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ABSTRACT. In this paper, we are defined the nonuniform non-stationary multires-

olution analysis (NUNSMRA) on Sobolev space over local fields (H*(K)) and with
help of NUNSMRA orthonormal wavelets are constructed.

1. INTRODUCTION

The definition of multiresolution analysis on local fields with positive characteristic
is given by Jian, Li and Jin [1] and they have constructed orthonormal wavelets
associated to the multiresolution analysis. Their theory have been extended by Behra
and jahan in [5]. A nonuniform multiresolution analysis and Generalized nonuniform
multiresolution analyses on L?(K) are given by F. A. Shah [2] and Shukla et.al [12, 13,
14]. Recently, Pathak, Singh and Kumar [[6], [7], [8], [9]] considered non-stationary
MRA on Sobolev space over local fields of positive characteristic (H*(K)) in which one
single scaling function cannot generate orthonormal functions at each level of dilation.
In this paper, we construct Non-stationary MRA on H*(K) in which translation set
is nonuniform and no longer a group, but is the union of 7 and a translate of T,
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where 77 = {u(m) : m € No}(Ny = {0,1,2,3,...}) is a complete list of (distinct)
coset representation of © in K*. That is, this set is of the form T" = {0, 37} + 11,
where M > 1 is an integer and r is an odd integer such that g.c.d.(r, M) = 1. We
call this a nonuniform non-stationary MRA on H*(K). By this generalization, our
main aim is to develop nonuniform non-stationary MRA on Sobolev space and to
construct associated orthonormal wavelets in which scaling functions depend on level
and translation set is nonuniform.

This paper is organised as follows. Section 2, contains notation and definitions of
local fields and Sobolev space over local fields. We define nonuniform non-stationary
multiresolution analysis on H*(K) and constructed corresponding wavelets in Section

3 and its subsection.

2. PRELIMINARIES

The following list of notation and definitions are given below will be used through-

out the paper.

e Throughout this paper K denotes the local field of positive characteristic.

e dr is the normalized Haar measure for K+,

e |af is the valuation of o € K and it is non-archimedian norm.

e Let p be a prime element in K.

o For k € Z, " = {x € K : |z| < ¢*} is a compact subgroup of K¥, where
q = p°, p is a prime number and c is a positive integer.

o P = D is called ring of integres in K.

o B*| =¢ " and |D| =1.

e \ be a fixed character on K* that is trivial on ID but is non trivial on B
For y € K, x,(z) = x(yz), z € K.

e The “natural’order on the sequence is denoted by {u(k) € K}¢2, and is
described as follows.

D/P=GF(q) =1,q=0p° pisaprime, s € Nand Q: D — 7 the canonical
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homomorphism of ® on to 7. 7 = GF(q) is a vector space over GF (p) C 7. We
consider a set {1 = €, €1, ..., 6,1} C D* = D\P in such a way that {Q(ex)}i_g
is a basis of GF(q) over GF(p).
Fork,0<k<qgk=a+ap+..+as;_1p 5 0<a; <p,i=0,1,...,58 —1,

we define
u(k) = (ag + arer + ... +as_16.1)p~" (0< k < q).
For k=0 +big+..+b.q",0<0b; < q, k>0, we set
u(k) = u(bo) + p~tu(by) + ... +p "u(b,).

Note that for k,0 > 0, u(k + 1) # u(k) + u(l). However, it is true that for
all r,1 > 0, u(r¢') = p~tu(r), and for r,l > 0,0 < t < ¢, u(rgd +1) =
u(rg') + u(t) = p~tu(r) + u(t).

For k € Ny, we denote k) by Xk

Z(K) is the space of all finite linear combinations of characteristic function
of balls of K. Also .(K) is dense in LP(K),1 < p < 0.

<" (K) is the space of distributions.

f(€) is the Fourier transform of f € .(K) and is defined by

fie) = [ s@ds, ¢ <k
K
and the inverse transform by

f(x) = / F()xa(€)de, = € K.

Let s € R, we denote Sobolev space over local fields by H*(K) is the space of
all functions in .#/(K) such that

43(6)f(€) € L*(K), where 4°(€) = (max(L, [¢]))".
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e The inner product in H*(K) is denoted by

(9 = (@) ey = / 5 F ()50,

e The space .(K) is also dense in H*(K).

For more details refer to [[1], [4]].

3. NONUNIFORM NON-STATIONARY MULTIRESOLUTION ANALYSIS ON H*(K)

Let 71 = {u(m) : m € Ny} is a complete list of (distinct) coset representation of ©
in Kt. Let M > 1 is an integer and r is an odd integer with 1 < r < ¢M — 1 such
that g.c.d.(r, M) = 1, define

r
T=10,— T;.
{7M}+ 1

It is easily verified that T" is not a group on K, but is the union of 77 and a translate of
Ti. Now, we first establish two important theorems which leads to define nonuniform

non-stationary MRA on H*(K) as follows.

Theorem 3.1. Fors € R, let o) in H*(K), then the distribution {(qM)% D((p~* M) .—

u(A)), A € T'} are orthonormal in H*(K) if and only if

SR (T MY+ u@))@9(E +u@)]? =1, (3.1)
and
(e Y PE+uDNIPV(E +u@)Pul77) =0 forae §€K.  (32)
€Np

Proof. We have
o = < (@M)EpD((p7' M) — X), (gM)2D ((p~" MY.) >

A5(€)(gM) 29 (p M) ) A ((p~ M) TIE) (gM) 2300 ((p~ T M) ~3€) dé

A ((p MY )PV ()P xa(€)dE.

I
—
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Splitting the integral, we get
= [T MPE D€+ u )Pl +u)iE (33)
D=0
On taking A € Ny, we have

M)2ED((p' MY = N), (¢M) 3D ((p~ M)7.))

(g
/Z& ((p~ M) (€ + u(®))[V (€ + u@)PXa(€ +ulD)de.  (34)

If X = §; +u(m),m € Ny, then

(gM)2D((p~ M) . = \), (gM)3 oD ((p~1 M)))
= o S A ((p MY (€ + u(1)) |69 (€ + u(D)) PR (€ + u(D)X(5u(l)
XXX (u(m))de. (3.5)
Hence the distribution {(¢M)%o@((p~*M)’. — u(A)),\ € T} is orthonormal if and

only if equalities (3.1) and (3.2) hold. O

Theorem 3.2. Suppose ¢\, j € 7 be functions of H*(K) such that, for every j, the

distributions

() = (gM)2e@ ((p MY . — M), A€ T, (3.6)

are orthonormal in H*(K) and V; = {p;(§) : A € T'}. Under the condition,
Tim PP ((p M) T =47 (), (3.7)
UjEZ‘/j - HS(K) and mjez‘/j - {O}

Proof. Let n € (UjezV;)*. If m; is the orthogonal projection from H*(K) onto V;.
Then,

m;n =0 for all j € Z. (3.8)
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Let € > 0 and condition (3.7) holds. Since . (K) is dense in H*(K), there exists
o € Z(K) such that

In = ollae@) <€ (3.9)
So for all j € Z,
Imiollae @) = [lmi(n = o)l a0y < [|(n = 0)l| o) <€ (3.10)
Then by definition of 7,
“Wja“%ls(K) = Z’ <0, %A > ps() |
AET
= Z | <o, goj/\ ® |*+ Z | < o, (pgji > |2 (3.11)
AeTh Aeqr+T1
Now,
Z | <o, 9052 > oy |2
AeTy
= S @7 [ FOOF o I T M) e
AeTy K

X XA(€)}dE x A ((p™ ' MY €)6 ((p1M)7€) Y (€)xa(€)de,
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and
Aegp+Th
= > (qgMy /{Z/ (€ +u()a((p™ M) (€ + u(1) @D (€ + u(l)))
AeTy

7 OX (DA} x 3 (p~ MY O3 ((p MPEEY (E)x (576 ()dg

By the convergence theorem of Fourier Series on ®, we obtain

Imolf = [ 7O M) e
{Z’y (&+ (p " MY u(l >>5<s+(p1M>ju<l>>¢<”<<p1M>J’f+u<l>>}d§
+ [ FOHORI (e MG M) )
X{Zv (& + (p~ MY u(D))5(E + (p~ MY ()¢9 (p~ M) 7€ + u(1)
xx(%( M) TR (Full)) g
[ @@ MRl P

IN

/K p Y u(1))6(€)

=1

<@ ((p7 M) )G (& + (07 MY u(1)P ((p~ M) 7€ + u(l))dé

= Gi+ Ga(say). (3.12)
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Now by using (3.1) and Cauchy-Schwarz’s inequality, we have

|G| < /K%;(OW(QIZ?;(@r(p‘lM)jU(l))lﬁ(é”r(P‘IM)jU(l))|d§

< Y

Since 6 € .%(K) there exists [ for which 6(¢) # 0foré € €' = {z € K: |z] < (¢M)'},
so €] < (gM)!. For j > [ and for any [ € N, we have

A2 Oz2al132 (+ (07 MY o+ (0~ MY u)|| 2.

(b~ MY u(l)] = (M) Ju()] = (¢M) > (¢M)"
So, we have |¢| # |(p~' M) u(l)|. Hence
€+ (0" M) u(D)] = maz([&], [(p™ MY u(l)]) = (aM)’ > (qM)".

That is, 6(£ + (p~*M)7u(l)) = 0, ¥ j > [. This shows that lim |Gy = 0.
j—00

Now, by using (3.10) and (3.12), we have

[ @@ M) ORI e < ¢ - G

By using the condition (3.7) and Dominated convergence theorem, we get

||O'| HS(]K) < €.

Hence

[l re ) < 2e.

Since € was arbitrary, we get that n =0 a.e. £ € K.
Now, we prove the last part of the theorem. Let g € N;ezV; and we know that .7 (K)

is dense in H*(K). So, we have

gl o) — [l o) < Mlg =m0l ) < (1 = @l <e (3.13)
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where

(&) = (772(€)0(€))", and o(€) € S (K).

Using equation (3.12), (3.13) and Cauchy-Schwarz’s inequality, we get

o0

Il < S / 5Ol (©) P19 (9 M) 7€) )

k=0

([ 45+ 7 MY uClo(€ + (7 MY (07 M) € + ulk) )

Since o € . (K), so there exists a characteristic funtion n;(£ — &) of the set & + €,
where i is some integers. Now o can be written as o(&) = (¢M)2ni(€ — &). If
E+ (pIM)u(k) € & + €7, then |(p™' M) u(k)| < (¢M)~%, hence |u(k)| < (gM)~"7.
Then summation index k is bounded by (¢M)~""7. So using this, we get

|||

b < (M) /K 59Ol (€) P69 ((p ' M) 7€) )
< (qM) /g ORGP
o+¢€"
= (M)~ / A MY e,
(b1 M)igo =i+

Suppose that & # 0. For any € > 0, choose J < 0 enough small satisfies the
following two inequalities : (¢M)’ < |&| = (¢M)? such that J + p < 0, and

Joa-0 (0T MRV ()P < e.
We have,

(p Mg+ e c e forall j < J. (3.14)

Since |(p~1M )& = (M) (gM)? < (qM)? (¢M)? and ¢~ c &=/=¢,

Hence, ||7;¢||msx) — 0 as j — —oo. Therefore there exists j such that

|||
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So,

1911 o) < 2e.

Since € was arbitrary we get ¢ = 0 a.e. Hence, N;ezV; = {0}. OJ

3.1. Construction of Wavelets. By theorem 3.1, we have seen that one single scal-
ing function can’t generate orthonormal basis at each level of dilation, that is, scaling
function depends on level which leads to non-stationary MRA. Since translation set is
nonuniform, hence, in this section, with the help of theorem 3.2, we define NUNSMRA

on Sobolev space H*(K) as follows :

Definition 3.3. A nonuniform non-stationary multiresolution analysis of H*(K) for
an integer M and an odd integer r with 1 < r < ¢M — 1 such that g.c.d.(r, M) = 1,
consists of a sequence of closed subspaces {V;};ecz of H*(K), satisfying

(1) Vj C Vi

(2) Ujez V; = H*(K);

(3) Nyez V; = {0);

(4) there exist a function @ € H*(K) such that {(¢M)2oW((p"*M)7. — )} rer,
forms an orthonormal basis of V;. The function ¢\ is called the scaling function of

the MRA.

With the help of MRA {V;};ecz, we can define another sequence {W;},ez of closed
subspaces of H*(K) by

Vi =W;@V; and W, LW, if k#n.

It follows that for j > J,

j—J—1

Vi=V,e € Wi,

=0
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where all these subspaces are orthogonal. By virtue of (2) and (3) in the Definition

3.3, this implies
K) = D (3.15)

a decomposition of H*(K) into mutually orthogonal subspaces.
Let ) be a scaling function of the given MRA. Since ¢ € V; C Vj,;, and
{cpﬁl /\})\GT is an orthonormal basis in Vj;, we have
+1)
Z C,\])prﬂ Al
AT
where
j 1)
& = <l ),gogfl/\ >, with Z EE
AET
Now,
SO(J)((p 1M)]x) _ (qM)J2 ZCE\J)@(]—H)((p 1M>g+1$ —).
AT
Hence,

PO = (¢M)'T Y Pxa((p M) )R (p7 M) e)

AeT

my T (p M) LRI (p M) ), (3.16)

where

mi™E) = (@M)T > Pa© (3.17)

= mi (&) +mi OX(T9). (3.18

(G+1)

U and mgly  are L?-periodic functions.

The function mg,
The condition V; C Vj; for every j € Z is equivalent to the existence of L*-periodic

functions m(j ™ and mg J ) such that the scale relation (3.16) hold.
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Furthermore, if f € W, this is equivalent to f € Vjy; and f L V,.Since f € V;i;, we
have

f(z) = Z %J.:EIA
AT
= (¢M)'T Y fPUI((p M)y — N,
keNy

; 1
where f)(\j) =< f, %Jﬂi > H*(K)-

FO = (@)%Y A% M) (p M) e

\eT
= (T M) IR (7 M) ), (3.19)
where
; ,&
m{(©) = (@M)F Y I (3.:20)
XeT
_ (3+1) (3+1) - L 321
myy (&) +mjy (E)X((57)€)- (3.21)
Note that m(j ) and m;y J ) are L2-periodic functions.

Theorem 3.4. If o) are scaling functions of the given MRA {V;}, then m[()j) (&) in
(3.17) satisfies

qM—1

> )T+ (7 M) ul0) 2 + ImEh (7 M)+ (T A ()] = 1,

t=0

(3.22)

> ImGA (™ M) + (7 M) (@) + (0 M) 7+ (07 M) ()

xx(%u(t)) =0 ae kK

(3.23)
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Proof. Substituting (3.16) into (3.1), we get

Zv Y (€ + u())[m (07 M) 7HE + ul(l)))P|eV ((p~ M) 1 + u(1)))* = 1.
Splitting the sum, we obtain
1 = Z Z m) e+ (M) () + u(l)))?

HmFy((p M) R+ (p7 M) u(t) + u(l)))]]
XA (P MY (p7 M) TR + (p7 M) Mu(t) + u(l)))
@D ((p~ M) Y + (p~ M) u(t) + u(D)))]?

=N S M) (o M) ()P
Hm)((p~ M) + (p~ M) u(t))[?]
va MY (p M) AE + (7 M) ult) + u(l)))

<[PV ((p™ M) T+ (07 M) ult) + u(D))I.

Applying (3.1), we obtain (3.22). In the similar manner by substituting (3.16) into
(3.2), we obtain (3.23). O

Theorem 3.5. If f € W;, then m;j) (&) defined in (3.20) satisfies

qM—1

ST M (7 M) e + put)mTY (07 M) 1€ + pult))

t=0

+m 5 (07 M) 7€ + pu(t))mly D (0~ M) 1€ + puft))] = 0, (3.24)

and
qM—1

ST MY (0 M) 4 pu))mly (p M) € + pult))

t=0

il (p7 M)+ pu())miy  (p~ M) + pu(t)[R(7u() = 0. (3.25)
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Proof. If fe W, = f 1 <,0 . Therefore < f, go (f) >= 0. So, by using (3.21),

above result is followed. O

Theorem 3.6. There are integral-periodic functions m , wherei € L =1{1,2,3,...,qM—
1}, 7 € Z, such that

M) = [mP ((p~' M)+ (0 M) ru())] )5 J € Z, (3.26)

is unitary then there exists an orthonormal wavelet basis {1/1%&%627)\6@1»@ for H*(K),

where
D ((p7 M) TE) = mI TV (7 M) TG (9T M) ), j € Z, i € L, (3.27)
with i € L and m(()j) as defined by (3.17).

Proof. It can be easily proved that {(¢M)?2 w( )((p_lM)J — A) }ier, xer 1s an orthonor-

mal basis for W;. So, {Qbi,j,)\}jEZv)\ETﬂEL is an orthonormal basis for H*(K). O
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