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Abstract

Sparse hyperspectral unmixing is a popular technique used for
earth observation. Nonconvex sparse prior is often considered
and the linearized ADMM is practically used to solve the prob-
lems. This note provides a detailed analysis that supports a
recent consequence and experimental results dedicated to this
class of algorithms [1]. We prove the convergence of the lin-
earized ADMM for separable reweighted sparse hyperspectral
unmxing but the extended algorithm and the proposition also
cover relaxed scenarios where the variables are non-separable.

1 Introduction

Hyperspectral unmixing is a core technology for earth observa-
tion [2, 3, 4]. The purpose is to estimate the abundance maps:
the distributions of composite materials over the land. In the lit-
erature of hyperspectral image analysis, the composite materials
are called endmembers, of which the reflectance spectra span
the basis set for observed spectra. There are two categories of
hyperspectral unmixing: blind unmixing and dictionary-based
unmixing. Blind unmixing does not assume the full information
of endmember spectra or some part of them and requires to
estimate both the endmember spectra and the abundance maps.
Researchers’ effort over the years has provided the dictionar-
ies of endmembers. A hyperspectral image is assumed to be
unmimxed using a dictionary. However, the dictionaries are
usually over-complete, and thus sparsity promoting regularaiza-
tions have been introduced to estimate the endmembers. Sparse
unmixing basically belongs to this category of unmixing.

A number of studies have proposed to optimize elaborate cost
functions using the alternating direction method of multipliers
(ADMM) with sometimes modifying it by using inner-outer
loop techniques. However, rigorous consideration for the cov-
nergence of this class of algorithms is still lacked. This note
provides a detail of the theoretical analysis in the considera-
tion on the convergence of linearized ADMM for separable
reweighted sparse hyperspectral unmixing [1].

2 Preliminary and related work

In this section, we review existing sparse unmixing methods.
Please refer comprehensive articles like [2, 3, 4] for the basis of
sparse hyperspectral unmixing and further details and literature.
Given a measured hyperspectral image M € R®V of B bands
and N pixels, the linear sparse unmixing model assumes a spec-
tral dictionary S € R5*P with total D (typically of hundreds)
spectral signatures to unmix M as

M=SX+N st X>0, (1)

where X € RP*V is the abundance matrix and N is the obser-
vation noise. The nonnegative assumption is often replaced
with the sum-to-one constraint, which holds when irradiance

and material concentration are uniform and thus a pixel stores
the averaged spectra within the sensor resolution. However,
this is not always true and some limitations are known in prac-
tice [2, 5, 6]. We herein assume only the nonnegative constraint
and give results under that assumption.

The fundamental assumption of sparse unmixing is that only a
small number of endmembers should have nonzero abundance.
Such a sparsity comes with a constraint of a bounded cardinarity
of abundance. From the Lagrange duality, there exists a coeffi-
cient on the Ly norm added to a cost function. It is well known
in the long history of sparse modelling that Ly norm is difficult
to optimize and thus various relaxations have been developed.
Both convex and nonconvex relaxations can be consiered in
the context of sparse unmixing, where, in general, the sparse
unmixing can be written as

1
min E||M — SX||% +u¥(X) st. X > 0. )

SUnSAL [7, 8] is the pioneering work that endows the pixel-
wise sparsity on abundance maps. The regularization is ¥ (X) =
[IX]l1,1, which enforces every pixel to have zero abundance.
While SUnSAL is a standard and suggestive study with a effec-
tive ADMM algorithm, it is insufficient in terms of reducing
the number of selected endmembers. To circumvent this, col-
laborative sparsity has been also used [9]. The regularization
Y (X) = |X]|,; has a collaborative behaviour to put all the pix-
els of some endmembers to zero, which often better reflects
the assumption of sparse unmixing. They are convex and can
be solved efficiently by using the soft-shrinkage or vector-soft-
shrinkage operators. On the other hand, some work introduced
nonconvex relaxation of Ly norm. L, penalty ¥(X) = ||X||£ is
a tighter nonconvex relaxation than L; norm and a balanced
characteristic was deduced for p = 1/2. Reweighted sparse
regularization is also used well in sparse unmixing. Reweighted
scheme was originally introduced by Candes et al. [10] to prac-
tically solve nonconvex optimization problem, e.g. using log-
sum penalty. However, the convergence of ADMM using the
reweighted sparsity has not been shown specifically under the as-
sumptions of sparse hyperspectral unmixing, and there are only
empirical reports of converging behaviours of the algorithms.
On the same line, double-reweighted sparse regularization was
presented to incorporate the effect of collaborative sparsity on
abundance [11]. Although this regularization shows the better
regression accuracy and sparseness promoting tendency, the
technique is rather empirical and no analytical justification has
been provided. Another partly lacked investigation is that exist-
ing work has not provided the functions ¥(X) explicitly as well
as the analytical properties of these regularizations, which has
been partly discussed in [1] based on an established result [12].
Although applying ADMM with the reweighted techniques
shows the empirical convergence, the convergence analysis still
remains a common issue.
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3 Convergence analysis of linearized ADMM
for sparse unmixing with nonconvex
nonsmooth penalties

In this note, we revisit the reweighted sparsity promoting reg-
ularizations for sparse unmixing. First, we see a unified view
to design sparse unmixing algorithms with nonconvex regular-
izations. It includes the reweighted sparsity and some varieties
of double reweighted sparsity promoting regularizations as the
update rules to solve the nonconvex problems. We give the
explicit form of the corresponding nonconvex functions. Our
analysis could provide a better understanding for the rather em-
pirical flavor of double reweighted schemes. Second, we prove
that ADMM reaches a solution under conditions satisfied in
sparse unmixing.

3.1 Nonconvex penalties and reweighted sparsity

We assume the following class of nonconvex functions that are
smooth almost everywhere excluding the origin. Local linear
approximation is a widely used technique to optimize such
nonconvex functions.

Candes et al. [10] considered a problem as min, f(|x]) &
min, , f(u) s.t. |x| < u. Following this work for solving such
nonconvex, nonsmooth optimization problems, there has been
developed a more general framework, based on which we solve
sparse unmixing problems.

Let ¥ = ¢ o g with ¢ concave, smooth function and g con-
vex, possibly nonsmooth function that has a prox operator.
The tangent is thus ¢’(g(x"))(g(x) — g(x")) + ¢(g(x")). We as-
sume that g(x) = |x| in this study. We extend this technique
to the specific form appeared in sparse hyperspectral unmix-
ing: ¥ (X) = p(g(X)), where ¢ : Im(g) — R is differentiable
and concave w.r.t. every g;; and g : R™™" — R™™ takes
gij(X) = [X;jl, for which the concavity of ¢ is equivalent to
the concavity w.r.t. every g;;(X). There are some ways to show
that the following functions are concave w.r.t. each variable,
by saying that the tangent is increasing and positive, or that the
composite of a concave function followed by a nondecreasing
function is concave, etc. The tangent of ¥ w.r.t. X;; at X is then
0p/0g:;(X).

Here are some examples that appear in the literature of hyper-
spectral unmixing.

3.1.1 Log-sum penalty for L,-reweighted sparsity
P(X) = ) log(IXij| + &), 3)
i.j

where the constant € > 0, leads a linearly approximated upper
bound for the #-th update as

op 1
—8iiX) = ) ———IXjjl. “)
0, ™ 2

3.1.2 Modified log-sum penalty for L,-collaborative
double reweighted sparsity

log(1X;,| + &) — log(Y » [Xiy| + &
W(X):Z 0g(IX;jl + &) — log(2 | J|+8)’ 5)

7 Zj,¢j|X,‘j/|+8/—8

where the constants g, &’ > 0, leads for the #-th update as

9 1
5. 511X = ijl 6
ZJ a3, (X01+8) (2, IXf;?|+s')|Xj| ©

3.1.3 Modified log-sum penalty for L2-collaborative
double reweighted sparsity

—asinh (Cilj/2 (Cij - 8|Xij|)) / (”Xijl + 8|Cij)

vX) =" 7 . (D
ij (Cij + & )
where C;; := Z.i’;ﬁj Xlzj + & and € > 0, leads
) 1
D 5giX) = Xl ®)
i 08ii (XD + &) 2, IXOP + &

3.1.4 Arctangent penalty for L,-L,-reweighted sparsity

atan(|X;;|/ Va)
X) = - J -
(X) Z] —

where ¢(x) = arctan(x/ v/a)/ ya with a constant a > 0.

€))

3.2 Reweighted ADMM for sparse unmixing with
nonconvex nonsmooth penalties

Based on the nonconvex, nonsmooth penalty ¥ (X) = ¢(g(X)),
we solve the sparse unmixig problem using ADMM [13, 14].

!
min >M - SX[7 + up(g(X)) + tr=0(X), (10)

where (p>0(X) = 3;;tr>0(X;;) is the nonnegative constraint.
Since this cannot be solved directly, variable splitting technique
is often used. ADMM allows a flexible splitting into variables
to efficiently solve the subproblems. However, there are two
difficulties to solve the nonconvex, nonsmooth sparse unmixing.

e Y7 is nonconvex and nonsmooth, and thus minimiza-
tion subproblems including this function is intractable
in general.

o The functions g and 4 are not differentiable. There are
gaps between convex problems and nonconvex ones in
showing convergence when we split variables for the
functions g and A.

The following technique and assumption are introduced as de-
scribed in [15] to efficiently solve the problem as well as to
guarantee a convergence property for general scenarios but the
algorithms used specifically in nonconvex sparse hyperspectral
unmixing is not covered.

e Optimize the variable with ¥ approximately via the
linearized cost function tangent to ¥ at the current
coordinate.

e The prox operators for g and & are assumed to satisfy
Prox,,, = prox, o prox,. This assumption enables
to split the problem into subproblems of smooth one
and nonsmooth but proximable one, and so the dual
variable in the augmented Lagrangian is shown to be
upper bounded.
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We introduce an auxiliary variable Y under the constraint of
X =Y. Using the auxiliary variable Y and a dual variable P,
the augmented Lagrangian is

LOCY,P) = 3M - SYIE + ugl@(0) + Y tra0(Xi)
t
+HP,X-Y)+ gnx Y[ (1)
and the following subproblems are considered:
XD = arg;nin L(X, YO, PD), (12)
YD = arg min LXD Y, PY), (13)

P(t+l) — P(r) +p(X(l+l) _ Y(l+1))’ (14)

where £ is a reweighted function w.r.t. ¥,

. 0
LAY = p ) 2= (X gy(X) + 3 oK)
ij 8l ij

+ (PO X =Y + EIX - YOI, (15)

From the properties of the prox operators of g and 4 and from
Equation 12, updating X follows

XD =max(3(x'<’>,” 6“’(}(”)) ) (16)
ij ij 0 9

where X' = Y? — PO/p S(x,0) is the soft-thresholding
operator [16], and max(x, y) returns the larger one.

From Equation 13, updating Y follows
P®
YD = (STS + pI)! {STM +p(X<'”> + —)} .17
P

where I is the identity matrix.

The whole procedures are summarized in Algorithm 1.

Algorithm 1 ADMM for reweighted SHU

Input: Hyperspectral image M € RV spectral dictionary
S € RB*P (pruned if necessary)
Initialization : X = O;
Parameters : p > 0, tol, max iteration (#,x)
Output: Abundance X* € RV
1: while t < fx and the updates in variables are under a
threshold do
2 Update X using Equation 16.
3:  Update Y using Equation 17.
4:  Update P using Equation 14.
5
6

Continue updates 2-4.
: end while

3.3 Convergence analysis of the linearized ADMM

Our interest is the convergence of the algorithm. In order to
see what properties of functions and constraints conclude the
analytical consequence, we slightly generalize the problem as
it includes the sparse unmixing problem as a special case. Note
that our analysis follows the styles of established theoretical
results [15, 17] but is considered for assumptions and update

rules used in sparse hyperspectral unmixing. With simplifying
the notation in vectors,

Lx,y,p) = f(¥) + ¢(8(X) + h(x)
+(p, Ax + By) + gHAx + Byl (18)

is considered. The regularization weight y is included in ¢
for simplicity. We assume x € R? and g : R? — R? with
gi(x) = |x;], and h(x;) = tr>o(x;). We denote g(x;) = |x;|. We as-
sume f(y) = ||M—SY||12F /2 for hyperspectral unmixing problems
andy = vec(Y); x = vec(X); A = I and B = —I with the identity
matrix I. This is actually Lipschitz smooth as the difference
between its gradients are bounded above with the maximum
eigenvalue of STS. Here, we replaced the spectral dictionary
S by diag(S, - - - ,S) in reformulating the original problem to
that using vectors. This does not affect the following analysis
because each block matrix operates on each columns of the ma-
trix variable and thus what appears in the analaysis, the largest
eigenvalue, does not change in this reformulation. We assume
that B is full-rank, Im(A) C Im(B), and }; g;(x) + %HAX - )‘(||12E
has a unique solution for any X. Then our claims hold, and these
assumptions hold for the sparse unmixing problems, too. Some
coeflicients in the following claims would be the same under
the specific assumptions.

The updates of the proposed linearized ADMM is

xﬁ”l) = arg mln.E(X( D, x;,x (>t,)y . p"), (19)

y* = arg min L(x* 1.y, p®), (20)
y

p(t+1) — p(z) +p(AX(H'1) + By(Hl)), 21

where the linearized Lagrangian is defined as

e 1
Lo, x, ¥ pY)
(I))

6 ( ( (t+l)’ >,
-2 BT el o) + hix)

+ <p<'>, A(xﬁj‘” X, x0T+ By?)

+ %’uA(xS”T %, x0T + By | (22)

Our analytical result will suggest that the linearized ADMM
formulations appeared in sparse hyperspectral unmixing can
be regarded as an approximation of (19) to (12) with a practi-
cal benefit of computational cost. For the most conventional
reweighted sparsity coming from the Log-sum penalty, the prac-
tical algorithm and our analytically sufficient algorithm are the
same, since the variables in X or x are independent and thus
the subgradient vector is the same. When variables interact e.g.
by introducing a group-sparsity-promoting term, the analytical
problem is that the convexity does not hold, and thus we have
a sufficient condition for convergence when each variable x; is
updated incrementally.

Assumption 1. We assume the following class of functions f,
g, and h.

1. fis Lipschitz smooth with constant L.

2. Y, gi(x) + ||Ax — %||?>/2 for any X has a unique so-
lution. Let the solution is given prox,(X). Then,
¥, &i(X) + X, hi(x) + ||Ax — X||?/2 has a unique solution
as prox, (X)) = prox; o proxg()'().
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3. Finally, ¢ is concave and differentiable w.r.t. every g;
within Im(g).

We denote the sequence that the algorithm generates by
(1) = Ix® vy H®
{0 }Ost<oo - {X YL P }

We have the following lemmas. Again, note that our analysis
follows the style of [15, 17] and Lemma 1 and 3 follow directly
from [15] and some other part was also inspired by [17].

0<t<co”

Lemma 1. The change of the dual variable p from the update is
upper bounded by the change of the variable y up to the scaling
with a constant:

Ip“" — p@|| < Cpflly™" -y, (23)

where Cp; = o, *(B"B)L;, o (BTB) being the smallest
strictly-positive eigenvalue of B™B.

Lemma 2. The Lagrangian satisfies a sufficient descent with
the update of the variable x if AT A is diagonal:
Lp(X([), y(t)’ p(t)) _ .[,,,(X(Hl), y(l)’ p(t))

> LjlAx - Ax 0P (24)

Lemma 3. The Lagrangian satisfies a sufficient descent with
the updates of the variable y and the dual p if the Lagrange
multiplier p is sufficiently large so that,

POmin(B"B) — Ly — 2Cg s > 0, and then

Lp(X(Hl), y(t)’ p(t)) _ _£p(X(t+1), y(t+1), p(t+1))
> (,OO'mm(BTB) _ ﬁ _

C ®) _ @+l 2, 25
> = Cay Iy -y (25)

where 0-pin(BTB) is the smallest eigenvalue of BT B.
Lemma 4. The Lagrangian L, is lower-bounded for sufficiently
large p’s.

Lemma 5. The subgradient of the Lagrangian £, w.r.t. the
primal and dual variables is bounded above by the change of
the variables:

vy L,@") =BT (" —p) (26)
VL0 = Y - ) @)
3 1(g(x)) + h(X)} oo (28)
p {"D(g(xgl)’ Xg_))g(x) + h(x)}

! A

+ AT(p(t+l) _ p(t)) +pB (y(t+l) _ y(t)) c %(0(1+1))
Xi

Then, ||V L, — 0, [[VpL,@"")| — 0, and there
exists A1 € 9, L, @) that [|[d“V|| — 0 as r — co.

From these Lemmas, we conclude the main proposition.

Proposition 1. Under the Assumption 3, the sequence
{0(”}0<t<m has a limit point and converges to a stationary point.

4 Proofs of Lemmas
4.1 Proof of Lemma 1
Proof. From the optimality of y*,
Viy?) +BTp' P 4+ pBT(AX? + By?) = 0.
Using the update rule of p, we obtain
BTp" = -Vf").

The change of p in each update is bounded from above as
follows:

[

IA

o PBTB)BT(p"V - p)|
= oPBB)IVAYD) - Vi)l
< o PBTB)LAY Y -y

This concludes Lemma 1. O

4.2 Proof of Lemma 2

Proof. Since h(x") = 0 is satisfied for all t > 0, the change of
Lagrangian is

L") = L,x"P)
= p(gx")) — p(ex")) + (p, A" — x"*))
+ gqu(’) + By |2 - gHAx(”l) + By 2.

We introduce a subderivative vector
d” := -ATp"” — pAT(AX"*D + By")
and then have
L,x) = L,x"Y) = p(g(x)) - p(gx*))
—(d®, x® — x+Dy 4 g”A(Xm — xR,

If ATA is diagonal, which holds when A = I as assumed for
hyperspectral sparse unmixing, each entry is

d"” = (~ATp?); — p(ATAX"*D); — p(ATBy"),,
(t+1)

depends only on x; " among the entries from x"*D_Under this
condition and using the stationary condition

<i

Gxi ’

o LG X0y, p)

we have
(t+1) _(1)

dy) c 61. (9<P(g(X(;lg ’Xzi))g(xl(.”l)) + h(xl(.Hl))

and equivalently
dp(gx"", x1))
8i

as a set for the right hand of the inclusion. Note that, if ATA is
not diagonal and so mixes up different x;’s, the above inclusion
occasionally fails since there are some x5 instead of x\"*"’s

i i
that define dl@’s.

d’ e 3ig(x"™* ) + ain(x{"Y)
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If the following inequality holds
e(g(x™) - p(g(x"*1)) - (@, x?

we have £,(x?) — £,(x""V) > £|JAx" -

To show that (%) actually holds, it is sufficient to show that

-x"Dy >0, (%)
X(Hl))”Z.

w(ex . xD)

> p(gx; X)) = (@ 5"V - ) (*)

holds, since the iterative evaluation of this inequality starting
fromi = 1 toi = dim(x) finally leads (x). Here, we used

the aforementioned fact that df[) depends only on x; among x

and so Zi(d(t) o _ (Hl)) =(d®, x® — x"*Dy_ We show that

the inequality (* ) actually holds by two cases: x(m) >0 and
(1)

x;” > 0.

When xﬁ’”) > 0, since h(xl(.”l)) = 0 and a,-g(xﬁ”“) =1, we

(t+1) (z)
have d(’) a‘p(g(x(,g =) . The inequality (x”) holds from the
concavity of ¢ w.rt. g(x;) and that g(x\") = 1", g(x{"") =

(t+1)
X,
When xl(”]) = 0, we first note that xf”l) xl@ < 0. Since we

consider functions that take finite values, by considering the
(r+1)

epigraph sectioned by x; "/, we have
o (X(Hl), 0)
d(t) 6[ p(g P X)) (x§’+1))+h(x§'+1))
dp(g(x V. x1))
= {f % i) € < 0¢,

where 6l-g(xl(.’+l)) = [—1, 1]. Using this fact, we have

e(gx, x))

> p(gxE T xID) = (d, (") = (")
= pex& " xID) = (@ 1"V = 1)

which leads (x"). We used the fact that 9;g(x"*D) < 1, xl(.m) -

xﬁt) < 0, and the concavity of ¢ w.r.t. g(x;) to show the inequality.

This concludes the proof. O

4.3 Proof of Lemma 3
Proof.
LP(X(H-I), y(r), p(’)) _
= f(y(t)) _ f(y(t+l)) + <p(f)’ B(y(z) —y
+ g”AX(tJrl) + By(t)HZ _ gHAX(Hl) + By(t+1)||2

= ") = f) = (VD) y?
+ g’nB(y(’) — YR,

.Ep(X(HI), y(z+1), p(r))
(t+l))>

Dy
(P3-1)

where we used the fact that BTp“*!D = —V f(y"*D) to show the
final equality. Using the Lipschitz property of f:
FON = FGD) = (VA

L
— Iy =y P

_ y(t+l)>

>

(P3-2)

Next, we evaluate
Lp(X(Hl), y(t+1)’ p
_ <p(z) _ p(t+1)’Ax(t+1) + By(’”))

-_P
=—5lp

> ~Cplly™" —y?l (P3-3)
By combining (P3-1) to (P3-3), we conclude the claim. O

(t)) _ Lp(X(HI), y(t+1)’ p(t+1))

1
® _ p(t+ )”

4.4 Proof of Lemma 4

Proof. Since Im(A) C Im(B), there exists some y’ that satisfies
Ax"” = —By’ and

L, = fy") + o(gx) + A(x?) + (p”, Ax® + By?)
+ LIAX? + By

= f(¥) + p(g(x)) + h(x?) + §I|Ax<'> +By?|?

+ 16 - £+ VLD y -y
> f(y) + p(gx)) + h(x™) + gqu(” +By"”|?

L
— 2L rminl By — By

2
= f(y) + o(g(x)) + h(x?) + || Ax® + By®|]2

L

- SomnlAX? By

> —oo if p > Lfo'min-
This concludes the proof. O
4.5 Proof of Lemma 5
Proof. Using the optimality and Equation 21,
Vy-[:p(ﬂ(’+1)) — Vf(y(t+1)) + BTP(H-I) +pB(T) (AX(I+1) + By(t+1))

— BT(p(H-l) _ p(t))

The second equation is a direct consequence of derivative. Both
of them go to zeros as ¢t — co from Lemma 4 and the combina-
tion of Equation 23-25.

Finally,

oL
s O lp(8(X)) + h(X)he

+ (ATp(t+1)) +p (AT(X(H—l) + By(t+l))) ]
From the optimality of .f/, w.r.t. x;, we have

0es {so(g( x40, x0)

i

(0(l+1))

g(x) + h(X)}

X(.H])
+ (ATp(’))A +p (AT(X(H]) + By(’)))A .
Then, we have Equation 28

x4, x0)
O (@) + h(X) )y = 0 {L () + h(x)
(r+1)

1

+ AT(p(Hl) _ p(r)) +pB (y(t+1) _ y(t)) c (Zﬁ(ﬂ(nl))
Xi
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holds, where the second and third terms go to zeros ast — oo
again from Lemma 4 and Equation 23-25, 0 € %(ﬂ(’ ”)), and

finally for the first term, from the facts that [|x® — x“*D|| — 0
as t — oo and their epigraphs are the same [18], from the
continuity of g, the first term also goes to zero as ¢ — oo.

This concludes the proof. O
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