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By taking Sugeno-derivative into account, firstly, we investigate the existence of solutions to the initial value problems (IVP)
of first-order differential equations with respect to non-additive measure (more precisely, distorted Lebesgue measure). It
particularly occurs in the mathematical modeling of biology. We begin by expressing the differential equation in terms
of ordinary derivative and the derivative with respect to the distorted Lebesgue measure. Then, by using the fixed point
theorem on cones, we construct an operator and prove the existence of positive increasing solutions on cones in semi-order
Banach spaces. In addition, we also use Picard’s-Lindel6f theorem to prove the existence and uniqueness of the solution
of the equation.

Second, we investigate the existence of a solution to the boundary value problem (BVP) on cones with integral boundary
conditions of a mix-order differential equation with respect to non-additive measures. Moreover, the Krasnoselskii fixed
point theorem is also applied to both BVP and IVP and obtains at least one positive increasing solution. Examples with
graphs are provided to validate the results. Copyright (©) 0000 John Wiley & Sons, Ltd.

Keywords: Initial Value Problem; Boundary Value Problem; Fixed Point Theorem on cone; Choquet Integral;
Non-additive Measure; Differential Equation; Semi-order Banach Space; Krasnoselskii fixed point;
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1. Introduction

A derivative plays a significant role in several disciplines of mathematics, in both pure and applied mathematics. Its uses include
solving practical problems, real-world, theoretical, and non-applied mathematics problems, and so on. On the other hand, a
derivative of a function with respect to a set function, which is an extended version of the usual derivative, has a crucial role and
applications in measure theory, financial mathematics, and computer science, among other fields, see [8, 29, 30] and references
cited therein. Particularly, in probability theory and financial mathematics, derivative of the set function with respect to set,
i.e., the Radon—Nikodym derivative is frequently used. It is expressed as du/dv, where y and v are additive measures with the
measure L is absolutely continuous with respect to another measure v, see Section 6.3 [30]. That is,

u([0. <) = (o) + /[0 (aufav) dv (1.1)

In the case of non-additive measure, however, it is not like that. That is, Equation 1.1 does Besides, some authors have also
studied the Randon-Nykodym type theorem with respect to strongly subadditive capacities, e.g., see [19, 17] and references cited
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therein, where the Hahn decomposition properties are used to obtain the theorem. On the other hand, as a new research paradigm
[34], the author “Sugeno” has defined a new path to Choquet calculus and presented the Choquet integral and derivative with
respect to the set function (subadditive and superadditive), specifically, a distorted Lebesgue measures on the non-negative real
line. That is, for a continuous and non-decreasing function p : Rt — R™ and m € M™, if we have the Choquet integral equation
with respect to um, where un, is generated by a monotone transformation (“m”) from a Lebesgue measure (“u”), such that

p(s) = p(0) + (C) qlhm.
[0.¢]

Then, the derivative of p with respect to a fuzzy measure ., is defined by the solution ¢ as

dp(s) _
du'm

a(s).

if g € Ft. Here, I+ denotes the collection of all positive, continuous and increasing functions on [0, 1], the set M™ denotes a
class of non-decreasing and continuously differentiable function: m: [0, 1] — [0, co) with m(0) = 0. In addition, such a concept
of this new derivative, the following initial value problem as model has also been noticed in biology

dy(s) _
i 1—y(s), s>0
y(0) = o.

It represents the transfer dynamics of HIV patients from asymptomatic to the symptomatic stage, for more detail, see [23]. Here,
the Choquet integral (see [10]) plays a vital role to solve the equation and it is with respect to distorted Lebesgue measure ()
rather than the Lebesgue integral. In general, the Choquet integral differs from the Lebesgue integral in that it is more general
and coincides with the Lebesgue integral (i.e., m(s) =¢ on [0, 1]) and it has many applications too, see [15, 16, 20, 25, 7]
and references cited therein. Many researchers have contributed to the field of Choquet integrals on non-additive measures in
continuous and discrete domains. The readers are compelled to move forward in a variety of directions as a result of these. We
recommend some books [12, 36, 14] for a basic understanding of the non-additive measure theory.

Inspired by Sugeno’s derivative, in this paper, we concern the existence of positive increasing solutions of both the general
initial value problem (IVP) and mix-order boundary value problem (BVP). That is, we provide sufficient conditions for existence of
solution of both the general equations. To the best of our knowledge, with this derivative, no such problems have been discussed
before. Particularly, however, Sugeno [34] has discussed some numerical examples of solutions of first-order homogeneous and
non-homogeneous differential equations with respect to u,, for particular m. But, here, we deal with the existence of a solution
of the general differential equations with respect to wum for all m € M™. For more details about this derivative, readers may
consult the paper [34] by Sugeno in which the author has gone over some basic fundamental properties and results with good
explanation.

Let us consider a first-order differential equation with respect to a non-additive measure (precisely, distorted Lebesgue measure,
i.e., um for m € M™) with initial value y(0) = 0, of the form

dy(s
V) ey, v =0, (1.2)
,U'm
for all ¢ € [0,1]. Here, F:[0,1] x Rt — R" is a function. Note that, whenever we use %, we mean y is differentiable with

respect to wm,, where m € M™ and . Equation 1.2, indeed, is called non-autonomous differential equation with respect to .
Particularly, for m(s) =g, it is actually a non-autonomous ordinary differential equation.
Moreover, we also discuss the existence of solution of the following mix-order autonomous differential equation boundary

value problem (BVP) with integral boundary condition. Let us consider a mix order—(d%n, ﬁ)— differential equation of the form
d (dy(s) _

i ( . = g(y(s)) for all ¢ € [0,1] (1.3)

y(0) =0, y(1) =a, (1.4)

where @ € RT, m,n € M7 and g : [0, 00) — [0, o) is a function.
In order to study the existence of their solutions, we use some well-known theorems, like; fixed point theorem on cones in the
semi-order Banach space, Krasnoselskii and Picard’'s-Lindelof fixed point theorem. Two of them are stated as follows:.

Theorem 1.1 [38] Let § and C be a semi-order Banach space and cone, respectively and A is a subset of C. Also, let F : A — X
be a non-decreasing function. If there exist 1, $2 € A such that ¢1 < ¢, < 61,5 >C A and <1, 2 are a lower and upper solution
of equation F(s) =g, then the equation f(s) = ¢ has maximum and minimum solution a, b in < <1, <2 >, such that a < b, when
one of the following condition holds:

1. C is normal and F is compact continuous,
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2. C is normal and F is continuous,
3. X is reflexive, C is normal, and F is continuous or weak continuous.

Theorem 1.2 [9] Krasnoselskii fixed point theorem. Let U C X be any non-empty, closed convex subset, where (X, | -||) is
Banach space. Suppose Y1 and Y map U into X such that

1. Vizn+ oz €U forall zi, 20 € U,
2. Y1 Is continuous and compact,
3. s is contraction with constant o < 1.

Then there is a point z* € U with Y1z* + Yoz" = z*.

Theorem 1.1 has sparked a surge in interest in the study of existence of solutions to various differential equations on cones
in the semi-Banach spaces over the last several decades, see [4, 37, 5, 24] and references cited therein. On the other hand, the
Krasnoselskii and Picard’'s-Lindelof iterative fixed point theorem have also been noticed in the study of the existence of solutions
to various different types of differential equations. See [6, 2, 24, 18, 21, 27, 26, 1] and the reader can also look up the references
cited in the papers for more information.

We begin our main section by dealing with the existence of solution of initial value problem (IVP) 1.2 and Theorem 1.1.
For this, we first construct a suitable form of an operator for whom we make our differential equation as a combination of an
ordinary derivative and derivative with respect to distorted Lebesgue measure. Then after, along with certain conditions, we
apply it over Theorem 1.1 and Picard’s-Lindel6f theorem to get the desired result. Besides, some possible associated results are
also discussed.

In addition, before going to solve BVP 1.3-1.4, we first study similar BVP of it, i.e., consider a function on the right-hand
side of Equation 1.3 as only the function of ¢ rather than y(s) for all ¢ € [0, 1]. And then, we obtain an expression of solution in
terms of a Choquet integral with respect to a distorted Lebesgue measure. We further illustrate the outcome by putting several
examples. Thus, by observing the expression of solution, we prepare an operator in terms of the Choquet integral with respect
to a distorted Lebesgue measure for the original BVP 1.3-1.4. Finally, use this operator for the fixed point theorem of cones and
along with some conditions, we get at least one positive increasing solution. In the end, for an enhancement in the results, we
also study Krasnoselskii fixed point theorem for both the differential equations.

The rest of the paper is organized as follows: In Section 2, we present definitions of non-additive measures and some essential
properties of Sugeno’s derivative along with the Choquet integral. Further, some useful theorems and propositions from the
papers [33, 38, 34] are presented. For the main results, in Section 3, we first provide sufficient conditions of existence of solution
for the first order non-autonomous differential equation of Equation 1.2. Further, a well-known Picard’s iteration method is also
used to find a unique solution of the differential equation. Then, in Section 4, we also discuss the existence of solutions to the
boundary value problem 1.3-1.4. In which, we first present the expression of the solution of a particular mix-order boundary value
problem with respect to wu,. We then present some numerical examples corresponding to various different values of functions
m and n. After that, we look for the existence of a solution of the original problem 1.3-1.4 (mix-order autonomous differential
equation). Throughout Section 3 and 4, we follow the fixed point theorem on the cone of the semi-order Banach space. By
using Krasnoselskii Fixed Point Theorem, we also provide a theorem of the existence of a solution of BVP in Section 5. Finally,
in Section 6, we conclude the paper.

2. Preliminaries

In this section, we present all those definitions, theorems and propositions which make our proof easily understandable and
readable.

Definition 2.1 [33] Let a triplet ([0, c0), S, ) be a measurable space, where p is measure and S is o-algebra ( smallest) which
contains all the closed interval in [0, co). Then, the set function u : S — [0, 0o0) is called non-additive measure if and only if

1. w(®) = 0 (Initial condition),
2. u(A) < u(B), if AC B for A, B € §(Monotone),
3. w(Ak) L u(A) if Ak L A and u(Bk) t w(B), if Bk t B(Continuity).

We can understand it through a particular way, for instance, consider a non-additive measure 1 as & = A%([s1, &2]) = (s2 — 1),
where X is Lebesgue measure.

We next see a specific particular form of non-additive measure (u), which is known as distorted Lebesgue measure and
generalizing the above particular way.

Definition 2.2 [33] Let us consider a continuous and increasing function m : [0, 00) — [0, 00) such that m(0) = 0. Then a
non-additive measure u has a form u = A\, which is known as distorted Lebesgue measure, where X is the Lebesgue measure.
It is defined by Am(*) = m(X(x)). Moreover, when . = A\, is non-additive measure unless m is linear.
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Let W denotes the class of positive measurable functions on [0, c0), where ([0, 00), S) is a measurable space. We now define
co-monotonicity of functions.

Definition 2.3 [12] Let p,q € W*, then p and q are co-monotonic, ifs,s* € [0, 00)
p(s) < p(s) = als) < a(sh). (2.5)
Moreover, the following also holds
(©) [0+ adu=(©) [ pau+(©) [ adu (26)
Choquet integral in terms of usual Lebesgue integral on continuous domain.

Theorem 2.4 [33] if f € §t, then the Choquet integral of f with respect to a fuzzy measure, say fi on [0,<] is represented as
¢ !
© [ fmdatr) == [ @ Derar
[0.5] 0
In particular, for i = \m,

) ] f(r)da(r) = /< m' (s — 7)f(1)dT. (2.7)

[0.s
Commutativity of derivative with respect to distorted Lebesgue measures.

Propostion 2.5 [34] For m and n in M™ such that m # n. Then, for f € §t, we have

d df d df

— = 2.8
dum dun  dpn dum’ (2:8)
provided 7-(0) = J=(0) = 0.
Propostion 2.6 [34] For p,q € " and m,n € M™*, we have
1. if p < q, then (C) Jio_g] pdum < (C) f[o.g] qdim,
2. ifm S n, then (C) ‘ﬁo_g] pd/J/m S (C) f[g_g] pd,ufn:
3. ifs1 <, then (C) [ig oy Pdtm < (C) [0,y PABm.
Propostion 2.7 [34] For p,q € §* and m,n € M™, we have
. d d
1. if m<n, then ZTZ < %T”m,
2. ifp<gq, then me < dﬂ‘fn.
Following definition follows from Definition 17 [34].
Definition 2.8 For m and n in M™, then define a binary relation *>>" on M* by
m>n < % exists, i.e., % e M”*. (2.9)
We immediately define a result from [34] which plays an important role in one of our main theorems.
Corollary 2.9 For m > n and f € §t, we have
d ( df
() fu,,) = ) (2.10)
d,um [0,s] d,um/n
Propostion 2.10 [34] For m,n € M*, we have
d df df df
= |f 0)=0 2.11
dim dun dur’ : dﬂn( ) ’ ( )
where r = (C) [ mdun.
Copyright (© 0000 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 0000, 00 1-18
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Theorem 2.11 [11] A function p : A C R — R is said to be Lipschitz continuous at s € A if there exists a constant L such that
|p(s1) — p(s2)| < Lls1 — 2| for all 61, 6.

Theorem 2.12 [11] Let A C R be any interval and let p : A — R be continuous on A and differentiable on the interior int(A)
of A. Then function p is Lipschitz <= p' is bounded on int(A).

Let us denote the set X = CJ0, 1] as the class of all continuous functions defined on [0, 1] with the sup norm. Also, the set
C denotes the collection of all non-negative functions of X, clearly, C C X.
Definition 2.13 [32] A nonempty, closed, convex set C C X is said to be a cone provided the following are satisfied

1. ifyeC and a > 0, then ay € C;
2. ifyeC and -y €C, theny = 0.

For a given cone C, define a partial ordering (“ <) with respect to cone C by y1 < y» <= y» —y1 € C.

Definition 2.14 [32] A cone C is said to be “Normal” if 3 a number k > 0 such that
0 < y1 < yo implies ||y1ll < &llyall, for all y1,y» € C. (2.12)
Before going to start our main sections, let us first define a set
A ={y € X|y > 0 is non-decreasing on [0, 1]}. (2.13)

It will not difficult to see that the set A is non-empty closed subset of cone C.

3. Existence of solution of initial value problem 1.2

This section contains some results of the existence of the solution of the initial and boundary value problem of the mix-order
differential equation with respect to non-additive measure (or distorted Lebesgue measure) on continuous domain.

Following definition presents the lower and upper solution for both problems 1.2 (IVP) and 1.3-1.4 (BVP), it can also see in
[39].

Definition 3.1 Function q € X will be called a lower solution for Equation 1.2(also with respect to operator ) if

dqu(i) < F(s, q(s)). (3.14)

and q(s) < Yq(s) for all ¢ € [0, 1]. Similarly, we upper solution for Equation 1.2 and operator ) such that

dq(s)
— > F 3.15
dun 2 (s.q(s)). (3.15)
and q(s) > Yq(s) for all s € [0, 1].
In a similar manner, this definition can also be used for problem 1.3-1.4. Further, it is also noted that it will also hold for the
general semi-Banach space, see [3].

Theorem 3.2 Assume m € M* with m(s) < < fors € [0, 1], and m > ii4, where iiq is identity function. Moreover, if the following
hold:

1. F:[0,1] x [0,00) — [0, 00) is continuous and F(s,-) is an increasing function with respect to the second variable for all
s €10, 1] with F(0,0) = 0. Moreover, F(s,-) is strictly increasing on [0,n] for all ¢ € [0,1], where n is a positive real
number.

2. m' is continuously differentiable on [0, 1],

3. y* and y*™ are lower and upper solution of Equation 1.2 such that y*(s) < y*(s) for ¢ € [0, 1],

then Equation 1.2 has at least one positive solution.

Proof 3.1 Fors € [0, 1], Equation 1.2 can be written as

d(w

L (e )zF(c,y{«)), (3.16)
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where y1(g) = fogy('r)dT for a function y € §*. Now, in order to interchange the order of derivative in the later equation, we

; iy dyi(s) _
first claim dim | g = 0.

Since m > iiq on [0, 1], where iiq is identity function, then we can obtain the following

dyi(s) d
ants) = C dui, ) |
d.um s=0 d,um ( ) [o_g]y Hia s=0
Eq.-2.10 dy
- d.ufm/i,d =0
Prop.-2.7(2) dy
< = F(0,0) =0. 3.17
< i |sco (0,0) (3.17)
We also have m(s) < ¢ for all ¢ € [0, 1]. Then, we get
d}/l(g) Prop.-2.7(1) dy1(§)
> e =y(0) =0. 3.18
d,Ulm s=0 - ds s=0 }/( ) ( )
Consequently, from Equations 3.17 and 3.18, we get
dyi(s)
=0. 3.19
d,U:m =0 ( )

After setting n(s) = < in Proposition 2.5, we can write Equation 3.16 as follows

d dy1(§) _ '
& (2 = Fsphcon. (3.20)
Integrating equation 3.20 from Q to ¢, we obtain
<
(<) :/ F(r,yi(1))dT, (3.21)
d,u'm 0

then by Equation 2.6, we have Equation 3.21 in the form

©
nls) = (C)/[O]</O F(S%(S))O’S) dthm

We also have

V(<) /0 m'(s — 7) (/0 F(s,y(s))ds) dr + ' (0) /0 F(s.y(s))ds

- /q m'(s —T)F (T, y(T))dT.
0

Now, let us consider an operator) : A — C such that
S
Yy(s) = / m'(s —7)F(T, y(T))dT, (3.22)
0

It is not difficult to show that Y is positive and continuous because of positiveness and continuity of functions m', m",y and
F in the expression of operator ).

In order to apply Theorem 1.1, it suffices to check the operator )Y for compact continuity and increasingness because we
already have Yy** < y** and Yy* > y* from condition (2) and Definition 3.1. For compact continuity, we will use a well-known
Arzela-Ascoli Theorem [35].

We now claim the operator Y is bounded and completely continuous. Therefore, let B be any bounded subset of the A. Then,
for all y € B, from equation 3.22 we conclude the following

Yyl < /0c m'(s — )|F(r.y(1))ldT, Vs €[0,1]. (3.23)

Let © be a positive constant and there exits 6 > 0 such that © > [OrHax[0 ; F(s,y(s)). Then, from Equation 3.23, we arrive
s€0.1],y€[0,

at

1Vy)|l < em() <oem(l) =" (3.24)
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Thus, Y(B) is uniformly bounded.
Next, for each y € B and <1, € [0, 1] such that 1 < <3, let us consider

Vy(s) =Vy(e)| = '/Ogl m'(s1 — T)F(7,y(7))dT — /0§2 m'(s2 — T)F (T, y(T))dT
< /Oq |m'(s1 — 7) — m'(s2 = T)||F (7, y(T))|dT + /92 m' (2 — )| F(T, y(T))|dT. (3.25)

Since the function m' continuously differentiable implies Lipschitz continuous with Lipchitz constant L and m(s) < < for all
s € [0,1], then Equation 3.25 becomes

[Vyi(s1) —IYyi(s2)] < O(L+1)|s2 —sul. (3.26)

Further, whenever |s1 — | < 8, where 6 > 0, that is, for alle > 0, 0 is taken as § = 7@(;_1_ %) > 0. Thus, Equation 3.26 can
be written as

Yyi(s1) = In(s)] < (3.27)

which implies the equicontinuity of Y(BB). Therefore, by using Arzela-Ascoli Theorem [35], Y(B) is compact.
Next, our aim is to check the operator Y is increasing. Therefore, let y1,y> be any two elements of A such that y; < y».
Then, from Equation 3.22 and condition (1), we have

Yyi(s)

/< m' (¢ — T)F (T, 1 (7)) dT
0

IA

/0 " (e = TYF (T ya(1) AT = V(). (3.28)

for all s € [0, 1]. Thus, the operator Y : (y«.y™) = (y=, ") is compact continuous, and C is normal cone. Therefore, Theorem
1.1 is applicable for the operator ) and then it preserves fixed point in (y., y*). Hence, we complete the proof.

Remark 3.3 It is noticed that the Theorem 3.2 does not apply to the ordinary case m(s) = ¢ for all ¢ € [0, 1] because m > iiq
does not hold, i.e., ™ =1¢ M*.

The following theorem answers the Remark 3.3.

Theorem 3.4 Assume m € M™* with m(s) < for s € [0, 1]. Moreover, if the following hold:

1. F:[0,1] x [0,00) = [0,00) is continuous and F(s,-) is increasing function with respect to the second variable for all
s €10, 1] with F(0,0) = 0. Moreover, F(s,-) is strictly increasing on [0,n] for all s € [0,1], where n is positive real
number.

2. m' is continuously differentiable on [0, 1],

3. y* and y*™ are lower and upper solution of Equation 1.2 such that y*(s) < y*(s) for ¢ € [0,1],

then Equation 1.2 has at least one positive solution.

Proof 3.2 Since we have yi(s) = [5y(T)dT for y € §*, then obviously, yi(s) < y(s) for all < €[0,1]. It is easy to get

dyi(s) dyi(s)
dum _ dum

Theorem 3.2. Hence, proof is done.

. < 0 and then after keeping Equation 3.18 in hand, we must have = 0. Now, we proceed the proof of

For a special case of Theorem 3.4, consider m(s) = ¢ for ¢ € [0, 1]. then, we have the following result of a existence of a
solution of the differential equation.
Corollary 3.5 /If the following conditions

1. F:[0,1] x [0,00) — [0,00) is continuous and F(s,-) is increasing function with respect to the second variable for all
s €[0,1] with F(0,0) = 0. Moreover, F(s,-) is strictly increasing on [0,n] for all s € [0,1], where n is positive real
number,

2. y* and y*™ are lower and upper solution of Equation 1.2 such that y*(s) < y*(s) for¢ € [0, 1],

hold, then the first-order non-autonomous differential equation y'(s) = F(s, y(s)) fors € [0, 1], has at least one positive solution.

A proposition is presented for the next main theorem.
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Propostion 3.6 /f m,m’ € M*, then m(s) = (C) f[o,q] iigdu,y, where “iig" is an identity function.

Proof 3.3 Since m, m' € M™, we have

m(s) = /Og m'(T)dT = /O< m' (s —T)dT = /0< m"(s — 7)rdT = (C) Tdp. (3.29)

[0.5]

Thus, we arrive at the required expression.

k+1
Example 3.7 For ¢ € [0,00), we have SR (@) Tdu«, where k is a real positive constant. Particularly, for k =1,

k+1 [0,5]
<
/ TdT =¢%/2.
0

Following theorem contains less sufficient conditions than the Theorem 3.2. That is, here condition on m such that m(s) <g¢
for ¢ € [0, 1], and m > iiq, where Jiq4 is identity function, are not necessary.

=0 for m" € M*. Then, Equation 1.2 has

s=0

Theorem 3.8 Assume conditions (1) and (3) in Theorem 3.2 hold, also if %@?

at least one positive solution.

Proof 3.4 From Equation 1.2, Proposition 2.10 and 3.6, we easily conclude ‘fj:f;) = d% (‘;ﬁ—“}) = F(s,y(s)) fors € [0, 1]. Now,

follow the steps from 3.20 to 3.28 in the proof of Theorem 3.2. Hence, we reached the desired conclusion and have at least one
positive solution of Equation 1.2.

Next, we discuss a well-known Picard's method for the existence and uniqueness of Equation 1.2.

3.1. Picard-Lindelof

Through this section, our motive is to provide another way of finding the sufficient conditions of existence and uniqueness of
Equation 1.2.

Theorem 3.9 Let W= {(s,y)| 0<¢<a 0<y<B}, and assume m € M™ such that m(s) << for s € [0,1], and m > i,
where iiq is identity function. Moreover, if the following conditions hold:

1. F:]0,1] x [0, ) — [0, 00) is Lipschitz continuous with respect to the second variable with Lipschitz constant \. Also,
there exists a positive real constant X such that |F(s,y(s))| < X on [0,1],
2. m(1) <min{a, 2}, Am(1) < 1 and m(1) < )\1—/\

then Equation 1.2 has exactly one positive increasing solution on [0, m(1)].

Proof 3.5 Existence: We proceed with the proof of Theorem 3.2 till Equation 3.22. Then, for (s,y(s)) € W and from the
expression of Equation 3.22, we construct the iterations as follows

w() = 0
nis) = / (s = T)F(T, yo(s)) d
0

y(s) = /O< m'(s — T)F(T, yik-1(s)) dT. (3.30)

For s € [0, m(1)] for all m e M™, then first we show (s, yk(s)) € W. It is clearly seen that |yi(s)] < Am(1) < B, ie.,
(s, y1(5)) € W. Now, if we assume (s, yk-1(s)) € W, i.e., the relation |yk-1(s)| < B for all s € [0,1] holds, then it is easy
to have the following

wl < /0 " (s — 1) [F(r. s (1)) d7 < Am(1) < B.

E Copyright (© 0000 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 0000, 00 1-18
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Thus, by mathematical induction, the above expression leads to (s, yk(s)) € W for all k € N and ¢ € [0, m(1)]. Next, we also
have

() — yia ()] < / " (s = F (T yer (1)) — F (T, yiea (7)) d7
< af " (6 — ) Yeer () — Yeea ()] d7
< Ak / (s — 1) / (T —s)- / (0 — &)l (©)|drds - dedz
< Aamk). (3.31)
That implies,
SIS = vka ()] < A3 AT (1),
k=1 k=1

which converges absolutely as m(1) < 1/AN and also straightforward to see that the series converges uniformly on the interval
k
[0, m(1)]. Consequently, yk(s) = > (yj(s) — yj—1(s)) is convergent on [0, m(1)]. Further, being the series converges uniformly
j=1
and function F is Lipschitz continuous, we must have an expression of solution y of Equation 1.2 as y(s) = klim w(s) =
—00

Jo m'(s = T)F(7,y(7)). That ensures the existence of a solution of a given differential equation with respect to pm, see 1.2.
Uniqueness: Suppose z1 and z» be two different solutions of Equation 1.2 on [0, m(1)]. Clearly, z1(0) — z(0) = 0, and for
s € [0, m(1)], we have

N

lz1(s) — 2(9)] < /OC m'(s = MIF (1, z(7)) — F(1, 2(7))|dT

IN

A /c m' (¢ — )| z1(1) — z2(7)|dT. (3.32)
0

From the Gronwall inequality (see [31]), if y(s) < yo + fog a(T)y(t)dT, for all s € [0, c0) holds, then

y(s) < yoexp (/Ogy(f)df> , (3.33)

where yy is a non-negative real constant, and a and y are two non-negative function on [0, co). Hence, from Equation 3.32 and
3.33, we conclude yo = 0 and then we have |z1 — zo| < 0 implies z1 = z».

Example 3.10 Consider a first order differential equation with respect to distorted Lebesgue measure (um) on [0, 0.25], of the
form

dy
dibm

=log (3 — y) with y(0) =0, (3.34)

wherea =1 and B = 2 such that W = {(s,y(5))| 0 < ¢ < 1, 0 < y(s) £ 2}, and m(s) = % such that m(s) < s and @ e Mt
for all ¢ € [0,1]. Clearly, we have 0 < F =1og(3 — y(s)) <log(3) =X and |F(s, y1(s)) — F(s,y2(s)| < |y1(s) — y2(s)| for all
y1 and y», implies, Lipschitz constant A = 1. It is now seen that the conditions of Theorem 3.2 for the existence and uniqueness
of solution of Equation 3.34 are satisfied. Hence, Equation 3.34 has exactly one positive increasing solution on [0, 0.25].

4. Existence of solution of boundary value problem 1.3-1.4
=, dsm) . where m, n € M*. This result will be very helpful

in the study of existence of solution of boundary value problem 1.3-1.4. Throughput this section, we use the notation g. as
ge(s) = (€) f[o,s] gdun, for all s € [0,1] and n € M™.

In this section, we first discuss the solution of following mix order—(

Theorem 4.1 If n,m € M* with m' : [0,1] — [0, c0) an increasing function, and g € . Then, the boundary value problem

. 1 .
1.3-1.4 with oo = (C) (,7 + 1) gedum < oo, has a solution of the form
o, \M (1-7)

¥(s) = (O) / Gedtim +(C) | gedtim,, (4.35)
[0.s] [s.1]
m(s)

wheremy(s) = 1555 + m(s) and ma(s) = ,’ZS;S for s, s € [0, 1].
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Proof 4.1 Let us consider d%n (d‘fj’m) =0 fors € [0, 1], then it has solution y(s) = am(s) + b, where a, b € RT. Thus, in view

of boundary value problem 1.3-1.4, it is not difficult to get the desire expression as solution along with two arbitrary constants
y(©) = am()+b+(C) [ gedun (4.36)
[0.]

Putting y(0) =0 in Equation 4.36, we obtain b= 0. Similarly, by second condition of Equation 1.4, we have a=
ﬁ(C) o m_qc(-)dum. Now, using these values together in Equation 4.36, we yield

m(s) G .
m(1) (C)/[OI] = () JHm + (©) 0] ge(-)dpm

= / mgi; ge(T)dT + / m' (s — 1)gc(T)dT
m(s)

* m(s)

=[2G omor+ [ 2 ginor+ [ nils-nou(rror

- [ (e mem) o [

= (C) gcdllrml + (C) gcdumg. (437)
[0.¢] [¢.1]

y(s)

where my(s) = ;’:g;s + m(s) and ma(s) = ,’285 for s € [0,1]. Thus, we complete the proof.

Remark 4.2 Results on [a, b] for all a, b € R™ also hold.

The special case (i.e., m(s) =¢ = n(s)) of Theorem 4.1 is given.

Corollary 4.3 /f g : [0, 00) — [0, 00) is continuous function, then the boundary value problem

y"'(¢) = g(s) foralls €[0,1] (4.38)
y(©) =0, y(1)=2(C) / gedr, (4.39)
[0.1]
has solution
y(€)=(s+1) /g ge(T)dT + /1 ge(T)dT, (4.40)

where g.(s) = /< g(s)ds.
0

Corollary 4.4 If n, m € M* with m(s) = s, then the problem

di (d{j(:)) = g(s) foralls €[0,1] (4.41)
YO =0,  y(1)=2(C) / Gedtim, (4.42)
[0.1]
has solution
y()=(s+1) /Og gc(T)dT+c/ ge(T)dT, (4.43)

where g.(s) = (C) gdiin.
[0.<]

The following examples illustrate Theorem 4.1 on various aspects of the parameters in the theorem.

Example 4.5 Fors € [0, 1], let us consider mix order- (— W) differential equation
d d}/(g) _ 3
diun ( diem = ¢ foralls€[0,1] (4.44)
e
y@=0  ym==% (4.45)
Copyright © 0000 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 0000, 00 1-18
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where g(s) = e*, m(s) = e* — 1 and n(s) = se® for all s € [0, 1]. It is concluded that gc(s) = w for all ¢ € [0, 1]. Therefore,
from Theorem 4.1, we have y as solution of problem 4.44-4.45 such that

1 ‘ s—7+1 S—T S /1 e —
= — —1)gc(m)d (1)d
Vo) = oo [@T—eT e —namer+ [ S Fatnr
§2€< < 1 < 2 ¢
= m(&e +(6‘—1)§+3e—6)+m(€—1)(6‘_§€)
1
= m(qurl(g:)) + 3(@2 +1)) — QQGC(C +3) — 3e). (4.46)
We now consider mix order—(d%, ﬁ) boundary value problem.

d

Example 4.6 Fors € [0, 1], let us consider mix order—( i) differential equation

dig (iﬁ?) = log(l+¢) forall s €]0,1] (4.47)
y(0) =0, y(1) = 196109(2) = 6) (4.48)

18

where g(s) =log(1 +¢), m(s) =<+ % and n(s) =< for all ¢ €[0,1]. Thus, we have gc(s) = (s + 1)log(l+<) —¢ for all
s € [0,1]. Therefore, by Theorem 4.1, we obtain

y(s) %/<(§2 +5¢+3(1=71)((T+1)log(1+7) —T)dT + %/ (s° +2)((T+ 1) log(1 +7) — 7)dT
= %(Iog(l +¢)(66% 4 366 + 54 + 24) + 245(s + 2) log(2) — 115> — 57¢* — 54g). (4.49)

The following graphs represent the solutions of their corresponding boundary value problems.

Figure 1. Solution of problem 4.44-4.45. Figure 2. Solution of problem 4.47-4.48.

In the next example, we validate Theorem 4.1 by considering various order of BVP with m(s) = n(s) = <*, k € N and for all
sefo,1].

Example 4.7 Let us consider mix order—( =, d%m) or second-order differential equation
dZ (ddyf)) = sin(s) for all s € [0, 1] (4.50)
y(0)=0, y(1)=a, (4.51)

where o is as in Theorem 4.1, m(s) = n(s) =%, a> 0 and g(s) = sin(s) for all s € [0, 1]. Thus, in view of Theorem 4.1, we
have

¥(s) = (C) / Gedim + (C) / Gedtimy, (4.52)
[0.s] [s.1]

where gc(s) = (C) f[o_s] sin(s)dun, mi(s) = s(s? + s771) and my(s) = ¢%s for s,¢ € [0,1].
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Particularly, for a = 1, we have the following second-order boundary value problem
y" = sin(s) for all ¢ € [0, 1] (4.53)
y(0) =0, y(1)=2(1-sin(1)), (4.54)

where m(s) = n(s) = ¢ for all ¢ € [0, 1]. It is to have g.(s) = 1 — cos(s) for all ¢ € [0, 1]. Thus, from Corollary 4.3, we have y
as solution of problem 4.53-4.54 such that

y(s) /Og(c +1)(1 — cos(7))dT + /1 s(1 — cos(7))dT

(s+ 1)(s —sin(s)) + s(sin(s) g—c —sin(1) +1)
= 2¢(1—0.5sin(1)) — sin(s). (4.55)

The figures below show the behavior of solutions to the problem 4.50-4.51 corresponding to m(s) = n(s) = ¢¥, for k € N.

20
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20
|
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[ e
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20

20
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x

Figure 3. Solutions of problem 4.50-4.51 with m(s) = n(s) = ¢ for k = 1, 2,3, 10, 100 and 1000.

In a similar manner, for a = 1/k, we have m(s) = n(s) = ¢*/* for k € N.

0.4
1
0.4
0.4

0.3
03
0.3

0.2
0.2
02

0.1
0.1

Q_/ 41—

T
00 02 04 06 08 1.0 00 02 04 06 08 1.0 00 02 04 06 08 1.0
x x x

0.0
0.0

0.4
0.4
0.4

0.3
|
0.3
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0.3
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0.2

0.0

O — =
S

T T T T T T T T T T T T T T T T T T

00 02 04 06 08 1.0 00 02 04 06 08 1.0 00 02 04 06 08 1.0

x x x

0.0

Figure 4. Solutions of problem 4.50-4.51 with m(s) = n(s) = ¢/ for k = 1,2, 3,10, 100 and 1000.

Remark 4.8 From Fig. 3, we observe that the solution y goes upwards when a=k =1,2,3,---,1000. In contrast, in Fig. 4,
solution y is going downwards corresponding to each a=1/k =1,1/2,1/3,---,1/1000.
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We have sufficient supporting results to the study of existence of solution of boundary value problem 1.3-1.4.

Theorem 4.9 Assume m, n € M* with m(s) << for all s € [0, 1]. If the following hold:

1. m' :]0,1] = (0, 00) is Lipschitz continuous and increasing function and ¢ : [0, co) — [0, 00) is continuous and increasing
function,
2. y* and y. are a upper and lower solution of problem 1.3-1.4 along with condition y*(s) > y.(s) for all s € [0, 1].

1 - .
Then, for a = (C) ( ) + 1) (goy)edum > 0, the problem 1.3-1.4 has at least one positive solution.
[0.1]

m(l—T1

Proof 4.2 In view of Theorem 4.1, let us consider a operator ) : A — C such that

YVy(s) = (C)/ (go Y)cdlflml + (C)/ (go y)cdu,,,2, (4.56)
[0.5] [s.1]
where (go y)c(s) = (C)/ goydun, m(s) = ZE?; s+ m(s) and my(s) = ::85 for s,s € [0, 1]. It is noted that the operator
[0.s]

Y is continuous and positive because the functions g and G are positive and continuous. In order to apply Theorem 1.1 for the
existence of positive solution of problem 1.3-1.4, we define some steps.

Step-1, show that the operator Y is bounded. Let us consider a bounded subset, say B, of C, i.e., there exists \1 > 0, such
that ||ly|| < X1 for all y € B. Furthermore, let Ao be any positive constant then |g(y(s))| < X2 for alls € [0,1] and y € B.

Now, it follows from Equation 4.56 that

()| = ’(C) (90 Y)edm +(O) [ (g07)cdlin,
[0.s] [s.1]
< ’(C) (goy)edbm, |+ ‘(C)/ (90y)cdiim,
[0.5] [s.1]
< Xa(mi(s) + ma(1 —))
< Xa(mi(1) + ma(1))
< (2 + m(1)), (4.57)

thus, we conclude Y(B) is uniformly bounded.
Step-2, show that Y(B) is equicontinuous. Therefore, for 1, <2 € [0, 1] such that ¢ < 2, let us consider

|Vy(s1) — Vy(s2)] ) (g90y)cdibm, +(C)/[ 1](goy)cc/umz - (C) (goy)cdibm

[0.51] [0.s2]

- (C) (goy)cd,ufmg

[s2.1]

< |©f (ordun = © [ (goedun +l© [ (9on)edun

-(C) /[le](goy)cdumz
< ‘/j(m&(cz—T>—m;<c1—f))(goy>c<7>d7 + / mh(s2 = 7)(g 0 y)e(T)dT
+ /:m’g(l—'r)(goy)c(T)dT
< [ [ e = = mite — Dlar 4 e~ )+ Ima(1 - )~ mii - <)
< | [Mimte =) = s = Dlar + T, — 6+ m(s: - )
+ ZE;;|§2 —§1|] . (4.58)

Since m' is Lipschitz continuous, so there exits a positive real constant L such that

[m'(s1) — m'(s2)] < L1 — 2|, foralls,s; € [0,1]. (4.59)
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Thus, from Equation 4.58 and 4.59, we obtain

Vy(e) =Wy < K {L/O 2 — culdT + ;’7’8|<2—<1| P—
m(s)
m(l) |§2 - §1|:|
< X(L+3)|s2 =il (4.60)

Whenever |s1 — | < 8, where for all € > 0 we consider & as § = \;* (L +3) " . Finally, with Equation 4.60, we reach to the
following relation

|Vy(s1) = Yy()| <€, forall s, s €0, 1]. (4.61)

Hence, Y(B) is equicontinuous. Therefore, by using Arzela-Ascoli theorem [35], we have Y(B) is compact.
Step-3, we now show the operator ) is increasing with respect to y € C. So, if y1, y» € C such that y1 < y», and since g is
increasing, then we conclude the following

yyl(g) = (C)~/[O ](g oyl)cdu’ml + (C) /[ 1](90)/1)cdumz

IN

© /[(lc](g 2 y2)edum +(C) /[c.l](g © y2)edim, = Yya(S). (4.62)

for all ¢ € [0, 1]. Thus, the operator Y : {y.,y*) = {y+,y") is compact continuous, and C is normal cone. Therefore, Theorem
1.1 is applicable for the operator Y (see Equation 4.56) and then it preserves fixed point in (y.,y"). Hence, we complete the
proof.

Next theorem is immediately obtained from the observation of the above theorem.

Theorem 4.10 Assume m € M™, and let us consider boundary value problem

dig (ddy;:’)) = F(s.y(s)) foralls € [0, 1] (4.63)
o =0 W= [ (G +) Feden (4.:64)

<
where Fc(s) = / F(r,y(T))dT. If the following hold:
0

1. F:]0,1] x [0,00) = [0, 00) is continuous and F(s,-) is increasing function with respect to the second variable for all
s €[0,1] with F(0,0) = 0. Moreover, F(s,-) is strictly increasing on [0,n] for all s € [0,1], where n is positive real
number,

2. m' :]0,1] = (0, c0) is Lipschitz continuous and increasing function,

3. y* and y. are a upper and lower solution of problem 1.3-1.4 along with condition y*(s) > y.(s) for all ¢ € [0, 1],

then, problem 4.63-4.64 has at least one positive solution.
Proof 4.3 The proof of this theorem can be followed by the proof of the Theorem 4.9, therefore, it is omitted.

Remark 4.11 With the help of Theorem 3.2, we can also discuss the existence of solution of the problem 4.63-4.64. Indeed,
nael+m

ml

if we replace condition (2) of Theorem 4.10 by the condition (2) of Theorem 3.2 along with m' € M™ and m on

[0, 1], then we have at least one positive and increasing solution of the BVP 4.63-4.64.

In the coming theorem, we present some new sufficient conditions for existence of given boundary value problems, i.e., Eq.
1.2 and 1.3-1.4.

Theorem 4.12 Assume m, n € M™* with m(s) << for all s € [0, 1]. If the following hold:

1. m" :[0,1] — (0, 00) is Lipschitz continuous and increasing function,
2. ¢:[0,00) = [0, 00) is continuous and increasing function such that 0 < lim g(y(s)) < oo.
y—oo

1 .. .
Then, for a = (C) (m + 1) (goy)cdum > 0, the problem 1.3-1.4 has at least one positive solution.
[0.1] -
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Proof 4.4 In view of statement of Theorem 4.9, we just need to have lower and upper solution of Equation 1.3. From condition

(2), let o, B be two positive constants such that for0 <y < o,y = m[ax] g(y) >0, and for y > a, we have g < B. Clearly, we
y€E[0,a

have g(y) < a+ g forally > 0.

Let us consider the mix order—( d _d

) differential equation

dun ' dum
d (dzi(s)
= for 0 1, 4.65
dun(dum a+Bfor0<¢< ( )
Note that, Equation 4.65 has solution
z(s) = (a+B)0) ndpm for 0 < ¢ < 1, (4.66)
[0.5]

dun dum
4.65, and then we have z1(s) > zx(s) = 0 for all ¢ € [0, 1]. Thus, conditions (1) and (2) of Theorem 4.9 hold. Hence, proof is

done.

clearly, z1 is an upper solution of Equation 4.65, that is, -4 ( dz, ) > g(z1). Similarly, let zo = 0 be a lower solution of Equation

Theorem 4.13 Assume that the conditions of Theorem 3.2 hold except condition (3). Moreover, if the following condition
(E): 0< lim F(s,y(s)) < oo.
y—oo

holds, then the problem 1.2 has at least one positive solution.
Proof 4.5 Proceeding the proof of Theorem 4.12 for equation 1.2 and then by using Theorem 3.2. Thus, we compete the proof.

Remark 4.14 |n all above theorems, we can also consider m' as continuously differentiable function on [0, 1] instead of conditions
on m' because every continuously differentiable function is Lipschitz continuous on [0, 1].

Remark 4.15 In view of Theorem 4.13, similar theorem can be done for problem 1.2 with some different conditions.

5. Krasnoselskii Fixed Point Theorem

In this section, we are going to discuss a well-known Krasnoselskii fixed point theorem for the considered boundary value problem
(BVP) 1.3-1.4. In the end, one simple example is given to illustrate the finding.

Theorem 5.1 Assume m,n € M™ with m' is positive increasing function on [0, 1], and if the following

1. g:[0,00) = [0, 00) is continuous and increasing function, and there exists a constant £ > 0 such that
l9(z1) — 9(2)| < Lz — z2||x. (5.67)

. 1
<
where z1,z0 € X with L < mn)’

1 L . .
j + 1) (goy)edum > 0, the BVP 1.3-1.4 has at least one positive increasing solution

holds. Then, fora = (C _—
© [0.1] (m’(l -7

inlU.

Proof 5.1 Let||goy|lx < X2, and fix Xa(1 + m(1)) < vy, where 7y is positive real number. In order to apply Theorem 1.2 to the
given boundary value problem, we first need to consider a bounded set

U = {y € X| y is non-negative and increasing with ||y|lx <, v > 0}. (5.68)

Implies, U is non-empty closed bounded convex subset of X, and then define the operators Y1 and Y, on U such that

D)) = (C) /[ (909):du (5.69)
0,1
and
V29)(€) = (C) /[ (90 9)edln, (5.70)
0,5
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where my(s) = ::85 for all s € [0, 1] (see Equation 4.56). Clearly, Y1y and Y.y both are non-negative and increasing, then so

Vivi + Yovo for all yi, y» € U. Now, for yi,y» €U, we have

PVl < [ B gownlar+ [ (s - niger)(nlar
< )\2(1+m(1)) <. (5.71)

Hence, ||Viy1 + Yayallx < X2 implies Yiy1 + Yoy € U. Thus, condition (1) of Theorem 1.2 holds.
Being the continuity of the functions g,y and m, we have the continuity of Yi. It is also uniformly bounded as for all y € U
and ¢ € [0, 1], we have

st <| [ 2 (goy)nor| <. (572)

(1)

that is, [|Diyllx < Xa. Therefore, Y1 is uniformly bounded operator. Next to show the equicontinuity of the operator Y1, so, let
Y €U and s1, < € [0, 1] such that ¢1 < 2. Then, we conclude

[ e igoynar= [ M goy)rrar

|V1y(s1) = Y1y (s2)]
< —mﬁ) -l <e (5.73)

whenever |§1 — | < 0, where § = % for each € > 0. Hence, Y1(U) is equicontinuous and then by Arzela-Ascoli Theorem, we
obtain the compactness of V1. It is now enough to show the contraction of the operator V2. For y1,y» € U and from condition
(1) of Theorem 5.1, we obtain

A

[(Viy1)(s) — (Dy) ()] < ’/ocm’(‘;_T)(go)ﬁ)c(T)dT_/Ogml(G—T)(goyz)c(T)dT

< /O (s = ) [(g 0 y1)e(T) — (g0 ya)e(T)] dT
- / e — 1) (/ o (7= ) 190 (5)) — 9(3(5))] ds) dr
< La)m(Dlyr — yal. (5.74)

Implies ||(Viy1)(s) — (Vy2)(9)llx < Ln(1)m(1)||yr — yollx. Since £ < W therefore, operator Y is a contraction. Finally,
by using Krasnoselskii Fixed Point Theorem 1.2, there is a point y € U such that

Liy + Doy
() (goy)cdibm + (C)/ (9o y)cdiim, (5.75)
[0.5] [s.1]

y

where my and my are in Equation 4.56. It is a positive increasing solution of BVP 1.3-1.4, i.e., it has at least one solution.
Hence, proof is done.

Example 5.2 Consider the following boundary value problem (BVP)

d (dy(s)\ _ ¢
din ( i ) = 3 for all ¢ € [0, 1] (5.76)
y(0) =0, y(1) = / / (1+ e ") (1 —s)e"dsdr, (5.77)

here, m(s) = e — 1, and n(s) = <> for all s € [0,1], and g(s) = €° for ¢ > 0. Therefore, it is easy to see that the functions
m,n € M™ and g is positive, increasing and satisfy equation 5.67 such that
1

=€

1
3| ) _ 29| < 3l = yella, for each yi, y2 € [0, 00). s € [0.1], (5.78)

where L = % and Lm(1)n(1) = % < 1. Thus, from Theorem 5.1, it is straightforward to conclude that the problem 5.76-5.77
has at least one positive solution in U.
Remark 5.3 Similarly, Theorem 1.2 can also be used for IVP 1.2, where the two important operators can be taken as Y1y(s) =
T <
(@) f[o q (/ F(s,y(s))d5> dny and Yoy(s) = m’(O)/ F(s,y(s))ds. It is not difficult to show that Yiy1 + Yoy» € U for all
' 0 0

v1,¥2 € U. Also, under certain conditions on m" and F, we can have the continuity and compactness of Y1, and contraction of
operator Vs.

Copyright © 0000 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 0000, 00 1-18
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6. Conclusion

Motivated by the Sugeno derivative, we have studied the existence of solutions of the new first and mix-order differential
equation with respect to distorted Lebesgue measure. These equations are more general than the ordinary differential equations
(IVP and BVP), and both coincide with particular distorted Lebesgue measure um (i.e., m(s) =¢ for all ¢ € [0, 1]). Working
with these equations is more restrictive than working with ordinary differential equations because we keep the non-negative and
non-decreasing conditions on the unknown function throughout the investigation. Importantly, in order to apply a well-known
fixed point theorem on cones in the semi-order Banach space, we have constructed suitable corresponding operators for the
problems, respectively in this paper. Further, for the existence and uniqueness of first-order differential equation, we use Picard’s
method. In addition, we also applied the Krasnoselskii fixed point theorem for the IVP and BVP. We have also demonstrated
the expression of the solutions of corresponding equations by giving various variety examples with graphical representations to
help readers understand.
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