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ABSTRACT. In this paper we study partial regularity of weak solutions to the initial boundary
value problem for the system —div|[(I +m ® m)Vp] = S(z), Om — D*Am — E*(m - Vp)Vp +
|m|>*~Y'm = 0, where S(z) is a given function and D, E,~ are given numbers. This problem has
been proposed as a PDE model for biological transportation networks. The mathematical difficulty
is due to the fact that the system in the model features both a quadratic nonlinearity and a cubic
nonlinearity. The regularity issue seems to have a connection to a conjecture by De Giorgi [4].
We also investigate the life-span of classical solutions. Our results show that local existence of a
classical solution can always be obtained and the life-span of such a solution can be extended as far
away as one wishes as long as the term ||m(z,0)]|c0,0 + HS(x)II%Q is made suitably small, where
N is the space dimension and || - ||4.c denotes the norm in LI(£).

1. INTRODUCTION

Network formulation and transportation networks are fundamental processes in living systems
[1]. The angiogenesis of blood vessels, leaf venation, and creation of neural pathways in nervous
systems are some of the well known examples. Tremendous interest has been shown for these phe-
nomena from different scientific communities such as biologists, engineers, physicists, and computer
scientists. Of particular interest is their property of optimal transport of fluids and other materials.
The development of mathematical models for transportation networks and network formulation is
a growing field. We would like to refer the reader to [2] for a comprehensive review and analysis of
existing models.

In this paper we are interested in the mathematical analysis of a PDE model first proposed by
Hu and Cai in [14] that describes the pressure field of a network using a Darcy’s type equation and
the dynamics of the conductance network under pressure force effects. More precisely, let € be the
network region, a bounded domain in RY, and T a positive number. Set Q7 = Q x (0,T). We
study the behavior of solutions to the system

(1.1) —div[(/ + m®m)Vp| = S(z) in Qr,
(1.2) dm — D*Am — E*(m - Vp)Vp+ m[?0"Vm =0 in Qp,
coupled with the initial boundary conditions

(1.3) p(z,t) =0, (z,t) € Xy =00x(0,7T),

(1.4) m(z,t) =0, (z,t) € Xy,

(1.5) m(z,0) =mg(z), z€Q
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for given function S(x) and physical parameters D, F,~ to be specified at a later time. Here the
scalar function p = p(x,t) is the pressure due to Darcy’s law, while the vector-valued function m =
(my(z,t),--- ,mn(x,t))7 is the conductance vector. The function S(z) is the time-independent
source term. Values of the parameters D, F, and « are determined by the particular physical
applications one has in mind. For example, in leaf venation v € [, 1][14].

In general nonlinear problems do not possess classical solutions. A suitable notion of a weak
solution must be obtained for (1.1)-(1.5). It turns out [10] that we can introduce the following:

Definition 1.1. Let 2,7 be given as before. A pair (m,p) is said to be a weak solution to
(1.1)-(1.5) in Q if:

N
o) me 2 (0.7 (WH@ N 7)) p € LXOT W), (mVp) € L¥0.7:22(@))
om e L2 (0,7; (£2(@) ")
(D2) m(x,0) = mg in C ([0, 7]; (L3(2)");
(D3) Equations (1.1) and (1.2) are satisfied in the sense of distributions. That is,

/Q VpVirda + /Q (m - Vp)(m - Vb)da

/ S(z)pdz  for each ¢ € Wy*(Q) such that (m - Vi) € L2(Q),
Q

/ dymgpdx + D? / Vm;Vpdr + / Im|?O0"YVmpde = E? / (m - Vp)dy, poda
Q Q Q Q

for a.e. t € (0,T) and each ¢ € Wol’Q(Q) N L?(Q) such that d,,pp € L*(Q).

Lemma 1.2 ([10]). Assume:

(H1) Q is a bounded domain in RY with Lipschitz boundary 0S2;
(H2) S(x) € L*(Q);
(H3) D, E € (0,00),7 € [1,00); and

4)

N
(H4) my € (WO1 2Q)n L2V(Q))
Then (1.1) -(1.5) has a weak solution.

The proof in [10] was based upon the formal gradient flow structure with respect to a suitable
energy functional of the system, from which followed the estimates

1
2/ |m(x,7)]2dac+D2/ \Vm\dedt—l—EQ/ (m - Vp)?dxdt
Q QT T
+/ \my%ddeQE?/ \Vp|*dzdr
Q. Q.
1 2 2
= 3 Q|mg| dx +2F A S(x)pdxdt,
2 D? 2 B 2
|Om|“dzdt + — [ |Vm(z,7)|*dx + — [ (m - Vp)“dx
. 2 Jo 2 Ja
E? 1
—i—/ ]Vp\zdm—i—/ |m|*7dzx
2 Ja 2v Ja

D? E? 1
= — / |Vm0|2dx + — / (mo . vpo)le‘ + / |m0|27dx
2 Jo 2 Jo 2y Jo

E2
(1.6) +/ |Vpo|?dz,
2 Jo
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where 7 € (0,7],Q; = Q x (0,7), and pp is the solution of the boundary value problem
(1.7) —div[({ + mp ® mg)Vpy] = S(z), inQ,
(1.8) po = 0 on 9.

We refer the reader to [1, 2, 11, 17, 26, 27] for additional results concerning modeling, numerical
simulations, and various properties of solutions. However, the general regularity theory remains
fundamentally incomplete in high space dimensions. In particular, it is not known whether or not
weak solutions develop singularities in space dimension N > 3.

In [18], Jian-Guo Liu and the author studied the partial regularity of weak solutions. In this
context, we assume:

(A1) S(z) € LI(Q) for some ¢ > T;

(A2) D,E € (0,00),7 € (3,00); and

(A3) my € (We*(©) L°°(Q)>N

It is not difficult to see from our proof below that the conclusion of Lemma 1.2 remains valid if we
replace (H2)-(H4) in the lemma by the assumptions (A1)-(A3). The authors in [18] considered the
following quantities:

1
1.9 Dyr(t) = p(x,t)dr = p(z,t)dz,
( ) Y ( ) Bg%y) ( ) ’B'r(y)| Br(y) ( )
(1.10) m,,(t) = { m(zt)dz,
Br(y)
(1.11) m,, = f m(zt)dxdt,
Qr(2)
1
1.12 A(z) = — max / z,t) — pyr(t)?dx,
(1.12) O = ¥ T [, B0~ pur(0)
1 2 28
(1.13) E.(z) = N2 lm —m, ,|[“dzdt + A, (z) + r7,
Qr(2)

where 8,7 > 0,z = (y,7) € Qp, B,(y) is the ball centered at y with radius r, and Q,(z) is the
cylinder B, (y) x (1 — $r2,7 + 3r?). Here and in what follows it is understood that if Q,(z) (resp.
B,(y)) is not contained in Qp (resp. Q) we replace Q,(z) by Q,(z) NQr (resp. B,(y)NQ). A result
of [18] asserts that p € C([0,T]; L?(Q2)), and thus (1.12) makes sense. The main result of [18] can

be stated as follows:

Lemma 1.3 ([18]). Let (H1), (A1)-(A3) be satisfied and (m,p) be a weak solution of (1.1)-(1.5).
Assume:

(A4) N =2 or3.
If z € Qr is such that
(1.14) lim iglf E,.(z) =0 and limsup,_,om, , < 0o,
r—
then z is a regular point. That is, there is a neighborhood of z in which m is Holder continuous.

Furthermore, the set of all non-reqular points, i.e., singular points, which we denote by S, has
parabolic Hausdorff dimension N.

The proof in [18] is argument by contradiction. In the first part of this paper we shall investigate
the partial regularity issue from a different perspective. To introduce our results, we let

OSCRB,(y)P = €SS SUDy, 1B, (y) (p(z1,t) — p(x2,t))
(1.15) for y € Q and a.e. t € (0,7T), and

(1.16) O(y) = ess SUPg<;<TOSCR, (4)P-
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To see that d,(y) is well-defined, we invoke Proposition 2.1 in [18] which states
(1.17) p € L¥(Qr).

Theorem 1.4. Let (H1), (A1)-(A3) be satisfied and (m,p) be a weak solution of (1.1)-(1.5). If
y € Q is such that

(1.18) d-(y) =0 asr—0,
then for each n > 0 there is a r > 0 with
(1.19) [ € L0, T; L*(B,(y))) N L*(0, Ts WH2(By (y)), - and
(1.20) m[**(m-Vp)* € L'(A(y)),
where
(1.21) Ar(y) = Br(y) x (0,T).
If N =2, we obtain from [26] that
(1.22) (OSCBT(y)p)Z In R < c/ \Vp|?dx + / (m - Vp)?dz + cR?
r Br(y) Br(y)

for a.e t € (0,7) and 0 < r < R. Here and in what follows the letter ¢ denotes a positive number
whose value can always be computed from the given data at least in theory. Thus (1.18) does hold.
In fact, this theorem is essentially Proposition 3.2 in [26]. To find conditions under which (1.18) is
true for N > 2 turns out to be very challenging. The following theorem addresses this issue.

Theorem 1.5. Let (H1), (A1)-(A4) all hold and (m,p) be a weak solution of (1.1)-(1.5). Ify € Q
is such that

(1.23) lir?jélpogzxg>%|my,r(t)\ < oo, and
1
(1.24) lim sup ess SUPOStSTNQ/ IVm(z,t)|?dr < oo.
r—0 r r(y)

then (1.18) holds at y. Furthermore, the point z = (y,T) satisfies (1.14) for each T € (0,T). That
is, {y} x (0,T) are all regular points.

On account of (A4), (1.23) and (1.24) imply (1.18) only when N < 3. The first conclusion in
this theorem will be formulated as Theorem 3.2 in Section 3.

Note that by its definition the set of regular points is always open. We have not been able to
obtain the Hausdorff measure of S in the context of this theorem. However, if N = 2, then (1.24)
is satisfied for all y € Q. As for (1.23) in this case, we can infer from the argument given in ([8], p.
104) that

R
1.25 o(t ) +cln= forall 0<r<R.
(1.25) nax lmy,(t)] < e my,r(t)] +cln— forall 0 <r <

That is, for each € > 0 we have

.. _
(1.26) }13%7‘ trerf&);’] |m, ,(t)| = 0.
A recent result of the author [27] indicates that S is empty when N = 2 and some additional
assumptions on 92 and the given data are satisfied.

There are two very interesting mathematical features associated with the system. The first one
concerns the elliptic coefficient matrix A = I + m ® m in the first equation. Remember that the
existing regularity theory for elliptic equations requires that the largest eigenvalue A\; of A and the
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smallest one g be suitably “balanced”. A typical example of such assumptions is that A\; < cAg
and A is an Ag-weight [12]. That is, we have

1
(1.27) F Xsdz £ —dz <c for each ball B,(y) C Q.
Br(y) Br(y) Ns
The matrix A here satisfies
(1.28) €7 < (A€ -€) < (1+ [m[?)[¢[* for cach € € RV,

Thus if m is not locally bounded a priori, our case lies outside the scope of the standard elliptic
regularity theory. Our situation seems to be related to a conjecture by De Giorgi [4] (also see [22]),
which, in our context, roughly says that

(1.29) ess sup0<t<T/ exp/1+ |m|? de < co impies p € L(0,T; Cloc(Q)).
= Ja

This is indeed true if the space dimension is 2 [26]. Unfortunately, the membership of p in
L>(0,T; Cioc(£2)) is not enough to bridge the gap to the local boundedness of m. As we shall
see in Section 3, we need to strengthen the assumption to p € L*>(0,T; Cf . (Q2)) for some o € (0,1)
in order to show that m is locally bounded. The second one is the tri-linear term (m - Vp)Vp in
the system, which actually represents a cubic nonlinearity. Currently, there has not been much
research work done on this type of nonlinearities.

In the second part of this paper we study the existence of a weak solution that possesses the

additional property
(D4) ||ml[oo,0 < 00 and supg<i<r || Vpllg,0 < 0o for each ¢ > 1.

We would like to remark that if NV = 2 then the two conditions in (D4) are equivalent (see Lemma
2.7 below).

Theorem 1.6. Let (H3) hold. If 99 is C*%, S(x) € C*(2), and mgy € (02’0‘(5))]\[ for some
a € (0,1), then a weak solution to (1.1)-(1.5) with the additional property (D4) is also a classical
one.

The proof of this proposition will be presented at the end of Section 2.
Theorem 1.7. Let (H1)-(H3) hold. Assume:

(H5) my is Hélder continuous on §;

(H6) 0 is C*.
Then there is a positive number T determined by the given data such that (1.1)-(1.5) has a weak
solution (m, p) with the property (D4) on Qrp.

The next theorem reveals how the life-span of a classical solution depends on the size of given
data.

Theorem 1.8. Let the assumptions of Theorem 1.7 be satisfied. For each T > 0 there is a positive
number 6 = §(T) such that (1.1)-(1.5) has a weak solution on Q with the property (D4) whenever
15(2) ][220 ¢ + l[mooo00 < 9.

We believe that the fact that the number § in the theorem has to depend on T is related to
the time-independence of the source term S(z). If S is not identically 0, then we always have
15 g,0x[0,00) = 00 for any g > 1. We speculate that if the source term S is a function of both time
and space and ||S[4.ax[0,00) 18 suitably small for some ¢ > 1 we may be able to prove the existence
of a classical solution on € x [0,00) [17]. However, we must point out that the time-dependence of
S will cause (1.6) to fail, and thus a new existence theorem other than the one in [10] is needed.

Nonlinearities in partial differential equations often play a rather peculiar role in blow-up of
solutions. In this connection we would like to mention the well known Fujita phenomenon. It
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roughly says that for certain types of nonlinearities solutions exists globally for some data, while
for some other data solutions blow up no matter how small or smooth these data are [7]. Note
that Theorem 1.8 is neither a global existence result nor a blow-up result. As we mentioned earlier,
many regularity problems associated with (1.1)-(1.5) remain open.

The rest of the paper is organized as follows: In section 2 we collect some preparatory lemmas.
Here we take or refine some relevant classical results. In Section 3 we investigate regularity and
partial regularity of weak solutions. We show that p € L>(0,T; C%(9)) leads to Holder continuity
of m. The proof of Theorem 1.5 is also given here. Section 4 is devoted to the proof of Theorems 1.7
and 1.8. A successive approximation scheme is employed for the second theorem. The mathematical
challenge here is that one must show that the entire approximate sequence converges in a suitable
sense.

2. PRELIMINARIES

In this section we prepare some background results. Some of them are well-known and some of
them are a refinement of known results so that they fit our purpose.
Our first result is an elementary inequality whose proof is contained in ([21], p. 146-148).

Lemma 2.1. Let z,y be any two vectors in RN. Then:

(i) For~y > 1,

_ _ 1
(22 = [y 2y) - (@ =) = ggr=lo = l™;
(i) For 3 <v <1,
(] +1yD)> ™ (222 = [y 2y) - (2 —y)) = 2y = D]z —y[*
For each ¢ > 1 we define the Banach space L} (), where Q C RY, by

L:(Q) = {f : there is a number ¢ > 0 such that [{z € Q: |f(z)| > t}| < & for all t > 0}.

q
The smallest ¢ such that the above inequality holds is the norm of f in L;(Q). We easily see

(2.1) Iz < 1fllzae)-
Moreover, for each measurable subset 2 C RY and each ¢ € (0, ¢ — 1] we have from [3] that
_ q = g—e
. N < = " .
(22) Lisria < Liofi (Ifl;00)

The next two lemmas deal with sequences of nonnegative numbers which satisfy certain recursive
inequalities.
Lemma 2.2. Let {y,},n =0,1,2,---, be a sequence of positive numbers satisfying the recursive
inequalities
Yni1 < "yl T for some b > 1,¢,a € (0,00).
If
S
Yo S C_Eb a2 )
then limy, o0 Yn = 0.
This lemma is well-known. See, e.g., ([5], p.12). Here we give a brief proof. We can easily show

)+l n+1l_ n
Yny1 < e el =t et (1)t
n =

1 (1+O‘)n+1 _ n+l

(2.3) = caba? (céba%yo) b~ o .

1
Therefore, if b > 1 and ca baZyy < 1, then we have that lim,, o y, = 0.
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Lemma 2.3. Let a,\ € (0,00) be given and {by} a sequence of nonnegative numbers with the
property
by <bg+ Ao, "G fork=1,2,---.

If 2X\(2b9)* < 1, then

by < 1 bo < 2by for all k > 0.

A(2b0)®
This lemma can easily be established via induction.

Lemma 2.4. Let Q be a bounded domain in RN with Lipschitz boundary 0. Assume that w is a
weak solution of the initial boundary value problem
dw— D?*Aw = divg+ go in Qp,
w = 0 on Xp,
w(z,0) = wo(x),
where wq is Hélder continuous on Q and |g|?, go € L4(Qr) for some ¢ > 1 + % Then w is Holder

continuous on Q. That is, there is a number 3 € (0,1) such that

t1) — t
sup lw(wy,t1) — w(we, t2)] < 00

(@1,t1), (w2,t2)€00r (|$1 — |+ |t — 752|%)B

This result is well-known, and it can be found, for example, in [16]. Next, we cite a result from
(23], p82).

Lemma 2.5. Let (H6) hold and assume

(L1) A(x) is an N x N matriz whose entries are continuous functions on §Q, satisfying the uniform
ellipticity condition

1
MNP < (A(z)€-€) < 3 on Q) for some A >0 .
If u is a weak solution to the boundary value problem
—div(AVu) = divg+go in 9,
u = 0 on €,

then for each q > 1 there is a positive ¢ = ¢(N, q, Q) with the property

Wela < (1o + ool .0

We can easily infer from the preceding two lemmas that (D4) can be replaced by

(D4)" || m||so,0p < 00 and there is a ¢ > 1+ & such that supgc <y || Vpll2g,0 < .

Lemma 2.6. Let w be a weak solution of the initial boundary value problem

(2.4) ow — D*Aw + |w)?0Dw = g in Qr,
(2.5) w = 0 on X7,
(2.6) w(z,0) = mg(z) on Q.

Then there is a positive number ¢ = ¢(IN) such that

")

1
[Wlloc,0r <€ (Hmolloo,a + [Qp[¥F2 sup ||g|
0<t<T
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Proof. Even though (2.4) is a system, the classical method due to De Giorgi is still applicable. Here
we give an outline of the proof. Set

(2.7) M = [|[mg|*|| oo,
Then define
k
kn:k—z—n+M, n=0,1,2---,

where k > 0 is a number to be determined. Let
Ap(t) = {z € Q: |w|*(z,t) > ky}.

Without loss of generality, assume N > 2. Use (|w|?> — k,)Tw as a test function in (2.4) to derive,
with the aid of the Gagliardo-Nirenberg-Sobolev inequality, that
1d
4dt Jq

D2
—I—/ |V(|W|2—kn)+\2dx
2 Jo

(P = k)" do+ D [ (wl? = k)* [V do

IN

/ (& w)(W[? — ko) da
Q

2 +
(Wl = )12 - %)X a0 2

IN

IN

eIV (1w]? = k) *l2ll (g - W)X an ()l 220

D? 2
(28) < o [T = k)t do + el Wil 4u(0)]
from whence follows

sup / [(Iw]? = k) *] da +/ IV (lw|? = k)t | dadr
Q Q

0<t<T T

T
(2.9) < ¢ sw g W)lko / A (0)]dt.
0<t<T 0

Use the Gagliardo-Nirenberg-Sobolev inequality again to obtain

N+2
/ [(Iw]? = k)] dadt
Qr

T ) N
_ / (W2 = k)12 [((WI? = k)] dadt
0 Q

/OT (/Q [(lw]* — ].gn)+]z3]_vz>NN_2 (/Q (w2 — kn)+]2>N gt

A
E

2
T N
< c/ /\V<rw|2—kn)+\2d:cdt<sup /[<|w|2—kn>+}2>
0 Q 0<t<T JOQ
2+4 T b
(2.10) < e e wid ([ 1anola)
0<t<T 0

Set, ,
Yo = /0 An(®)]dt = [{(z.1) € O« [w[2(z,1) > k).
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We can easily show that

T NE2(n41)
4N oN+2
Yn+1 = / ’An+1(t)|dt < 2(N+2)/ [(’W|2 - kn)+] N dxdt
0 k—n~ Qr
N+2 244
AN (n+1)SUPo<t<TH(g'W)HN§§V 1+2
(2.11) < —— LR
N
This puts us in a position to apply Lemma 2.2. Upon doing so, we arrive at
(212) Iwl*lc < &+ M,
provided that
1
ko= cyg ™ sup |[(g w)llne
0<t<T
1
< oy ClIwlllegn sup gllne
0<t<T
2
(2.13) < ellwllloogn + ey T sup |lglFq-
0<t<T
Use this in (2.12) to yield the desired result. This completes the proof. O

Lemma 2.7. Let (H2), (H3), (H5), and (H6) hold and (m,p) be a weak solution of (1.1)-(1.5).
Assume N = 2. Then |m| .0, < oo if and only if supg<;<7 [|Vpllq,0 < 00 for each ¢ > 1.

Proof. Suppose that ||m|/s 0, < co. Then Equation (1.1) is uniformly elliptic. A result in [19]
asserts that there is a ¢ > 2 such that

(2.14) IVpllgn < el S@)ll 20 o
+4q

This together with an argument in [28] [also see ([16], p.182)] implies that m is Hélder continuous
on Qr. Thus Lemma 2.5 becomes applicable to (1.1). This yields the desired result.

Now assume that supg<;<7 ||Vpllq,0 < oo for each ¢ > 1. Fix 7 € (0,7]. By Lemma 2.6, there is
a positive number ¢ = ¢(N) such that

A

1
lonor < e (Imollas 192 0.1 sup f[(m-95)Trlna
SUST

_1
< e+ et | mlwoxon sup Ve v
0<t<T

1
(215) < C+CTm||m||oo,Q><(0,’r)’
where ¢ is independent of 7. Hence we can choose 7 so that
(2.16) the coefficient of ||ml|o o (0,r) on the right-hand side of (2.15) = T <1

This immediately gives ||ml[o ox(0,r) < 00. Obviously, [0,T] can be divided into a finite number
of subintervals with each one of them having length less than 7. Apply the preceding argument
successively to each one of the subintervals, starting with [0, 7]. The desired result follows. O

Before we conclude this section, we offer the proof of Theorem 1.6.

Proof of Theorem 1.6. We will only give an outline of the proof, leaving many well-known technical
details out. Assume (D4) and (H3). By the Calderon-Zygmund inequality for parabolic equations
[16], we have

dm, Am e (L1(Qp))Y for each ¢ > 1.
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Differentiate both sides of (1.2) with respect to each one of the space variables and apply Lemma
2.4 to the resulting equations in a suitable way to conclude that Vm is Hélder continuous on Q.
As a result, the classical Schauder estimates ([9], p.107) become applicable to (1.1). Upon applying,
we yield that p € L>(0,T;C**(Q2)) for some a € (0,1). Differentiate (1.1) with respect to ¢ to
obtain

(2.17) —div[(/ + m ® m)Vp| = div (9ym ® mVp) + div(m ® dmVp) in Qp.
This puts us in a position to use Lemma 2.5, from which follows
Vo € (LU(Q7))N  for each ¢ > 1.

Differentiate both sides of (1.2) with respect to ¢t and apply the Calderon-Zygmund inequality to

the resulting equation to obtain
82111 q N
R Adym € (LY(Qr))"  for each g > 1.

Now the right-hand side of (2.17) is Holder continuous in the space variables, and hence we can
apply the Schauder estimates to it to get

dp € LI(0,T;C**(Q)) for each ¢ > 1.

This implies that Vp is Hélder continuous on Q7. On the other hand, owing to (H3), the term
|m|?~Dm is also Holder continuous. We can conclude from the parabolic Schauder estimates [15]
that m is a classical solution of (1.2). O

3. PARTIAL REGULARITY OF WEAK SOLUTIONS

We begin this section by proving Theorem 1.4. To this end, we introduce the following notation.
For —oo < £ < L < 0o denote by 6y 1.(s) the function

L ifs>L,
(3.1) Orr(s) =4 s ifl<s<L,
£ if s < /.

Proof of Theorem 1./. We only need to consider the case where N > 2. Let y be given as in the
theorem. First we assume that y is an interior point. We will show that for each n > 0 there is a
r € (0, dist(y, 0§2)) such that

(3.2) im[20FM(+%) € LA (y)) whenever |m|2(1+7) € L1(A,(y)).

r
2

By iterating this result, we obtain our theorem.
To see (3.2), for r € (0,dist(y, 9)) selected as below we pick a C*° cut-off function with the
properties

n = 1 onBi(y),
0 outside B,(y),

0 < n<1 onRV,

IVl < ; on RY,

3
I
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Given n > 0,L > 1, we easily see that the function [91,L(\m]2)]n mn? is a legitimate test function
for (1.2). Upon using it, we obtain

1d jmf* n o2 2 2y1m 2.2
s [ s dside+ D* [ [0 (mP)" [VmPrpds
aJo Q
nD? 2y17—1 2\12 2 2y 2\17 2
= . [61,c(lm*)]" " |VOL 2 (jm[*) | nda + Q]m| [61,.(Jm[*)] " n*dz

= EQ/Q(m Vp)2 [el,L(‘mP)]n')’]de — D2/Q [91,L(!m|2)]anm277V77dx

IN

B [ (m- V0 [y c(lml)] " e+ 5 [ (o (im)] VPP

(& n
(3.7) +ﬂ/§2 [61.2(Jm[?)]" |m|*dz.
Here we have used the fact that
1
(3.8) Vmm = §V|m\2, V61 (jm[*) =0 on {jm|?> > L} U {im|? < 1}.

Integrate (3.7) to obtain

m|? n—
ess SUPogtST/ / [01.1.(s)]" dsndx + n/ [01,.(Jm[?)] ! ‘VHLL(\m]Q)‘Q n*dxdt
Br(y) /0 Ar(y)

< c/ (m - Vp)? [61,.(|m|*)]" n’dzdt + 02/ 01 £(/m|*)]" |m|*dxdt
Ar(y) " JAr(y)

[my |2
(3.9) + / . /0 (01.1.(s)]" dsndz.



12 XIANGSHENG XU

To bound the first term on the right hand side of (3.9), we keep (1.17) in mind and use [61,1.(|m|?)]" (p—
py.r(t))n? as a test function in (1.1) to derive

/ [Ql,L(’mP)]" ’Vp|2n2d$ —+ / [QI,L(|m|2)]n (m ) Vp)and;g
By (y) 5. (4)
= - / Vp [61.L(Im*)]" (p = py.r ()20 Vnda
Br(y)
—”/B ( )Vp(p — Py () [B1,L(m|?)]" ™ V6, L (jm|?)pda
—n/B ( )(m Vp)m [017L<‘m‘2)]n_1 VHLL(]m\Z)(p - py,r(t))WQdac

- /B @) [61,.(Im[*)]" (p — py (1)) (m - Vp)m2yVnda

" / S() [01L(m[2)]" (0 — pyr(t))n2da
By (y)

1 co?
< 5 [ atmP) et S [ (o (mp) e
B (y) r Br(y)

n—2
82 (y)n? /B )] 90 () P
r\Y

1 n
+2/ [61,.(Im[*)]" (m - Vp)*n*de
By (y)

52 n
LD o, )] e
By (y)

r

N-2

m2 n_ 2 Nl\iz T

+0, WIS @)l 5, ) </BT(y) ([61.c(lm*)]"n*) 2 d >

(3.10) +c67 (y)n’ / im[? [61,.(Jm[?)]" " V6, 1, (Im|?) | de.
Br(y

Remember that 61 1,(jm|?) > 1. Thus we always have

(3.11) [01.£(Jm[*)]" ™ <[00, (m[?)]" "

We can easily see from (3.8) that
(3.12) im|? [01£(Im|*)]" 2 Vo (ImP)? = [61r(m|?)]" " [VOL(Im|?) .

Use the Gagliardo-Nirenberg-Sobolev inequality to estimate

< 57’(y)HS(x>”%7BT,(y) (/B w ([017L(|m|2>]"21 . N2 dx>
n+1 2
19 = 5T(y)”5(x)||]2v’3r(y)/3 ( v <[917L(!m| )z ’7> da.
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Keeping those in mind, we integrate (3.10) with respect to t over (0,7") and then use (3.9) in the
resulting inequality to derive

/ [01,L(|m\2)]"\Vpl2n2dxdt+/ [61,2(Im[*)]" (m - Vp)*n?dzdt
Ar(y) Ar(y)

52 n 52 n
%) [ [orstmp) dud + - W) [l )]
r Ar(y) r Ar(y)

n—1
+(n+1)257(y)HS(x)||12v,Br(y))/A o (61,2(m[*)]"" | VO, L(Im|?) [*n*dadt
r(Y
S WIS@) 5 g, )
T‘2

52 n
cn@/ [01.1.(jm[?)]" dudt

r Ar(y)

2
SDEED [ a2 (o1 2]
Ar(y)

<

/ [91,L(\m]2)]n+1 dxdt + c(éf(y)n2
Ar(y)

IN

r

—|—c<5r(y)n/ (m - Vp)2 [917L(|m\2)]nn2d1‘dt
Ar(y)

mo |2
+cor(y)n / / [01..(s)]" dsn*dx
r(y) /0

s n
(3.14) + & Tgy) /A W 01,(/m /)] 1 dzat.
Y

By (1.18), we can choose r € (0, dist(y,d9)) so that

(3.15) cop(y)n <

l\D\»—t

With this in hand, we can combine (3.9) with (3.14) to deduce

|m|?
€SS SUPg<i<T / 601, .(s)]" dsn?dx
Br(y) /0O
+n/ [91,L(’m|2)]n_1 ‘V91,L(!m!2)\2n2dxdt
Ar(y)
52 (y "
< : g)/ [64, £(jm/? ] dacdt—i—— [91,L(\m]2)] \m|?dzdt
= Jan) Ar(y)
fmol? ( 2y1n+1
(3.16) / / [01..(5)]" dsn’dz + © / [01,.(lm[*)]"" dzdt.
() Ar(y)

Taking L — oo in (3.16) yields

lm|2(" D2 dg 4 / |V (jm["1n) \2 dxdt

[Si) SupOStST/ ( )
Ar(y

Br(y)

(3.17) < c(r)/ lm[>" D dzdt + c.
Ar(y)
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Now we are in a position to apply the Gagliardo-Nirenberg-Sobolev inequality to derive

Z|w

IN

T oN N
/ / (Im["*n) V=2 da / m P p?de | dt
0 r(y) Br(y)

2
N
n n 2
< |ess sup0<t<T/ lm |2+ 2 / ’V (jm| +177)! dxdt
Br(y) Ar(y)

1+%
(3.18) < <c(7") / ]m]Q("H)dacdt—l—c) < 0.
Ar(y)

If y € 99, the only change you need to make is that in the test function for (1.2) we substitute p
for p — pyr(t). Everything else is exactly the same. This completes the proof. O

Theorem 3.1. Let (H1),(A1)-(A3) be satisfied and (p,m) be a weak solution of (1.1)-(1.5). As-

sume that mq is Hélder continuous on Q. If p € L*(0,T;C*2)) for a € (0,1), then m €
__\N
(C’ﬁ’g(QT)> for some 8 € (0,1).

Proof. In view of Lemma 2.2 in [28], it is enough for us to show that there exist ¢, 5 > 0 such that

(3.19) ess sup0<t<T/ lglde < er¥V =228 for all y € Q and r > 0,
~ 7 JB(y)

where

(3.20) g =FE*(m-Vp)Vp — |m|*’?m.

To this end, let y be given as in the theorem and choose a smooth cut-off function 7 as in (3.3)-(3.6).
If 90N B, (y) = 0, then we use (p — py,)n? as a test function in (1.1) to obtain

/ !Vpl2n2dﬂf+/ (m - Vp)*nidx
Br(y) By (y)
- / Vp(p — pyr)20Vindz — / (m - Vp)m(p — py,)20Vida
Br(y) Br(y)

+ / S(z)(p — py,r)n’dz
r(y)

1 1
= D) / Vpl*n’dx + 3 / (m - Vp)*n?dzx
Br(y) Br(y)
(3.21) ferNTER2 g o220 / im|?dz + crN_2+2_%+a7
B (y)

where ¢ is given as in (A1). This yields

(3.22) / \Vp*n?dx + / (m - Vp)2nlde < erN 72120 4 cr_2+2°‘/ im|*dz.
Br(y Br(y) Br(y)
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Here without any loss of generality we have assumed that 2 — % > «. Theorem 1.4 together with
the finite covering theorem implies that

(3.23) lm|? € L°°(0,T; L*(Q)) for each s > 1.
Consequently,
1

(324) / ]m|2dac S </ |m‘28d$) ’I"N(Ss_l) S C(S)?"N(ss_1> for each s > 1.

B (y) Br(y)
Use this in (3.22) to derive
(3.25) /B . \Vp|*ndx + /B ( )(m - Vp)2ntde < eV 722 4 erN—2+20— %

r Y r\Y
Similarly,
1

(3.26) / |m‘2'yfld:c < (/ |m‘(2'yl)sdx> TN(S;—I) < C(S)TN(S;I) _ CTN72+27%‘

Br(y) Br(y)

Choose s so large that 2a — % > 0. Then take 8 = % (2a — %) If 992N B, (y) # 0, we substitute
p for p — p, »(t) in the test function for (1.1) and the subsequent calculations are almost identical.
This completes the proof. ]

It is known from [18] that p € L () no matter what the space dimension is. Local boundedness
estimates for p turn out to be a much more delicate issue. From here on in this section we will
assume N = 2, or 3. We must impose this restriction on the space dimension in order for the
Moser-De Giorgi type of arguments to work. For simplicity, we will only consider the case where

(3.27) N =3.
The other case is similar and a little bit simpler.

Theorem 3.2. Let (H1), (A1)-(A3), and (3.27) hold and (m,p) a weak solution of (1.1)-(1.5).
Assume that y €  satisfies (1.23) and (1.24). Then there is a 8 > 0 with

(3.28) wp(y,t) = oscp, ()P < cp® for all p € (0,dist(y, d9)).

We shall adapt an idea from [25]. For this purpose we first consider subsolutions of certain
homogeneous elliptic equations.

Definition 3.3. Let m be given as in (D1). We say that v is a subsolution of the equation
(3.29) —div[({+m®m)Vo] =0 in
if:

(D5) v € WH2(Q), (m - Vv) € L}(Q);

(D6) [, VoVéda+ [, (m-Vo)(m-VE)dr < 0 for all € € W, *(Q) with € > 0 and (m-VE) € L*(Q).

Claim 3.4. Assume that (3.27) holds and m € L*>(0,T}; (W1’2(Q))3) N C([0,T7; (LQ(Q))g). Let
y € Q be such that (1.23) and (1.24) hold. If v be a subsolution to (3.29), then we can find a
positive number ¢ with the property

1
(3.30) ess supp, (,)v < ¢ < J% )(v+)3> ’ for r € (0,dist(y, 08)).
3 Bi(y
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Proof. Fix a r € (0,dist(y, 082)). Set
r r

k
(3.32) ko= k=g §=012,

where k is a positive number to be determined. Then choose a sequence of smooth functions 7; so
that

(3.33) nj = 1 on B, (y),
(3.34) nj = 0 outside By,(y),
2J
(3.35) ;| < 07 on RN, =01,

Use (v — kj+1)+77]2- as a test function in (3.29) to obtain

[ V@ k) Pada [ Voo = ki) T2 Vayds
Br]- (y) BT]' (y)

# [ e k) P

v (y)

(3.36) +/ (m - Vv)(v —kjr1)"2n;(m - Vi;)dz < 0.
Br;(y)

from whence follows
[ 19— k) P
Br;(y)

c4)

7’2 B

c4)

(3.37) < [(v— ki) *] de + — m|? [(v — kj1)*]” da.

v (Y) Br; (y)

Remember that N = 3. We deduce from Poincaré’s inequality that

/B il ki) ™) do
ri\Y

2

< 2 / i — my, (8 [(v - k1)) de
BT].(y)

2y, (1) / (0= Ky11)*) % da

Br; (y)

< 2( L. |m—my,r<t>\6dx> ( L. [<v—kj+1>+]3dw)
w2 k)T
ri (Y
c m|%dz + cr v — ki) ]’ da '
< (/Br(y)w |“dx + )(/Tj(y)[( kjr1) "] d)
(3.38) < ecr (/B,()[(U_kj+1)+]3dm>3
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Here we have used (1.23) and (1.24). Plug (3.38) into (3.37) to derive

cdd s
(339) /B W |V(’U — k:j+1)+|277j2.dx < 7 (/B W [(U — kj+1)+]3 dQ?)
v (U ri\¥

We compute from the Gagliardo-Nirenberg-Sobolev inequality that

1

U_A+6x3 v— ko018 da
</Brj+1(y) [( k]—i—l) ] d> < </Brj(y) [( k]—i—l) 77]] d)

< of Vi)t d
Br; (y)

M

W=

c4l 3
(3.40) < — (/ [(v = Ej11) ]3 dfﬂ)
r Br;(y)
Let
(3.41) Y, = / (v — k;)*]* da.
Br; (y)
Then we have
k‘3
(3.42) Yj 2 grmllv 2 i}l

We infer from (3.40) that

Yj+1 < ( /
Briyq ()

(3.43) < Li‘@j yits
kara 7

We are in a position to apply Lemma 2.2, from whence follows

N

(v~ kj+1)+]6dw> o> k)2

1
(3.44) ess supg, (v <k =c < f (v+)3d:1:> ’
2 Br(y)

0

Claim 3.5. Let the assumptions of Claim 3.4 hold. If v is a weak solution of (3.29), then there
exist ¢ > 0, € (0, 1) with the property

(3.45) 0SCR,(y)V < € (g)a oscp, (v for all0 <p<r.
Proof. Let v,y be given as in the theorem. Set

(3.46) M(p) = esssupp (v,

(3.47) m(p) = essinfp (,v.

We introduce two functions due to Moser [20]:
M(2p) —m(2p) M(2p) — m(2p)
2(M(2p) —v) 2(v —m(2p))

It is easy to verify that both w; and wy are subsolutions of (3.29). There are only two possibilities:
either

(3.49) wf =0y 8,00 = [{o<

(3.48) wp = In

we = In

M (2p) ;m@ﬂ) } me(y)‘ S

1
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or

(3.50) i = 0} N B,(y)| = Hv . M(2p) +m(2p)

2

b, )| 2 5 18,001

Assume that the first possibility is in force. This puts us in a position to use formula (7.45) in ([9],
p.164). Doing so yields

(3.51) / \wﬂzdx < c,o2/ |wa]2dx.
By(y) By (y)

Let n be a smooth cut-off function given as in (3.3)-(3.6) with r = 2p. We use M(g;)_v as a test
function in (3.29) to derive
2 2

77 2 77 2
5 |V d:c+/ T (m-Vv)da
/sz(y) (M(2p) —v)? [Vl Bap(y) (M(2p) — 1})2( )

1
Vu2nVndx — /

3.52 - o
(8:52) Bap(y) M(2p) — v

1
- 77 S — m - Vo)m2nVndzx.
/sz(y) M(2p) —v ( )

It immediately follows that

(3.53) / Vwn|2dz < ep + 02/ m2dz.
BP(y) P B2p(y)
We use (1.23) and (1.24) to estimate

[ mde <2 jme (0P de + 2ima, (0
Bap(y) Bap(y)

cp? (/ |lm — my,gp(t)\(idx) +cp?
B2p(y)

cp2/ |Vm|2dz + cp® < cp?.
BQp(y)

=

IN

(3.54)

IN

This together with (3.53) implies
(3.55) / |Vw; |2dz < cp.
By(y)

We compute from Claim 3.4, (3.51), and Poincaré’s inequality that

3

(3.56) < ¢p ( f ]wa|2dx> ' +c (BJC (wf)2dx> ’ <ec.

By (y)
By the definition of wi, we have
1

(3.57) 0scp (v = M(p/2) —m(p/2) < <1 - 260) OSCp, (y)V-

If the second possibility holds, we use wso instead and everything else is the same. Our theorem
follows from Lemma 8.23 in ([9], p.201). O

We are ready to prove Theorem 3.2.
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Proof of Theorem 3.2. Let y be given as in the theorem. Fix a r € (0, dist(y, 912)). We decompose
p into two functions v and u on B, (y), where v is the weak solution of the boundary value problem

(3.58) —div[(/ +m®m)Vv] =0 in B,(y),
(3.59) v=p ondB(y)
and u = p — v. Obviously, u satisfies

(3.60) —div[({ + m®m)Vu] = S(z) in B,(y),
(3.61) u=0 on dB,(y).

As a result, we can apply Proposition 2.1 in [18] to the above problem. This yields

1

q

(3.62) ess supp, (,|u] < er? / 15(2)|%dz
Br(y)

Obviously, we can apply Claim 3.5 to v. Keeping this in mind, we calculate for p € (0,r) that

OSCB, ()P = OSCB,(y)V F 0SCh,(y)U

< ef) osen, o ter’ s (/
B

r(y)

q

B (x)lqu>

P\ 9_3
< ¢ (;) <osch(y)p + 2ess supBT(y)|u|> +oerta
a _3
(3.63) < ¢ (5) 0SCR,(y)P + er® .
The theorem follows from Lemma 2.1 in ([8], p.86). O

Proof of Theorem 1.5. Let y € Q) be given as in the theorem. Then Theorem 3.2 holds, and so does
Theorem 1.4. To establish Theorem 1.5, it is enough for us to show that there is a positive number
(8 such that
(3.64) £ |m—m,,|2dzdt < er®® for r sufficiently small,

Qr(2)

where z = (y, 7). Indeed, if the above inequality holds, we can infer from the proof of Theorem 1.2
in ([8], p.70) that

(3.65) limsup |m. ,| < oo.

r—0

This together with Theorem 3.2 and (3.64) implies (1.14).
We can further weaken (3.64). In fact, we only need to show that there is a ¢ € (0, 1) such that
(3.66) £ Jm—m,,["T7dzdt < cr?® for r sufficiently small .
Qr(2)
This is due to the following estimate

g

1

m P 140
£ Jm-m,,[*dedt < ( £ |m—mz,r|1+0dxdt> ( £ ym_mw\ltdmt>
Qr(2) Qr(2) n(2)

8 a o 110
(3.67) crite 1¥e / |m| 5 dwdt
Qr(2)

In view of Theorem 1.4, we can choose o > 0,7 > 0 so small that
20 3o

l1+0 140

IN

(3.68)

>0 and / |m|1%adxdt < 0.
Qr(2)
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To prove (3.66), we pick a r > 0 so that Q2,(z) C Q. We decompose m on Q,(z) as follows: Solve
the linear problem

(3.69) ow — D?’Aw = 0 in Q.(2),
(3.70) w = m on 0,Q,(2),
th

where 0,Q), (%) denotes the parabolic boundary of Q),(z). Let n = m — w. Denote by n; the ¢
component of n. Then n; satisfies

(3.71) om; — D*An; = FE*(m-Vp)oy,p — |m|**m; in Q,(2),
(3.72) n; = 0 on 0,Q,(2)

By slightly modifying the proof of Claim 1 in [24], we conclude that there exist ¢ > 0, § € (0,1)
depending only on D, o such that

r

546
(3.73) / lw —w, ,|'T7dzdt < c <B> / lw —w,|"t7dxdt forall 0 < p <.
o(2) Qr(2)

We proceed to estimate n. Theorem 3.2 combined with Theorem 1.4 and the proof of Theorem 3.1
implies that (3.25) still holds. With this in mind, we use 6_r, 1(n;) as a test function in (3.71) to
obtain

max / / "9 11(s)dsdz + D? / V6.1, 1 (ny) Pdadt
Br(y) r( )

telr—2r2 r4+1r2]
T+1r2/2 T+12/2
< CL/ / (m - Vp)||Vp|dzdt + cL / lm|*" " dxdt
T—r2/2 JB:r(y) T=r2/2 JB(y)

(3.74) < cLr*™? for some 8 > 0 and r suitably small.

We calculate from the Gagliardo-Nirenberg-Sobolev inequality that

T+7‘2/2 4
/ / 1011 (ns)|*"3 dadt
T—r2/2 JB.(y)
1 2
3

T4+r2/2 3
/ ( / |9_L,L(ni)|6dx) ( / |9_L,L(ni)|2dﬂc> dt
7'_7"2/2 Br(y) Br'(y)

IA

Wi

< ¢ ( max / yeL,L(ni)dea;> / |VO_1.1(n;)|*dadt
telr—3r%7+57%1 /B (y) Qr(2)
(3.75) < L3P
from whence follows
5(343»2[3)
(3.76) {lmi] > L} < ——.
L3
We infer from (2.2) that
2
(3.77) / 5= < S548G9 e (0,2).
Qr(2) 93 3
We pick an ¢ so that
2
(3.78) Zoe=o
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For 0 < p < r we calculate

/ lm — m, ,|""7dxdt
Qn(2)

< c/ W —w, | Tdzdt + c/ In —n, |7 drdt
Qp(2) Qp(2)

546
s ¢ <B) / W —w | dzdt + c/ In |7 dxdt
" Qr(2) Q(2)
546
(3.79) < c <B) / lm — m, |t dadt + 5 H2A0),
" Qr(2)
We conclude (3.66) from Lemma 2.1 from ([8], p.86). The proof is complete. O

4. PROOF OF THEOREMS 1.7 AND 1.8

Proof of Theorem 1.7. For each € > 0 we define
(4.1) m], = (6—cc(ma), - ,0cc(mn))".
Then we have
(4.2) mgy + [m — my]. = m on the set where |m —mg| < e.
Replace m by mg + [m — my]_ in (1.1) and write the resulting equation in the form

—div[(I + my ®mg)Vp] = div(my® [m —my|, Vp) + div ([m — my], ® mgVp)
(4.3) +div ((m — my|, ® [m — mg|_ Vp) + S(z) in Q7.
Claim 4.1. If € is sufficiently small, then (4.3) coupled with (1.2)-(1.5) has a weak solution satis-
fying (D4).
Proof. A solution will be constructed via the Leray-Schauder theorem ([9], p.280). For this purpose

we define an operator B from (L (Q7))" into itself as follows: For each m € (L= (7)Y we say
B(m) = w if w is the unique solution of the initial boundary value problem

(4.4) ow — D’Aw = FE*((mg + [m —mg),) - Vp)Vp — [m>*"Vm in Qr,
(4.5) w = 0 on X7,
(4.6) w(z,0) = mp(xz) on Q,

where p solves (4.3) coupled with (1.3). The latter problem has a unique solution if ¢ is sufficiently
small. To see this, first observe that the elliptic coefficients on the left-hand side of (4.3) are
continuous. Therefore, we are in a position to apply Lemma 2.5, from whence follows that for each
q > 1 there is a positive number ¢ determined only by ¢, mg, N, and €2 such that

IVPllae < cllge ®moVpllgo +cllge ® 8 Vpllga + cllS@)ll_xa
(4.7) < cle+€%)|Vpllga +c
Now fix a ¢ > 2(1 + §). We have
(4.8) IVplly < ¢

if we choose € so that the coefficient c(e + €2) in (4.7) is strictly less than 1. From here on we
assume that this is the case. Subsequently, Lemma 2.4 becomes applicable to (4.4). Upon using
it, we obtain that w is Holder continuous on Q. Therefore, we can claim that B is well-defined,
continuous, and precompact. It remains to be seen that there is a positive number ¢ such that

(4.9) Imlec0r < ¢
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for all m € (L*°(Qr)) and o € (0, 1] satisfying
m = ocB(m).
This equation is equivalent to the following problem
—div[(I + my ® mg)Vp] = div(my® [m —my|, Vp) + div ([m — my], ® mgVp)
(4.10) +div ([m — my|, ® [m —mg|_ Vp) + S(z) in Qr,
om — D?Am = FE?0((mp+ [m—mg]_)- Vp)Vp

(4.11) —o/m)?0"Um in Qr,

(4.12) m = 0 onXrp,

(4.13) p = 0 onXrp,

(4.14) m(z,0) = omg(xz) on .

We still have (4.8). As a result, the right-hand side of (4.11) is bounded in L2 (7). Recall that
I>1+ % Hence (4.9) follows from Lemma 2.4. This completes the proof of the claim. (]

To continue the proof of Theorem 1.7, by the Hélder continuity of m on Qp, we can find a
positive number Ty < T such that
lm(z,t) —mg(z)| < ct? <& on O,
where « is the Holder exponent of m. We see from (4.2) that (4.3) reduces to (1.1) on Qg,, where
(D4)’ holds true. The proof is complete. O

Proof of Theorem 1.8. Fix T > 0. We construct a sequence of functions {(wy, px)} on Qr as
follows: Set
W = Imy.

The function pg is the unique solution of the boundary value problem

(4.15) —div[(I + mg ® mg)Vpy] = S(z) in Q,

(4.16) po = 0 on o

Suppose that wp_1, pr_1,k =1,2,---, are known. We define p; to be the unique solution of the
boundary value problem

(4.17) —Apr = div[(Wg—1 - VDg—1)Wi_1] — App — div [(mg - Vpo)mg] in Qr,

(4.18) pr = 0 on X7,

while wy, solves the problem

(4.19) Oywy, — DZAWk + |wk|2(7*1)wk = E2(Wk_1 . Vpk_l)Vpk_l in Qp,

(4.20) wr = 0 on X,

(4.21) wi(2,0) = mg(z) on .

The uniqueness of a solution to the preceding problem can easily be inferred from Lemma 2.1.
Obviously, if {(wy_1,pr—1)} satisfies (D4), so does {(wg,px)}. The sequence {(wg,px)} is well-
defined. It follows from Lemma 2.6 that there is a positive number ¢ = ¢(V, 2) with

_1
ar = [[Willo,0r < C<HmoHoo,Q+TN+2 sup H\Wk—1||Vpk—1!2HNQ>
0<t<T ’
1
(4.22) < o|lmgllcon + TV 2ay_1b7_4,
where

by = sup ||Vpillang-
0<t<T
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On the other hand, we can deduce from Lemma 2.5 that there is a positive number ¢ = (V, ) such
that

IVprllave < el wWiillZ ollVPe-1ll2n.0 + ¢ Vooll2n .-

It immediately follows
(4.23) bk S Cai_lbk—l + C”Vp0||2N7Q.
Define
dp = ay, + by,.

Adding (4.23) to (4.22), we derive
(4.24) dkgc(L+Tﬁﬁ)ﬁ_f+mo
Observe from (4.15)-(4.16) that

IVpolizne < €l[S(2)] 2y o

In view of Lemma 2.3, if
2
cd? (1 + Tﬁ) <c <Hm()Hoo7Q + [|S(x] 2n Q) (1 + Tﬁ) <1
3
then

(4.25) A = [Willoe.0r + s [Vprllave < ¢ (Imolloco + I1S(@]2x o) = Co.
0<t<T 37

We must show that the whole sequence {wy,pr} converges in a suitable sense. To this end, we
conclude from (4.19) that

(Wi, — wi_1) — D A(wy, — wi_1) + [wi|*0 Dwy, — [wi 120 Dwy g
= E?[(Wk_1 - VPr-—1)Vpr—1 — (Wi—2 - Vpi_2)Vpg_o] in Qr,
(4.26) N
By Lemma 2.1, we have

(ka|2(7_1)Wk - !Wk—1|2(”_1)Wk—1) (Wi — wg_1) > 0.

Use wj — Wy_1 as a test function in (4.26) and keep the above inequality and (4.25) in mind to
derive

1d

33 v s o+ D7 [ 9w, = wi)Pda

< EQ/Q [(Wk—1-VDr—1)VpDip—1 — (Wi—2 - Vpr_2)Vpi_o] (W, — Wi_1)dx
N+2
N

2N
< ¢ (/Q |(Wr—1 - VDr—1)Vpi—1 — (Wi—2 - Vpr_2)Vpg_o| N+2 dﬂc)
(4.27) +? |V (wg — wi_1)| dx.
Q

We write

(Wi—1 - VPp—1)VDr—1 — (Wi—2 - Vpi_2)VDj_2
= ((Wr—1 —Wk—2) - VDr—1) Vpr—1 + (Wi—2 - (VDr—1 — VDr—2)) Vi1
(4.28) + (Wi—2 - Vpi—2) (Vpr—1 — Vpi-2).
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Use this in (4.27) to obtain

d
/ |Wkwk_1]2d1:+/ \V(wkfwk_1)|2da:

N\ N
c |Wi_1 — Wi_o|N-2dx |Vpr_1|" dzx
Q Q

+elwi-2lZ.0p (IVPR-1l35.0 + [VPr-2l3n 0)

N+1

N
< / Vot —Vpk_2|f3fld:c>
Q

cCy (/Q |V(Wi_1 — Wi_o)|?dx + /Q |Vpr—1 — Vpk,g\z dac) .

2w

IN

(4.29)

IN

By (4.17), we have

—A(pr — pr-1)
= div[(Wg—1 - Vpr_1)Wr_1 — (Wr_2 - Vpp_2)Wr_2] in Qr,
(4.30) k=23, ..

Upon using pp — pr—1 as a test function in the above equation, we arrive at

/ IV (pr — pr—1)|?dx
Q

= A [(kal : vpkfl)wkfl - (kaQ . Vpk,Q)Wk,Q] V(pk _pkfl)d$

1
< By /Q |(Wk—1 . Vpk_l)wk_l — (sz—Q . VPk;-Q)Wk_2|2 da
1
(4.31) +2/ V(P — pr—1)*dax.
Q

We represent

(Wh—1 - VDp—1)Wg—1 — (Wi—2 - VDp_2)Wi_2
= ((Wk—1 —Wg—2) - Vpp—1)Wi—1 + (Wr—2 - (Vpr—1 — Vpi—2))Wk_1
(4.32) (W2 Vpp_2) (W1 — Wi_2).

We calculate

/Q\((Wk—l — Wi_2) - Vpr_1)Wi_1|* dz

N—-2
N

2
2N N N
||Wk?—1||§o,QT (/ |Wk—1 — Wk_2|N*2 d.’E) </ ’Vpk_l‘N dl’)
Q Q

(4.33) < ccg/ |V (Wr_1 — Wi_2)|? da.
Q

IN

Similarly, we have

(4.34) /Q (Wi - Vo) (Wi_1 — wi_s)[2 da < cCl /Q IV (wi_1 — wi_s)[2 da.
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Plug the preceding estimates into (4.31) to derive

/Q IV (p — pri)2da

(435) < cCé (/Q |V(Wk,1 — Wk,Q)IQdJJ + /Q ]Vpk,l - Vpk,Q‘Q diL') .
Let
(4.36) e = / IV (wWy — Wi_1)|?dxdt +/ \Vpr — Vpe_1|? dadt.

QT QT

Add (4.35) to (4.29) and integrate the resulting equation over (0,7) to yield
(4.37) e < cank_l.
This implies

(4.38) e < (cCé)kil .

Hence if

(4.39) cCh < 1,

then the two series’s

(4.40) Vwo+Vw; —Vwo+ -+ +Vwp —Vwg_1+--- and
(4.41) Vpo+ Vp1r — Vpo+ -+ +Vpr —Vpp_1+---

converge in L?(0,T; (WLQ(Q))N) and L2(0, T; (W12(€)), respectively. It immediately follows that

the two sequences {w;} and {py} also converge in L?(0, T} (WLQ(Q))N) and L2(0,T; W12(Q)),
respectively. We can also deduce from (4.25) and Lemma 2.4 that {wy} is uniformly convergent
on Qr. We can let k — oo in (4.17) and (4.19). Note from (4.25) that (4.39) is valid if we make
the term ||myl|so,0 + ||S(:1:)H%Q suitably small. The proof is complete. O
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