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ABSTRACT

Over time, quantum technology has evolved, and innovations in this technology occur every year.
Many people mostly realize we are reaching the limitations of classical computers and their CPUs
& hardware components. So, according to the current leadership of different leading organizations
& world leaders of every progressive nation, they are willing to move towards a new quantum
enablement to unlock new computing power from emerging technologies eg. quantum computing.
Fractional gates in quantum computing can be implemented using photonics by leveraging continuous
transformations in optical systems.
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1 Introduction

Quantum computing relies on quantum gates to manipulate qubits, similar to how classical logic gates operate on
bits. While standard quantum gates such as Hadamard, Pauli, and CNOT perform discrete transformations, fractional
quantum gates enable continuous evolution between quantum states. These gates are particularly useful for quantum
error correction, quantum simulations, and fine-tuned control of quantum circuits.

Photonics, one of the leading platforms for quantum computing, offers a natural way to implement fractional gates due
to its ability to perform continuous transformations on quantum states using optical elements. Photonic systems can
precisely control quantum information with high fidelity by leveraging beam splitters, phase shifters, interferometers,
and geometric phases. Unlike superconducting qubits, where fixed pulse sequences often constrain gate operations,
photonic implementations allow smooth and tunable transitions between gate operations, making them ideal for realizing
fractional gates.

In this context, fractional gates can be understood as intermediate operations between known quantum gates. For
example, a fractional Hadamard gate interpolates between the identity and the full Hadamard transformation, while a
fractional rotation gate continuously varies a qubit’s phase. These operations are crucial for tasks like adiabatic quantum
computation, variational quantum algorithms, and fault-tolerant quantum control.

This paper explores how photonics enables fractional quantum gates, discussing fundamental principles, experimental
implementations, and their applications in modern quantum technologies.

However , in recent times it is reported that we can reduce circuit depth with fractional gates [fracgate]. Integrated
photonic systems enable the generation and manipulation of high-dimensional entangled quantum states, providing
a scalable approach for implementing continuous and fractional quantum gates [1] Here’s how photonics enables
fractional gates:
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1.1 Photonics and Continuous Transformations

¢ In photonic quantum computing, quantum information is encoded in properties of light, such as polarization,
phase, or path.

* Unlike discrete gate-based quantum computing (e.g., superconducting qubits), photonics naturally allows for
smooth, continuous transformations of quantum states.

1.2 Implementing Fractional Gates with Beam Splitters and Phase Shifters

» Beam Splitters [38, 47]: Act as unitary transformations, enabling controlled superposition of photonic states.

» Phase Shifters: Introduce precise phase changes, allowing fine control over quantum state evolution.

* By adjusting the parameters of these components, one can construct any desired fractional quantum gate[17].
The Mach-Zehnder Interferometer (MZI) is a fundamental optical device that has found significant applications in

quantum computing. Its ability to manipulate the amplitude and phase of quantum states makes it a versatile tool for
implementing quantum gates and operations.

Beam Splitters Beam splitters are optical elements that divide an incoming light beam into two paths with a specific
ratio, often 50/50. In the quantum context, they act as unitary operators that mix the amplitudes of the qubit’s basis
states. Mathematically, a 50/50 beam splitter is analogous to a Hadamard-like operation, creating superposition. This
can be expressed as:

0) = 1)

V2

0) +[1)

BS|0) — ,
0) 7

BS|1) — 1)

where BS represents the beam splitter operation.

Phase Shifter A phase shifter introduces a controlled phase difference between the two paths. By varying the phase
shift, one can control the interference pattern at the output. In quantum terms, this corresponds to a phase gate, which
modifies the relative phase of the qubit’s basis states.

Interference When the two paths recombine at the second beam splitter, the relative phase difference determines
whether the beams interfere [35] constructively or destructively. This interference allows the MZI to perform unitary
transformations.

Qubit Operations

1.3 Unitary Transformations

The MZI’s ability to manipulate both amplitude (via beam splitters) and phase (via the phase shifter) allows it to realize
any arbitrary unitary transformation on a single qubit. This is a fundamental concept in quantum computing [31].

1.4 Fractional Gates

By carefully adjusting the phase shift, one can create gates that are "fractional" versions of standard gates. For example,
a standard Hadamard gate transforms |0) to % and |1) to %. By tuning the phase, one can create a gate that
performs a partial Hadamard transformation. The same principle applies to Pauli gates (X, Y, Z), allowing for the

generation of rotations around the Bloch sphere axes by fractions of the standard rotation angles.

1.5 Bloch Sphere

It is useful for visualizing the MZI’s operations on the Bloch sphere. The beam splitters and phase shifter cause rotations
of the qubit state vector. By tuning the phase shifter, the rotation angle can be controlled.

Applications of MZIs MZIs are crucial components in various quantum technologies, including:

* Quantum communication: For encoding and manipulating quantum information [19].
* Quantum computation: As building blocks for quantum circuits [28].

* Quantum sensing: For precise measurements of physical quantities [14].

* Photonic quantum computers [33].
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Fractional Gates via Mach-Zehnder Interferometers (MZIs)

* An MZI consists of two beam splitters with a phase shifter in between.
e It can perform arbitrary unitary transformations on a single qubit.

* By tuning the phase shift, one can realize fractional versions of standard gates (e.g., a fractional Hadamard or
Pauli gate).

1.6 Topological and Geometric Phases

* Photonic systems can exploit geometric phases to implement fractional gates.
* The Pancharatnam-Berry phase allows smooth interpolation between gate operations.

* This principle enables the realization of fractional versions of gates like the controlled-phase (CPhase) or
controlled-NOT (CNOT) gates.

1.7 Beyond Dynamical Phase

In quantum mechanics, the dynamical phase is the conventional phase evolution dependent on the energy and time spent
in a state. Geometric phases, however, arise from the path a quantum state takes through Hilbert space, independent of
the evolution’s speed [8]. The Pancharatnam-Berry phase is a specific type of geometric phase occurring during cyclic
evolution [36].

Path Dependence The acquired phase depends on the geometry of the path traced by the quantum state on the Bloch
sphere, offering a robust way to manipulate quantum states. This geometric dependence is crucial for precise quantum
control.

Robustness Geometric phases are often more robust against noise compared to dynamical phases. This robustness
stems from their dependence on the overall path, not the precise timing of the evolution.

Fractional Gates and Geometric Phases

Smooth Interpolation The path dependence of geometric phases allows for smooth variation of the path, achieving a
continuous range of phase shifts. This enables the implementation of fractional gates, which are partial versions of
standard gates like CPhase or CNOT.

Photonic Implementation Photonic systems are ideal for exploiting geometric phases. Polarization of photons, for
example, can encode quantum information, and optical elements can precisely control photon paths [33]. This facilitates
the creation of optical devices implementing geometric phase gates with high precision.

Controlled Gates The principles extend to two-qubit gates like CPhase and CNOT. By manipulating the paths of
both qubits, controlled geometric phases can realize fractional versions of these gates.

1.8 Fractional Gates in Frequency and Time Domains

Time-bin encoding and frequency combs in photonics allow gradual transitions between quantum states. Using
modulators and dispersive elements, one can implement fractional gates via controlled time delays and spectral shaping.

1.9 Example: Fractional Rotation Gate
A basic fractional gate can be generated as follows : We can generate a fractional gate using cirq [16] as follows

1 import cirq
2 import numpy as np

3 import matplotlib.pyplot as plt

4 from cirq.contrib.svg import SVGCircuit
5 import cairosvg

6 from PIL import Image, ImageDraw

5

8

# Function to save a Cirq circuit as JPEG with a white background
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o: H Rx(0.4m) ? M
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Figure 1: A simple Fractional Gate

def save_circuit_as_jpeg(circuit, filename):
"""Generates and saves a Cirq quantum circuit with a white background and colored
s ga’tes.llllll
svg_filename = filename.replace(".jpeg", ".svg")
png_filename = "temp.png"
jpeg_filename = filename

# Convert the circuit to SVG

circuit_svg = SVGCircuit(circuit)

with open(svg_filename, "w") as f:
f.write(circuit_svg._repr_svg_())

# Convert SVG to PNG
cairosvg.svg2png(url=svg_filename, write_to=png_filename, background_color="white")

# Open PNG and convert <t to JPEG with a white background

img = Image.open(png_filename) .convert ("RGB")

white_bg = Image.new("RGB", img.size, "white")

white_bg.paste(img, mask=img.split()[3] if img.mode == "RGBA" else None)
white_bg.save(jpeg_filename, "JPEG", quality=95)

print(£" Circuit saved as {jpeg_filename} with white background and colors!")

# Create two qubits
90, q1 = cirq.LineQubit.range(2)

# Create a complex quantum circuit
circuit = cirq.Circuit([
cirq.H(q0), cirq.H(ql),
cirq.rx(0.4 * np.pi) (q0), cirq.rz(0.6 * np.pi)(ql),
cirq.CNOT(q0, q1),
cirq.rz(0.25 * np.pi)(ql),
cirq.measure(q0, q1)

D

# Save circuit as JPEG with a white background
save_circuit_as_jpeg(circuit, "circuit.jpeg")

# Simulate the circuit
simulator = cirq.Simulator ()
result = simulator.run(circuit, repetitions=1024)

# Get measurement results
histogram = result.histogram(key=(q0, q1))
print (" Simulation Results:", histogram)

# Eziract histogram data
keys = list(histogram.keys()) # Convert dictionary keys to a list
values = list(histogram.values()) # Convert dictionary values to a list

# Plot histogram with colors

plt.figure(figsize=(8, 5))

plt.bar(keys, values, color='blue', alpha=0.7)

plt.xticks(keys, [bin(k)[2:].2£fi11(2) for k in keys]) # Convert to binary
plt.xlabel("Measurement Outcome (Binary)")
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62 plt.ylabel("Frequency")

63 plt.title("Cirq Simulation Results")

64

65 # Save histogram as JPEG with a white background

66 plt.savefig("histogram.jpeg", format="jpeg", dpi=300, bbox_inches="tight", facecolor="white")
67 print(" Histogram saved as histogram.jpeg with white background!")

68

69 # Display histogram

70 plt.show()

71

A fractional Pauli-X gate Rx (6) with 6 = Z.
Rx(0) with 0= g

The Pauli rotation gates are given by:

Rx(0) = e 5%, Ry(0) =8, Ry(0) = e 37
where X, Y, Z are the Pauli matrices.

import cirq
import numpy as np
import matplotlib.pyplot as plt

# Define 8 input qubits and 3 output qubits
input_qubits = [cirq.LineQubit(i) for i in range(8)]
output_qubits = [cirq.LineQubit(i + 8) for i in range(3)]

O N L AW —

# Define fractional Pault rotations

10 theta_x = np.pi / 4 # Ezample fractional rotation for Pauli-X
11 theta_y = np.pi / 6 # Ezample fractional rotation for Pauli-Y
12 theta_z = np.pi / 8 # Ezample fractional rotation for Pauli-Z

I

14 # Apply rotations to the 8 input qubits

15 rx_gates = [cirq.rx(theta_x)(q) for q in input_qubits]
16 ry_gates = [cirq.ry(theta_y)(q) for q in input_qubits]
17 rz_gates = [cirq.rz(theta_z)(q) for q in input_qubits]

19 # Entangle input qubits with output qubits using CNOT gates

20 entanglement_gates = [

21 cirq.CNOT (input_qubits[i], output_qubits[i % 3]) for i in range(8)
2 ]

24 # Create a quantum circuit

25 circuit = cirq.Circuit(

26 rx_gates + ry_gates + rz_gates + entanglement_gates + [cirq.measure(*output_qubits,
— key="result")]

27 )

28

29 # Display the circuit diagram

30 print("Quantum Circuit:")

31 print(circuit)

32

33 # Save the circuit diagram as an image

34 circuit_diagram = circuit.to_text_diagram()

35 plt.figure(figsize=(10, 4))

36 plt.text(0.5, 0.5, circuit_diagram, fontsize=10, family="monospace", ha="center", va='"center")

37 plt.axis("off")

38 plt.savefig("quantum_circuit_8input_3output.png", bbox_inches="tight", dpi=300)

39 plt.show()

40

41 # Simulate the circuit
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Figure 2: A rotational gates : fractional version of Pauli Gate

simulator = cirq.Simulator ()
results = simulator.run(circuit, repetitions=1000)

# Extract measurement outcomes
measurement_counts = results.histogram(key="result")

# Convert results to 3-bit binary format
bitstrings = [format(k, 'O3b') for k in measurement_counts.keys()]

# Plot histogram

plt.figure(figsize=(8, 5))

plt.bar(bitstrings, measurement_counts.values(), color='blue')
plt.xticks(rotation=45)

plt.xlabel("Quantum State (3-bit Output)")
plt.ylabel("Counts")

plt.title("Measurement Results of 8-Input, 3-Output Quantum Circuit")

plt.grid(axis="y", linestyle="--", alpha=0.7)

# Save the histogram
plt.savefig("fractional_pauli_8input_3output_histogram.png")
plt.show()

import cirq
import numpy as np
import matplotlib.pyplot as plt

# Define 5 qubits (4 inputs + 1 extra output qubit)
qubits = [cirq.LineQubit(i) for i in range(5)]

# Define a fractional rotation gate (Fractional Pauli-X)
theta = np.pi / 3 # Fractional rotation angle

rx_gates = [cirq.rx(theta)(q) for q in qubits[:4]] # 4pply RX() to first 4 qubits

# Introduce an additional operation on the 5th qubit (Controlled gate or entanglement)
controlled_gate = cirq.CNOT(qubits[2], qubits[4]) # Ezample: control from 3rd qubit to 5th

# Create a quantum circuit
circuit = cirq.Circuit(

rx_gates + [controlled_gate] + [cirq.measure(*qubits, key="result")]

)

# Display the circuit diagram
print ("Quantum Circuit:")
print(circuit)

# Save the circuit diagram as an image

circuit_diagram = circuit.to_text_diagram()

plt.figure(figsize=(8, 3))

plt.text(0.5, 0.5, circuit_diagram, fontsize=12, family="monospace"

, ha="center", va="center")
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Figure 3: A rotational gates : fractional version of Pauli Gate

28 plt.axis("off")

29 plt.savefig("quantum_circuit_diagram.png", bbox_inches="tight", dpi=300)
30 plt.show()

31

32 # Simulate the circuit

33 simulator = cirq.Simulator()

34 results = simulator.run(circuit, repetitions=1000)

35

36 # Extract measurement outcomes

37 measurement_counts = results.histogram(key="result")

38

39 # Convert results to binary format (5-bit strings)

40 bitstrings = [format(k, 'O5b') for k in measurement_counts.keys()]
41

492 # Plot histogram

43 plt.figure(figsize=(8, 5))

44 plt.bar(bitstrings, measurement_counts.values(), color='blue')

45 plt.xticks(rotation=45)

46 plt.xlabel("Quantum State")

47 plt.ylabel("Counts")

48 plt.title("Measurement Results of 4-Input, 5-Output Quantum Circuit")
49 plt.grid(axis="y", linestyle="--", alpha=0.7)

50

51 # Save the histogram

52 plt.savefig("fractional _rx_4input_boutput_histogram.png")

53 plt.show()

54

The rotation gate is a fractional version of the Pauli gates. In photonics, a waveplate with a tunable fast axis can achieve
by setting an appropriate birefringence.

import cirq
import numpy as np
import matplotlib.pyplot as plt

qubits = [cirq.GridQubit(i // 5, i % 5) for i in range(20)] # 5z5 grid structure

1

2

3

4

s # Define 20 qubits
6

7

8 # Define square root of Pault rotations (/2 rotations)

9 theta = np.pi / 2 # /2 = square root of Pauli gate

11 # Apply Pault gates to all qubits

12 circuit = cirq.Circuit()

13 for g in qubits:

14 circuit.append([cirq.rx(theta/2)(q), cirq.ry(theta/2)(q), cirq.rz(theta/2)(q)]1)

16 # Add entanglement using CZ gates
17 for i in range(19):
18 circuit.append(cirq.CZ(qubits[i], qubits[i+1]))



20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
4

42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59

Quantum Computing paper

# Measure all qubits
circuit.append(cirq.measure(*qubits, key="result"))

# Display and save circuit diagram
circuit_diagram = circuit.to_text_diagram(transpose=True)

fig, ax = plt.subplots(figsize=(12, 6))

ax.text(0, 1, circuit_diagram, fontsize=10, family="monospace", va="top", ha="left")
ax.set_x1im([0, 1])

ax.set_ylim([0, 1])

ax.axis("off")

fig.patch.set_facecolor("white") # White background
plt.savefig("cirq_20qubit_sqrt_pauli_circuit.png", dpi=300, bbox_inches="tight")
plt.show()

# Run on Cirqg's built-in simulator
simulator = cirq.Simulator ()
results = simulator.run(circuit, repetitions=100)

# Eztiract measurement results
measurement_counts = results.histogram(key="result")

# Convert results to binary format
bitstrings = [format(k, '0O20b') for k in measurement_counts.keys()]
counts = list(measurement_counts.values())

# Ensure correct shape for plotting
num_states = min(len(bitstrings), len(counts))

# Plot histogram of results

plt.figure(figsize=(10, 5))

plt.bar(bitstrings[:num_states], counts[:num_states], color='blue')
plt.xticks(rotation=90, fontsize=7)

plt.xlabel("Quantum State (Truncated)")

plt.ylabel("Counts")

plt.title("Measurement Results of 20-Qubit Pauli Circuit (Cirq Simulator)")
plt.grid(axis="y", linestyle="--", alpha=0.7)
plt.savefig("cirq_20qubit_sqrt_pauli_histogram.png", dpi=300, bbox_inches="tight")
plt.show()

The square root of a Pauli gate (v X, V'Y, V/Z) is a unitary operation that, when applied twice, results in the full Pauli
gate [7, 15, 27, 32, 46] . The general formula for /o (where o € {X,Y, Z}) is given by:

Vo =e i

where:

* X,Y, Z are the Pauli matrices.

» The matrix exponential follows the identity:

e 97 = cos(0)I — isin(f)o.

Matrix Representations of Square Root of Pauli Gates

Square Root of Pauli-X (v X)

Square Root of Pauli-Y WY)

oo
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Figure 4: A rotational gates : fractional version of v PauliGate

Measurement Results of 20-Qubit vPauli Circuit (Cirg Simulator)
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Figure 5: Measurement : fractional version of v PauliGate

Square Root of Pauli-Z W7)
VZ = ¢ 137 = {6”/4 0 ]

0 eiﬂ'/4

Generalization for 2" Qubit Systems For an n-qubit system, the square root of Pauli gates can be applied as the
tensor product of the single-qubit gates:

VX VX oVX @ oVX
VY = VY @ VY @ 0 VY

VZ¥ =VZeVZie---oVZ

This results in a 2" x 2™ unitary matrix representation, which grows exponentially with n.

1.10 Quantum Walks and Fractional Gates

Photonic quantum walks enable smooth transitions between computational basis states. These systems can be engineered
to perform fractional gate operations dynamically. Photonic quantum walks enable smooth transitions between
computational basis states. These systems can be engineered to perform fractional gate operations dynamically.

Quantum walks, the quantum analogue of classical random walks, utilize quantum amplitudes instead of probabilities.
Photons, being quantum particles, can exist in superpositions of states, allowing them to explore multiple paths
simultaneously, leading to interference effects. Experimental realizations of quantum walks using photons have been
demonstrated, showing how photons can traverse a network of waveguides or other optical elements [37, 41].

By carefully controlling the optical elements (e.g., beam splitters, phase shifters) in the photonic circuit, we can
engineer the "coin" operation of the quantum walk. The coin operation determines the probability amplitudes for the
photon to move in different directions. Adjusting the parameters of the coin operation allows for smooth transitions
between different probability distributions, effectively enabling smooth transitions between computational basis states.
Adjustable coin operations allow for fine control of the quantum walk’s behavior [42]. The statistical moments of
quantum walks further illustrate the achievable control [11].



Quantum Computing paper

Quantum gates, the building blocks of quantum computation, can be implemented in photonic quantum walks. Fractional
gates, which perform partial rotations or operations, can be achieved by precisely controlling phase shifts and beam
splitter ratios. For example, a beam splitter with specific reflectivity can perform a fractional Hadamard gate. Cascading
multiple such elements enables the construction of more complex fractional gates. The entanglement and entangling
power of quantum walks, key components for creating quantum gates, have been explored [12]. Silicon photonic
chips, useful for creating stable and repeatable quantum walks, have been utilized [23]. Quantum walks in synthetic
dimensions offer a method to increase complexity and capabilities [39].

Modern photonic devices allow for dynamic control of optical elements, enabling real-time changes to quantum walk
parameters. This dynamic control is essential for implementing fractional gate operations and adapting the quantum
walk to different computational tasks.

2 Result

Theorem: Simulation of Fractional Dynamics Using Fractional Quantum Gates

Given a quantum system described by the Hamiltonian H = a X + 7, where X and Z are Pauli operators and «, 3
are real coefficients, the time evolution of the system under the fractional Hamiltonian H 1/2 can be simulated using
fractional quantum gates with a query complexity of O(|| H'/2||tlog(1/€)), where ¢ is the evolution time and € is the
precision.

Proof Sketch
The proof of this theorem involves the following steps:

1. Fractional Power of the Hamiltonian:

« Compute the fractional power H'/2 using spectral decomposition or quantum singular value transforma-
tion (QSVT).

* The eigenvalues of H are AL = ++/a? + 32, and the corresponding eigenvectors are |A ) and [A_).
* The fractional Hamiltonian is given by:

H'Y? = /2 D) O+ VAP (AL

2. Unitary Operator Construction:

» Construct the unitary operator U (t) = e~ e using fractional quantum gates.
+ Decompose U (t) into a sequence of fractional gates (e.g., X /2, Z'/2) and standard quantum gates.
3. Quantum Query Complexity:

 Use quantum phase estimation (QPE) or quantum signal processing (QSP) to implement U (¢) with
optimal query complexity.

+ The number of queries to the Hamiltonian oracle O is O(||H'/?||t log(1/¢)), where || /2| is the norm
of H1/2.

4. Experimental Implementation:

* Implement the fractional quantum gates on a quantum computer using linear optical elements (e.g., beam
splitters, waveplates) or superconducting qubits.

* Address experimental challenges such as noise, decoherence, and gate fidelity.

Significance of the Theorem

This theorem demonstrates that fractional quantum gates can be used to simulate fractional dynamics in quantum
systems with optimal query complexity. It has applications in:

* Quantum simulation of fractional quantum Hall systems and topological phases of matter.
* Quantum algorithms for optimization, machine learning, and error correction.

* Quantum control and metrology.

10
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3 Conclusion

The MZI is a versatile tool & crucial component for manipulating qubits, enabling the realization of arbitrary unitary
transformations and fractional gates. This is known to us, the key advantages of MZI are: Tunability: The ability to
dynamically control the phase shift allows for flexible and programmable quantum operations. Optical implementation:
MZIs are naturally implemented using optical components, which can offer advantages in terms of coherence and
scalability. Geometric phases provide a way to encode and manipulate quantum information based on the geometry of
state evolution, allowing for fine-grained control and the implementation of fractional quantum gates.

Fractional gates offer increased flexibility in quantum circuit design, leading to more efficient algorithms and improved
error correction. Reducing the gate count is crucial for making quantum computers more viable.

The problem of simulating fractional dynamics in quantum systems using fractional quantum gates is not trivial. It is
a challenging and meaningful problem with significant implications for quantum computation, quantum simulation,
and quantum control. Solving this problem requires advanced mathematical techniques, efficient quantum algorithms,
and experimental expertise. It also opens up new avenues for exploring fundamental physics and developing practical
quantum technologies.

If you feel the problem is too simple for your context, you can increase its complexity by:

* Adding more constraints (e.g., limited qubits, noisy hardware).
» Extending it to higher-dimensional systems or multi-particle interactions.
* Incorporating error mitigation techniques or fault-tolerant methods.
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