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Abstract: The HWENO (Hermite weighted essentially non-oscillatory) schemes are high
order, high-resolution methods suitable for conservation law and convection dominated sim-
ulations with possible discontinuous or sharp gradient solutions. In most of the literature,
although there are many other numerical fluxes available, the Lax-Friedrichs numerical flux
is used frequently due to its simplicity. In this paper, we will study an alternative finite
difference HWENO method. The core of this method is that its numerical flux frame-
work breaks the limitations of the traditional mathematical form of numerical flux and is
suitable for many different forms of numerical flux. And we systematically investigate the
performance of the HWENO method and present quantitative comparisons for hyperbolic
conservation laws based on different numerical fluxes. The spatial terms are discretized by
using finite difference HWENO scheme and the time terms are performed by using TVD
Runge-Kutta method. The HWENO method is proposed based on the original WENO
methodology for solving hyperbolic conservation laws. Therefore, the HWENO scheme is
similar to the classic WENO scheme achieved by using numerical flux as a building block,
and their performances are closely related to the properties of the numerical fluxes. Hence,
we study the performance of HWENO method based on different numerical fluxes, including
the first-order monotone fluxes and second-order TVD fluxes, with the objective of obtain-
ing better performance for the conservation laws by choosing suitable numerical fluxes. The
detailed discussion focuses on the one-dimensional system case, including the issues of CPU
cost, accuracy, non-oscillatory property, and resolution of discontinuities where as numerical

tests are also performed for two-dimensional systems.
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1 Introduction

By utilizing a novel form of the numerical fluxes and stencils of the interpolation polyno-
mials, a new Hermite interpolation method is devised, known as HWENO methods, based
on the original WENO [17, 19, 3, 7] scheme. In 2004 [14], Qiu and Shu first developed the
finite volume HWENO scheme which based on the classical WENO philosophy and applied
as limiters for the Runge-Kutta discontinuous Galerkin (RKDG) methods[14, 15]. In this
work, we would like to explore an alternative flux formulation for constructing numerical
fluxes which originally designed in the paper [18]. In summary, the format of this arti-
cle has the following several benefits. The first advantage is the HWENO scheme inherits
the benefits of the WENO scheme, namely achieving the high-order accuracy in smooth
regions while maintaining stable, non-oscillatory and sharp discontinuity transitions. An ad-
ditional important advantage of the HWENO scheme is its compact performance [12]. The
HWENO schemes can get the same accurate order by using fewer points than the original
WENO schemes. For example, five points are needed in the stencil for a fifth-order WENO
(WENOb) reconstruction, while only three points are needed for a fifth-order HWENO (H-
WENOS5) reconstruction. The third advantage is the forms of numerical fluxes we used in
the paper, which were from the Taylor series expansion. This formula of numerical fluxes
breaks the limit of the mathematical form of the numerical lux. We use the point values and
the corresponding derivatives to interpolate the computational cells at the interfaces, while
the traditional practice of reconstructing flux functions can be applied only to smooth flux
splitting to get a high-order accurate scheme. The splitting technology is very demanding
in the mathematical form of numerical flux.

The HWENO method has been developed in recent years as a class of high order method
for solving the conservation laws. It is widely used in many fields, such as nonlinear compu-
tational acoustic, limiters of the DG method [2], etc. In a previous work [10], we developed
a class of HWENO methods which were based on the classic flux-splitting method to con-
struct the HWENO schemes for conservation laws. The goal of this paper is to explore an
alternative formulation for constructing numerical fluxes of HWENO schemes which involves
interpolations of the point values u; rather than on the flux values, while studying the perfor-
mance of different numerical fluxes for the conservation laws, with the objective of obtaining
better performance by choosing suitable numerical fluxes. On the other hand, in [13], Qiu

studied the numerical performance of the RKDG method based on different numerical fluxes



for the conservation laws. We study the performance of fluxes with the HWENO schemes.

An important component of the HWENO methods for solving the conservation laws
is the numerical flux based on the exact or approximate Riemann solvers. In most of the
WENO/HWENO papers, the Lax-Friedrichs (LF) numerical flux is used due to its simplicity.
However, the numerical viscosity of the LF flux is almost the largest among the monotone
fluxes for scalar problems. It will smooth out some useful information of numerical solutions
as time progresses. There are many other numerical fluxes available in the literature. Hence,
we systematically investigate the performance of the HWENO method based on different
numerical fluxes, including the first-order monotone fluxes (such as the Godunov flux [20],
the Engquist-Osher flux, etc.), second-order TVD fluxes and generalized Riemann solver
[1, 20] based on the HWENO finite difference methods, with the objective of obtaining
better performance by choosing suitable numerical fluxes. In detail, the Godunov flux [5],
the Engquist-Osher (EO) flux [4, 11] for the scalar case and its extension to the system (often
referred to as the Osher-Solomon flux [11]), the HLL flux [6] and its modification of HLL flux
often referred to as the HLLC flux [26] are based on the approximate Riemann solver. These
fluxes are two-point, first-order monotone fluxes. One of the essential two points TVD flux
is the flux limiter centered (FLIC) flux [25] with the following essential two point property:
Flul,u,u,u™) = f(u) for any u! and u”, which combines a low-order monotone flux and a
high-order flux with a flux limiter to guarantee the TVD-property. The other fluxes such
as generalized Riemann solvers [1, 20] can also be used as a numerical flux for HWENO
methods.

The present paper is organized as follows. In section 2, we give the formulations of
the governing equations in the framework of the finite difference HWENO method and the
updating conservative formula for conservation laws. At the same time, we give and describe
the numerical fluxes considered in this paper. The numerical test is performed for the one
dimensional and two-dimensional hyperbolic conservation laws in Section 3, and concluding

remarks are given in Section 4.

2 Construction of the HWENO scheme

In this section, we concentrate on describing the HWENO method for conservation laws
and the numerical fluxes which will be studied with the HWENO finite difference method.
firstly we focus on the HWENO method for the one-dimensional case.

Consider the following scalar non-linear hyperbolic conservation law:

u+ f(u)e =0 (2.1)



where f(u) is a convex smooth function, f* > 0. Take the derivative of the equation (2.1)
with respect to x and denoting u, = v, we obtain the following coupled hyperbolic system

for HWENO method:
fut = oD < sl 22)
'Ut+g(uav>x :()7 U('CE?O) :Uo(l’) .

where

g(u,v) = f'(u)uy = f'(u)v. (2.3)

By (2.3), it is easy to know that the characteristic velocity % of the derivative equation is
f'(u). Hence, both equations in systems (2.2) share the same characteristic velocity: this the
result is used in what follows to generate a simple approximate Riemann solver discretizing
(2.2).

Set the grid as x; = (i — 3)Axz where Az is called a spatial step. Denoting the discrete
cell I; = [asi_%,xi 1 ], centered on x;. The uniform cell size will be defined by Az = x;, 1
Ti 1. Conservation laws (2.2) can be written as the following system of ordinary differential
equations (ODE):

d’Ui t _1 0 2 g/\ — |

where wu;(t), v;(t) are the numerical approximation to the nodal value u(z;,t) and v(x;,t) of
the solution to (2.2) in a uniform grid. The numerical fluxes f; 1 and g, 1 are based on exact
or approximate Riemann solvers, which must be satisfied Lipschitz continuous condition of
several neighboring values u; and v; and also consistent with the physical fluxes f(u) and
9(u,v).

specifically, we will use an alternative approach to construct numerical fluxes for high
order conservative finite difference schemes under the flux framework in [18]. The numerical

fluxes fl +1 and g, 1 are designed, so that:

{ o (fior = fin1) = f(w)aloms, + O(A2") (2.5)

25 (Gir1 = 9i-1) = 9(U,0)gloma, + O(A2™H)

[T ST

then the conservative difference scheme (2.4) will be the r-th order approximation to equation
(2.2), when the solution is smooth. We adopt the high order flux as consisting of the low

order flux plus a correction, given by:

Fo_ L FH

fi+% = fl+% + fz+%

. . o (2.6)
Ji+s = 9itl + Ji+1



where f# and §# were produced by Taylor expansion [18]:
H *f o'f

2 2m+1
f¢+% = wAxw ((3:1:2)Z+l + asAx (8 4) 14+ O(AP™ ), (2.7)
g d'g
~H 2 2m
gy = @A (53)i + asAz* (5 2)ivy + -+ O(Aa™) (2.8)
and the constants as,ay, - ,Gom_2, -+ are existence such that the numerical flux (2.6)
guarantees © = (2m + 1)th order accuracy in (2.5), such as ay = —5, a4 = =,

Following, we will mainly discuss the low-resolution terms f L and ¢* instead of many kinds
of different numerical flux which will be given in the next section. Namely, numerical flux

zil = fE(u z+1’u+%) and gJr1 = ¢"(u Z+1,uj+1,vl+l,vtr%) can be arbitrary fluxes, ujjr2
and vE il are approximations to v and v at z; +1 respectively. One of the key benefits of
this alternative numerical flux formulation is the low-resolution numerical flux fli% and g gi 1
in (2.6) which can be any monotone flux instead of one certain numerical flux, such as LF
numerical flux.

We can rewrite the conservation law (2.1) by a semi-discrete form of (2.4) and adopt the
flux form of (2.6). If u i, and vE .1 are the fifth order approximations to v and v at z, +1
respectively, then the formula (2.4) with fluxes (2.7)-(2.8) is the fifth order approximation
to equation (2.2)(r = 2). In the present work, semi-discrete systems (2.4) are becoming
an ODE system, hence the time integration is performed by means of a three-stage TVD
Runge-Kutta scheme [18].

2.1 Description of the low resolution terms: HWENO reconstruc-
tion

In this paper, a major building block of the alternative formulation of the high order
conservative finite difference scheme discussed is the following HWENO interpolation pro-
cedure. Given the nodal values u; = u(z;) and v; = v(x;) of a piecewise smooth function
u(z) and v(x), we would like to find a high-order accurate approximation of u(z) and v(x)
at half points x;,1. The numerical flux function in Eq. (2.4) can also be evaluated by the
fiftth-order finite dlfference HWENO scheme. For completeness, the formulations of this H-
WENO scheme is given below. The construction of uil and vi% by a fifth-order HWENO

2
interpolation.

The formulae of the HWENO scheme can be expressed as

u o~y waul (2.9)

i+
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o
<
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where ugr)

, is obtained by a quadratic polynomial reconstruction of u(z,, 1 ) (denoted by

2
pr(x), pr(xj) = uj,r = 0,1,2) on r-th set of candidate stencils S,. S, is the small stencil, sy =

5



{zi_1, 2}, s1 = {wi,wis}, se = {wi_1, s, 41}, which cover all possible stencils including

the grid point that one point upwind to z; 41 For r, w, is the nonlinear weight that satisfies

2

Zwrzl, w, > 0.

r=0

Following the original WENO recipe [8] (HWENO format uses the same nonlinear method),

w, is given by

Wy = z’“w—lw r=0,1,2, (2.10)
s=0 T
with
T
T (e 4 B2

where 7, is a linear weight which guarantees that the overall scheme (2.9) is fifth-order

accurate. And (, is the smoothness indicator, defined by

2
B=Y [ sy @11)
=1 i

We take ¢ = 107 (a small positive number) to avoid division by zero.

Especially, for the fifth-order scheme, we have

1 9 3

Yo = 1—6771 = E»’Yzz ]

And uii)l, Br (r=20,1,2) can be computed by
2

5 9 3
ugi)% = —Zui_l + ZUZ — ZAZEUZ‘_l, (212)
1 3 1
UEE% = ZUZ + ZuiH - ZAI”UH_l, (213)
2 1 3 3
and
13
Bo = (—2u;1 +2u; — Azv;_1)* + 3(—%_1 +u; — Azvi_q)?, (2.15)
13
ﬁl = (—QUZ + 2uz~+1 - Axvi+1)2 + E(UZ — Ujt1 + Axvﬂ_l)z, (216)
1 13
P2 = Z(_ui—l +uit1)’ + E(ui—l — 2u; + uig1)*.



The reconstruction procedure of u;;% is symmetric to the procedure used for u;r% with
respect to x;, 1 as described above.

For the reconstruction of the derivative values Uffrl /20 @ key difference is that the recon-
structed stencils are different. Given the nodal values of u; and v;, we construct Hermite
type cubic reconstruction polynomials p,.(z), (r = 0, 1,2) in the small stencils so = {x;_1, z;},
s1 =i, xiv1}, s2 = {wi_1, T, x4}, respectively. And we have
%’):%mi =%’V§=% (2.17)

For the derivative equation, the smoothness indicator become

3 Y 2
B = Z/I Ax*t (@pj(x» dx. (2.18)
k=2 7 1i

Note that the summation begins from the second derivative rather than the first, see [14] for

more details. The formulae for v ., 5, (r =20,1,2) become
2

9 7 15
U;i)% = E(ui—l —u;) + 7V + TV (2.19)
3 1 1
UZ-(JIF)% = E(_Uz + Ui1) — Zvi - Zlvi—f—l; (2.20)
1 1
UZ-(_T_)% = @(Ui—l —w; + Tuie1) + Zvi, (2.21)
and
13 5 )
60 = 5(12@%71 — UZ> + 6Al’(’l}i,1 + Uz)) + (6<UZ',1 — UZ) + A[IZ’(2’UZ',1 + 4?]1)) s
13
b = E(].Q(ui — uig1) 4 6AZ(v; 4 vi41))? + (—6(w; — ui_1) — Az(4v; + 2v41))?,
13
B2 = E(—3U¢71 + 3 — 6A7v)? + (g — 2us + uiyr)?.

Again the reconstruction procedure of ’U;Srl is symmetric to the procedure used for U1
2 2

11 as described above.

We described the reconstruction procedure of fifth order HWENO finite difference scheme

in the above. For system cases, such as the Euler equations of gas dynamics, in order to

with respect to z;

i+1/2 from u; and v; are performed

and v

avoid oscillation, both the reconstructions of u 12

in the local characteristic directions.

2.2 Construction of the high resolution terms

To get an approximation with fifth order accuracy (r = 5 in (2.5)), we can use the first

two terms given by (2.7)-(2.8). The high-resolution terms of the numerical flux in (2.7)-(2.8)

7



have at least Az? in their coefficients, hence they only need lower order approximations and
they are expected to contribute much less to spurious oscillations. Therefore, we approx-
imate these remaining terms by simple central approximation or one-point upwind-biased
approximation with suitable orders of accuracy, without using the more expensive HWENO
procedure.

Discrete fﬁl and g{il. Considering the stability, we split fluxes f and ¢ into two parts
2

2
f=f"+f andg=g" +g, here
1

_ 1
fr= i(f(u) +au), [T = §(f(u) — au),

! 1
g" = 3lo(u,v) +av), g~ = S(glu,v) — av),

where av = max | f’(u)|, and we can see that
d ., d 0
—fT>0, —f7 <0, =—g" >0, —g~ <0.
duf - duf =0 907 = W=
Giving the point value f;7 = 3(f(u) + aw), fi = 3(/(w) — aw), gF = Solusv) +

O[Uz‘), g7,_ = %(g(ula'l}z) - OZUZ‘), let

M= fz—:_; + Ji:_% = (fr)z+% + (fl_)z—i-% + (f;)z-s-l + (fz_)z—i-l

gﬁ% =g Lt QHQ (@f)w% + (01 )iz + (09 )igr + (92 )igr

then
o0 f N A o f A N
G2Ax2(@)i+% ~ as( 1+)i+§ + as(f; )i+%a a4A$4(ax4)z+% R ay( 2+)z+§ + as(f3 )is1
(92g R L (949 . .
AT (5 D) s~ a0 )iy + Gy 0TS D)y )iy + sy
where

1
:_f+ f+ Z+1+2
N 5 1 1

gz 1 + gz—i-l?

( 1+)i+% = qlite Jiv1 — Zf; ~ 5Yi2 T Y

( A2_)i+% = —12(f% = 2f;" + fif1) = 6(9:"1 — gi0),

( A2 )i-i—% = —12(f —2f; + fiz1) — 6(9:21 — 9i1);

(gl_)i-i-% = ! (39f+1 - 48f+ + 9/ ip1 T 219;11 + 129? - 39;;1)7
(01)ig = Z< Ofii +48f7 =391 = 39i1 + 1297 + 21g.54),
(92 i1 = 90(f;Ly — fit1) +30(g:1 + 49" + g0),

(93 )z+1 =90(fi_1 — fi71) +30(g;_1 +49; + giy1)-

Next, we list the numerical fluxes under consideration, and the demonstration of their

performance will be given in the next subsection.
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2.3 Description of fluxes for the low resolution terms

In this paper, we use the formulation (2.6) as the numerical flux for the hyperbolic
law. Although this formulation is more expensive than the standard formulation, it does
have several advantages. One of the most important advantages is that arbitrary monotone
fluxes can be used in this framework, while the traditional practice of reconstructing flux
functions can be applied only to smooth flux splitting. We will list some frequently-used in

the literature numerical flux as follows as the low-resolution term of the present paper.

2.3.1 The Lax-Friedrichs (LF) flux and the local LF (LLF) flux [25, 13, 9]

The LF flux is one of the simplest and most widely used in many literatures. However,
the numerical viscosity is the largest among monotone fluxes which will polish many useful
messages with the time development.

The LF or the LLF flux is defined by:

FEF (u ut) =

[(Fl) + Fwh)) —a (u —u)], (2.22)

gLF(uf’ U

O = DN

Homot) =S (9w, v7) + g(ut o)) —a (v —u7)]. (2.23)

where for the LF flux, « is taken as an upper bound over the whole line for |f’(u)| in the
scalar case, or for the absolute value of eigenvalues of the Jacobian for the system case, and
for the LLF flux « is taken as an upper bound between u~ and u™. In the process of solving
with HWENO scheme, the numerical flux of the derivative equation has the same value «

with original equation, because they have the same characteristic velocity.

2.3.2 The Godunov flux [5, 25].

The Godunov flux is based on the exact Riemann solver, which has the smallest numerical
viscosity among all monotone fluxes for the scalar case but could be very costly to evaluate
in the system case, as it often lacks explicit formulas and relies on iterative procedures for

its evaluation. The Godunov flux is defined as
FEu ut) = f(u(0),

where 4(0) is the solution of the local Riemann problem at x/t = 0 (the solution of the local
Riemann problem is a function of the single variable xz/t only due to self-similarity), i.e. the

exact solution to the conservation law (2.2) with the initial condition:

u” for <0,
u(z,0) = { ut for =z >0.



For the scalar case, the Godunov flux can be expressed in a closed form as
G~ v ming- <<+ fu) if u <uf, 5 94
U )_{ Max,+<y<u-f (1) if u >ut. (2.24)
However, for most nonlinear systems, the Godunov flux cannot be expressed in a closed
form. Its evaluation would in general require an iterative procedure. Therefore, to the
numerical flux g, 1 in derivative equation, we use the frozen coefficient method and the

linear hyperbolic systems theory to update the v.

2.3.3 The Engquist-Osher (EO) flux and the Osher-Solomon flux [9, 13].

The Engquist-Osher (EO) flux for the scalar case and its extension to systems (often
referred to as the Osher-Solomon flux ) are smoother than the Godunov flux with an almost
as small numerical viscosity, and have the advantage of explicit formulas for the scalar case
and for some well known physical systems, such as the Euler equations of compressible gas
dynamics. Since the existence of the explicit formulas, the evaluation of the EO flux is less
costly than the Godunov flux.

For the scalar case the EO flux is given by:

¢E - +_1 - +
Fo(u ,u>—§<f<u>+f<u>—/

ut

|f’(u)]du> , (2.25)
u
For the one dimensional system case, the explicit formulas for the Osher-Solomon flux for
the Euler equations is given as follows [13] which will not given here.

To the numerical flux g, +1 since the hyperbolic equation and its derivative have the same
characteristic velocity, linear hyperbolic systems theory was used with the frozen coefficient

method.

2.3.4 The Harten-Lax-van Leer (HLL) flux [26, 25].

For the purpose of computing a Godunov flux, Harten, Lax and van Leer [6] presented
a novel approach (HLL flux) for solving the Riemann problem approximately. The central
idea is to assume, for the solution, a wave configuration that consist of two waves separating
three constant states. The HLL flux for the Euler equations (one dimensional case) is defined
by:

fu™), if 0<s™,
FHEE (o ut) = {0 S0 JOdbs Tl ouT) e o < < s (2.26)
fu®), if st <0.
glu=,v7 ), if 0<s,
gHLL(u_,u+;v_,v+) — s+g(u—,v_)'u_fs_gs(z‘i,:j‘)fu"'ﬂrs_s+(fu+7v_)7 if s~<0< S+, (227)
glut vt)ut, if st <0.
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where the lower and upper bounds of the wave speed, s~ and s*, must be estimated. We

use the pressure-velocity estimates

sT=v —cq, s* =¥, st =vt +cfg" (2.28)
where, for K = &+,
TV a2 @R - )2 i pt s R
with
* — + + )—— * (—+ -l,-) p+_p—
pr=5p +p") -0 —v)pe, vt =S(v +v 7o
and
_ 1 — + — 1 — +
P:§(P +r7), 025(0 +c).

But this flux has a serious flaw of diffusing contact surfaces. This is mainly because the
HLL scheme is a assumption of a two wave configuration, therefore neglects the contact
discontinuous. So a remedy version to this problem of intermediate waves in the HLL scheme

was given in [26], named HLLC flux.

2.3.5 The HLLC flux-a modification of the HLL flux [23, 25].

The HLLC flux is a modification of the HLL flux, whereby the missing contact and shear

waves are restored. The HLLC flux for the Euler equations is given by:

flu™), if 0<s7,

FHLLC [ — 4\ f(uf) + Si(u*i — Ui), if s~ S 0 S S*,
d (w”su”) = flwh) +st(uwt —ut), if s£<0<s", (2:29)
f(u+)7 lf S+ S O
glu=,v7)v, if 0<s,
CHLLC/ — 4+ — 4v ) glum, v )T +s (v —v7), if 5T <0< s,
g(ut,v)vt, if st<0
where, for K = &+,
1
K _ K
I s* (2.31)
T B+ (¢ — ) + o]
oK KK —oK)
1
K _ K
*K KS —v *
A =1 8 . 232

o+ (87— 0F)[s" + S

The definitions of s7, s* and s* are given in (2.28).
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2.3.6 The first-order centered (FORCE) flux [24].

This flux is the average of the LF flux and the second order Richtmyer flux, hence its
viscosity is smaller than that of the LF flux. The FORCE flux is defined by:

FFORCE (= 4y+) = % <J?LF(uf’u+) + fR(u’,zﬁ)) , (2.33)
GFORCE (= ytiy™ ot) = 1 (9" (v, vT) 4+ ¢ (v, 0M)), (2.34)

where f R is the second order Richtmyer flux given by

. A
Pt =) =g (ot - S - o)) 2
and the g is
A
gt (u,ut 0™, 0) = g(v), vt = % (U_ S A—i(g(u+,v+) — g(u‘,v‘))) . (2.36)

2.3.7 A flux limiter centered (FLIC) flux [22].

The general flux limiter approach combines a low order monotone flux and a high order
flux. The FLIC flux we use has the FORCE flux as the low order flux and the Richtmyer
flux as the high order flux:

FPHC @ ) = FROROE(u ) + bppn ol R ) = FROROPm )] (237)

where ¢;11/2 is a flux limiter. There are several possible choices for the flux limiter such
as the superbee, van Leer and the minbee flux limiters. Following [25, 21|, for the Euler

equation we use the following procedure: we first define ¢ = E (total energy) and set

Agi—1/2 v Ay

7”_ :—7 T. —_——_—-
2 Agigaye U2 NG

where Agi_1/2 = q; — q;_,, and @ is the cell average of g on the cell I;. We then compute a

single flux limiter
¢i+1/2 = min(qﬁ(r;lm), ¢(7’:H/2)>

and apply it to all components of the flux. In this paper we use the minbee limiter:

0, r <0,
o(r)=14q r, 0<r<i1,
1, r>1.

12



To the equation and its derivative equation, we choose the same value of minbee limiter ¢(r).
Clearly, if u= = u™ = u, then fFL]C(u, u) = f(u). Hence even if the FLIC flux depends on
more than the two points v~ and u* through the limiter ¢;, 1/, and we are abusing notations
when we denote it by fFEC(u~,ut), it is indeed an essentially two point flux as defined

before.

2.3.8 The multi-stage predictor-corrector (MUSTA) flux [24].

The MUSTA flux is a multi-stage predictor-corrector flux. Following [21] we use the
FORCE flux as the predictor flux. The procedure to evaluate a L-stage MUSTA flux can be
described as following: first we set ug = u~ and ug = u™ for the initial stage [ = 0, then we

perform the following steps:

1. Compute the FORCE flux ]EZFORCE = fFORCE(ul_, u;") on the data at the stage [.

2. If the desired number of total stages L has been reached (that is { = L), then the compu-
tation of the MUSTA flux is complete and the final flux is given by fMUSTA(u*, ut) =

fFORCE  Otherwise, continue to compute the values for the next stage using:

Bt _ At X
Uppr = U — A_x(szORCE = (), uly = u — A_x(f(um — fFORCE)

and proceed back to step (a).

In this paper we use L = 2 as suggested in [21].

Remark 1: For the system cases, we basically use the Roe type characteristic HWENO
scheme in order to achieve better qualities. That is to say, the HWENQO reconstruction is
always applied with a local characteristic field decomposition procedure, see e.g. [16] for
details, while the up-wind linear reconstruction is used for the high order derivative terms.
The Roe type HWENO scheme is less dissipative and thus achieves higher resolution than
the HWENQO scheme. For the two-dimensional case, the reconstruction to fluzes is based on

a dimension by dimension fashion.

2.4 Extension to multiple dimensions

To present the extension of the alternative flux to multiple dimensions we consider the

two-dimensional case

{ U + f(u):v +g(u)y =0, (l‘,y) € RQ’ le (O’ OO) (238)
U($,y,0> = UQ(ZL’,y), (l’,y) S R27
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where f(u(x,y,t)) and g(u(z,y,t)) are flux in = direction and y direction. Let v = wu,,

w = u,, taking the derivative x and y of (2.38) separately, then we obtain:
up + fu)e + g(u)y =0,
v + h(u,v), +r(u,v), =0, (2.39)
wy + q(u, w), + s(u,w), =0

where

h(u,v) = f'(w)v, r(u,v) = g'(wv, q(u,w) = f(ww, s(u,w) =g (ww

For simplicity, we assume that the mesh is uniform with the cell centers (z;,y;) =
(%(9€i+1/2 +$i—1/2)7 %(yj+l/2 —yj—l/Q)) and cell size Tiv1/2 —Ti—1/2 = A, Yi+1/2 = Yj-1/2 = Ay.
We also denote the cells by I;; = [mi_%,xi%] X [yj_%,yﬂ%]. We can write (2.39) directly
using a conservation approximation to the spatial derivatives

du; j(t)

, 1 /F 1 /A

i T Ay — S )+ 2500 — 9iy-1) =0,
dvi,j(t) + L(Bi-i-%,j _ iLz_% ) + Aly (fi,j—‘r% — fi,j %) =0, (240)
dw; ;(t ~ ~ ~

J( ) + Ax(qur R qi—%,j) + A_y(si,j-i-% — Sij- %) = 0.

For the two dimensional case, we adopt a dimension-by-dimension method to deal with
fii%,j, Lc}i,ji%, fzii%,j and §i7ji%, the mixed derivative terms fm-i% and cjm-i% use the classical
WENO scheme. One of the advantages of the HWENO scheme is the compactness, hence
using the WENO scheme to reconstruction the mixed derivative terms must be confined
by the node numbers of the HWENO scheme which we developed in the above for the
compactness of our schemes. This lead to the order of our schemes lower one order accuracy
than the WENO scheme, becoming fourth order precision.

The reconstruction of fluxes for the mixed derivative terms g; ; +1 will be developed by

1 a
. — ol - _ %o+
1, 5 82(1
—5787 (52 )it (2.41)

with o = max, |f'(u)|. The reconstruction procedure of u* il , has been given in the second
172, by third-order WENO reconstruction in order

to keep the compactness of the scheme, this leads to the scheme is the fourth order. To

2.1. We would like to reconstruct wi

the derivative term Ax? ( q)z+1 4 in (2.41), we use the same method with section 2.2 to

discretize. The difference approximations as follows

0%q
2 _ _ _
Az (@)z#%,j R =24 T 4 — 200t Gy
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with ) .
q;; = §(q(uij>wij) + awij)a 4 = §(Q<uijawij) - awij)a

the a adopt the same value with section 2.2.

3 Numerical results

In the present section, extensive numerical experiments are performed to compare the
performance of the HWENO scheme, such as accuracy, CPU time as well as the resolution of
the different numerical fluxes outlined in the previous section. Comparisons are concentrated
mainly on the one-dimensional cases firstly. Numerical tests are also performed for the two
dimensional systems. In all the numerical examples, we take the CFL number is 0.2 for
one dimensional and two-dimensional cases. In the numerical results figures, the solid line
stands for the reference solution and “[J” and “+” represent the numerical solution. In the
time history figure, each symbol “0IJ” and “+” denote the position reconstruction of flux by
HWENO reconstruction.

Firstly we consider the one dimensional Euler equations by the present HWENO scheme.
The PDEs of one dimensional Euler equations in the physical space with the Cartesian

coordinate (z,y) are as follows

p pu
pu | + | put+p =0, (3.42)
E uw(E + p)

t T

where p is the density, v is the velocity in an x—direction, E is the total energy, and p is the

pressure, which is related to the total energy by F = ’Y%I + %qu with v = 1.4.

Example 3.1. The first test problem is the effective order of accuracy of the scheme
problem. We solve the one-dimensional nonlinear system of Euler equations (3.42). The
initial condition is set to be p(z,0) = 1 + 0.2sin(nz), v(z,0) = 1, p(z,0) = 1, with a 2-
periodic boundary condition. The exact solution is p(z,t) = 14+0.2sin(n(z —1)), v(x,t) = 1,
p(z,t) = 1. We compute the solution up to ¢ = 2. In Table 3.1 we provide a CPU time
comparison for the HWENO schemes with different fluxes. The numerical errors and the
orders of accuracy for the density p, and ratios of the numerical errors for comparison with
the RKDG-LF scheme are shown in Table 3.2.

We can see that the HWENO-LF scheme costs the least CPU time among all the numer-
ical fluxes, but at the same, it has the largest numerical errors.

From the CPU time aspect, the HWENO-G and HWENO-EO schemes cost about twice
that of the HWENO-LF scheme, the HWENO-MUSTA schemes cost about 30%-40% more

15



Table 3.1: CPU time (in seconds) for the HWENO methods with different fluxes, for the accuracy test
roblem. Total CPU time for N = 10,20, 40, 80,160 and 320 cells is recorded.

flux time flux time flux time flux time flux time
LF 61.7051 | EO 112.9668 | HLLC 67.0252 FLIC 67.2668 | LLF 61.9344
G 98.6506 | HLL 62.9382 | FORCE 66.5397 | MUSTA &7.8203 - -

than that of the HWENO-LF scheme, the HWENO-FORCE, HWENO-FLIC and HWENO-
HLLC schemes cost about 10% than that of the HWENO-LF scheme, and the HWENO-HLL
and HWENO-LLF schemes cost about the same as that of the HWENO-LF scheme. Of
course, this CPU time comparison depends on our specific implementation of these fluxes
and also on the specific test case (for the Godunov flux which has an iteration procedure
and may converge with a different number of steps for different solutions), but it does give
the correct ball-park of the relative CPU costs of the HWENO method using these different
fluxes.

From the numerical errors aspect, all other schemes for the same meshes are about 40%
and 50% of that by the HWENO-LF scheme, except for the RKDG-FLIC and RKDG-
FORCE schemes, which have errors about 10%-20% of that by the HWENO-LF scheme.
This indicates that we have to be cautious when discussing the accuracy advantage of various
fluxes as this may depend on the order of accuracy of the scheme.

We can also see that all schemes achieve their designed orders of accuracy, as expected.

Example 3.2. The second test case is the Riemann problem proposed by Lax:

| (0.445,0.698,3.528) if z <0,
(p,v,p) = { (0.5,0,0.571) if 2 >0,
In this example, we test the previous numerical example to show the spurious oscillations.
The computational domain is [—5, 5] with 200 cells, and the final time is ¢ = 1.3. In Figs. 3.1,
the computed densities p are plotted against the reference solution and against the numerical
solution computed by the HWENO-LF scheme on the same mesh, the zoomed figures in the
region [—1, 4] is shown which contains the contact discontinuity and the shock.

From the results, we can see that the HWENO-G, HWENO-EO, HWENO-HLL, and
HWENO-HLLC schemes are slightly better than that computed by the HWENO-LF scheme,
in terms of the resolution of the discontinuities, and the results computed by all other schemes
are similar to that computed by the HWENO-LF scheme.

In Fig. 3.2, we compare our scheme of this article with the classic HWENO-LF method
[10](fifth order accurate). Both algorithms use the same Lax-Friedrichs numerical flux. Ac-
cording to the results of these comparisons are demonstrated in this example, we can observe

that a similar results is obtained by using our scheme.
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Table 3.2: Euler equation, p(z,0) = 1 4 0.2sin(nz), v(x,0) = 1, p(x,0) = 1, using N equally spaced cells
with different fluxes,t = 2, L; and L, errors of density p.

N  Flux Ly error Lq order error ratio Ly, error Lo, order FError ratio
10 LF 5.42E-03 1.0000 7.82E-03 1.0000
G 2.72E-03 0.5018 3.86E-03 0.4936
EO 2.74E-03 0.5055 3.84E-03 0.4910
HLL 3.06E-03 0.5646 4.25E-03 0.5434
HLLC 2.73E-03 0.5037 3.89E-03 0.4974
FORCE 1.92E-03 0.3542 2.99E-03 0.3824
FLIC 1.81E-03 0.3339 2.70E-03 0.3453
MUSTA 3.38E-03 0.6236 4.42E-03 0.5652
20 LF 2.37E-04 4.52 1.0000 3.71E-04 4.40 1.0000
G 9.98E-05 4.77 0.4211 1.77E-04 4.44 0.4771
EO 1.01E-04 4.76 0.4262 1.78E-04 4.43 0.4798
HLL 1.17E-04 4.71 0.4937 2.11E-04 4.33 0.5687
HLLC 1.00E-04 4.77 0.4219 1.78E-04 4.45 0.4798
FORCE 5.86E-05 5.03 0.2473 1.13E-04 4.73 0.3046
FLIC 3.86E-05 5.55 0.1629 9.56E-05 4.82 0.2577
MUSTA 1.34E-04 4.66 0.5654 2.27E-04 4.28 0.6119
40 LF 7.11E-06 5.06 1.0000 1.31E-05 4.82 1.0000
G 2.95E-06 5.08 0.4149 5.48E-06 5.02 0.4183
EO 2.98E-06 5.08 0.4191 5.52E-06 5.01 0.4214
HLL 3.48E-06 5.07 0.4895 6.87E-06 4.94 0.5244
HLLC 2.95E-06 5.08 0.4149 5.48E-06 5.02 0.4183
FORCE 1.69E-06 5.12 0.2377 3.44E-06 5.03 0.2626
FLIC 6.72E-07 5.84 0.0945 2.57TE-06 5.21 0.1962
MUSTA 3.99E-06 5.07 0.5612 7.39E-06 4.94 0.5641
80 LF 2.18E-07 5.03 1.0000 4.09E-07 5.00 1.0000
G 9.08E-08 5.02 0.4165 1.71E-07 5.00 0.4181
EO 9.18E-08 5.02 0.4211 1.73E-07 5.00 0.4230
HLL 1.07E-07 5.02 0.4908 2.18E-07 4.98 0.5330
HLLC 9.08E-08 5.02 0.4165 1.71E-07 5.00 0.4181
FORCE 5.17E-08 5.03 0.2372 9.99E-08 5.11 0.2443
FLIC 1.61E-08 5.38 0.0739 8.40E-08 4.94 0.2054
MUSTA 1.23E-07 5.02 0.5642 2.30E-07 5.00 0.5623
160 LF 6.69E-09 5.02 1.0000 1.22E-08 5.07 1.0000
G 2.80E-09 5.02 0.4185 5.01E-09 5.09 0.4107
EO 2.83E-09 5.02 0.4230 5.06E-09 5.09 0.4148
HLL 3.30E-09 5.02 0.4933 6.47E-09 5.07 0.5303
HLLC 2.80E-09 5.02 0.4185 5.01E-09 5.09 0.4107
FORCE 1.59E-09 5.02 0.2377 2.84E-09 5.14 0.2328
FLIC 4.59E-10 5.13 0.0686 2.65E-09 4.99 0.2172
MUSTA 3.78E-09 5.02 0.5650 6.78E-09 5.09 0.5557
320 LF 2.00E-10 5.06 1.0000 3.42E-10 5.16 1.0000
G 8.41E-11 5.06 0.4205 1.43E-10 5.13 0.4181
EO 8.50E-11 5.06 0.4250 1.44E-10 5.13 0.4211
HLL 9.89E-11 5.06 0.4945 1.82E-10 5.15 0.5322
HLLC 8.41E-11 5.06 0.4205 1.43E-10 5.13 0.4181
FORCE 4.80E-11 5.05 0.2400 8.11E-11 5.13 0.2371
FLIC 1.38E-11 5.06 0.0690 9.17E-11 4.85 0.2681
MUSTA 1.13E-10 5.06 0.5650 1.93E-10 5.14 0.5643
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Exact
Godunov

Figure 3.1: Lax problem. ¢t = 1.3. HWENO with different fluxes, 200 cells. Density.
Solid lines: the exact solution; hollow squares: the results computed by the HWENO-LF
scheme; plus symbols: results computed by the HWENO-G (top left), HWENO-EO (top
right), HWENO-HLL (middle left), HWENO-HLLC (middle right), HWENO-FORCE (bot-
tom left), HWENO-FLIC (bottom middle) and HWENO-MUSTA (bottom right) schemes.
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Figure 3.2: The Euler equations Lax problem. Solid line: exact solution; circle: computed solution of
classical HWENQOS scheme with LF flux, plus: computed solution of present scheme.

Example 3.3. We solve the Euler equations (3.42) with a moving Mach=3 shock interacting
with sine waves in density, i.e. the famous Shu-Osher problem which solution contains
both shocks and complex smooth region structures. This model problem would show the
advantage of different high order schemes in terms of the high resolutions with the initial

condition
(3.857143,2.629369, 10.333333) if x < —A4,

(p,v.p) = { (14 esinbz, 0,1) if £ > —4.
Here we take the ¢ = 0.2. The computed density p is plotted at ¢ = 1.8 against the reference
solution, which is a converged solution, computed using a fifth-order WENO scheme [8] by
2000 grid points, and against the solution computed by the HWENO-LF scheme on the
same mesh. The computational domain is [—5,5] with 300 grids. In Figs. 3.3, "zoomed-in”
pictures at the region [0.5, 2.5] show the results which contains the complicated wave pattern
in the smooth part of the solution.

Comparing the results from the pictures, we can observe that an improvement of reso-
lution for the complicated wave pattern in this example for all the other schemes over the
HWENO-LF scheme. All the other schemes have similar performance for this example.

Similar to the previous example, we show a comparison of the numerical results by our
scheme and standard HWENO-LF discretization scheme in Fig. 3.4. we can see that the
results by a method with alternative HWENO-LF (our scheme) has better performance and
resolution than the classic HWENO-LF scheme.

Example 3.4. We solve the interaction of blast waves of the Euler equations (3.42) for a
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Figure 3.3: Shu-osher problem. ¢t = 1.3. HWENO with different fluxes, 200 cells. Density.
Solid lines: the exact solution; hollow squares: the results computed by the HWENO-LF
scheme; plus symbols: results computed by the HWENO-G (top left), HWENO-EO (top
right), HWENO-HLL (middle left), HWENO-HLLC (middle right), HWENO-FORCE (bot-
tom left), HWENO-FLIC (bottom middle) and HWENO-MUSTA (bottom right) schemes.
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Figure 3.4: The Euler equations Shu-Osher problem. Solid line: the “exact” reference solution; circle: the
results computed by classical HWENObS with LF flux, plus: computed solution of present scheme.

Riemann problem in a computational domain [0, 1] and set the initial conditions as:

(1,0,1000) if 0 < x < 0.1,
(p,v,p) = { (1,0,0.01) if 0.1 <x<0.9,

(1,0,100) if 0.9 < x.
A reflecting boundary condition is applied to both ends. We plot the computed densities p at
t = 0.038 with 400 cells, against the reference resolution computed by a fifth-order WENO
scheme [8] using 2000 grid points, and against the solution computed by the HWENO-LF
scheme on the same mesh. In Figs. 3.5, "zoomed-in” pictures at the region [0.53,0.88] show
the results which contain the contact discontinuities and shocks in the solution.

Comparing the results from the pictures, the HWENO-LF scheme has the worst resolution
among all the schemes. The HWENO-God, HWENO-EO, HWENO-HLL, and HWENO-
HLLC have a relatively better resolution than other schemes. Combined with the analysis of
the previous examples, HWENO-God and HWENO-EO schemes need more CPU time and
have the least resolution, hence we consider the HWENO-HLL and HWENO-HLLC have
the better performance in solving the hyperbolic conservation laws based on our schemes.

In Fig. 3.6, we again show the numerical results comparison by our discretization
scheme and the classic HWENO-LF method, we can also see that the results by our alterna-
tive HWENO-LF scheme have better performance and result than the classic HWENO-LF

scheme.

Example 3.5. Double mach reflection problem. In this case, we solve the two dimensional
Euler equations in a computational domain of [0,4] x [0, 1]. This model problem is originated
from [27]. A reflection wall lies at the bottom of the domain starting from = = 1/6, y = 0,
making a 60° angle with the x-axis. The problem is initialized by a right-going Mach 3
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Figure 3.5: Blast wave problem. ¢ = 1.3. HWENO with different fluxes, 200 cells. Density.
Solid lines: the exact solution; hollow squares: the results computed by the HWENO-LF
scheme; plus symbols: results computed by the HWENO-G (top left), HWENO-EO (top
right), HWENO-HLL (middle left), HWENO-HLLC (middle right), HWENO-FORCE (bot-

tom left), HWENO-FLIC (bottom middle) and HWENO-MUSTA (bottom right) schemes.

22



6 r Exact
u o HWENOS

+ Present

Density

Figure 3.6: The Euler equations Blast-wave problem. Solid line: the “exact” reference solution; circle: the
results computed by classical HWENObS with LF flux, plus: computed solution of present scheme.

flow. The reflection boundary condition is used at the wall, which for the rest of the bottom
boundary (the part from z = 0 to z = 1/6 ), the exact post-shock condition is imposed.
At the top boundary is the exact motion of the mach 10 shock. The results shown are at
t = 0.2. We present both the pictures of the region [0, 3] x [0, 1] and the blow-up region
around the double mach stems in Figures 3.7. All the figures are showing 30 equally spaced
density contours from 1.5 to 22.7. It seems that all schemes perform similarly well for this
test case.

According to our numerical experimental results for the one dimensional case, we test
only the three relatively better performing schemes, namely the HWENO-LLF, HWENO-
HLL, and HWENO-HLLC schemes. In most of the HWENO literature, the Lax-Friedrichs
numerical flux is used due to its simplicity. The numerical results of the HWENO-LF scheme

also report. It seems that all schemes perform similarly well for this test case.

4 Concluding remarks

In this paper, we study a new form of finite difference HWENO method that the numerical
flux framework breaks the limitations of the traditional mathematical form of numerical flux
and is suitable for many different forms of numerical flux on the cartesian coordinate. A vari-
ety of benchmark examples for one and a two-dimensional hyperbolic system of conservation
law are tested. On one hand, extensive numerical results strongly suggest that the present
HWENO schemes maintain the excellent properties of the original WENO schemes such as
non-oscillatory property near discontinuities, and sharp shock transition. Additionally, the

systematically studied and compared a few different fluxes for the HWENO methods make
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Figure 3.7: Double Mach reflection problem. Density contours for LF,LLF, HLL and HLLC numerical
fluxes are shown in panels respectively. 30 density contours are equally spaced between 1.5 to 22.7 on a
system size 960 x 240. From top to bottom are HWENO with LF,LLF, HLL and HLLC fluxes,respectively.
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us more clearly understand the performance of different fluxes and which flux has better
performance for the HWENO methods than the others. Above all, extensive numerical tests
indicate that HWENO schemes with the LF flux cost the least CPU time among all, and the
numerical errors and resolution of solutions on the discontinuities are also the worst among
all. The HWENO-EO and HWENO-Godunov methods seem to cost significantly more CPU
time than the HWENO-LF methods. Considering all the factors such as the cost of CPU
time, numerical errors and resolution of discontinuities in the solution, the HLL and HLLC
fluxes might be good choices as fluxes for the HWENO method. For these good fluxes for
HWENO schemes, the numerical test performed for two dimensional systems.

In addition, HWENO schemes have a great advantage over the original WENO schemes
in terms of the compactness and the resolutions. Therefore, the HWENO schemes have
potential practical applications and the research about the HWENO finite difference schemes

for convection-diffusion equations constitutes our ongoing work.
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