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In this investigation we have used NG-QTAIM to fully quantity the response to the four IR-active modes of all the

bonding in  benzene in  terms of  bond-flexing,  bond-torsion and bond-anharmonicity  that  includes  the  tendencies

towards  IR-responsivity  and IR-non-responsivity.  Bond-anharmonicity  is  found to  be  lacking  for  the  C-C bonds

comprising the lowest frequency mode (721.57 cm-1) measured as the absence of bond critical point (BCP) sliding.

Additionally, bond-flexing was absent for this mode harmonic-like variation of the profile of the variation of the

wrapping (torsion) of the {p,p’} path-packet, referred to as the Precession K, along the conventional QTAIM bond-

path, the remaining three IR-active mode possessed step-like variations in the  K profiles. The presence of non-nuclear

attractors was detected for the IR-active mode with frequency 1573.93 cm -1 with C-C  K profiles that most closely

resemble  those  of  the  relaxed  benzene.  We  quantified  the  C-H  bonds  in  terms  of  bond-flexing  and  bond-

anharmonicity and IR-responsivity and IR-non-responsivity.
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Introduction

The  geometry  of  the  bond (bond-path)  and  its  response  to  a  given  normal  mode  is  an  important  and

overlooked aspect of the interpretation of experimental spectra. Additional oversimplifications discovered

are that torsional motions occur as rigid atom-centred distortions, i.e. do not involve any bond twisting

motions.  Therefore,  using NG-QTAIM we highlighted the disadvantages of using of group theory with

mathematical models of the forms and frequencies of the molecular vibrations including using normal mode

coordinate analysis and symmetry assignments1. The use of NG-QTAIM demonstrates the reasons for the

insufficiency of current mathematical models used for analyzing experimental vibrational spectra that rely

on  the  ad-hoc addition  of  anharmonic  terms  that  assume  linear  bonding.  In  recent  investigations  we

introduced  a  vector-based  interpretation  of  the  chemical  bond  within  the  quantum theory  of  atoms  in

molecules (NG-QTAIM) and examined the four IR-active modes of benzene and determined that the C-C

and C-H bonds curve and twist thus demonstrating the weakness of assumptions about the rigidity of these

short bonds1,2. In these investigations we plotted the {p,p′} and {q,q′} path-packets2 and calculated the scalar

lengths {H’,H’*} and {H,H*} respectively1 but did not quantify the manner in which the {p,p′} and {q,q′}

path-packets wrapped around the associated bond-path.

Earlier, a stress tensor trajectories Tσ in the stress tensor eigenvector projection space Uσ
3,4

 methodology5 was

used to explain the relative differences in the intensities of the IR-active modes of benzene6–11 associated

with changes in the dipole moment7–9,12,13 where larger dipole moments were discovered to lead to greater

IR-active  mode  intensities.  This  Tσ analysis  was  intended  to  complement  the  extensive  studies  of  the

vibrational modes of benzene that used semi-empirical and ab initio methods14–16 and theoretical treatments

on the normal coordinate treatment of benzene6,17,18,  the conventional renderings of the four infrared (IR)

active modes of benzene and molecular graphs are provided in the Supplementary Materials S1. 

The NG-QTAIM interpretation of the chemical bond as the bond-path framework set, denoted by B, where B

= {p,q,r}, with the consequence that for a given electronic state a bond is comprised of three ‘linkages’; p, q

and r associated with the e1, e2 and e3 eigenvectors, respectively. Here the p and q are 3-D paths constructed

from the values of the least (e1) and most (e2) preferred directions of electronic charge density accumulation

ρ(r)  along  the  conventional  QTAIM  bond-path,  referred  to  within  NG-QTAIM  formalism  as  (r).  The

directions of the  p-,  q- and  r-paths always remain orthogonal to each other because they are constructed

from the  e1,  e2 and  e3 eigenvectors respectively, for in depth discussion on the construction of  bond-path

framework set B and the basic QTAIM definitions, see the Supplementary Materials S2.

In this investigation we seek to fully quantify for the first time the response to of the C-C BCP bond-path

and C-H  BCP bond-paths to the four IR-active modes  in terms of the extent the  {p,p′} and {q,q′} path-

packets  torsion  or  precess around  the  associated  bond-path.  We also  seek  to  quantify  the  anharmonic

response of the C-C BCP and C-H BCP to the four IR-active modes in terms of the degree of relative BCP

sliding along the containing bond-paths. since a changing BCP shift in real space relative to the bond-path

implies a change in chemical character due to the change of the charge density ρ(r) distribution19.



This will be undertaken by determining the readiness of the C-C and C-H bond-paths to respond to or resist

responding to the IR irradiation. This is quantified by the extent of bond-path motion in the most facile (IR-

responsivity) and least facile (IR-non-responsivity) respectively. 

2. Theory and Methods

2.1  The QTAIM bond-path properties; the {p,p’} and {q,q′} path-packet precession  K and Kʹ

Non-zero differences in the values of the BPL and GBL associated with a given BCP bond-path correspond

to the presence of bond-path flexing. The anharmonic response of the C-C BCP and C-H BCP to the four

IR-active modes is quantified in terms of the degree of relative BCP sliding along the containing bond-paths.

This is because a changing BCP shift in real space relative to the bond-path implies a change in chemical

character due to the change of the charge density ρ(r) distribution19. To determine the presence of bond-path

torsion we need to quantify the degree of torsion of the {p,p′} path-packet, a 3-D measure vector-based that

is sufficient to describe bond-path torsion. The bond-path torsion may be defined as occurring about a the

BCP or an extended region around the BCP, either side of the BCP, along the containing bond-path. 

Bonds  will  rupture  if  the  BCP  and  RCP coalesce,  as  this  process  unfolds  most  readily  when  the  e2

eigenvector, that indicates the most facile direction, when the  e2 eigenvector aligns along the  BCP→RCP

path.  The maximum tendency to  avoid BCP  and  RCP coalescence occurs when the  e1 eigenvector,  that

indicates the least facile, most resistant direction, is parallel/anti-parallel to the BCP→RCP path, denoted by

the grey line in Scheme 1. We will now define the extent to which the {p,p′} path-packet, constructed from

the  e1 eigenvector,  precesses about the shared-shell C5-C6  BCP bond-path and the shared-shell C6-H12

BCP bond-path, see the left and right panels of Scheme 1 respectively.

For the {p,p′} path-packet, defined by the e1 eigenvector, we wish to follow the extent to which the {p,p′}
path-packet precesses about the bond-path by defining the precession  K for IR-responsivity:

                      K = 1 – cos2α,           where cosα =  e1∙u        and          0 ≤  K ≤ 1

(1)

Considering the extremes,  K = 0, where α is defined by equation (1), we the maximum alignment of the

BCP→RCP path with the  e1 eigenvector, the least facile direction  and for  K = 1 we have the maximum

degree of alignment  with the  e2 eigenvector, the most facile direction. Values of  K = 0 and  K = 1 also

indicate  bond-paths  with  the  lowest  and  highest  tendencies  towards  IR-responsivity  respectively.  The

precession K is determined relative to the BCP, in either direction along the bond-path towards the nuclei at

either ends of the bond-path from an arbitrarily small spacing of e1 eigenvectors. If we chose the precession

of the  {p,p′} path-packet about the bond-path when the  ±e1 eigenvector is parallel to  u, that defines the

BCP→RCP path,  the  BCP will  have  minimum facile  character,  i.e.  IR-responsivity  see  Scheme 1.  By

following the variation of the precession K we can quantify the degree of facile character of a BCP along an



entire bond-path. For the precession of the {q,q′} path-packet, defined by the e2 eigenvector, about the bond-

path,  β = (π/2 – α) and α is defined by equation (2) see Scheme 1, we can write an expression Kʹ for the

bond-path IR-non-responsivity:

                      Kʹ = 1 – cos2β,      where cosβ = e2∙u,  β = (π/2 – α)   and     0 ≤ Kʹ ≤ 1

(2)

Note,  for  the  general  case  the  e3 eigenvector  defined  along  the  bond-path  is  not  perpendicular  to  the

reference direction u, see Scheme 1. For Kʹ = 0 we have a maximum degree of facile character and for K = 1

we have the minimum degree of facile character and values of Kʹ = 0 and Kʹ = 1 therefore indicate bond-

paths  with  the  lowest  and  highest  tendencies  towards  IR-non-responsivity  respectively.  We include  Kʹ

because for the C-H BCP bond-path may move out of the plane of the benzene molecule, then the K and Kʹ

will not necessarily be converses of each other.

Scheme 1. The {p,p’} precession K construction (left panel) and {q,q’} path-packet precession Kʹ (right panel) for the

C5-C6 BCP and C6-H12 BCP, where the u is a unit vector (red arrow) along the BCP→RCP path are denoted by the
grey line. The vector v is a unit vector (black arrow) defined to be aligned parallel to the normal vector of the plane of
the relaxed benzene molecule. The pale magenta line indicates the interatomic surface paths (IAS) that originate at the
BCP. The e1 eigenvector (blue arrow) and e2 eigenvector (magenta arrow), the ± signs of e1 and e2 are chosen to form
the right handed orthogonal set {e1, e2, e3}. The undecorated red and green spheres indicate the locations of the bond
critical points (BCPs) and ring critical points (RCPs) respectively.

3. Computational Details

The  geometry  optimization  and frequency  calculation  were  undertaken  with   the  BH and HLYP DFT

functional and 6-31G(d,p) basis set with in G09 v.E.0120.  The SCF convergence criteria were set to tighter

values than the defaults, specifically to both < 10-10 RMS change in the density matrix and < 10-8 maximum

change in the density matrix. Single-point calculations, corresponding to snapshots throughout one full cycle

of  each  of  the  calculated  vibrational  modes,  were  carried  out  using  the  same functional,  basis  set  and

convergence criteria. The intermediate 'snapshot' structures were generated by an external program using the

geometry-optimized structure together with the displacement directions calculated for each IR-active mode

in the frequency calculation. The wave-functions produced by the snapshot single-point calculation were



subsequently analyzed using AIMAll21 and the resulting molecular graphs were analyzed using two in-house

codes, to plot the {q,q’} and {p,p’} path-packets.

 4. Results and Discussions

The relative bond-path lengths (∆BPL) are not significantly larger than the relative interatomic separations,

referred  to  as  the  relative  geometric  bond lengths  (∆GBL) for  the  C-C  BCP bond-paths,  indicating  an

absence of bond-path flexing, see Table 1. The converse is apparent for the C-H BCP bond-paths and bond-

path flexing is apparent from visual inspection of the molecular graphs of IR-active modes 14 and 21, see

Figure 6 and Figure 7 respectively. Larger differences in the BPL and GBL are however apparent for the C-

H BCP bond-path due to the facile nature of the total charge density distribution ρ(rb) associated with the H

NCP. In addition, we note that the presence of values of C-H BPL < GBL is because the position of the H

NCP does not coincide with the geometric centre of the H NCP. The original table of distance measures for

the four infra-red (IR) active modes of benzene including the partial bond-path lengths (C-BCP) and (BCP-

C/H), the bond-path lengths (BPL) and geometric bond-lengths (GBL) along with the reference values for

the relaxed benzene is provided in the  Supplementary Materials S3. The lack of significant difference

between the BPL and GBL values for the C-C BCP bond-paths contrasts with that of the much larger range

of BCP sliding values, quantified by the relative shifts of the C-C BCPs and C-H BCPs, see Table 1. From

the C-C BCP sliding values that provide a measure of bond-anharmonicity, ∆(C-BCP) and ∆(BCP-C), we

see that the order in increasingly anharmonic response of the C-C BCP bond-paths we have IR-active mode

5 < IR-active mode 28 < IR-active mode 14 < IR-active mode 21. The C-C BCP bond-paths of IR-active

mode 5 can be describable as possessing effectively no or insignificant bond-anharmonicity on the basis of

the ∆(C-BCP) and ∆(BCP-C) value of 0.000. 



Table 1.  The symmetry inequivalent  BCP values of the relative partial  benzene bond-path lengths ∆(C-BCP/NNA) = ∆A,
∆(NNA/BCP-C/H) = ∆B with the ∆(BPL), ∆GBL and the relative position along the bond-path that precession K jumps from K
= minimum to K = 1 (–∆Q and +∆Q) in a.u. for the amplitudes = -1.0 and +1.0 of the infrared (IR) benzene each of the four IR-

active modes are presented. The relative partial bond path lengths ∆(C-BCP/NNA) and ∆(BCP/NNA-C/H) were calculated by
subtracting off the relaxed benzene values. For the relaxed benzene –Q and +Q values are -0.700 and 0.700 respectively, see the
Table S3 of the Supplementary Materials S3. The four infrared (IR) active normal modes of benzene are ordered according to
their  increasing frequency,  corresponding to 721.57 cm-1 (mode 5),  1097.69 cm-1 (mode 14),  1573.93 cm-1 (mode 21) and
3298.32 cm-1 (mode 28) respectively. For IR-active mode 21 the ‘*’ indicates the presence of a non-nuclear attractor (NNA). In
IR-active mode 28 the C-C BCP bond-paths that are unresponsive are indicated by ‘U’. The values of ±∆Q for mode 5 were
estimated as half way up the slope of the non-step-like variation in the K profile.

-1.0 +1.0
BCP (∆A, ∆B) ∆BPL(∆GBL) (+∆Q,- ∆Q) (∆A, ∆B) ∆BPL(∆GBL) (+∆Q,- ∆Q)

IR-active mode 5
C1-C2 (0.000, 0.000) 0.000(0.000) (0.037, -0.037) (0.000, 0.000) 0.000(0.000) (0.037, -0.037)
C1-H7 (0.116, 0.047) 0.169(0.163) (---, ---) (0.116, 0.047) 0.169(0.163) (---, ---)

IR-active mode 14
C1-C2 (-0.151, -0.151) -0.302(-0.302) (-0.071, 0.071) (0.152, 0.152) 0.303(0.303) (0.175, -0.175)
C2-C3 (0.085, 0.101) 0.185(0.184) (-0.075, 0.075) (0.085, 0.101) 0.185(0.184) (0.050, -0.150)
C3-C4 (-0.065, -0.090) -0.154(-0.154) (0.150, -0.050) (-0.065,-0.090) -0.154(-0.154) (-0.075, -0.075)
C4-C5 (0.152, 0.152) 0.303(0.303) (0.175, -0.175) (-0.151,-0.151) -0.302(-0.302) (-0.071, 0.071)
C1-H7 (0.002, 0.030) 0.034(0.031) (---, ---) (0.071, -0.004) 0.069(0.067) (---, ---)
C3-H9 (0.134, 0.052) 0.195(0.185) (---, ---) (0.134, 0.052) 0.195(0.185) (---, ---)
C5-H11 (0.027, -0.006) 0.069(0.067) (---, ---) (0.002, 0.030) 0.034(0.031) (---, ---)

IR-active mode 21
C1-C2 (0.208, 0.208) 0.416(0.416) (0.000, 0.000) (-0.208, -0.208)* -0.415(-0.415) (-0.028, 0.028)
C2-C3 (0.187, 0.026) 0.215(0.213) (-0.150, -0.175) (-0.177, 0.012) -0.164(-0.165) (0.150, 0.200)
C3-C4 (0.012, -0.177) -0.164(-0.165) (-0.200, -0.150) (0.026, 0.187) 0.215(0.213) (0.175, 0.150)
C4-C5 (-0.208, -0.208)* -0.415(-0.415) (-0.028, 0.028) (0.208, 0.208) 0.416(0.416) (0.000, 0.000)
C1-H7 (0.112, 0.027) 0.145(0.138) (---, ---) (0.048, 0.021) 0.074(0.067) (---, ---)
C3-H9 (0.286, 0.102) 0.405(0.381) (---, ---) (0.286, 0.102) 0.405(0.381) (---, ---)
C5-H11 (0.009, 0.021) 0.074(0.067) (---, ---) (0.112, 0.027) 0.145(0.138) (---, ---)

IR-active mode 28
C1-C2 (-0.037, -0.037) -0.074(-0.075) (U, U) (0.038, 0.038) 0.078(0.076) (-0.225, 0.225)
C2-C3 (0.014, -0.059) -0.044(-0.045) (-0.050, U) (0.027, 0.021) 0.049(0.048) (0.000, 0.225)
C3-C4 (0.021, 0.027) 0.049(0.048) (-0.225, 0.000) (-0.059, 0.014) -0.044(-0.045) (U, 0.050)
C4-C5 (0.152, 0.152) 0.303(0.303) (-0.225, 0.225) (0.019, 0.019) 0.038(0.038) (U, U)
C1-H7 (0.639, 0.386) 1.047(1.024) (---, ---) (-0.648,-0.377) -1.042(-1.024) (---, ---)
C3-H9 (0.009, -0.008) 0.000(0.000) (---, ---) (0.009, -0.008) 0.000(0.000) (---, ---)
C5-H11 (-0.648, -0.377) -1.042(-1.024) (---, ---) (0.639, 0.386) 1.047(1.024) (---, ---)



Figure 1. The variation of the precession K along the C-C BCP bond-paths of the benzene IR-active mode 5 for the

amplitudes of vibration -1.0 (black), 0.0 (red) and +1.0(blue). The {p,p’} path-packets are superimposed onto the
molecular graph and shown on the insets for amplitude -1.0 (left) and +1.0 (right). Bond critical points ( BCPs) are
located at a distance = 0.0 a.u along the bond-path, the ring critical point (RCP) is visible as the green sphere located
outside of the plane of the benzene ring, see the caption of Table 1 for further details.

For the C-C BCP bond-paths the K and Kʹ are the converse of one another so we provide the Kʹ plots in the

Supplementary Materials S4. The values of the relative position along the bond-path that the values of the

precession  K jumps from  K = minimum to  K = 1 (–∆Q and +∆Q)  for the C-C  BCP bond-paths are not

correlated with the BCP shifts, e.g. see the entries for the C1-C2 BCP for the IR-active mode 14 presented in

Table 1.  For amplitudes  ±1.0 the  K (and  Kʹ)  profiles of the C-C  BCP bond-paths of IR-active mode 5

possess a harmonic-like morphology, explainable by the non-planar molecular graph of IR-active mode 5,

where the RCP is visible the side view, see Figure 1. Conversely, the relaxed benzene and the other three

IR-active modes possess step-like  K (and  Kʹ) profiles for the C-C  BCP bond-paths and planar molecular

graphs, see Figures 2-4. Mode 14 is the only mode where the values of |∆Q| are the same for the amplitudes

±1.0,  although the precession  K (and  Kʹ)  profiles are not symmetrical,  see  Figure 2.  For mode 21, the

presence of the non-nuclear attractors (NNAs)22,23 for both the C1-C2 BCP bond-path (amplitude = +1.0) and

C4-C5 BCP (amplitude = -1.0) bond-path is noted and results in values of ±∆Q comparable to the relaxed

benzene and symmetrical precession K (and Kʹ) profiles, see Figure 3. Conversely, for mode 21 the bond-

paths lacking an NNA possess a greater range of the values of ±∆Q and asymmetrical precession K (and Kʹ)

profiles.



                                               (a)                                                                                                       (b)

                                               (c)                                                                                                       (d)
Figure 2. The variation of the precession K along the C-C BCP bond-paths of the benzene IR-active mode 14, see the

caption of Figure 1 for further details. 

Lower/higher values of ±Q determined for the precession K indicate that the associated C-C BCP bond-path

is more/less IR-responsive. A complete lack of IR-responsivity is seen e.g. for the C1-C2 BCP bond-path of

mode 28 with amplitude = -1.0 and is indicated by the initial U (non-responsive), see Table 1 and Figure 4.



                                               (a)                                                                                                       (b)

                                               (c)                                                                                                       (d)

Figure 3. The variation of the precession K along the C-C BCP bond-paths of the benzene IR-active mode 21, see the
caption of Figure 1 for further details. Note the presence of non-nuclear attractors (NNAs) for the C1-C2 BCP bond-
path (blue spheres) and C4-C5 BCP bond-path (black spheres).



                                               (a)                                                                                                       (b)

                                               (c)                                                                                                       (d)

Figure 4. The variation of the precession K along the C-C BCP bond-paths of the benzene IR-active mode 28, see the

caption of Figure 1 for further details. 



Figure  5. The precession  K and  Kʹ values for the C-H  BCP bond-paths of the  benzene IR-active mode 5 for the

amplitudes of vibration -1.0 (black), 0.0 (red) and +1.0(blue). The variation of the precession K with inset {p,p’} path-

packets (left panel) and Kʹ with inset {q,q’} (right panel) along the C-C BCP bond-paths of the relaxed benzene. Bond

critical points (BCPs) are located at a distance = 0.0 a.u along the bond-path.

The converse relation between K and Kʹ does not hold for the C-H BCP bond-paths, see Figures 5-8 and the

theory section. Values of the Precession K = 0 and K = 1 indicate bond-paths with the lowest and highest

tendencies towards IR-responsivity and this explains why the K values for facile C-H BCP bond-path remain

close to  K = 1, exactly 1.0 for the C-H BCP bond-path of the relaxed benzene with some exception for IR-

active mode 21, see Figures 5-8. The C-H BCP bond-paths of IR-active mode 28 contain the lowest (C3-H9

BCP) and highest (C1-H7 BCP) degree of bond-anharmonicity as well as bond-flexing.





Figure 6. The precession K and Kʹ values for the C-H BCP bond-paths of the benzene infrared IR-active mode 14, see

the caption of Figure 5 for further details.





Figure  7. The precession  K and  Kʹ values for the C-H BCP bond-paths of the  benzene IR-active mode 21, see the

caption of Figure 5 for further details.





Figure  8. The precession  K and  Kʹ values for the C-H BCP bond-paths of the  benzene IR-active mode 28, see the

caption of Figure 5 for further details.

 Conclusions

In this investigation we have used NG-QTAIM to complete the quantification of the changes in 3-D that

occur along a bond-path. We have applied this complete analysis to quantify the four IR-active modes of

benzene in terms of the bond-flexing, bond-torsion and bond-anharmonicity that includes the tendencies

towards IR-responsivity and IR-non-responsivity. The precessions {K,Kʹ} quantify the degree the wrapping

of the {p,p′} path-packet and is constructed from the e1 eigenvector and {q,q′} path-packet is constructed

from the  e2 eigenvector. The anharmonicity is determined from the relative  BCP shifts that quantify the

sliding of e3, defined at the BCP. The orthogonality of {e1, e2, e3} explains, for the C-C BCP bond-paths, the

lack of dependency of the relative positions along the bond-path ±∆Q of the jumps in K and the BCP shifts,

so e3  will move with the BCP independently of the {p,p′} and {q,q′} path-packets constructed from the e1

and e2 respectively. 



The harmonic K profile seen for mode 5 along with the zero values for the relative C-C BCP shifts indicates

that the BCP shift is a good indicator of anharmonicity. This can be seen from the result that non-zero BCP

shifts  corresponds  to  a  change  in  chemical  character  due  to  the  change  of  the  charge  density  ρ(r)

distribution19, therefore for mode 5 we have no change in chemical character. This is consistent with mode 5

being the only mode where the benzene molecular graph is non-planar: the C-H BCP bond-paths flex out the

plane of the benzene ring that results in the ring critical point (RCP) being located outside of the C6 ring.

Additionally, the minimum value of the C-C bond-path  K profile of mode 5 is non-zero, unlike the three

other IR-active modes. This indicates a lower degree of shared-shell character, lower IR-responsivity and a

more pliable, less stiff response of the bond-path.  

The presence of non-nuclear attractors (NNAs) in mode 21 disrupts the measurement of the relative C-C

BCP shifts because there are now two BCPs and an NNA located along the C-C bond-path that renders the

topology non-equivalent to that of the C-C bond-path of the relaxed benzene. The affect however, of the

NNAs on the torsion of the bond-path can still be determined by examination of the precession K profile and

the relative positions along the bond-path ±∆Q of the jumps in K. The presence of the NNAs corresponds to

K profiles and values of ±∆Q that are the most similar to the relaxed benzene.

The C-H BCP bond-path K profiles values consistently indicate high IR-responsivity on the basis of the K

profiles values being non-zero and much closer to K = 1.0 than is the case for the C-H BCP bond-path K

profiles. The C-H BCP bond-paths therefore are more flexible and pliable than the C-C BCP bond-paths.

The  response  {K,Kʹ}  of  the  C-H  BCP bond-paths  to  mode  28  demonstrates  large  deviations  from the

high/high IR-responsivity/non-responsivity K = 1.0/ Kʹ = 1.0. Conversely the corresponding K profiles of the

C-C bond-paths of mode 28 maintain  K = 0.0, referred to as unresponsive (U) and therefore possess the

stiffest C-C bonds.
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