+χ)∆̇j∆u = −∆̇j∇p−[∆̇j, u·∇]u+∆̇j(b·∇b)+2χ∆̇j∇×w, (4.1)

∂t∆̇jw + u · ∇∆̇jw + 4χ∆̇jw − κ∆̇j∇∇ · w = −[∆̇j, u · ∇]w + 2χ∆̇j∇× u, (4.2)

∂t∆̇jb+ u · ∇∆̇jb− ν∆̇j∆b = −[∆̇j, u · ∇]b+ ∆̇j(b · ∇u), (4.3)

where [∆̇j, f · ∇]g = ∆̇j(f · ∇g)− f · ∇∆̇jg is commutator.

Dotting (4.1)-(4.3) by ∆̇ju, ∆̇jw and ∆̇jb respectively, integrating resulting equations
in R3, and adding them together, we easily obtain

1

2

d

dt
(‖∆̇ju‖2

L2 + ‖∆̇jw‖2
L2 + ‖∆̇jb‖2

L2) + (µ+ χ)‖∆̇j∇u‖2
L2 + 4χ‖∆̇jw‖2

L2 + ν‖∆̇j∇b‖2
L2

≤ −
∫

[∆̇j, u · ∇]u · ∆̇ju+

∫
[∆̇j, b · ∇]b · ∆̇ju−

∫
[∆̇j, u · ∇]w · ∆̇jw

+ 4χ

∫
∆̇j∇× u · ∆̇jw −

∫
[∆̇j, u · ∇]b · ∆̇jb+

∫
[∆̇j, b · ∇]u · ∆̇jb, (4.4)

where we use the divergence free conditions ∇ · u = 0 and ∇ · b = 0, and the facts∫
∆̇j∇× w · ∆̇ju =

∫
∆̇j∇× u · ∆̇jw,

∫
b · ∇∆̇jb · ∆̇ju+

∫
b · ∇∆̇ju · ∆̇jb = 0.
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Multiplying (4.4) by 22sj, taking the l2j over j ∈ Z, noting that Ḃs
2,2 = Ḣs and using the

Hölder’s inequality, we yield

1

2

d

dt
(‖u‖2

Ḣs + ‖w‖2
Ḣs + ‖b‖2

Ḣs) + (µ+ χ)‖∇u‖2
Ḣs + 4χ‖w‖2

Ḣs + ν‖∇b‖2
Ḣs

≤ ‖2sj‖[∆̇j, u · ∇]u‖L2‖l2j‖u‖Ḣs + ‖2sj‖[∆̇j, b · ∇]b‖L2‖l2j‖u‖Ḣs

+ ‖2sj‖[∆̇j, u · ∇]w‖L2‖l2j‖w‖Ḣs + 4χ‖∇u‖Ḣs‖w‖Ḣs

+ ‖2sj‖[∆̇j, u · ∇]b‖L2‖l2j‖b‖Ḣs + ‖2sj‖[∆̇j, b · ∇]u‖L2‖l2j‖b‖Ḣs . (4.5)

With the help of the Young inequality, one yields

4χ‖∇u‖Ḣs‖w‖Ḣs ≤ (
µ

2
+ χ)‖∇u‖2

Ḣs +
4χ2

µ
2

+ χ
‖w‖2

Ḣs . (4.6)

Inserting (4.6) into (4.5), adding the resulting inequality and (3.11) together, we have

d

dt
(‖u‖2

Hs + ‖w‖2
Hs + ‖b‖2

Hs) + c0(‖∇u‖2
Hs + ‖w‖2

Hs + ‖∇b‖2
Hs)

≤ 2‖2sj‖[∆̇j, u · ∇]u‖L2‖l2j‖u‖Hs + 2‖2sj‖[∆̇j, b · ∇]b‖L2‖l2j‖u‖Hs

+ 2‖2sj‖[∆̇j, u · ∇]w‖L2‖l2j‖w‖Hs + 2‖2sj‖[∆̇j, u · ∇]b‖L2‖l2j‖b‖Hs

+ 2‖2sj‖[∆̇j, b · ∇]u‖L2‖l2j‖b‖Hs . (4.7)

Using commutator estimate (2.4), and noting that for s > 3
2
,

‖f‖L∞ ≤ C‖f‖Hs , ‖f‖Ḃs−1
2,2
≤ C‖f‖Bs2,2 = C‖f‖Hs ,

one obviously derives

‖2js‖[∆̇j, u · ∇]u‖L2‖l2j ≤ C‖∇u‖L∞‖∇u‖Ḃs−1
2,2
≤ C‖∇u‖2

Hs .

Similarly, we have

‖2js‖[∆̇j, b · ∇]b‖L2‖l2j ≤ C‖∇b‖2
Hs ,

‖2js‖[∆̇j, u · ∇]b‖L2‖l2j ≤ C(‖∇u‖L∞‖∇b‖Ḃs−1
2,2

+ ‖∇b‖L∞‖∇u‖Ḃs−1
2,2

)

≤ C‖∇u‖Hs‖∇b‖Hs ,

and

‖2js‖[∆̇j, b · ∇]u‖L2‖l2j ≤ C‖∇u‖Hs‖∇b‖Hs .

Taking advantage of the commutator estimate (2.5), we imply that

‖2js‖[∆̇j, u · ∇]w‖L2‖l2j ≤ C(‖∇u‖L∞‖w‖Ḃs2,2 + ‖w‖L∞‖∇u‖Ḃs2,2)
≤ C‖∇u‖Hs‖w‖Hs .

Combining the above estimates together, we get

d

dt
(‖u‖2

Hs + ‖w‖2
Hs + ‖b‖2

Hs) + c0(‖∇u‖2
Hs + ‖w‖2

Hs + ‖∇b‖2
Hs)

≤ C‖∇u‖2
Hs‖u‖Hs + C‖∇b‖2

Hs‖u‖Hs + C‖∇u‖Hs‖w‖2
Hs

+ C‖∇u‖Hs‖∇b‖Hs‖b‖Hs .
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Then the Young inequality leads to

d

dt
(‖u‖2

Hs + ‖w‖2
Hs + ‖b‖2

Hs) +
c0

2
(‖∇u‖2

Hs + ‖w‖2
Hs + ‖∇b‖2

Hs)

≤ C(‖u‖2
Hs + ‖w‖2

Hs + ‖b‖2
Hs)(‖∇u‖2

Hs + ‖w‖2
Hs + ‖∇b‖2

Hs). (4.8)

This inequality indicates that, if the initial data (u0, w0, b0) satisfy, for 0 < ε < C0 = c0
2C

,

‖u0‖2
Hs + ‖w0‖2

Hs + ‖b0‖2
Hs < ε,

then the corresponding solution remains for all time. Namely,

‖u(t)‖2
Hs + ‖w(t)‖2

Hs + ‖b(t)‖2
Hs < ε. (4.9)

In fact, if suppose (4.9) is not true and T0 is the first time such that (4.9) is violated,
i.e.,

‖u(T0)‖2
Hs + ‖w(T0)‖2

Hs + ‖b(T0)‖2
Hs = ε,

and (4.9) holds for any 0 ≤ t < T0. We can deduce from (4.8) that for any 0 ≤ t ≤ T0,

d

dt
(‖u‖2

Hs + ‖w‖2
Hs + ‖b‖2

Hs) + (
c0

2
− Cε)(‖∇u‖2

Hs + ‖w‖2
Hs + ‖∇b‖2

Hs) ≤ 0.

Therefore,

‖u(t)‖2
Hs + ‖w(t)‖2

Hs + ‖b(t)‖2
Hs ≤ ‖u0‖2

Hs + ‖w0‖2
Hs + ‖b0‖2

Hs < ε. (4.10)

This is a contradiction. Thus, we get the uniform bound of (4.9). In addition,∫ t

0

(‖∇u(τ)‖2
Hs + ‖w(τ)‖2

Hs + ‖∇b(τ)‖2
Hs)ds ≤ Cε. (4.11)

Therefore, the proof of (i) of Theorem 1.1 is completed.
�

Now we turn to prove the decay estimates assertion (ii) of Theorem 1.3. As a tool,
we first verify the following lemma in negative Besov space Ḃ−l2,∞ with 0 ≤ l ≤ 3

2
.

Lemma 4.1. Let c0 = min{µ, 8χµ
µ+2χ

, 2ν}. Then we have

(1) For 0 ≤ l ≤ 1
2
,

d

dt
(‖u‖2

Ḃ−l2,∞
+ ‖w‖2

Ḃ−l2,∞
+ ‖b‖2

Ḃ−l2,∞
) + c0(‖∇u‖2

Ḃ−l2,∞
+ ‖w‖2

Ḃ−l2,∞
+ ‖∇b‖2

Ḃ−l2,∞
)

≤ C(‖∇u‖
1
2

+l

L2 + ‖∇b‖
1
2

+l

L2 )(‖∆u‖
1
2
−l

L2 + ‖∆b‖
1
2
−l

L2 )(‖∇u‖L2 + ‖∇w‖L2 + ‖∇b‖L2)

× (‖u‖Ḃ−l2,∞
+ ‖w‖Ḃ−l2,∞

+ ‖b‖Ḃ−l2,∞
). (4.12)

(2) For 1
2
< l ≤ 3

2
,

d

dt
(‖u‖2

Ḃ−l2,∞
+ ‖w‖2

Ḃ−l2,∞
+ ‖b‖2

Ḃ−l2,∞
) + c0(‖∇u‖2

Ḃ−l2,∞
+ ‖w‖2

Ḃ−l2,∞
+ ‖∇b‖2

Ḃ−l2,∞
)

≤ C(‖u‖
2l−1
2

L2 + ‖w‖
2l−1
2

L2 + ‖b‖
2l−1
2

L2 )(‖∇u‖
5−2l
2

L2 + ‖∇w‖
5−2l
2

L2 + ‖∇b‖
5−2l
2

L2 )

× (‖u‖Ḃ−l2,∞
+ ‖w‖Ḃ−l2,∞

+ ‖b‖Ḃ−l2,∞
). (4.13)
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Proof. From (4.4), together with divergence free conditions ∇ · u = ∇ · b = 0, we derive
that
1

2

d

dt
(‖∆̇ju‖2

L2 + ‖∆̇jw‖2
L2 + ‖∆̇jb‖2

L2) + (µ+ χ)‖∆̇j∇u‖2
L2 + 4χ‖∆̇jw‖2

L2 + ν‖∆̇j∇b‖2
L2

≤ −
∫

∆̇j(u · ∇u) · ∆̇ju+

∫
∆̇j(b · ∇b) · ∆̇ju−

∫
∆̇j(u · ∇w) · ∆̇jw

+ 4χ

∫
∆̇j∇× u · ∆̇jw −

∫
∆̇j(u · ∇b) · ∆̇jb+

∫
∆̇j(b · ∇u) · ∆̇jb.

Multiplying this inequality by 2−2lj and taking the l∞j over j ∈ Z, we obtain

d

dt
(‖u‖2

Ḃ−l2,∞
+ ‖w‖2

Ḃ−l2,∞
+ ‖b‖2

Ḃ−l2,∞
) + 2(µ+ χ)‖∇u‖2

Ḃ−l2,∞
+ 8χ‖w‖2

Ḃ−l2,∞
+ 2ν‖∇b‖2

Ḃ−l2,∞

≤ 2‖2−2lj‖∆̇j(u · ∇u)‖L2‖∆̇ju‖L2‖l∞j + 2‖2−2lj‖∆̇j(b · ∇b)‖L2‖∆̇ju‖L2‖l∞j
+ 2‖2−2lj‖∆̇j(u · ∇w)‖L2‖∆̇jw‖L2‖l∞j + 8χ‖2−2lj‖∆̇j(∇× u)‖L2‖∆̇jw‖L2‖l∞j
+ 2‖2−2lj‖∆̇j(u · ∇b)‖L2‖∆̇jb‖L2‖l∞j + 2‖2−2lj‖∆̇j(b · ∇u)‖L2‖∆̇jb‖L2‖l∞j
≤ 2‖u · ∇u‖Ḃ−l2,∞

‖u‖Ḃ−l2,∞
+ 2‖b · ∇b‖Ḃ−l2,∞

‖u‖Ḃ−l2,∞
+ 2‖u · ∇w‖Ḃ−l2,∞

‖w‖Ḃ−l2,∞

+ 8χ‖∇u‖Ḃ−l2,∞
‖w‖Ḃ−l2,∞

+ 2‖u · ∇b‖Ḃ−l2,∞
‖b‖Ḃ−l2,∞

+ 2‖b · ∇u‖Ḃ−l2,∞
‖b‖Ḃ−l2,∞

. (4.14)

Applying the Young inequality, we derive that

8χ‖∇u‖Ḃ−l2,∞
‖w‖Ḃ−l2,∞

≤ (µ+ 2χ)‖∇u‖Ḃ−l2,∞
+

8χ2

µ
2

+ χ
‖w‖Ḃ−l2,∞

.

Therefore, it follows from this, (4.14) and Lemma 2.8 that

d

dt
(‖u‖2

Ḃ−l2,∞
+ ‖w‖2

Ḃ−l2,∞
+ ‖b‖2

Ḃ−l2,∞
) + c0(‖∇u‖2

Ḃ−l2,∞
+ ‖w‖2

Ḃ−l2,∞
+ ‖∇b‖2

Ḃ−l2,∞
)

≤ 2‖u · ∇u‖
L

6
3+2l
‖u‖Ḃ−l2,∞

+ 2‖b · ∇b‖
L

6
3+2l
‖u‖Ḃ−l2,∞

+ 2‖u · ∇w‖
L

6
3+2l
‖w‖Ḃ−l2,∞

+ 2‖u · ∇b‖
L

6
3+2l
‖b‖Ḃ−l2,∞

+ 2‖b · ∇u‖
L

6
3+2l
‖b‖Ḃ−l2,∞

:= J1 + J2 + J3 + J4 + J5. (4.15)

Next we divide the proof into two cases.
1) If 0 ≤ l ≤ 1

2
, by Hölder’s inequality and Gagliardo-Nirenberg inequality, we have

‖u · ∇u‖
L

6
3+2l
≤ ‖u‖

L
3
l
‖∇u‖L2 , (4.16)

and

‖u‖
L

3
l
≤ C‖∇u‖

1+2l
2

L2 ‖∆u‖
1−2l
2

L2 .

Thus

J1 ≤ C‖∇u‖
3+2l
2

L2 ‖∆u‖
1−2l
2

L2 ‖u‖Ḃ−l2,∞
.

Similarly, we obtain

J2 ≤ C‖∇b‖
3+2l
2

L2 ‖∆b‖
1−2l
2

L2 ‖u‖Ḃ−l2,∞
.

J3 ≤ C‖∇u‖
1+2l
2

L2 ‖∆u‖
1−2l
2

L2 ‖∇w‖L2‖w‖Ḃ−l2,∞
.

J4 ≤ C‖∇u‖
1+2l
2

L2 ‖∆u‖
1−2l
2

L2 ‖∇b‖L2‖b‖Ḃ−l2,∞
.
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J5 ≤ C‖∇b‖
1+2l
2

L2 ‖∆b‖
1−2l
2

L2 ‖∇u‖L2‖b‖Ḃ−l2,∞
.

Inserting the above bounds into (4.15), we get the desired estimate (4.12).
2) If 1

2
< l ≤ 3

2
, applying the Gagliardo-Nirenberg inequality, we have

‖u‖
L

3
l
≤ C‖u‖

2l−1
2

L2 ‖∇u‖
3−2l
2

L2 .

Together with (4.16), we yield

J1 ≤ C‖u‖
2l−1
2

L2 ‖∇u‖
5−2l
2

L2 ‖u‖Ḃ−l2,∞
.

Similarly, we have

J2 ≤ C‖b‖
2l−1
2

L2 ‖∇b‖
5−2l
2

L2 ‖u‖Ḃ−l2,∞
.

J3 ≤ C‖u‖
2l−1
2

L2 ‖∇u‖
3−2l
2

L2 ‖∇w‖L2‖w‖Ḃ−l2,∞
.

J4 ≤ C‖u‖
2l−1
2

L2 ‖∇u‖
3−2l
2

L2 ‖∇b‖L2‖b‖Ḃ−l2,∞
.

J5 ≤ C‖b‖
2l−1
2

L2 ‖∇b‖
3−2l
2

L2 ‖∇u‖L2‖b‖Ḃ−l2,∞
.

Inserting the above estimates into (4.15), we obtain (4.13).
�

By means of Lemma 4.1, we now start to prove assertion (ii) of Theorem 1.3.

Proof of assertion (ii) of Theorem 1.3. The proof is slightly long. For the sake of clarity,
we divide it into three parts.

(1) We first prove (1.7). Resorting to (4.4), together with Hölder’s, Bernstein’s and
Sobolev’s inequalities and the divergence free conditions ∇ · u = ∇ · b = 0, we yield

1

2

d

dt
(‖∆̇ju‖2

L2 + ‖∆̇jw‖2
L2 + ‖∆̇jb‖2

L2) + (µ+ χ)‖∆̇j∇u‖2
L2 + 4χ‖∆̇jw‖2

L2 + ν‖∆̇j∇b‖2
L2

≤ −
∫

∆̇j(u · ∇u) · ∆̇ju+

∫
∆̇j(b · ∇b) · ∆̇ju−

∫
∆̇j(u · ∇b) · ∆̇jb

+

∫
∆̇j(b · ∇u) · ∆̇jb−

∫
[∆̇j, u · ∇]w · ∆̇jw + 4χ

∫
∆̇j∇× u · ∆̇jw

≤ ‖∆̇j(u · ∇u)‖
L

6
5
‖∆̇ju‖L6 + ‖∆̇j(b · ∇b)‖L 6

5
‖∆̇ju‖L6 + ‖∆̇j(u · ∇b)‖L 6

5
‖∆̇jb‖L6

+ ‖∆̇j(b · ∇u)‖
L

6
5
‖∆̇jb‖L6 + ‖[∆̇j, u · ∇]w‖L2‖∆̇jw‖L2 + 4χ‖∆̇j∇× u‖L2‖∆̇jw‖L2

≤ C2j‖∆̇j(u⊗ u)‖
L

6
5
‖∆̇j∇u‖L2 + C2j‖∆̇j(b⊗ b)‖L 6

5
‖∆̇j∇u‖L2

+ C2j‖∆̇j(u⊗ b)‖L 6
5
‖∆̇j∇b‖L2 + ‖[∆̇j, u · ∇]w‖L2‖∆̇jw‖L2

+ 4χ‖∆̇j∇× u‖L2‖∆̇jw‖L2 . (4.17)

Applying the Young inequality,

4χ‖∆̇j∇× u‖L2‖∆̇jw‖L2 ≤ (
µ

2
+ χ)‖∆̇j∇u‖2

L2 +
4χ2

µ
2

+ χ
‖∆̇jw‖2

L2 . (4.18)
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Inserting (4.18) into (4.17), multiplying the resulting inequality by 2−2mj and taking the
l2j over j ∈ Z together with Lemma 2.5 and Lemma 2.6, we obtain

d

dt
(‖u‖2

Ḃm2,2
+ ‖w‖2

Ḃm2,2
+ ‖b‖2

Ḃm2,2
) + c0(‖∇u‖2

Ḃm2,2
+ ‖w‖2

Ḃm2,2
+ ‖∇b‖2

Ḃm2,2
)

≤ C‖2(m+1)j‖∆̇j(u⊗ u)‖
L

6
5
‖l2j‖∇u‖Ḃm2,2 + C‖2(m+1)j‖∆̇j(b⊗ b)‖L 6

5
‖l2j‖∇u‖Ḃm2,2

+ C‖2(m+1)j‖∆̇j(u⊗ b)‖L 6
5
‖l2j‖∇b‖Ḃm2,2 + C‖2mj‖[∆̇j, u · ∇]w‖L2‖l2j‖w‖Ḃm2,2

≤ C‖u‖L3‖∇u‖2
Ḃm2,2

+ C‖b‖L3‖∇b‖Ḃm2,2‖∇u‖Ḃm2,2
+ C(‖u‖L3‖∇b‖Ḃm2,2 + ‖b‖L3‖∇u‖Ḃm2,2)‖∇b‖Ḃm2,2
+ C(‖∇u‖L∞‖w‖Ḣm + ‖u‖Ḣm+1‖w‖L∞)‖w‖Ḣm

≤ C(‖u‖
1
2

L2‖∇u‖
1
2

L2 + ‖b‖
1
2

L2‖∇b‖
1
2

L2 + ‖∇u‖L∞ + ‖w‖L∞)

× (‖∇u‖2
Ḃm2,2

+ ‖w‖2
Ḃm2,2

+ ‖∇b‖2
Ḃm2,2

). (4.19)

Choosing the ε in (1.6) sufficiently small, and noting that Ḃm
2,2 = Ḣm, we get

d

dt
(‖u‖2

Ḣm + ‖w‖2
Ḣm + ‖b‖2

Ḣm) +
c0

2
(‖∇u‖2

Ḣm + ‖w‖2
Ḣm + ‖∇b‖2

Ḣm) ≤ 0. (4.20)

Applying Lemma 2.9, we derive that

‖u‖Ḣm ≤ C‖u‖
1

m+l+1

Ḃ−l2,∞
‖∇u‖

m+l
m+l+1

Ḣm . (4.21)

‖b‖Ḣm ≤ C‖b‖
1

m+l+1

Ḃ−l2,∞
‖∇b‖

m+l
m+l+1

Ḣm . (4.22)

Therefore, if

‖u‖Ḃ−l2,∞
+ ‖w‖Ḃ−l2,∞

+ ‖b‖Ḃ−l2,∞
≤ C, (4.23)

then inserting (4.21) and (4.22) into (4.20), we obtain

d

dt
(‖u‖2

Ḣm + ‖w‖2
Ḣm + ‖b‖2

Ḣm) + C(‖u‖2
Ḣm + ‖w‖2

Ḣm + ‖b‖2
Ḣm)

m+l+1
m+l ≤ 0. (4.24)

It follows that

‖u‖2
Ḣm + ‖w‖2

Ḣm + ‖b‖2
Ḣm ≤ C(1 + t)−m−l, (4.25)

which immediately yields (1.7).
Therefore, it is left to verify that (4.23) holds for 0 < l ≤ 3

2
. To this end, we divide

the proof into four cases.
Case 1. (0 < l ≤ 1

2
) By Lemma 4.1, we obtain

d

dt
(‖u‖2

Ḃ−l2,∞
+ ‖w‖2

Ḃ−l2,∞
+ ‖b‖2

Ḃ−l2,∞
)

≤ C(‖∇u‖2
Hs + ‖w‖2

Hs + ‖∇b‖2
Hs)(‖u‖Ḃ−l2,∞

+ ‖w‖Ḃ−l2,∞
+ ‖b‖Ḃ−l2,∞

). (4.26)
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Integrating this inequality in [0, t], one yields

‖u(t)‖2
Ḃ−l2,∞

+ ‖w(t)‖2
Ḃ−l2,∞

+ ‖b(t)‖2
Ḃ−l2,∞

≤ ‖u0‖2
Ḃ−l2,∞

+ ‖w0‖2
Ḃ−l2,∞

+ ‖b0‖2
Ḃ−l2,∞

+ C sup
0≤τ≤t

(‖u(τ)‖Ḃ−l2,∞
+ ‖w(τ)‖Ḃ−l2,∞

+ ‖b(τ)‖Ḃ−l2,∞
)

×
∫ t

0

(‖∇u(τ)‖2
Hs + ‖w(τ)‖2

Hs + ‖∇b(τ)‖2
Hs)dτ

≤ C + C sup
0≤τ≤t

(‖u(τ)‖Ḃ−l2,∞
+ ‖w(τ)‖Ḃ−l2,∞

+ ‖b(τ)‖Ḃ−l2,∞
), (4.27)

where we have used (1.6) in the last inequality. Then utilizing Young inequality to this
above inequality, it implies (4.23).

Case 2. (1
2
< l < 1) Since ‖f‖Ḃ−l2,∞

∩ ‖f‖L2 ↪→ ‖f‖
Ḃ
− 1

2
2,∞

, then (4.25) with l = 1
2

yields

‖u(t)‖L2 + ‖w(t)‖L2 + ‖b(t)‖L2 ≤ C(1 + t)−
1
4 . (4.28)

‖u(t)‖Ḣs + ‖w(t)‖Ḣs + ‖b(t)‖Hs ≤ C(1 + t)−
2s+1

4 . (4.29)

Therefore, the Gagliardo-Nirenberg inequality, together with (4.28) and (4.29), leads to

‖∇u‖L2 ≤ C‖u‖
s−1
s

L2 ‖u‖
1
s

Ḣs

≤ C(1 + t)−
3
4 . (4.30)

Similarly, we have

‖∇w‖L2 + ‖∇b‖L2 ≤ C(1 + t)−
3
4 . (4.31)

Applying the Young inequality to (4.13), together with (4.28)-(4.31), we obtain

d

dt
(‖u‖2

Ḃ−l2,∞
+ ‖w‖2

Ḃ−l2,∞
+ ‖b‖2

Ḃ−l2,∞
)

≤ C[(‖u‖2l−1
L2 + ‖w‖2l−1

L2 + ‖b‖2l−1
L2 )(‖∇u‖3−2l

L2 + ‖∇w‖3−2l
L2 + ‖∇b‖3−2l

L2 )

+ ‖∇u‖2
L2 + ‖∇w‖2

L2 + ‖∇b‖2
L2 ](‖u‖Ḃ−l2,∞

+ ‖w‖Ḃ−l2,∞
+ ‖b‖Ḃ−l2,∞

)

≤ C((1 + t)−(2−l) + ‖∇u‖2
Hs + ‖w‖2

Hs + ‖∇b‖2
Hs)

× (‖u‖Ḃ−l2,∞
+ ‖w‖Ḃ−l2,∞

+ ‖b‖Ḃ−l2,∞
). (4.32)

Integrating this inequality in [0, t], and noting that (1.6), we have

‖u‖2
Ḃ−l2,∞

+ ‖w‖2
Ḃ−l2,∞

+ ‖b‖2
Ḃ−l2,∞

≤ ‖u0‖2
Ḃ−l2,∞

+ ‖w0‖2
Ḃ−l2,∞

+ ‖b0‖2
Ḃ−l2,∞

+ C sup
0≤τ≤t

(‖u(τ)‖Ḃ−l2,∞
+ ‖w(τ)‖Ḃ−l2,∞

+ ‖b(τ)‖Ḃ−l2,∞
)

×
(∫ t

0

(1 + τ)−(2−l)dτ + 1

)
≤ C + C sup

0≤τ≤t
(‖u(τ)‖Ḃ−l2,∞

+ ‖w(τ)‖Ḃ−l2,∞
+ ‖b(τ)‖Ḃ−l2,∞

), (4.33)

Then by virtue of the Young inequality, we complete (4.23).
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Case 3. (1 ≤ l < 3
2
) Note that ‖f‖Ḃ−l2,∞

∩ ‖f‖L2 ↪→ ‖f‖
Ḃ
−l0
2,∞

with 0 < l0 < 1, then

taking l = l0 in (4.25), we have derived that

‖u(t)‖L2 + ‖w(t)‖L2 + ‖b(t)‖L2 ≤ C(1 + t)−
l0
2 . (4.34)

‖u(t)‖Ḣs + ‖w(t)‖Ḣs + ‖b(t)‖Ḣs ≤ C(1 + t)−
s+l0

2 . (4.35)

Then using the Gagliardo-Nirenberg inequality, it deduces that

‖∇u‖L2 ≤ C‖u‖
s−1
s

L2 ‖u‖
1
s

Ḣs

≤ C(1 + t)−
l0+1

2 . (4.36)

Similarly, we have

‖∇w‖L2 + ‖∇b‖L2 ≤ C(1 + t)−
l0+1

2 . (4.37)

Therefore, it follows from (4.13) and (4.34)-(4.37) that

d

dt
(‖u‖2

Ḃ−l2,∞
+ ‖w‖2

Ḃ−l2,∞
+ ‖b‖2

Ḃ−l2,∞
)

≤ C((1 + t)−
2l0+3−2l

2 + ‖∇u‖2
Hs + ‖w‖2

Hs + ‖∇b‖2
Hs)

× (‖u‖Ḃ−l2,∞
+ ‖w‖Ḃ−l2,∞

+ ‖b‖Ḃ−l2,∞
). (4.38)

Integrating this inequality in [0, t], we obtain

‖u‖2
Ḃ−l2,∞

+ ‖w‖2
Ḃ−l2,∞

+ ‖b‖2
Ḃ−l2,∞

≤ ‖u0‖2
Ḃ−l2,∞

+ ‖w0‖2
Ḃ−l2,∞

+ ‖b0‖2
Ḃ−l2,∞

+ C sup
0≤τ≤t

(‖u(τ)‖Ḃ−l2,∞
+ ‖w(τ)‖Ḃ−l2,∞

+ ‖b(τ)‖Ḃ−l2,∞
)

×
(∫ t

0

(1 + τ)−
2l0+3−2l

2 dτ + 1

)
≤ C + C sup

0≤τ≤t
(‖u(τ)‖Ḃ−l2,∞

+ ‖w(τ)‖Ḃ−l2,∞
+ ‖b(τ)‖Ḃ−l2,∞

), (4.39)

where we have used the fact that for any 1 < l < 3
2
, we can choose l0 < 1 sufficiently

near 1 such that 1− 2l0+3−2l
2

< 0. Then it eventually yields (4.23).

Case 4. (l = 3
2
) Note that ‖f‖

Ḃ
− 3

2
2,∞
∩ ‖f‖L2 ↪→ ‖f‖

Ḃ
−l0
2,∞

with 0 < l0 <
3
2
, then by

choosing l0 near 3
2
, following the idea in Case 3, we complete the proof of this case.

(2) Now we are at a stage to verify (1.8). Applying Dm to the second equation of
(1.2), dotting it by Dmw, integrating in space domain, then standard calculations yield

1

2

d

dt
‖Dmw‖2

L2 + 4χ‖Dmw‖2
L2

≤ 2χ

∫
Dm∇× u ·Dmw −

∫
Dm(u · ∇w) ·Dmw

≤ C(‖Dm+1u‖L2 + ‖Dm+1u‖L2‖w‖L∞ + ‖u‖L∞‖Dm+1w‖L2)‖Dmw‖L2 .

Then this inequality, together with (1.6), leads to

d

dt
‖Dmw‖L2 + 4χ‖Dmw‖L2 ≤ C(‖Dm+1u‖L2 + ‖Dm+1w‖L2).
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Multiplying this inequality by e4χt, integrating the resulting inequality in [0, t], together
with (1.6) and (1.7), we have

‖Dmw‖L2 ≤ e−4χt‖Dmw0‖L2 + C

∫ t

0

e−4χ(t−τ)(‖Dm+1u(τ)‖L2 + ‖Dm+1w(τ)‖L2)dτ

≤ Ce−4χt + C

∫ t
2

0

e−4χ(t−τ)(‖Dm+1u(τ)‖L2 + ‖Dm+1w(τ)‖L2)dτ

+ C

∫ t

t
2

e−4χ(t−τ)(‖Dm+1u(τ)‖L2 + ‖Dm+1w(τ)‖L2)dτ

≤ Ce−4χt + Ce−2χt

(∫ t
2

0

(‖Dm+1u(τ)‖2
L2 + ‖Dm+1w(τ)‖2

L2)dτ

) 1
2
(∫ t

2

0

dτ

) 1
2

+ C

∫ t

t
2

e−4χ(t−τ)(1 + τ)−
m+1

2
− l

2dτ

≤ Ce−4χt + Ce−2χtt
1
2 + C(1 + t)−

m+1
2
− l

2

≤ C(1 + t)−
m+1

2
− l

2 .

Thus the proof of (1.8) is completed.
(3) Finally, we prove (1.10). We write the third equation of (1.2) into integral form,

b = eν∆tb0 +

∫ t

0

eν∆(t−τ)(b · ∇u− u · ∇b)(τ)dτ.

Applying Dm to this equation and taking the L2 norm, together with (1.7), we obtain

‖Dmb−Dmeν∆tb0‖L2 ≤
∫ t

2

0

‖Dm∇eν∆(t−τ)(b⊗ u− u⊗ b)(τ)‖L2dτ

+

∫ t

t
2

‖∇eν∆(t−τ)Dm(b⊗ u− u⊗ b)(τ)‖L2dτ

≤ C

∫ t
2

0

(t− τ)−
m+1

2
− 3

4‖(b⊗ u− u⊗ b)(τ)‖L1dτ

+ C

∫ t

t
2

(t− τ)−
1
2‖Dm(b⊗ u− u⊗ b)(τ)‖L2dτ

≤ C

∫ t
2

0

(t− τ)−
m+1

2
− 3

4‖u(τ)‖L2‖b(τ)‖L2dτ

+ C

∫ t

t
2

(t− τ)−
1
2 (‖u(τ)‖L∞‖Dmb(τ)‖L2 + ‖b(τ)‖L∞‖Dmu(τ)‖L2)dτ

≤ C

∫ t
2

0

(t− τ)−
m+1

2
− 3

4 (1 + τ)−ldτ

+ C

∫ t

t
2

(t− τ)−
1
2 (1 + τ)−

3
2

( 1
2

+m
3

)−m
2
−ldτ

≤ CM(t)(1 + t)−
m
2
− l

2 , (4.40)
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where

M(t) =


(1 + t)−( 1

4
+ l

2
) + (1 + t)−

1
4
−m

2
− l

2 , if l < 1,

(1 + t)−( 5
4
− l

2
) ln(1 + t) + (1 + t)−

1
4
−m

2
− l

2 , if l = 1,

(1 + t)−( 5
4
− l

2
) + (1 + t)−

1
4
−m

2
− l

2 , if l > 1.

Therefore, combining (4.40) and (1.9), and choosing t sufficiently large, yield

‖Dmb‖L2 ≥ ‖Dmeν∆tb0‖L2 − ‖Dmb−Dmeν∆tb0‖L2

≥ C1(1 + t)−
m
2
− l

2 − CM(t)(1 + t)−
m
2
− l

2

≥ C(1 + t)−
m
2
− l

2 , (4.41)

since M(t)→ 0 as t→∞. We thus obtain (1.10). Therefore, the proof of assertion (ii)
of Theorem 1.3 is completed.

�

5. Proof of Theorem 1.5

This section is devoted to proving Theorem 1.5. We first show the global existence
part (i). The key step is to establish the global a priori Bs

2,∞ estimates of the solution.

Proof of assertion (i) of Theorem 1.5. Applying Hölder’s inequality to (4.4) and inte-
grating the resulting inequality in [0, t], we obtain

‖∆̇ju‖2
L2 + ‖∆̇jw‖2

L2 + ‖∆̇jb‖2
L2 + 2(µ+ χ)

∫ t

0

‖∆̇j∇u(τ)‖2
L2dτ + 8χ

∫ t

0

‖∆̇jw(τ)‖2
L2dτ

+ 2ν

∫ t

0

‖∆̇j∇b(τ)‖2
L2dτ

≤ ‖∆̇ju0‖2
L2 + ‖∆̇jw0‖2

L2 + ‖∆̇jb0‖2
L2

+ 2

∫ t

0

‖[∆̇j, u · ∇]u(τ)‖L2‖∆̇ju(τ)‖L2dτ + 2

∫ t

0

‖[∆̇j, b · ∇]b(τ)‖L2‖∆̇ju(τ)‖L2dτ

+ 2

∫ t

0

‖[∆̇j, u · ∇]w(τ)‖L2‖∆̇jw(τ)‖L2dτ + 8χ

∫ t

0

‖∆̇j∇× u(τ)‖L2‖∆̇jw(τ)‖L2dτ

+ 2

∫ t

0

‖[∆̇j, u · ∇]b(τ)‖L2‖∆̇jb(τ)‖L2dτ + 2

∫ t

0

‖[∆̇j, b · ∇]u(τ)‖L2‖∆̇jb(τ)‖L2dτ.

Multiplying it by 22sj and taking the supremum over j ∈ Z, one yields

‖u‖2
L̃∞t (Ḃs2,∞)

+ ‖w‖2
L̃∞t (Ḃs2,∞)

+ ‖b‖2
L̃∞t (Ḃs2,∞)

+ 2(µ+ χ)‖∇u‖2
L̃2
t (Ḃ

s
2,∞)

+ 8χ‖w‖2
L̃2
t (Ḃ

s
2,∞)

+ 2ν‖∇b‖2
L̃2
t (Ḃ

s
2,∞)

≤ ‖u0‖2
Ḃs2,∞

+ ‖w0‖2
Ḃs2,∞

+ ‖b0‖2
Ḃs2,∞

+ L1 + L2 + L3 + L4 + L5 + L6 (5.1)

with

L1 = 2 sup
j∈Z

22sj

∫ t

0

‖[∆̇j, u · ∇]u(τ)‖L2‖∆̇ju(τ)‖L2dτ,
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L2 = 2 sup
j∈Z

22sj

∫ t

0

‖[∆̇j, b · ∇]b(τ)‖L2‖∆̇ju(τ)‖L2dτ,

L3 = 2 sup
j∈Z

22sj

∫ t

0

‖[∆̇j, u · ∇]w(τ)‖L2‖∆̇jw(τ)‖L2dτ,

L4 = 8χ sup
j∈Z

22sj

∫ t

0

‖∆̇j∇× u(τ)‖L2‖∆̇jw(τ)‖L2dτ,

L5 = 2 sup
j∈Z

22sj

∫ T

0

‖[∆̇j, u · ∇]b(τ)‖L2‖∆̇jb(τ)‖L2dτ,

L6 = 2 sup
j∈Z

22sj

∫ T

0

‖[∆̇j, b · ∇]u(τ)‖L2‖∆̇jb(τ)‖L2dτ.

Applying Hölder’s inequality and (2.4), we have

L1 ≤ 2‖u‖L̃∞t (Ḃs2,∞) sup
j∈Z

(2sj‖[∆̇j, u · ∇]u‖L1
tL

2)

≤ C‖u‖L̃∞t (Ḃs2,∞)‖∇u‖L2
tL
∞‖∇u‖L̃2

t (Ḃ
s−1
2,∞).

Similarly,

L2 ≤ C‖u‖L̃∞t (Ḃs2,∞)‖∇b‖L2
tL
∞‖∇b‖L̃2

t (Ḃ
s−1
2,∞),

L5 + L6 ≤ C‖b‖L̃∞t (Ḃs2,∞)(‖∇u‖L2
tL
∞‖∇b‖L̃2

t (Ḃ
s−1
2,∞) + ‖∇b‖L2

tL
∞‖∇u‖L̃2

t (Ḃ
s−1
2,∞)).

Again applying Hölder’s inequality, together with (2.5), we obtain

L3 ≤ ‖w‖L̃∞t (Ḃs2,∞) sup
j∈Z

(2sj‖[∆̇j, u · ∇]w‖L1
tL

2)

≤ C‖w‖L̃∞t (Ḃs2,∞)(‖∇u‖L2
tL
∞‖w‖L̃2

t (Ḃ
s
2,∞) + ‖w‖L2

tL
∞‖∇u‖L̃2

t (Ḃ
s
2,∞))

Using Hölder’s inequality and the Young inequality, it holds that

L4 ≤ (µ+ 2χ)‖∇u‖2
L̃2
t (Ḃ

s
2,∞)

+
16χ2

µ+ 2χ
‖w‖2

L̃2
t (Ḃ

s
2,∞)

.

Inserting the above estimates into (5.1), one leads to

‖u‖2
L̃∞t (Ḃs2,∞)

+ ‖w‖2
L̃∞t (Ḃs2,∞)

+ ‖b‖2
L̃∞t (Ḃs2,∞)

+ µ‖∇u‖2
L̃2
t (Ḃ

s
2,∞)

+
8χµ

µ+ 2χ
‖w‖2

L̃2
t (Ḃ

s
2,∞)

+ 2ν‖∇b‖2
L̃2
t (Ḃ

s
2,∞)

≤ ‖u0‖2
Ḃs2,∞

+ ‖w0‖2
Ḃs2,∞

+ ‖b0‖2
Ḃs2,∞

+ C‖∇u‖L2
tL
∞(‖u‖L̃∞t (Ḃs2,∞)‖∇u‖L̃2

t (Ḃ
s−1
2,∞)

+ ‖b‖L̃∞t (Ḃs2,∞)‖∇b‖L̃2
t (Ḃ

s−1
2,∞) + ‖w‖L̃∞t (Ḃs2,∞)‖w‖L̃2

t (Ḃ
s
2,∞))

+ C‖∇b‖L2
tL
∞(‖u‖L̃∞t (Ḃs2,∞)‖∇b‖L̃2

t (Ḃ
s−1
2,∞) + ‖b‖L̃∞t (Ḃs2,∞)‖∇u‖L̃2

t (Ḃ
s−1
2,∞))

+ C‖w‖L̃∞t (Ḃs2,∞)‖w‖L2
tL
∞‖∇u‖L̃2

t (Ḃ
s
2,∞). (5.2)

Adding (3.11) and (5.2) up, using the Young inequality, and noting that for s > 3
2
,

‖f‖L∞ ≤ C‖f‖Bs2,∞ , ‖f‖Ḃs−1
2,∞
≤ C‖f‖Bs2,∞ ,
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we have

‖u‖2
L̃∞t (Bs2,∞)

+ ‖w‖2
L̃∞t (Bs2,∞)

+ ‖b‖2
L̃∞t (Bs2,∞)

+
µ

2
‖∇u‖2

L̃2
t (B

s
2,∞)

+
4χµ

µ+ 2χ
‖w‖2

L̃2
t (B

s
2,∞)

+ ν‖∇b‖2
L̃2
t (B

s
2,∞)

≤ ‖u0‖2
Bs2,∞

+ ‖w0‖2
Bs2,∞

+ ‖b0‖2
Bs2,∞

+ C(‖u‖2
L̃∞t (Bs2,∞)

+ ‖w‖2
L̃∞t (Bs2,∞)

+ ‖b‖2
L̃∞t (Bs2,∞)

)

× (‖∇u‖2
L̃2
t (B

s
2,∞)

+ ‖w‖2
L̃2
t (B

s
2,∞)

+ ‖∇b‖2
L̃2
t (B

s
2,∞)

). (5.3)

This inequality indicates that, if we set C0 =
min{µ

2
, 4χµ
µ+2χ

,ν}
C

, and the initial data (u0, w0, b0)
satisfy, for ε < C0,

‖u0‖2
Bs2,∞

+ ‖w0‖2
Bs2,∞

+ ‖b0‖2
Bs2,∞

< ε,

then we have

‖u‖2
L̃∞t (Bs2,∞)

+ ‖w‖2
L̃∞t (Bs2,∞)

+ ‖b‖2
L̃∞t (Bs2,∞)

+ ‖∇u‖2
L̃2
t (B

s
2,∞)

+ ‖w‖2
L̃2
t (B

s
2,∞)

+ ‖∇b‖2
L̃2
t (B

s
2,∞)
≤ Cε,

which implies the global existence part (i) of Theorem 1.5.
�

We now start to prove the decay estimates assertion (ii) of Theorem 1.5.

Proof of assertion (ii) of Theorem 1.5. For the sake of clarity, we divided it into two
parts.

(1) First, we deal with (1.13). Applying divergence free conditions ∇ · u = ∇ · b = 0
to (4.4), together with Hölder’s, Bernstein’s and Sobolev’s inequalities, we obtain

1

2

d

dt
(‖∆̇ju‖2

L2 + ‖∆̇jw‖2
L2 + ‖∆̇jb‖2

L2) + (µ+ χ)‖∆̇j∇u‖2
L2 + 4χ‖∆̇jw‖2

L2 + ν‖∆̇j∇b‖2
L2

≤ −
∫

∆̇j(u · ∇u) · ∆̇ju+

∫
∆̇j(b · ∇b) · ∆̇ju−

∫
∆̇j(u · ∇b) · ∆̇jb

+

∫
∆̇j(b · ∇u) · ∆̇jb−

∫
[∆̇j, u · ∇]w · ∆̇jw + 4χ

∫
∆̇j∇× u · ∆̇jw

≤ ‖∆̇j(u · ∇u)‖
L

6
5
‖∆̇ju‖L6 + ‖∆̇j(b · ∇b)‖L 6

5
‖∆̇ju‖L6 + ‖∆̇j(u · ∇b)‖L 6

5
‖∆̇jb‖L6

+ ‖∆̇j(b · ∇u)‖
L

6
5
‖∆̇jb‖L6 + ‖[∆̇j, u · ∇]w‖L2‖∆̇jw‖L2 + 4χ‖∆̇j∇× u‖L2‖∆̇jw‖L2

≤ C2j‖∆̇j(u⊗ u)‖
L

6
5
‖∆̇j∇u‖L2 + C2j‖∆̇j(b⊗ b)‖L 6

5
‖∆̇j∇u‖L2

+ C2j‖∆̇j(u⊗ b)‖L 6
5
‖∆̇j∇b‖L2 + ‖[∆̇j, u · ∇]w‖L2‖∆̇jw‖L2

+ 4χ‖∆̇j∇× u‖L2‖∆̇jw‖L2 . (5.4)
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Multiplying this inequality by 2−2mj and taking the supermum over j ∈ Z, together with
(4.18), Lemma 2.5 and Lemma 2.6, we derive that

d

dt
(‖u‖2

Ḃm2,∞
+ ‖w‖2

Ḃm2,∞
+ ‖b‖2

Ḃm2,∞
) + c0(‖∇u‖2

Ḃm2,∞
+ ‖w‖2

Ḃm2,∞
+ ‖∇b‖2

Ḃm2,∞
)

≤ C‖2(m+1)j‖∆̇j(u⊗ u)‖
L

6
5
‖l∞j ‖∇u‖Ḃm2,∞ + C‖2(m+1)j‖∆̇j(b⊗ b)‖L 6

5
‖l∞j ‖∇u‖Ḃm2,∞

+ C‖2(m+1)j‖∆̇j(u⊗ b)‖L 6
5
‖l∞j ‖∇b‖Ḃm2,∞ + C‖2mj‖[∆̇j, u · ∇]w‖L2‖l∞j ‖w‖Ḃm2,∞

≤ C‖u‖L3‖∇u‖2
Ḃm2,∞

+ C‖b‖L3‖∇b‖Ḃm2,∞‖∇u‖Ḃm2,∞
+ C(‖u‖L3‖∇b‖Ḃm2,∞ + ‖b‖L3‖∇u‖Ḃm2,∞)‖∇b‖Ḃm2,∞
+ C(‖∇u‖L∞‖w‖Ḣm + ‖u‖Ḣm+1‖w‖L∞)‖w‖Ḣm

≤ C(‖u‖
1
2

L2‖∇u‖
1
2

L2 + ‖b‖
1
2

L2‖∇b‖
1
2

L2 + ‖∇u‖L∞ + ‖w‖L∞)

× (‖∇u‖2
Ḃm2,∞

+ ‖w‖2
Ḃm2,∞

+ ‖∇b‖2
Ḃm2,∞

) (5.5)

Choosing the suitable ε in (1.12) small enough, we obtain

d

dt
(‖u‖2

Ḃm2,∞
+ ‖w‖2

Ḃm2,∞
+ ‖b‖2

Ḃm2,∞
) +

c0

2
(‖∇u‖2

Ḃm2,∞
+ ‖w‖2

Ḃm2,∞
+ ‖∇b‖2

Ḃm2,∞
) ≤ 0. (5.6)

Applying Lemma 2.9 to obtain

‖u‖Ḃm2,∞ ≤ C‖u‖
1

m+l+1

Ḃ−l2,∞
‖∇u‖

m+l
m+l+1

Ḃm2,∞
. (5.7)

‖b‖Ḃm2,∞ ≤ C‖b‖
1

m+l+1

Ḃ−l2,∞
‖∇b‖

m+l
m+l+1

Ḃm2,∞
. (5.8)

Therefore, if

‖u‖Ḃ−l2,∞
+ ‖w‖Ḃ−l2,∞

+ ‖b‖Ḃ−l2,∞
≤ C, (5.9)

then (5.6)-(5.8) imply

d

dt
(‖u‖2

Ḃm2,∞
+ ‖w‖2

Ḃm2,∞
+ ‖b‖2

Ḃm2,∞
) + C(‖u‖2

Ḃm2,∞
+ ‖w‖2

Ḃm2,∞
+ ‖b‖2

Ḃm2,∞
)
m+l+1
m+l ≤ 0. (5.10)

It follows from this that

‖u‖2
Ḃm2,∞

+ ‖w‖2
Ḃm2,∞

+ ‖b‖2
Ḃm2,∞

≤ C(1 + t)−m−l. (5.11)

This immediately yields (1.13).
To complete the proof, it is enough to verify (5.9). Since the key idea is similar as

that of assertion (ii) in Theorem 1.3, we only sketch the proof and point out the main
differences for simplicity. We again divide the proof into four cases.

Case 1. (0 < l ≤ 1
2
) By Lemma 4.1, we have

d

dt
(‖u‖2

Ḃ−l2,∞
+ ‖w‖2

Ḃ−l2,∞
+ ‖b‖2

Ḃ−l2,∞
)

≤ C(‖∇u‖2
Bs2,∞

+ ‖w‖2
Bs2,∞

+ ‖∇b‖2
Bs2,∞

)(‖u‖Ḃ−l2,∞
+ ‖w‖Ḃ−l2,∞

+ ‖b‖Ḃ−l2,∞
). (5.12)

Integrating this inequality in [0, t], together with (1.12) and the Young inequality, we
eventually obtain (5.9).
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Case 2. (1
2
< l < 1) Note that ‖f‖Ḃ−l2,∞

∩ ‖f‖Ḃ0
2,∞

↪→ ‖f‖
Ḃ
− 1

2
2,∞

, then with the help of

(5.11) we know that

‖u(t)‖Ḃs2,∞ + ‖w(t)‖Ḃs2,∞ + ‖b(t)‖Ḃs2,∞ ≤ C(1 + t)−
2s+1

4 . (5.13)

Applying Lemma 2.10, we obtain

‖u‖L2 ≤ C‖u‖
2s

1+2s

Ḃ
− 1

2
2,∞

‖u‖
1

1+2s

Ḃs2,∞

≤ C(1 + t)−
1
4 . (5.14)

Furthermore,

‖∇u‖L2 ≤ C‖u‖
s−1
s

L2 ‖u‖
1
s

Ḃs2,∞

≤ C(1 + t)−
3
4 . (5.15)

Similarly, we have

‖w‖L2 + ‖b‖L2 ≤ C(1 + t)−
1
4 . (5.16)

‖∇w‖L2 + ‖∇b‖L2 ≤ C(1 + t)−
3
4 . (5.17)

Using Lemma 4.1, together with (5.14)-(5.17), we derive that

d

dt
(‖u‖2

Ḃ−l2,∞
+ ‖w‖2

Ḃ−l2,∞
+ ‖b‖2

Ḃ−l2,∞
)

≤ C((1 + t)−(2−l) + ‖∇u‖2
Bs2,∞

+ ‖w‖2
Bs2,∞

+ ‖∇b‖2
Bs2,∞

)

× (‖u‖Ḃ−l2,∞
+ ‖w‖Ḃ−l2,∞

+ ‖b‖Ḃ−l2,∞
). (5.18)

Integrating this inequality in [0, t], together with (1.12) and the Young inequality, we
eventually yield (5.9).

Case 3. (1 ≤ l < 3
2
) Since ‖f‖Ḃ−l2,∞

∩ ‖f‖Ḃ0
2,∞

↪→ ‖f‖
Ḃ
−l0
2,∞

with 0 < l0 < 1, then we

get from (5.11)

‖u(t)‖Ḃs2,∞ + ‖w(t)‖Ḃs2,∞ + ‖b(t)‖Ḃs2,∞ ≤ C(1 + t)−
s+l0

2 . (5.19)

Again applying (2.10), we infer that

‖u‖L2 ≤ C‖u‖
s

s+l0

Ḃ
−l0
2,∞
‖u‖

l0
s+l0

Ḃs2,∞

≤ C(1 + t)−
l0
2 . (5.20)

Furthermore,

‖∇u‖L2 ≤ C‖u‖
s−1
s

L2 ‖u‖
1
s

Ḃs2,∞

≤ C(1 + t)−
l0+1

2 . (5.21)

Similarly, we have

‖w‖L2 + ‖b‖L2 ≤ C(1 + t)−
l0
2 . (5.22)
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‖∇w‖L2 + ‖∇b‖L2 ≤ C(1 + t)−
l0+1

2 . (5.23)

Combining (5.20)-(5.20) with Lemma 4.1 together, we derive that

d

dt
(‖u‖2

Ḃ−l2,∞
+ ‖w‖2

Ḃ−l2,∞
+ ‖b‖2

Ḃ−l2,∞
)

≤ C((1 + t)−
2l0+3−2l

2 + ‖∇u‖2
Bs2,∞

+ ‖w‖2
Bs2,∞

+ ‖∇b‖2
Bs2,∞

)

× (‖u‖Ḃ−l2,∞
+ ‖w‖Ḃ−l2,∞

+ ‖b‖Ḃ−l2,∞
). (5.24)

This implies (5.9) as explained above.
Case 4. (l = 3

2
) Note that ‖f‖

Ḃ
− 3

2
2,∞
∩ ‖f‖Ḃ0

2,∞
↪→ ‖f‖

Ḃ
−l0
2,∞

with 0 < l0 <
3
2
, then by

choosing l0 near 3
2
, following the step of Case 3, we complete the proof.

(2) Now we prove (1.14). Taking the L2-inner product to (4.2) with ∆̇jw, we obtain

1

2

d

dt
‖∆̇jw‖2

L2 + 4χ‖∆̇jw‖2
L2

≤ 2χ

∫
∆̇j(∇× u) · ∆̇jw −

∫
∆̇j(u · ∇w) · ∆̇jw

≤ C(‖∆̇j(∇u)‖L2 + ‖∆̇j(u · ∇w)‖L2)‖∆̇jw‖L2 .

Multiplying this inequality by 22mj, taking the supremum over j ∈ Z and utilizing
Bernstein’s inequality and Lemma 2.6, we yield

d

dt
‖w‖Ḃm2,∞ + 4χ‖w‖Ḃm2,∞ ≤ C(‖u‖Ḃm+1

2,∞
+ ‖u‖L∞‖w‖Ḃm+1

2,∞
+ ‖w‖L∞‖u‖Ḃm+1

2,∞
)

≤ C(‖u‖Ḃm+1
2,∞

+ ‖w‖Ḃm+1
2,∞

),

where we used (1.12) in the last inequality. Integrating this inequality in [0, t] and using
(1.12) and (1.13), we obtain

‖w‖Ḃm2,∞ ≤ e−4χt‖w0‖Ḃm2,∞ + C

∫ t

0

e−4χ(t−τ)(‖u(τ)‖Ḃm+1
2,∞

+ ‖w(τ)‖Ḃm+1
2,∞

)dτ

≤ Ce−4χt + C

∫ t
2

0

e−4χ(t−τ)(‖u(τ)‖Ḃm+1
2,∞

+ ‖w(τ)‖Ḃm+1
2,∞

)dτ

+ C

∫ t

t
2

e−4χ(t−τ)(‖u(τ)‖Ḃm+1
2,∞

+ ‖w(τ)‖Ḃm+1
2,∞

)dτ

≤ Ce−4χt + Ce−2χt

(∫ t
2

0

(‖u(τ)‖2
Ḃm+1

2,∞
+ ‖w(τ)‖2

Ḃm+1
2,∞

)dτ

) 1
2
(∫ t

2

0

dτ

) 1
2

+ C

∫ t

t
2

e−4χ(t−τ)(1 + τ)−
m+1

2
− l

2dτ

≤ Ce−4χt + Ce−2χtt
1
2 + C(1 + t)−

m+1
2
− l

2

≤ C(1 + t)−
m+1

2
− l

2 .

Thus the proof of (1.14) is completed.
�
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6. Proof of Theorem 1.7

This section is devoted to the proof of Theorem 1.7. As above we establish the global
a priori bounds of the solution in the critical Besov spaces to prove the global existence
part (i) of Theorem 1.7,

Proof of assertion (i) of Theorem 1.7. Dotting (4.1) and (4.3) by ∆̇ju and ∆̇jb respec-
tively, and integrating it in space domain, with the aspects of Bernstein’s inequality and
Hölder’s inequality, we yield

1

2

d

dt
(‖∆̇ju‖2

L2 + ‖∆̇jb‖2
L2) + (µ+ χ)c122j‖∆̇ju‖2

L2 + νc122j‖∆̇jb‖2
L2

≤ −
∫

[∆̇j, u · ∇]u · ∆̇ju+

∫
[∆̇j, b · ∇]b · ∆̇ju+ 2χ

∫
∆̇j∇× w · ∆̇ju

−
∫

[∆̇j, u · ∇]b · ∆̇jb+

∫
[∆̇j, b · ∇]u · ∆̇jb

≤ ‖[∆̇j, u · ∇]u‖L2‖∆̇ju‖L2 + ‖[∆̇j, b · ∇]b‖L2‖∆̇ju‖L2 + 2χc22j‖∆̇jw‖L2‖∆̇ju‖L2

+ ‖[∆̇j, u · ∇]b‖L2‖∆̇jb‖L2 + ‖[∆̇j, b · ∇]u‖L2‖∆̇jb‖L2 . (6.1)

Simple calculations lead to

d

dt

√
‖∆̇ju‖2

L2 + ‖∆̇jb‖2
L2 + c322j

√
‖∆̇ju‖2

L2 + ‖∆̇jb‖2
L2

≤ ‖[∆̇j, u · ∇]u‖L2 + ‖[∆̇j, b · ∇]b‖L2 + 2χc22j‖∆̇jw‖L2

+ ‖[∆̇j, u · ∇]b‖L2 + ‖[∆̇j, b · ∇]u‖L2 (6.2)

with c3 = c1 min{(µ+ χ), ν}. Integrating it in [0, t], we obtain

‖∆̇ju‖L2 + ‖∆̇jb‖L2 + c322j‖∆̇ju‖L1
tL

2 + c422j‖∆̇jb‖L1
tL

2

≤ 2‖∆̇ju0‖L2 + 2‖∆̇jb0‖L2 + 2‖[∆̇j, u · ∇]u‖L1
tL

2 + 2‖[∆̇j, b · ∇]b‖L1
tL

2 + 4χc22j‖∆̇jw‖L1
tL

2

+ 2‖[∆̇j, u · ∇]b‖L1
tL

2 + 2‖[∆̇j, b · ∇]u‖L1
tL

2 .

Multiplying it by 2
1
2
j and taking the l1j over j ∈ Z, one yields

‖u‖
Ḃ

1
2
2,1

+ ‖b‖
Ḃ

1
2
2,1

+ c3‖u‖
L̃1
t (Ḃ

5
2
2,1)

+ c4‖b‖
L̃1
t (Ḃ

5
2
2,1)

≤ 2‖u0‖
Ḃ

1
2
2,1

+ 2‖b0‖
Ḃ

1
2
2,1

+ 2‖‖2
1
2
j[∆̇j, u · ∇]u‖L1

tL
2‖l1j + 2‖‖2

1
2
j[∆̇j, b · ∇]b‖L1

tL
2‖l1j

+ 4χc2‖w‖
L̃1
t (Ḃ

3
2
2,1)

+ 2‖‖2
1
2
j[∆̇j, u · ∇]b‖L1

tL
2‖l1j + 2‖‖2

1
2
j[∆̇j, b · ∇]u‖L1

tL
2‖l1j . (6.3)

Similarly,

d

dt
‖∆̇jw‖L2 + 4χ‖∆̇jw‖L2 ≤ ‖[∆̇j, u · ∇]w‖L2 + 2χ2j‖∆̇ju‖L2 , (6.4)

and

‖w‖
Ḃ

3
2
2,1

+ 4χ‖w‖
L̃1
t (Ḃ

3
2
2,1)
≤ ‖w0‖

Ḃ
3
2
2,1

+ ‖‖2
3
2
j[∆̇j, u · ∇]w‖L1

tL
2‖l1j + 2χ‖u‖

L̃1
t (Ḃ

5
2
2,1)
. (6.5)
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Multiplying (6.4) by e4χt on both sides, and integrating the resulting inequality in [0, t],
we obtain

‖∆̇jw‖L2 ≤ e−4χt‖∆̇jw0‖L2 +

∫ t

0

e−4χ(t−τ)‖[∆̇j, u · ∇]w(τ)‖L2dτ

+ 2χ2j
∫ t

0

e−4χ(t−τ)‖∆̇ju(τ)‖L2dτ.

Taking the L1
t norm, and using the Young inequality, we have

‖∆̇jw‖L1
tL

2 ≤
1

4χ
‖∆̇jw0‖L2 +

1

4χ
‖[∆̇j, u · ∇]w‖L1

tL
2 +

1

2
2j‖∆̇ju‖L1

tL
2 .

Therefore, multiplying it by 2
3
2
j, and taking the l1j over j ∈ Z, it leads to

‖w‖
L̃1
t (Ḃ

3
2
2,1)
≤ 1

4χ
‖w0‖

Ḃ
3
2
2,1

+
1

4χ
‖2

3
2
j‖[∆̇j, u · ∇]w‖L1

tL
2‖l1j +

1

2
‖u‖

L̃1
t (Ḃ

5
2
2,1)
. (6.6)

Adding (6.3) and (6.5) together, and inserting (6.6) into the resulting inequality, we get

‖u‖
Ḃ

1
2
2,1

+ ‖b‖
Ḃ

1
2
2,1

+ ‖w‖
Ḃ

3
2
2,1

+ (c3 − 2χ(c2 + 1))‖u‖
L̃1
t (Ḃ

5
2
2,1)

+ c3‖b‖
L̃1
t (Ḃ

5
2
2,1)

+ 4χ‖w‖
L̃1
t (Ḃ

3
2
2,1)

≤ 2‖u0‖
Ḃ

1
2
2,1

+ 2‖b0‖
Ḃ

1
2
2,1

+ (c2 + 1)‖w0‖
Ḃ

3
2
2,1

+ 2‖‖2
1
2
j[∆̇j, u · ∇]u‖L1

tL
2‖l1j

+ 2‖‖2
1
2
j[∆̇j, b · ∇]b‖L1

tL
2‖l1j + 2‖‖2

1
2
j[∆̇j, u · ∇]b‖L1

tL
2‖l1j

+ 2‖‖2
1
2
j[∆̇j, b · ∇]u‖L1

tL
2‖l1j + c2‖2

3
2
j‖[∆̇j, u · ∇]w‖L1

tL
2‖l1j . (6.7)

Using Lemma 2.5, and noting that ‖f‖L̃1
t (Ḃ

s
2,1) ≈ ‖f‖L1

t (Ḃ
s
2,1) and ‖f‖L∞ ≤ C‖f‖

Ḃ
3
2
2,1

, we

obtain

‖u‖
Ḃ

1
2
2,1

+ ‖b‖
Ḃ

1
2
2,1

+ ‖w‖
Ḃ

3
2
2,1

+ (c3 − 2χ(c2 + 1))‖u‖
L1
t (Ḃ

5
2
2,1)

+ c3‖b‖
L1
t (Ḃ

5
2
2,1)

≤ 2‖u0‖
Ḃ

1
2
2,1

+ 2‖b0‖
Ḃ

1
2
2,1

+ (c2 + 1)‖w0‖
Ḃ

3
2
2,1

+ C

∫ t

0

(‖u(s)‖
Ḃ

5
2
2,1

+ ‖b(s)‖
Ḃ

5
2
2,1

)(‖u(s)‖
Ḃ

1
2
2,1

+ ‖b(s)‖
Ḃ

1
2
2,1

+ ‖w(s)‖
Ḃ

3
2
2,1

)ds. (6.8)

This inequality indicates that, if

2χ(c2 + 1) < c3 = c1 min{(µ+ χ), ν},

and for any 0 < ε < C1 = c3−2χ(c2+1)
C

,

‖u0‖
Ḃ

1
2
2,1

+ ‖w0‖
Ḃ

3
2
2,1

+ ‖b0‖
Ḃ

1
2
2,1

< ε,

then bootstrap argument yields

‖u‖
Ḃ

1
2
2,1

+ ‖b‖
Ḃ

1
2
2,1

+ ‖w‖
Ḃ

3
2
2,1

+ ‖u‖
L1
t (Ḃ

5
2
2,1)

+ ‖b‖
L1
t (Ḃ

5
2
2,1)
≤ Cε.

Thus the proof of (i) of Theorem 1.7 is completed.
�

We now turn to prove the decay part (ii) of Theorem 1.7.
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Proof of assertion (ii) of Theorem 1.7. Using the divergence free condition ∇ · u = ∇ ·
b = 0, together with (6.1), we obtain

1

2

d

dt
(‖∆̇ju‖2

L2 + ‖∆̇jb‖2
L2) + (µ+ χ)c122j‖∆̇ju‖2

L2 + νc122j‖∆̇jb‖2
L2

≤ −
∫

∆̇j(u · ∇u) · ∆̇ju+

∫
∆̇j(b · ∇b) · ∆̇ju+ 2χ

∫
∆̇j∇× w · ∆̇ju

−
∫

∆̇j(u · ∇b) · ∆̇jb+

∫
∆̇j(b · ∇u) · ∆̇jb

≤ ‖∆̇j(u · ∇u)‖L2‖∆̇ju‖L2 + ‖∆̇j(b · ∇b)‖L2‖∆̇ju‖L2 + 2χc22j‖∆̇jw‖L2‖∆̇ju‖L2

+ ‖∆̇j(u · ∇b)‖L2‖∆̇jb‖L2 + ‖∆̇j(b · ∇u)‖L2‖∆̇jb‖L2 . (6.9)

It follows from Bernstein’s inequality that

d

dt

√
‖∆̇ju‖2

L2 + ‖∆̇jb‖2
L2 + c322j

√
‖∆̇ju‖2

L2 + ‖∆̇jb‖2
L2

≤ C2j‖∆̇j(u⊗ u)‖L2 + C2j‖∆̇j(b⊗ b)‖L2 + 2χc22j‖∆̇jw‖L2

+ C2j‖∆̇j(u⊗ b)‖L2 . (6.10)

Multiplying (6.10) and (6.4) by 2mj and c22(m+1)j respectively, adding them up, and
taking the l1j over j ∈ Z, we obtain

d

dt
(y(t) + c2‖w‖Ḃm+1

2,1
) +

c3 − 2χc2

2
(‖u‖Ḃm+2

2,1
+ ‖b‖Ḃm+2

2,1
) + 2χc2‖w‖Ḃm+1

2,1

≤ C‖2(m+1)j‖∆̇j(u⊗ u)‖L2‖l1j + C‖2(m+1)j‖∆̇j(b⊗ b)‖L2‖l1j + C‖2(m+1)j‖∆̇j(u⊗ b)‖L2‖l1j
+ c2‖2(m+1)j‖[∆̇j, u · ∇]w‖L2‖l1j . (6.11)

where y(t) = ‖2mj
√
‖∆̇ju‖2

L2 + ‖∆̇jb‖2
L2‖l1j . Using Lemma 2.5 and Lemma 2.6, to-

gether with ‖f‖L3 ≤ C‖f‖
Ḃ

1
2
2,1

, ‖f‖Ḃm+1
6,1
≤ C‖f‖Ḃm+2

2,1
, ‖f‖L∞ ≤ C‖f‖

Ḃ
3
2
2,1

, ‖∇f‖
L

6
1−2m

≤

C‖f‖Ḃm+2
2,1

and ‖f‖Ḃm+1
3

1+m,1

≤ C‖w‖
Ḃ

3
2
2,1

, we obtain

d

dt
(y(t) + c2‖w‖Ḃm+1

2,1
) +

c3 − 2χc2

2
(‖u‖Ḃm+2

2,1
+ ‖b‖Ḃm+2

2,1
) + 2χc2‖w‖Ḃm+1

2,1

≤ C‖u‖L3‖u‖Ḃm+1
6,1

+ C‖b‖L3‖b‖Ḃm+1
6,1

+ C(‖u‖L3‖b‖Ḃm+1
6,1

+ ‖b‖L3‖u‖Ḃm+1
6,1

)

+ C(‖∇u‖
L

6
1−2m
‖w‖Ḃm+1

3
1+m,1

+ ‖w‖L∞‖u‖Ḃm+2
2,1

)

≤ C(‖u‖
Ḃ

1
2
2,1

+ ‖w‖
Ḃ

3
2
2,1

+ ‖b‖
Ḃ

1
2
2,1

)(‖u‖Ḃm+2
2,1

+ ‖b‖Ḃm+2
2,1

). (6.12)

Then this inequality, together with (1.17) with ε sufficiently small, we obtain

d

dt
(y(t) + c2‖w‖Ḃm+1

2,1
) +

c3 − 2χc2

4
(‖u‖Ḃm+2

2,1
+ ‖b‖Ḃm+2

2,1
) + 2χc2‖w‖Ḃm+1

2,1
≤ 0. (6.13)

Applying Lemma 2.9, we infer that

‖u‖Ḃm2,1 ≤ C‖u‖
2

m+l+2

Ḃ−l2,∞
‖u‖

m+l
m+l+2

Ḃm+2
2,1

. (6.14)
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‖b‖Ḃm2,1 ≤ C‖b‖
2

m+l+2

Ḃ−l2,∞
‖b‖

m+l
m+l+2

Ḃm+2
2,1

. (6.15)

Therefore, if

‖u‖Ḃ−l2,∞
+ ‖w‖Ḃ−l2,∞

+ ‖b‖Ḃ−l2,∞
≤ C, (6.16)

then there exists a constant a0 > 0 such that we obtain from (6.13)-(6.15)

d

dt
(y(t) + c2‖w‖Ḃm+1

2,1
) + a0(y(t) + c2‖w‖Ḃm+1

2,1
)
m+l+2
m+l ≤ 0. (6.17)

It follows that

y(t) + ‖w‖Ḃm+1
2,1
≤ C(1 + t)−

m
2
− l

2 , (6.18)

which completes (1.18). At the end, it is left to prove (6.16). Since the idea is very
similar to the proof of assertion (ii) of Theorem 1.5, we omit the details for simplicity.

�

Appendix A. Proofs of Lemma 2.5 and Lemma 2.6

This section proves Lemma 2.5 and Lemma 2.6.

Proof of Lemma 2.5. We only prove (2.4), since (2.5) can be proved with minor changes.
Using Littlewood-Paley decomposition, we obtain

2js‖[∆̇j, u · ∇]v‖Lp ≤ 2js
∑
|k−j|≤2

‖[∆̇j, Sk−1u · ∇]∆̇kv‖Lp + 2js
∑
|k−j|≤2

‖[∆̇j, ∆̇ku · ∇]Sk−1v‖Lp

+ 2js
∑
k≥j−1

‖[∆̇j,
˜̇∆ku · ∇]∆̇kv‖Lp

:= I1 + I2 + I3, (A.1)

where ˜̇∆k = ∆̇k−1 +∆̇k+∆̇k+1. Since for fixed j, the summation over |j−k| ≤ 2 involves
only a finite number of k’s. For the sake of brevity, we shall replace the summations by
their representative term with k = j in I1 and I2. This practice does not change the
estimates. To estimate I1, we make use of the commutator structure to write

[∆̇j, Sj−1u · ∇]∆̇jv(x)

=

∫
Φj(x− y)(Sj−1u(y)− Sj−1u(x)) · ∇∆̇jv(y)dy

=

∫
Φj(x− y)

∫ 1

0

∇Sj−1u(x+ λ(y − x)) · (y − x)dλ · ∇∆̇jv(y)dy

=

∫ 1

0

∫
Φj(λ

−1z)∇Sj−1u(x− λz) · (λ−1z) · ∇∆̇jv(x− λ−1z)λ−3dzdλ,
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where we set z = λ(x−y) in the last equality. Then Minkowski’s inequality and Hölder’s
inequality yield

I1 ≤ C2js
∫ 1

0

∫
|Φj(λ

−1z)λ−1z|‖∇Sj−1u(x− λz)‖Lp1x ‖∇∆̇jv(x− λ−1z)‖Lq1x λ
−3dzdλ

≤ C2js‖Φj(x)x‖L1
x
‖∇u‖Lp1‖∇∆̇jv‖Lq1

≤ C2(s−1)j‖∇u‖Lp1‖∇∆̇jv‖Lq1 .

Again applying Hölder’s inequality and Bernstein’s inequality

I2 ≤ C2js‖∆̇ju‖Lp1‖∇Sj−1v‖Lq1
≤ C2(s−1)j‖∆̇j∇u‖Lp1‖∇v‖Lq1 .

By divergence free condition ∇ · u = 0, we obtain

I3 ≤ C2(s+1)j
∑
k≥j−1

‖ ˜̇∆ku‖Lp1‖∆̇kv‖Lq1

≤ C
∑
k≥j−1

2(s+1)(j−k)‖∆̇k∇u‖Lp12(s−1)k‖∆̇k∇v‖Lq1

≤ C‖∇u‖Lp1
∑
k≥j−1

2(s+1)(j−k)2(s−1)k‖∆̇k∇v‖Lq1 .

Inserting the above estimates into (A.1), and taking the lrj over j ∈ Z, yield

‖2js‖[∆̇j, u · ∇]v‖Lp‖lrj ≤ C‖∇u‖Lp1‖∇v‖Ḃs−1
q1,r

+ C‖∇v‖Lq1‖∇u‖Ḃs−1
p1,r

+ C‖∇u‖Lp1‖
∑
k≥j−1

2(s+1)(j−k)2(s−1)k‖∆̇k∇v‖Lq1‖lrj

≤ C‖∇u‖Lp1‖∇v‖Ḃs−1
q1,r

+ C‖∇v‖Lq1‖∇u‖Ḃs−1
p1,r
,

where the discrete Young inequality has been applied in the last inequality. Note that
the above estimates also hold for p1 and q1 replaced by p2 and q2 respectively, so we
have proved (2.4). Thus the proof of Lemma 2.5 is completed.

�

Proof of Lemma 2.6. Using Littlewood-Paley decomposition, we obtain

2js‖∆̇j(fg)‖Lp = 2js
∑
|k−j|≤2

‖∆̇j(Sk−1f∆̇kg)‖Lp + 2js
∑
|k−j|≤2

‖∆̇j(∆̇kfSk−1g)‖Lp

+ 2js
∑
k≥j−1

‖∆̇j(
˜̇∆kf∆̇kg)‖Lp

:= M1 +M2 +M3, (A.2)

where ˜̇∆k = ∆̇k−1 +∆̇k+∆̇k+1. Since for fixed j, the summation over |j−k| ≤ 2 involves
only a finite number of k’s. For the sake of brevity, we shall replace the summations by
their representative term with k = j in M1 and M2. This practice does not change the
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estimates. By Hölder’s inequality

M1 ≤ C2js‖Sj−1f‖Lp1‖∆̇jg‖Lq1
≤ C2js‖f‖Lp1‖∆̇jg‖Lq1 .

Similarly, we have

M2 ≤ C2js‖∆̇jf‖Lp1‖g‖Lq1 .
Again applying Hölder’s inequality yields

M3 ≤ C2sj
∑
k≥j−1

‖ ˜̇∆kf‖Lp1‖∆̇kg‖Lq1

≤ C‖f‖Lp1
∑
k≥j−1

2−s(k−j)2sk‖∆̇kg‖Lq1 .

Inserting the above estimates into (A.2), and taking the lrj over j ∈ Z, together with the
discrete Young inequality, yield

‖fg‖Ḃsp,r ≤ C(‖f‖Lp1‖g‖Ḃsq1,r + ‖f‖Ḃsp1,r‖g‖Lq1 ).

Note that the above estimates also hold for p1 and q1 replaced by p2 and q2 respectively,
so it follows from this that the desired estimate (2.6) is derived. We thus complete the
proof of Lemma 2.6.

�
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