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1 | INTRODUCTION

In this paper, we consider initial - boundary value problem for the following nonlinear hyperbolic equation
w, —u,, =a |u’2u, 0<x<I, t>0 1)

with the initial and boundary conditions

u(x,0) = uy(x), u,(x,0)=u,(x), 0<x<I, 2
w0, =0, >0, 3)
w (1, 1) + [|u,(1,t)|"2 + az] (1) = as |u, D)2 ull, 1), >0, 4)

where (0,/) is a bounded open interval in R = (—o0,+00), a,, a,, as, r, q are real - valued constants to be refined later,
p(x), ug(x), u (x) are real - valued functions.

Mathematical models of some physical processes such as the flow of electrorheological fluids or fluids with temperature -
dependent viscosity, filtration in porous media, nonlinear viscoelasticity, etc., are reduced to hyperbolic equations with variable
growth rates of nonlinearity. More detailed information on these problems can be found in the papers25. However, to best of
our knowledge there are only a few works in which hyperbolic problems with nonlinearities of the variable exponent type are
investigated (see, for example,*2'97) In the papers“?, the solvability of initial - boundary value problems with the Dirichlet
boundary condition is investigate for nonlinear hyperbolic equations with variable nonlinearity exponents. The absence of global
solutions the initial - boundary value problem for the wave equation with variable exponents is investigated in the papers®©Z.

Initial - boundary value problems for nonlinear wave equations is the subject of numerous studies. In these papers, the exis-
tence, blow - up and asymptotics of smooth and weak solutions were investigated. See, for example, SPHOIZISIAINIONT o the

This is an example for title footnote.
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references indicated in these papers. A wave equation given in the following form
Uy — Autau|"u = plu e, x€Q, 1>0, (5)

where € is a bounded domain in R”, but @ and f are positive constants, together with the initial and boundary conditions of
the Dirichlet type has been carefully studied. The case of linear damping, i.e., when m = 2, was first considered by Levin and
he showed that solutions the problem (5) with negative initial energy blow - up in a finite timel*H13AO The main method
used in'? and" is the "concavity method", the main idea of which is to construct a positive - definite functional 8(¢) depending
on the solution and to show that 87%(¢) is a concave function depending on #, for some a > 0.

Later, this method was developed for the study of nonlinear wave equations, namely, when m > 2 or p > 2. For example,
Georgiev and Todorova'l? extended Levin’s result to the nonlinear damping case, when m > 2. The interaction between the
damping term « |u,|m_2 u, and focusing source f |u|” =2 4 makes the problem more interesting. Similar studies were carried out
for various equations (see, for example, 13141617

Various problems of mechanics and physics are reduced to the study of initial - boundary value problems for wave equations
with a nonlinear boundary condition (see, for example, 18) Numerous studies have been carried out in this direction (see, for
example, 1212021122125241252612 7128129050 and the references indicated in these works). In the papers?82%, the phenomena of blow —
up solutions of the mixed problem for the one - dimensional wave equations with a non - stationary boundary condition were
investigated.

In this paper, we at first investigate the local solvability of the problem (T]) - @). To study the existence and uniqueness of the
local solution, well - known theorems from the monograph! are used. For this purpose, as in?112212312412326271 4t first problem
(@ - @) is reduced to the Cauchy problem for an operator - differential equation in some Hilbert space.

The purpose of this work is to investigate, blow — up of the solutions in a finite time depending on the interaction between
the boundary damping — |u,(l,t)|r_2 u,(/,1) and the internal focusing source |u(x, 1)|P)=2
|udl, t)|"_2 u(l,t). We will consider this issue in the following cases:

u(x,t) and the boundary source

a) a >0, a=0, a2>0, 2r<p,+2, p = Or?iglp(x), EW0) <0;

b a,>0. a=0, p()<0, 2r2p +2and EO)<—L [ ";’;S‘”

This paper, in addition to the introduction, consists of 6 sections. In section 2 we formulate the problem statement and present
the main results on the existence of local solutions. In section 3 we recall the definitions of the variable exponent and give some
auxiliary lemmas. In section 4 we present the proofs of theorems on the existence and uniqueness of local solutions. In Section
5 present the proof of theorem a blow - up for some solutions with negative initial energy subject to condition a). Section 6 we
presents the proof of theorem a blow - up for some solutions subject to condition b). Section 7 contains the proof of the auxiliary

lemmas.

2 | STATEMENT OF THE PROBLEM AND THE MAIN RESULTS

Suppose that the p(-) is a measurable function in [0, /] and

2<p £px)<py<+o0, 0<x</, (6)
where p; = ess inf p(x), p, =ess sup p(x).
x€[0,/] x€[0,]
We also assume that p(x) satisfies the log - Holder continuity condition, i.e. for any x, y € [0,/],
C
[p(x) = pW)| £ ———, (7N
[log |x — yI|

where [x —y| <6, C>0,0<6 < 1.
Let’s
q>2. ®)
Let us introduce the notation: H* = W}(0,)) and (H' = {v : v e H', v(0) =0} .
The energy functional corresponding to the problem (I)) - @) is determined by the equality

E(1) = Ey(t) = Gy(u(-, 1)), €))
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where

1 1
Eo(t)=% /|u,(-,t)|2dx+/|ux(-,t)|2dx , (10)
0 ] 0

|u(x, 1)|"

Gy(u(-, 1)) =q 00

0

A strong solution to problem (I) - (@) is a function u(x,#) defined in the domain (0,7) X (0,/), such that u(-) €
L (0,T; H? NoHYu,() € L (0,T;oH), u,(-) € L (0,T;L,(0,1)) and for almost all (x,7) € (0,T) X (0,/) satisfying
equation (I)), boundary conditions ), (3) and initial conditions (4).

By a weak solution to problem - we mean such a function u(-) defined in the domain (0, T") X (0, /) such that

dx + 2 [, ). (11)
q

D u() € C, ([0,T1; (H'), u()€C,([0,T];Ly0,D);
2) The trace of u(-) in (0, T) X {I} that exists by the trace theorem2, has a distributional time derivative on (0, T) x {/} and

belongs to L"(0,T),i.e. u,(I,t) € L"(0,T);

3) Forall n(-) € C, ([0,T];,H"), where 1,(-) € C, ([0,T]; Ly(0,0)) .,(l,-) € L"(0,T), n(x,T) =0, 0 < x <[ the
following equalities hold

T 1
/ / [—u,(x, O, (x, 1) + w, (x, D (x,1)| dxdi+
0 0

l

T
+ / [|u,(1,t)|"2 u,(l,t)+a2u,(1,t)] n(l, dt + / 1, ()n(x, 0)dx =
0

0
T I

= / / a; lu(x, )PP u(x, Hn(x, Hdxdt;
0 0
P_I)I[} <u(7t) - u()(‘)? n('vt)>0H1 = 0

Here C,, ([0,T];Y) denotes the space of weakly continuous functions with values in a Banach space Y.
We introduce the following function space:

C(T") = {u() : u(-) € C([0,T'];oH" ),
u,(+) € C([0, T’]; L,(0,D),ul,t) € L’(0, T’),

NuOlle, iy = NuOllcgor amy + ”“r(')”C([o,T'];Lz(o,l)) + [Ju (1, 1) L’(O,T/)} :
We denote the following class of functions:
1"y = {ue) : uy € CAO. T H2 (o H'),
u,() € CUO.T'LoH).  uy() € CUO,T'T; Ly(0.1)} .
The following theorems on the local solvability of the problem (I)) - () are valid.
Theorem 1. Let the conditions (6)), (7) be satisfied, and assume that
a; =0 or a; #0, a, > 0. (12)
Then for any initial data
wy€ (oH' (VH?)xoH', u €,H', (13)
where
o (1) + |uy (D] uy (1) + aguy (1) = ay Jup(D)| " ug() = 0 (14)

there exists such 7’ € (0, T that problem (I)) - (@) has a unique strong solution u(-) defined in the domain (0, T") x (0, /) and
u(-) € Cy(T).
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Theorem 2. Suppose that the conditions @), (ﬂ]) are satisfied, and assume that
a;,a; €R, a, > 0. (15)

Then for any initial data
uy € JH', u; € Ly(0,1), (16)
there exists such T’ € (0, T'] that problem (I) - () has a weak solution u(-) in (0, T") X (0, /) and u(-) € C,(T").
If condition (T2) is additionally satisfied, then this solution is unique. Moreover, weak local solutions are the limits of strong
solutions in the space C,(T"), and for weak solutions the following equality hold:

t

E@) +/ {|u7(1,r)|’ +a, |uT(1,¢)|2} dr = E0),1 € [0,T] . 17)
0
It can be proved that in the case when a; < 0, a; < 0, the solutions defined by Theorems |12 can be extended to the entire
region [0, T] X (0, /).
In this paper, the problem @ - @]) is studied in the case of a focusing source, i.e. when a; > 0, a5 > 0, and it is shown that
in this case, for certain initial data, the solutions defined by Theorems E]E]blow-up in a finite time.
Depending on the relationship between r(x) and p(x), different results are obtained on the absence of global solutions to

problem (1) - @).

In the case when 2r < p; + 2, the following result is obtained.

Theorem 3. Let the conditions of Theorem [2] be satisfied. Assume that

a >0, a,=0, a3>0, (18)
2r < p; +2, (19)
E) < 0. (20)

Then the solution to problem (I)) - @) blows - up in finite time.
Further we investigate the absence of global solutions in the case 2r > p, + 2.

Theorem 4. Let the conditions of Theorem [l be satisfied and assume that

a, >0, a,=a;=0, 20
P'(x) <0, (22)
2r>p, +2, (23)
!
/
E©) <L [ BEDL, 4
e px)
where e = ), %,
n=0

/>

2(p; = 1) max{ 1 1} 2p(x) = xp(x) 25)

—,1 » max .
P a 0=x<l p(x) [p(x) — 2]
Then the solution to problem (I)) - @) blows - up in finite time.

3 | NECESSARY NOTATION OF A LEBESGUE SPACE WITH VARIABLE EXPONENTS
AND SOME TECHNICAL LEMMAS

First, we note that in the future, some constants that do not depend on the solution of the problem will be denoted by c;, i =
1,2,....
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Let us present some information about Lebesgue and Sobolev spaces with variable exponents set out in various monographs
(see®3) and articles (see, for example, 3433130,
For a measurable function p(-) : [0,!] — [1, +o0) the Lebesgue space L p(‘)(O, [) with variable index p(-) is defined as follows:

Lp(,)(O, H={v: v:[0,]] > R, measurable function and
I
Ppy (V) = / o)™ dx < +00}
0

It is known that L (0, /) with the Luxembourg - type norm

p(x)

v(x) x<1

A

I
loll ) = inf 44> 0; /

0
is a Banach space2230:31133,

The Sobolev space with the variable exponents p(-), i.e. VVPI(.)(O, 1) is defined as follows:
1 _ . _
W,,(0,1) = {U ©bUE Lp(~)(0’l)} ’ ”U”W,}(_)(O,l) = ol o+ ”UXHLP(,)(O,I)'

I/Vp'(‘)(O, 1) is a Banach space and VVPI(‘)[O, 11 c C[0,1], where ||l cio = max lv(x)] .
’ <x<
Between p,,(v) and the norm ||v]| ., the relation

: Py )2} < < { Py )2 }
min { ”U”LP(_)(O,I) ’ ”UI Lp(_)(()’])} —= pp(~)(U) S max “U“LP(_)(O,I) ’ “U| Lp(_)(O,l)
is satisfied.
If p(x) satisfies conditions (6), (7), then for any u € L,,0,1), v € L,,(0,1]) the following Holder inequality holds:

1

/ lu(x)o(x)| dx <2 ”””LP(_)(O,I) : ||U||Lp,(_>(0,1) >
0

&) [33
p(x)—1
Applying Holder’s inequality and embedding theorems, we prove the following lemmas (see

where p'(x) =
6130))

Lemma 1. Let for p(x) the conditions (), (7) be satisfied, then for any v € L 2(-(0, 1) the following inequality holds:

non i
“U”Zi <o+l {Pp(.)(U)}PZ . (26)
Lemma 2. Let for p(x) the conditions (6)), (7) be satisfied, then for any v € yH' ) L,.,(0,1) the following inequality holds:
Py @) < 1 max { 015 10125, } @7
By virtue of the embedding theorems, from we obtain
1 p 3 p
ppo(@) <1 max {15 ol 1% 0%, b 28)
From we have
E®) < EQ0), t>0. (29)
Let us introduce the following notations:
V() =-E@), (30)
p) = pyy () + lu(l, D)|? . (€19}
It follows from (29) and (30) that
V(t)>—-E@©0)>0, t€[0,0). (32)

By virtue of (6)), we have
cp(u) < Go(u(-, 1) < cyp(u), (33)
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where ¢, =min{ £, 2} ¢, =max{ 2,3} Thus,
1 P q 2 P q

p(u(®) = LV (0) > 0. (34)
(&)
By virtue of Lemmal[I]|

B n-n
lally -+ 1t 01 < p@) {14177 Gota) =} (35)
Taking into account (34) from (33]), we obtain the following statement

Lemma 3. Let conditions (6) - (8), (I3) be satisfied and u(-) be a solution to problem (IJ) - @), then
luC.DIP + [u(, DI < e3pu-, 1)) (36)
Lemma 4. Let conditions (6) - (8), (I3) be satisfied and max { pz, 5 } < x < 1, then for any u € (H' the following inequality
holds: ]
2
@1 < e { a3 + o } (37
In particular, it is also true the inequality:
% 2
hull < s { s + el } (38)
Lemma 5. Let conditions (6) - (8), (I3) be satisfied, and
{ 22 r-1 }
max {4 —, =, ——— s <a <l
P g pr—r+l

Then the solution to problem (I)) - @) satisfies the inequality

r=1 atl (r=D(a+1)
lu(l, D" < ¢ [(p(u)) nA(pw) =+ (pw) ] ; (39

so that

Py Py 2 apg

1 <r—l a+1 (r—l)(a+1)<1. (40)

4 | PROOF OF LOCAL SOLVABILITY THEOREMS

Proof of Theorem[I} We use the standard method of reducing this problem to a Cauchy problem for differential equations in a
Hilbert space H = (H' X L,(0, [)222324125126227,
For this in the space L,(0, /) define the linear operator A :
DA ={f : f€H*O,), f(0)=0, f'() =0}, )Af(x) = f"(x), x € 0,D).

Define also the operator N: @ — h = Na : (=00, +00) - H* = W}(0,1),
where A/ (x) =0, 0<x <[, h(0) =0, W()=a (Na = ax)z2324252627
We define the function ¢ (&) in the following way

, <K
¢K(§)={¢<¢> if el @

GK). if 1E>K

where K > 0, $(&) = a; €172 €.
It is easy to prove that ¢, (-) satisfies the Lipschitz condition, i.e., for any &, and &,, the following inequality holds

|k (&) — di(€))] < Cy(K) |6 = & ] (42)
In the space H we define the operator Ay (-):
D(Ag) = {(u,v) € H,u+ N [g(yv) + ¢x(yw)] € D(,A)},

Ag(w) = {—U, —A (u+ N [g(YU) - ¢K(yu)])} ;
where g(s) = |s|" % s + a,s.
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Moreover, we define the nonlinear operator w — Fg(w) = (0, f X, (x,u)), where w = (u,v) e H, K, =K l%,

f(xau)a ||I/l” H! S K]»
fr (e u) = w . fGow) = ay ulP™ (43)
' SO Ky Mully > K,

Then the problem (I)) - (@) can be written in the form

{ w' + Ag(w) + Fr(w) =0,

w(0) = wy, “4

where w, = (uy(x),u;(x)), 0<x <.
At first we prove that Ag(-) is an accretive operator. Indeed, for every w,, w, € D(Ag) we have
1

(Ag(wy) — Ag(w), wy — W1>H == /(Uz — Uy —uy)dx—
0

1

- / {oA [y = Ng(yvy) + Ny (yup)| — oAluy — Ng(yv)) + Ny (yup)1} x
0

X(v, = v)dx = [g(v, (D) = g, ()] (V2(1) = vy (1)—
=[x (D)) = P (u (D)) (02 (D) = v, (D).
Hence, it is clear that if a; = 0, then
(Ag(wy) — Ag(wy), wy — wy )y 2 0.
If a; # 0 and a, > O, then using the Holder and Young’s inequality, we obtain
IC4(K)
€

(Ag(Wy) = Ag (W), wy — wy )y = (ay — &) |0y (1) = v, (D = |us (D) =, (D

where 0 < € < a,.
Therefore, in both cases Ag(:) + @l is an accretive operator in H, for any K > 0, where @ = —
Secondly, we prove that Ag () + @l + ul is a surjective operator for some y > 0, i.e. for any E = (n,,#,) € H, there exists
such w = (u,v) € D(Ag) that

IC4(K)

Ay(w)+Aw=EFE

is equivalent to the following equations

{ —v+ Au=mn
—0A(u = N[g(yv) — px(yw)) + Av=1n,

It’s clear that u = iu + i'h and the function z = u — N[g(yv) — ¢, (yu)] is solutions to the boundary value problem

7" = 2z =n(x), (45)
z(0)=0, Z1)=0, (46)
where 7(x) = —n, + Ay + A N[g(yv) = p (yu)l.
Solving the problem @3), (@6)), we have

20 = ACx, ) { Plg@d) = bx G = oD | + Bex. ), 7)

where . .

— _L —Ax As L Ax —1s
A(x, A) = 2/1e /e sds+2/1e /e sd s+

0

0
I !
e Al is Al is
+—Je e¥sds+e e Msds
2M(e** + =) / /
0 0
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i i
_ -Al eissds + eﬂl e—is
2/1(6'1" + e—’l")
0 0

X

B(x,A) = —% / Sh(x — 5)(n,(s) + An (s))d s+

0
i

+%thlx / ChA(l — 5)(n,(s) + Any(s))ds.

0
From a simple calculation we get

A, 2 L VR e 48
CO==m " avem | @)

By using and (@8)), we have
20) = AG 2 { 2 [s) = i (510 = 300)] } + B 2,

from which it follows that
14 e 24

S0 + TS0l + i (31D = o)) = B ) (49)

where B, (I, 1) = “e L B(1, ).
From (@2)) we obtaln that for any &, and &, the following inequality is true

(K)
|61 (&) — ik (€))] < z |& - &, (50)

where ¢, (&) = ¢K(%r]l H- %é‘). By virtue of (49) and (50) (&) = g(&)+ 1+efw E+ ¢, k(&) is continuous function and monotoni-

cally decreases for
1> S C, (K)

Let 50 be a solution to the equation 7(&) = B, (I, A). Taking v(/) = &), and using (7)), we find the function z(x). So we find
the function u(x) = 2(x) + N[g(&) — ok (5& + 3m ()] and v(x) = Au(x) — n (x).

Thus ford > % , J(Ag(-) + AI) =H and therefore Ag(-) + ! is the maximal accretive operator for each K > 0.

Using Lemma@ one can easily prove that the nonlinear operator Fy(-) satisfies the Lipschitz condition, i.e. for any w,, w, €

H the following inequality holds:

(| Fi (wy) = F(w))|l;; < Cp(K) [lwy = w ||, -

where C(K) > 0, Fg(-)is a Lipshtsev operator. Thus, Ag(-) + Fy(-) is the maximal accretive operator

Ifa; =0o0ra; #0, a, > 0, then, according to the2l, the following statements are true:
(i) For any w, € D(Ag) and K > 0 there exists such Ty = Tx(w,) > 0 that problem (@4) has a unique strong solution
w(-) € C([0, T | : H) (N C([0, Tk | : D(Ag)) (B! Theorem 4.1);
(ii) If w, € H, then problem (@4) has a weak solution (*1: Theorem 4.1A, corollary 4.1A), and this solution is the limit of strong
solutions in the space C( [O, TK] T H).

According to reference”! (Theorem 4.2) for any u, € oH', u; € L,(0,/) the problem ([@4) has a unique solution in the space
C ([0, TK] ; H), and this solution is equal to the limit of strong solutions in the same space.

Identity for strong solutions is proved by direct differentiation taking into account (I)) - (). For weak solutions, the same
identity is obtained by approximating them by strong solutions.

Since Ag(-) + oI is a maximally accretive operator, from (@4)) we have

31137

d
r lwC, D3, < [o+ Ck] llwC, DI, .
w(x,0) = wy(x).
Hence we get if ||wy(-)||;, < K, then
lw(, DI1%, < [Jwe@)|5, e K < K,0 <1 <1, 51)

m+1C Ln| . It follows from (5T) the validity of the inequality ||u(x, )|z < K, |lu(x,0)|, Jon < K. so

|I
@5 (u,(x, 1) = @(u,(x, ). Jeu(x, 1) = £(x,u(x, 1)),

where t* =
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Hence, the function u(x, ¢) is the solution of the problem (T)) - {@).
Theorem ] is proved.
Proof of Theorem Let w, € H then there exist w,y = (4,o(-),u,,(-)) € D(Ag), n = 1,2, such that
W,y = Wy in H at n = co. (52)
By Theorem for each n € N exists T,, € (0, T], such that problem
Uy — Uyyy — a4 |un|P(x)_2 u,=0, 0<x<l, 0<t<T, (53)
u,(0,0)=0, 0<r<T, (54)
(1, 1) + [0, (1 D]y (1, 1)+
+%um(l, 0= a lu,(,0|" 2 u,(1,H =0, 0<1<T, (55)
u,(x,0) =u,5(x), u,x,0)=u,x), 0<x<I, (56)
has a unique strong solution u,(x, ¢) in the domain (0, /) X (0, T,) where u, € C2, and the following identity is true
t
E, (1) + / {Iunf(l,r)r'“ .1 Iun,a,ﬂlz} dr = E,(0,0<t<T, (57)
n
0
Here En(l) = nO(t) - GO(un)’ EnO(t) = l [“um(" t)”; + ”unx('7 t)“;]’
G, () =a, [ Lo “”' dx + 2 Ju,(1,0)]" where
1 K
T, = Ln . (58)
@+ Cp(K) {lwyo |l
From (57) it follows that .
B0+ [lum(l,t)|r+1 += |um(1,t)|2] -
I
=aq, / |t (2, D77 1, Dt (x, 1) + as [, (1 D)7 w0, (1, Dty (U, 1) =
0

Applying the Holder and Young inequalities and taking into account (7)), we have:

|71 < / Jet, e, D77 [ty (x, 1)] dx <
0

I P AP 3
< max /|u,,(x,t)|2(p‘_1)dx , /|un(x,t)|2(p2_l)dx L /|um(x,t)|2dx <
0 0 0
1 N 1
! 2 ! 2 ! 2
< /|u,,(x,t)|2("“”dx + /|un(x,t)|2(p2_l)dx /|um(x,t)|2dx <
0 0 0

< ”” G, t)”pl_l ””m( t)”LZ(OI) + ”” G, t)”pz_1 ””nt( t)||L2(Ol) =

¢ { [l 0] 0;11 + [|u, ("t)| 2t [ G0 L12(Ol) + ”unt("t)”Li(O,l)} <
< cq {E O+ ER®} .
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Similarly, applying Young’s inequalities, we have:

|75] < a1 O] 10 < 5 [l G| (11| <

r+1
r

rc r+l
9 (¢=D== +1
< — ||un(',1)||0H, +e|u, 0] <
r+1rer
rel
rey,”
9 (-1t r+l1
S——=E" O+e|u, 0],
(r+1)rer

where 0 < € < %
Therefore, for y = y(t) = E,o(t) + 1 we have the inequality

Y <epy’s (60)

where y(0) = y,, = E,o(0) + 1, P = max {pl’sz (q—l)r(r+l) } .

1 ~ ~
From we obtain that y(¢) < 271y,,, 0<t<T, where T, = min {T,,, ﬁ} ,ie.

P—
2c 10Y0,

E @) < i [E0O+1], 0<1<T, 61)

2
It follows from (32) that lim E,,(0) = Ey(0) = = ||u, ||2L on + | u . For this reason, there exists a natural number
n—co 2 2(0:0) || L, (0.1)

N such that, for any n > N, the inequality E,;(0) < 2E(0), holds. Taking this into account, from @) we find that

1
Eo 1) <27 2E(0)+1], 0<1<T,, (62)

1

In —= 1 .
arCrK) VEN0)” 2¢,0[2Ey0)+1]"7 (P+1)
It follows from (57), (62) that

where T, = min

t

/unz(‘r,t)|rd1§c“, 0<t<T, i=12 (63)
0
and
t
1 2
—/ u, (T,I)| dr <c,, 0<t<T, i=12. (64)
p ,
0

From (53) - (38), we see that there exists a function u(r) and a subsequence of the sequence {u, }, which, we still denote by
{un}, where as n — oo (see?2).

u,(-) = u(-), weakly starin L_(0, TO;OHI), (65)
u,,(-) = u,(-), weakly starin L (0, Tj; L,(0,1)), (66)
|t (1, )| (1, ) = £(-) weakly in L:(0.Ty), (67)

%un,(l, -) = 0 weakly in L, (0, Ty). (68)

Due to the monotonicity of the operator g,(v) = lv|"% v, L.(0,T,) = L (0,T,) we have
r—1

|u,,,(-)|"l Uy () = |u (1, t)|"2 u,(l,t) weakly in L,(0,T,). (69)

If we write down the problem (33)) - (56) for u,,(-) and take into account (63)) - (69), we get that in the case a, = 0 the limit
function u(-) satisfies (I)) - @). Then, using?® (Lemma 1), we obtain u(-) € C}O.
Theorem [2]is proved.
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S | SCHEMA PROOF OF THEOREM 3

Theorem [3|is proved in a similar way as the proof of Theorem [2| from*". For this reason, here we only give a scheme for the
proof of this theorem.
It follows from (30), (33) and Lemma 3] that

VoD@ - full, 0" < eppp(u), (70)
. - l—ay ayp—(r—(ap+1) p;—2 2 2 r—1

where 0 < < mm{ Pmr % ok 0 ,‘—}, 0 < max{—,—, } <
° P 20" apG-D 2 @ port

<ay<l

Let us introduce the notation: .

L=Vt +¢ / u(x, Hu,(x, Hdx. (71)

0

Taking into account (29)-(34), Lemmas[T}4and applying Holder’s inequality, as well as Young’s inequalities with the parameter
r—1 o(r—1)

6 =K 7V~ (1), we obtain that

L' > <1 —o— g(rr_ D)

! I
2 2 K
+cp3 lu|“dx+ [ |u|"dx|+e|cq— s p(u).
0 0

where K > 0 is sufficiently large number and 0 < 5 < 1 (see=").
Taking into account Lemmas [T}j5] and using the Holder and Young inequalities, we obtain that

IC) VC@OV' (@) + 2e(1 — n)(p, + DV )+

L0 2 6 [VO + [l + 06| 2 e [V + s + Nl ] > 0. (72)
On the other hand, by virtue of @, for sufficiently small € > 0 we have
L(0) > 0. (73)
From (71), (72)), and (73) it follows
L(t) > L(0) > 0. (74)

Applying the Holder and Young inequalities and taking into accound (38) we have
i 2
L7 (0 < ey [V + s + 2] 75)

Comparing (72) and (73), we get
1
L'(t) > ¢c;o[L(H)] T, ¢>0.
o—1

This implies that L(7) > [[L(O)]_ﬁ - Clgtli] . Obviously, lim L(#) = +oo, where T* = —IIZgIL _
i =T ocio[L(0)] T2

6 | PROOF OF THEOREM 4

By virtue of 22) p, = p(I) and p, = p(0).
Let us introduce the notation:
i I

y@)=—-EQ@)+ £k/u(x, 1) -u(x,t)dx +¢ / xu,(x,1) - u, (x, )dx,
0 0

where ,
2p(x) = xp'(x) Ip,
max .
) ‘ 0<x<t p(x)(p(x) —2) 2(p -1
By virtue of (23), such k exists. It follows from (T)) — @) that

(76)

1
Y@ = |u, (0| = (1 +2k)E(®) + 2¢k / |, (x, D[ dx+
0
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/
tea / { (P =2 2p(0) = xp'(x) } (e, )7 dx—
0

p(x) pH(x)
1
/ |u(x O 1n Ju(x, 1)] dx + & |u,(1 n|? + w0V +
alle r=2
+—— lu(l, D" — ek |u (1, 0| u,(l, udl, 1).
P
Using Young’s inequality with exponents 0 = p;, 0’ = pp—l,we have
T R R e R W
l
Since (r — 1) < 2(r — 1 and (r— )2 —2 > LB _p = A0
n-1 = -1 - 2 p-l 2(p;—1) ’
we have o)
—(r— 2 2(r—1
|, (1O < u (L)) + )0
From (7€), (77) - (79) we obtain
1
YO 2 |u(,0)| = (1 +2k)E(t) + 2ek / |, (x, 1) dx+
1
-2 2p(x)—xp'
+£a] / {kp(x) _ p(x) Xp (x) } |u(x, t)lp(x) dx—
/ p(x) pH(x)
1
/"5 ) e 1P 1 e )] dx + - |u,(1 D* +
+£ ( 2(r— 1)
IRLILES WA
Dy D1
For t > 0 we denote DI = {x: Ju(x,n| =1,

2, ={x: lu(x,n| <1, 0<x<I},then
1

I - / PG | 1 In Jux, )] dx = T(E,,) + 1(Ey),

p(x)
where
I, = / X (")| (6 D7 n JuCx, )] dx,
p(x)
X€EX,
I(5) = / x”((x)| (6, D1 T JuCx, )] dx.
XEX,, P
By virtue of (20)
1z, <0.

On the other hand, |«|”™ In |a| > —$e‘l, if || < 1. Hence,
!
xp'(x
| 1; )l dx =M,.
p*(x)

I(Z,) <e!

From (81) and (82) we have

—ea)l;, > —eM,.

(77)

(78)

(79)

(80)

0<x<l} and

€2V

(82)

(83)
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Moreover, from (23)), (76)), and (83)) we obtain the following inequalities

(PO =2 2p(x) — xp'(x) >0,
p(x) P*(x)
—e(1 +2k)E(t) —ael, > —e {(1 + 2k)E(0) + M, } > 0.
On the other hand, it follows from (76)) that
-1
g=gmin{1—k”1 ,i—kl} >0.
2 b h Py

Then, taking into account the last inequalities, from we have

Y () > & { |u,(1,;)|2 + |u,(l, t)|

After fixing k we choose a rather small &, so that

2(r—1)

+ u(l, )| } . (84)

I i

¥(0) = —E0) + €k / uy(x)u;(x)dx + € / X, (X)u (x)dx > 0.
0 0
Hence
y(®) = y(0) > 0. (85)
On the other hand, applying Holder’s inequality and taking into account inequality (33)), for sufficiently small € > 0, we obtain

] 1
2
y(t) < —E@) + %(k+ 1)/ |ux(x,t)|2dx+ %l(k+ 1)/ |, (x, ,)|2 dx <
0 0

1

ot p(x)

<a [T @), (86)
, p(x) Dy
Next, we define
I

z(t) = yl_"‘l (OERY / u(x, Hu,(x, )dx, 87

0

p—1
= 88
a 21)1 (88)
where 6 is chosen rather small to satisfy
z(0) > 0. (89)
Differentiating z(r) and using (I)) - @), we have
!
2@ =1 —a)y @)y () —20E@) + 20/ |u,(x, l)|2 dx+
0
I
) —
+0 / % lu(x, )P dx = 0 |u, (1,0 ull, 1) (90)
p(x

Using Young’s inequality with the exponents ai, ﬁ, get
1 %

r—1
|, (1,0 Jult, )] = l|”t(l,t)| y |Lt(l,t)|] 5 <

__ _ = L
<1 —a)s T [|u,(1,t)|’ ! |u(l,t)|] U 4 a, 6
Let 6 = A~y (=2)(1), where A > 0 will be defined later, then from (84),(00), we have

202 &0 =)y {Ju (.0 + 0"+
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D1} = 001 = a) ATy () [|ut(l, | ud, z)] E

+0a1A_i YTt — 20E(t) + 26 / |, (x, t)|2 dx. o1
From (B6) it follows o
y“%»g(%) [p(u(- )]~ . 92)
Further, using Young’s inequality with the exponents 2(1 — a;), 2(1 a‘) we get
e - Laoﬁ”) 122 ©3)
(1- 2(1 — o))

Taking this into account (92) and (©3) in the (9T1)), we have
— 2 1 = 2r— 1)
Z'(1) 2 (1 —a)y™ @) {5 |u, (1, 0] + <§ - HWA‘ ! > |, (1, )]

1-2a
<§ 92(1_ )A > lu(l, )] }+2¢9/|ut(x n|* dx+

i

px) =2 a |\ ot o)
+9/ B w(5) AT o ax 94)
1
0

Let’s choose a rather large A > 0 and a rather small 8 > 0 so that

l1-a
-2 a — L
-2 <—‘> A 20,50, £—0—1  ATT >0,
p(x) P 2(1 = al)
Taking into account these inequalities, it follows from (93) that
! 1
@) >m / |, (x, D] dx + / lu(x, )PP dx b, (95)
0 0

where m = min {26, 00} .
Applying Holder’s inequality, we obtain

! 1-a)

/ u(x, Hu,(x, t)dx <

0
1 _1 1 1
< e, 0l G DI < e N, DIl (a0
On the other hand, applying Young’s inequality with the exponents ( ‘) , we have
! —
/u(x,t)ut(x, tHdx <

0

2
< ¢y {llu(x, Ol + Jluy(x, r)||§} <cy {||u(x, DOIP + [Ju (x, t)”;} <

< e { oy . ) + .03}
Taking into account (86)), and (96), it follows from (93) that

(96)

! 1
1
z171 (f) < ¢y /|u,(x,t)|2dx+/|u(x,t)|p(x)dx . 7
0 0
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1
It follows from (93] and (97) that z'(¢) > ¢,z (¢). Thus,
20

a -
= Cryt “

z - =t

[ 0 ]_al ]

z(t) >

1

. 1— —
Hence, lim z(f) = +o0, where T' = iz(') “
1—T'—0 Catt

7 | PROOF OF LEMMAS

To prove the lemmas, we use some ideas from© 71819,

Proof of LemmaE Introduce the notation Q_ = {x : |v(x)| <1}, Q, = {x : |v(x)| > 1} and get

Por(©) 2 / oGO dx + / ool dx. (98)

Q_ Q

+

On the other hand, applying Holder’s inequality, we have

P2

Pl

/|U(x)|"2dlelﬂ;lz /Iv(x)|p1 dx| . (99)
Q_ _
From (@8) and (99) it follows
a2 [ ool dx
Q+

and
ey (Ppy () > / [o(0)|”* dx.

Q
Adding these inequalities, we obtain (26).
Proof of Lemma@ Lemma|z|is a corollary of the definition of p,(-).
Proof of Lemma 3] The proof of Lemma 3]is given in the section 3 where the lemma is stated.
Proof of Lemma @ To prove this lemma, we use some ideas from the proof of Lemma 3 given in°?,
If p(u) > 1, then it is obvious that

(pw))* < p(u). (100)

Now consider the case p(u) < 1. Then p,.,(u) < 1 and |u(/, Hle <1.
Let’s suppose that ||u||c(g, < 1. Then by Lemma|2| and the embedding theorem, we have

(P @) < L Null 7y -

On the other hand, xp;, > 2 so

Py @) < P Nullgygyy < PH |l (101)
As xq > 2 and |u(l,)|? < 1, we have
(ul, D1 < Jull, D1 < Nl ) < Nellggg < 1 lluf3 - (102)
If ||lullcfo, ) > 1. then by Lemmapp(‘)(u) <lI ”“”?[0,1] - On the other hand, p,.,(4) < 1, hence
(P @) < (o). (103)

From (T100), (T0T), and (T03), we obtain
x2L

(Pyy W) < (l ”””?{o,z]) T=r g, <
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<1 <15 -

2
: lullZy,,

From (T02) and (T04) we have

(@) < {py @) + a7} < 5 [l |3
Thus, from (I00) and (T03) it follows the inequality
(b)Y < e |l |; + o]

Inequality (38) is proved in a similar way. The proof is complete.
Proof of Lemma 5] Applying Holder’s inequality and Lemma 3] we have
!

P P

lu(e, D" dx <1 (luC, DIl < egl 7 ()l 0))
0
Further, integrating by parts, we obtain

0l < 7 / JuCx, O dx + r / JuCe, D", (x, )] dx.
0

Applying Holder’s inequality with the exponents @ + 1 and — 2+l where ,,i < a < 1, we have
1

/ |uCe, )™ Jug(x,1)] dx <
0

1D dx + (o + 1)/ | (x, 0] dx

. . 5 plzx pa . . .
Choosing the Holder’s exponents 5, = Dei’ 111 = e e obtain the inequality
(r=1)(a+1)
pa
1) pra=C—Da+1)
/ luGe, DTV dx <1 e / lu(x, 1)|P dx
Similarly, applying Holder’s inequality with the exponents #, = —, ;72 12a’ we get

atl
R

i
/ e 0| dx < 15 / e ) dx
0

Taking into account (32)) - (34), hence we have
a+l1 a+l
/l”x(x’ D" dx < epg(p(u)) > .

0
By virtue of (T09) - (IT0), it follows from (T12)) that
(r=D(a+1)

|u(l, D" < 9 [(P(u)) " ()T + (pw)
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