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Abstract

Lechner, Hauke, and Zoller proposed a parity-encoded spin-embedding scheme for quantum annealing (QA) with all-to-all
connectivity to avoid the issue of limited connectivity in near-term QA hardware and to enable the implementation thereof using
only geometrically local interactions between spins fabricated on the planar substrate. Nevertheless, the redundant encoding of
logical information, i.e., using a large number of spins to embed the logical information, increases the computational cost and
reduces the efficiency. In this study, we show through Monte Carlo simulation that this redundant encoding may be exploited
to solve the problems of the inefficiency and computational cost of the parity-encoded scheme by incorporating appropriate
decoding, namely classical post-processing, of the spins to retrieve the logical information. Our findings open up the possibility

of parity-encoded schemes for realizing the QA with near-term quantum technologies.
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Lechner, Hauke, and Zoller proposed a parity-encoded spin-embedding scheme for quantum
annealing (QA) with all-to-all connectivity to avoid the issue of limited connectivity in near-term
QA hardware and to enable the implementation thereof using only geometrically local interactions
between spins fabricated on the planar substrate. Nevertheless, the redundant encoding of logical
information, i.e., using a large number of spins to embed the logical information, increases the

computational cost and reduces the efficiency.

In this study, we show through Monte Carlo

simulation that this redundant encoding may be exploited to solve the problems of the inefficiency
and computational cost of the parity-encoded scheme by incorporating appropriate decoding, namely
classical post-processing, of the spins to retrieve the logical information. Our findings open up the
possibility of parity-encoded schemes for realizing the QA with near-term quantum technologies.

I. INTRODUCTION

In recent years, there has been a growing demand
to solve industry-relevant combinatorial optimization
problems. It is well known that such problems can
be recast as a sampling of the ground state of the
Ising spin Hamiltonian, where the problem is encoded
in the coupling coefficients of the spin pairs [1]. Many
studies have been devoted to nature-inspired approaches
to sample the ground state efficiently, such as quantum
annealing (QA) [2]. However, coding an arbitrary
optimization problem into Ising models requires the
dataset of the coupling coefficients between arbitrary
pairs of spins in the Ising spin Hamiltonian, and solving
them using QA computers is highly demanding for near-
term QA devices. This is because it requires a physical
implementation of the long-range interaction between
any pair of spins. To avoid this problem, several schemes,
such as minor embedding (ME) [3, 4] and parity-encoded
(PE) schemes, have been proposed [5], which logically
embed the spins into a larger physical spin system to
avoid long-range interactions.

In the ME scheme, each fully connected spin (logical
spin) is encoded on an associated chain of physical spins,
and physical spins belonging to the same chain are
connected by strong ferromagnetic interactions to align
them energetically. Long-range interactions between
logical spins are replaced by short-range interactions
between chains of physical spins. As a result, a general
Ising problem that is defined on a fully connected graph
of many nodes can be described by an equivalent problem
that is defined on a sparse graph with a larger number of
nodes [6]. In contrast, in the PE scheme, which was first
proposed by Sourlas [7] and later by Lechner, Hauke, and
Zoller (LHZ) [5], the parity of each pair of logical spins is
encoded on an associated physical spin that is arranged
on a two-dimensional lattice. Four nearest-neighbor
physical spins are coupled by four-body interactions and
constitute a PE spin network. Although this approach
can avoid long-range interactions, it requires four-body
interactions, which appears physically unnatural and

unfeasible. However, Puri et al. later suggested that
the PE spin network is realizable by mapping it to a
network of two-photon-driven Kerr parametric oscillators
(KPOs) with only local interactions, where a four-body
interaction is mapped to a four-wave mixing of four-
mode oscillator fields in the Josephson junction coupler
[8].  Such a network of KPOs can be implemented
using a circuit QED platform employing superconducting
devices, which has been studied extensively to realize
quantum computing with the current noisy intermediate-
scale quantum devices [5, 9]. The KPOs have been
experimentally realized by using trapped ions [10] and
Josephson parametric oscillators [11-14]. A network
of two KPOs has been recently realized using a static
capacitive coupling [15].  Chancellor, Zohren, and
Warburton independently designed a four-body coupling
of a superconducting flux quantum bit (qubit), which is a
more naive model of the quantum spin, using additional
ancillary qubits [16]. In the PE scheme, the optimization
problem is encoded in the dataset of the magnitudes
as well as orientations of the local fields that act
independently on each physical spin, whereas problem-
independent four-body couplings among the neighboring
physical spins enforce the parity constraints.

In this study, we investigated another aspect of
the PE scheme, that is, its error-correcting capability,
by comparing it with that of the quantum annealing
correction (QAC) scheme [6, 17-24]. QAC is a QA
system that is merged with the classical repetition code
to mitigate the errors arising in the QA algorithm.
Its error-correcting capability has been discussed in
terms of that of the classical repetition code. The
error-correcting capability of the PE scheme is more
subtle. LHZ suggested that the PE scheme includes
intrinsic fault tolerance because the logical spins are
encoded redundantly and nonlocally in the physical spins.
Pastawski and Preskill suggested that the PE scheme
can be viewed as a classical low-density parity-check
(LDPC) code that makes the scheme highly robust
against weakly correlated spin-flip noise [25]. However,
a numerical study using simulated QA and parallel
tempering showed no clear evidence that intrinsic fault



tolerance can be used to improve the sampling efficiency
of the ground state of logical spins [9]. To elucidate this
inconsistency, we conducted discrete-time Markov chain
Monte Carlo (DT-MCMC) simulations to sample the
sequence of state of physical spins under various constant
simulation parameters. As our MCMC is reversible,
the sequence converges with the stationary distribution
related to the Boltzmann distribution. Through the
MCMC simulation, we stored the states of the physical
spins sampled during the MCMC iteration in the buffer
memory. After completing the simulation, we decoded
the physical state using one-step majority vote decoding
(one-step MVD) [26-30] to infer the state of the logical
spins and calculated their energies for all the elements in
the stored sequence of the physical states. Their energy
spectra indicated that a substantial number of non-code
states contributed to the logical ground state after the
decoding. In particular, we found that the optimal
simulation parameters for sampling the physical ground
state using no post-readout decoding and the logical
ground states using one-step MVD are very different.

We investigated our one-step MVD in detail and
unfortunately found a drawback in that our method
is not robust, that is, its performance is dependent
on the problem instance. However, this drawback can
be addressed by modifying the algorithm to consider
high-weight parity-check constraints. We explain
the necessary modification to solve the problem and
demonstrate that the error-correcting capability of the
algorithm is improved. We speculate that an unfair
choice of a member of spin variables for majority voting
or inadequate selection of simulation parameters may
account for the inconsistent conclusions of previous
studies and our study.

The remainder of thie paper is organized as follows.
In Sec. II, we introduce the formulation known as soft
annealing [7], which explains how to incorporate error-
correcting codes with logical spin systems and obtain
larger physical spin systems. In this formalism, prior
knowledge of the parity constraints that characterize the
codes are naturally incorporated into the Hamiltonian
of the physical spin systems. In Sec. III, we discuss
the post-readout decoding. We consider one-step MVD
as an example and explain how the prior knowledge
about parity constraints can be used to infer the correct
result. In Sec. IV, we demonstrate the results of the
simulation of one-step MVD when it is applied to the PE
scheme. We also propose a novel method for improving
the efficiency and robustness of one-step MVD for PE
schemes. Section V concludes the paper. In addition,
we describe our simulation method, i.e., rejection-free
Markov chains, in detail in the Appendix.

II. CLASSICAL ERROR-CORRECTING CODE
AND SOFT ANNEALING

Before starting our discussion, we must address two
major viewpoints regarding the error-correcting codes
considered in this study. One is the communication
application viewpoint, where the mathematical model
is discussed in terms of a collection of bits or symbols.
The other is the optimization application viewpoint,
where the mathematical model is discussed in terms of
a system of spins or qubits. The purpose of this study
is to examine how the findings obtained by the former
can be extended to the latter. The concepts used in
these two viewpoints have one-to-one correspondence.
Figure 1 provides an overview of the correspondence
between the concepts used in the two viewpoints for the
reader’s reference. For example, “source word” and “code
word,” which are concepts used in the communication
application viewpoint, are associated with “logical spins”
and “physical spins” used in the optimization application
viewpoint, respectively. We begin our discussion by
introducing the concept of soft annealing proposed by
Sourlas [7, 31, 32]. In this proposal, the formulation of
the error-correcting codes given by a collection of bits or
symbols is mapped to the formulation given by a system
of spins or qubits. Based on this mapping, we discuss the
constructive contribution of error-correcting codes to the
optimization application.

A. Soft annealing

Sourlas established a mathematical equivalence
between the classical error-correcting codes and spin-
glass models for an arbitrary code [7, 31, 32]. In this
study, we address two error-correcting codes relevant to
QA: the classical repetition code and the PE scheme. We
briefly introduce the formulation proposed by Sourlas.
Let us focus on linear codes, which comprise the most
important family of error-correcting codes [29, 30].
Suppose that each information message consists of a
sequence of K bits and is represented by the binary
vector u = (u1,...,urx) € {0,1}", which is called
the source word. We assume that we have no prior
information on the choice of the source word, so that
a prior probability P (u) is uniform over u (ignorance
prior distribution). The source word is encoded into a
redundant sequence of N(> K) bits represented by the
binary vector ¢ = (c1,...,cn) = uG (mod 2) € {0, 1}N.
The vector ¢ is called code word and a K x N
Boolean matrix G is the generating matrix of the code.
The matrix equation ¢ = uG (mod2) consists of N
independent scalar equations

K
¢ =@ u;Gji € {0,1} (i=1,...,N), (1)

j=1
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FIG. 1. One-to-one correspondence between the concepts used in the two viewpoints discussed in this paper. Left hand side:
concepts used in the communication application viewpoint. Right hand side: concepts used in the optimization application
viewpoint. The symbolic notations used in this paper are also shown for the reader’s reference. The symbols in parentheses

are used in the quantum mechanical version.

where @ denotes the Boolean (modulo-2) sum. We
consider the linear block code C, where the code word
¢ consists of a source word u and N — K redundant
parity check bits. We assume that ¢; = u; (i = 1,..., K),
that is, c is arranged so that its first K bits contain the
source word w and the remaining IV — K bits contain the
redundant parity check bits. Thus, G has the following
form: G = [I, P], where Ik is a K x K identity matrix
and P is a K x (N — K) matrix [29, 30]. The ratio
R = K/N < 1 characterizes the redundancy of the code
and is called the rate of the code. The N components ¢; in
the code word c are not independent. Among all 2%V code
words, only 2% words have one-to-one correspondence
with the source words. Code words must satisfy the
constraint cH” = (0,...,0) = 0 (mod 2), where H is an
(N — K) x N Boolean matrix and is called a parity check
matrix. The constraints are called parity check equations
and comprise N — K independent scalar equations.

N
P Hije; =0 (i=1,...,.N - K) (2)
j=1

Owing to these constraints, the prior probability P (c)
may depend on the parity check bits in the code word
¢, and its distribution reflects the information regarding
the choice of code words c.

Suppose that ¢ is transmitted through a
noisy communication channel and received as
r = (r,....,tn) = c®e € {0,1}", where
e=(e1,...,en) € {0, 1}N denotes the error pattern. We
call s = (s1,...,sny_k) = rHT € {0,1}" the syndrome
pattern. It should be noted that the syndrome pattern
s depends only on the error pattern e as s = eH”, and
any element in s is 0 if and only if r is a code word
[26, 29, 30].

The connection between the error-correcting codes
and statistical physics of a spin network is established

based on isomorphism between the additive Boolean
group ({0, 1}, ®) and multiplicative bipolar (Ising) group
({#1},-). The source word u is mapped to the bipolar
vector Z = (Zy,...,Zk) € {1} by Z; = (-1)"“ €
{£1}, and Z;Z; = (—1)“®“. Similarly, the code word
c is mapped to the bipolar vector z = (21,...,2n) €
{£1}Y by z = (—1), and zz; = (—1)%®% . It follows
that

T G
S

2

p
= =Clon, [ 20 € {£1}
=1

(i=1,...,N;1=p= K). 3)

Note that z; = (—1)" for i = 1,..., K according to our
convention. As noted previously, we regard Z; and Z
as a logical spin variable and state of K logical spins,
respectively. Similarly, we regard z; and z as a physical
spin variable and state of N physical spins, respectively.
Equation (3) defines the physical spin state z in terms
of the Boolean matrix C and logical spin state Z; it
describes the embedding of the K logical spin system
into a larger N (> K) physical spin system. The matrix
defined by the elements C’,ilm ky is called the “connectivity
matrix.” It defines the codes and describes how the ith
physical spin state z; depends on the logical spin state
Z. The element C,il,__kp is 1 if ¢; is the Boolean sum of
ug, 1 =1,...,p). Thus, a parity-check bit in the linear
code C' that is formed by the Boolean sum of p bits of the
P p
form € wyg, is mapped onto a p-spin coupling [ Zy,.
1=1 =1

(Each logical spin variable Zj, is understood to appear
only once in the ith physical spin variable z;.)

Similarly, the parity check equations can be rewritten



in terms of the physical state z:

N

D Hijcj . 1

S (2) = (=1)= =M, 4, ]2 =+1
=1

(i=1,...,.N-K1<q¢<N). (4

This defines the Boolean matrix M called the “parity
constraint matrix” that is associated with the parity
check matrix H of the code. M,lflmkq is 1 if each parity

equation consists of the Boolean sum of ¢, (I =1,...,p).
The physical state z that satisfies Eq. (4) is called a
code state. For the general physical state z’, we refer
to S; (') syndrome, which is the classical counterpart of
the stabilizer operator defined in terms of the quantum
correcting codes [17, 33]. In some studies, it is also called
the parity check in the context of the communication
application [26, 27].

Sourlas discussed decoding of the classical error-
correcting codes based on statistical inference according
to the Bayes theorem. Based on the above connection,
the physical spin state z before being exposed to a
noisy environment can be inferred from the physical spin
state that is corrupted by the environment by analyzing
the statistical physics of the associated spin network.
Suppose that the ith physical spin is prepared in the state
z; € {£1} and exposed to an environment. Then, the
spin may be corrupted and measured to be, in general, a
real number J;. This process is stochastic and statistical
by nature. The purpose of the error-correcting codes is
to infer the logical spin state Z from the readout J =
(J1,...,Jn) of the physical spin state as faithfully and
efficiently as possible by exploiting the information on the
statistical property of the environment and redundancy
in the physical spin state z. To this end, we consider
the conditional probability P (z|J)dJ that the prepared
state is z when the observed readout is between J and
J +dJ. According to the Bayesian inference, the Bayes-
optimal estimate is obtained when we maximize P (z|J),
called the posterior probability, or its sidelight that is
discussed later. The Bayes theorem states that

L) = Pl P(2)P(Z)
PED = S U PP (@)
= kP (J|z)P(2)P(Z), (5)
where x is a constant independent of =z, which

is to be determined by the normalization condition
>, P(zld) =1 P(z) and P(Z) are the prior
probabilities for the physical spin state z and logical spin
state Z, respectively [34]. In the present scenario, we
assume an informative prior for the parity constraints
of the physical spin state z but ignorance prior for the
logical spin state Z, that is,

N—-K
P(z)=p [] 0(Si(2),+1), (6)
=1

and P (Z) = const., where p is a normalization constant
and § (i,5) is Kronecker’s delta. P (J|z) is called the

likelihood, which describes the statistical property of
the environmental noise and is supposed to be known.
In addition, the environmental noise is supposed to
be identical and independent of z; (a “memoryless or
Markovian noise model”), i.e.,

N

P(J)z) =[] P (Jilz), (7)

i=1

where P (J;|z;) is called the extrinsic likelihood.

Maximizing the posterior probability P (z|J) is
equivalent to maximizing log posterior probability
expressed by

L(z,J) = logP (z|J)

N
D Le(Jiz) +
i=1

N-K

L, (z) + const., (8)

i=1

where L. (J;,%) and L,(z) are the extrinsic log-
likelihood and log-posterior probability, respectively, and
are defined as

L (Jiyzi) = log P (Ji]z:)
1
= §1OgP(Ji|Zz‘:+1)P(Ji|2i:—1)

Zi P(J1|Zl = —|—1)
S P ) o i e
MR T A p——
= Kz +c2, (9)

Ly (z;) =log P (2;) = logd (Si (2),+1),  (10)

1 P(JL‘le—Fl)
Ki=K;(J;}) = = log —22t = T2
(/i) = 5108 57 =)

(11)
where c2 is a constant independent of z;. K; is called the
extrinsic log-likelihood ratio (LLR) in the coding theory.
It should be noted that maximizing P (z|J) is equivalent
to maximizing L (z,J) because logx is a monotonically
increasing function of x. L, (2;) describes the parity
constraints for z; (i =1,..., N — K) and is independent
of J; that may be corrupted by environmental noise,
whereas L. (J;,2;) describes the noise property and
depends on the relationship between the two types
of information, z; and J;, which were prepared and
measured, respectively.

To present the concrete expression for K;, we need to
specify a model for the environmental noise. We address
two examples of a symmetric channel having a common

property
P (Jilzi) = P(=Jil — z). (12)
The first is the binary symmetric channel

P (Jilzi) = (1 = pi) 6 (Jis 2i) + pid (Ji, —2i)
KIZ%hIQZBZJl ’

Pi

(13)



where 0 £ p; < 1. The other example is the additive
white Gaussian noise channel

Ji—vizi)®
PUie) = o [-45525]
Ki = 35Ji = Bidi 7

where v; and w? are the amplitude of the prepared
signal v;z; and variance of the Gaussian noise for the ith
physical spin, respectively. The parameter §; is called
the inverse temperature.

Sourlas eventually deduced two different types of spin
Hamiltonians associated with the error-correcting codes.
The first is written in terms of only the variables

associated with the logical spins Z = (Z3,...,Zk) =
(21,...,2K), as follows:
H'°9"(Z) = —L(z,J)

N

P
= ->) L (C,il‘..kp 11 Zkl;Ji>
i=1 =1

N P
> Bi1Ch o, T 2 (15)
1=1 =1

which is obtained by expressing the physical spin state z
in terms of the logical spin state Z. In Eq. (15), we have
omitted an unimportant constant term for the present
discussion. H'"9% (Z) obviously has the form of a spin
Hamiltonian with p-body interactions. The distribution
of the coupling coefficients is determined by the extrinsic
LLR K;. In contrast, the second type of spin Hamiltonian
is expressed in terms of the variables associated with the
physical spins z:

HPWS (2) = —L(z,J)
N N-K
- - Z Lc (Zi7 Jl) - Z LP (Zl)
i=1 i=1
N
= - Z ﬂiJiZi
i=1
N-K
. 1-Si(2)
thmy 2, —5 09
where we have used the identity
5 (2, 41) = lim exp |-y (17)
) =0 Xp | =7 B

to replace the § in L,(z) with an associated soft
constraint given by the second term of Eq. (16). We
have also omitted an unimportant constant term in
Eq. (16). HP"Ws(2) describes a spin system with
infinite ferromagnetic couplings and couplings with local
magnetic fields. It should be noted that the space of the
logical spin state Z and that of the physical spin state
z differ, e.g., the dimension of Z is K, whereas that
of z is N (> K). Therefore, the state space associated

with HP"® (z) is larger than that of H'°9%(Z). The
code space is the space of the degenerated ground states

N—K
of the Hamiltonian HP®" (z) = > %(Z)
i=1
(16), which satisfies N — K soft constraints S;(z) =
+1 (i=1,...,N - K). It has 2X-degeneracy, which
agrees with the state space of H!°9%(Z). This penalty
Hamiltonian HP®" (z) originates from the informative
prior for parity constraints and suppresses the excitation
outside the code space.

We note that a set of the syndromes has one-to-
one correspondence with a set of mutually commuting
stabilizer generators S (2) = {5‘1 (2),...,8v_ K (2)} of
the stabilizer group in a quantum-mechanical context,
if we identify the classical bipolar variables Z; and
z; with the quantum mechanical Pauli-z operators Z;
and %;. (We designate the quantum mechanical non-
commuting operator as ~.) Consider the logical basis
state {|02),]12)}", which is the ecigenspace of S; (%)
associated with the eigenvalue +1 for ¢ = 1,..., N —
K. The code space is spanned by the basis state
{102),]12)}" and is a 25-dimensional subspace of the
space of the physical spin state as well as the 2%-
degenerated ground states of the quantum mechanical

N—K & s

= Zl %l(z) The code space
1=

projector can be written in terms of the stabilizer

in Eq.

Hamiltonian HPe? (%)

R K

generators: P, (2) =[] (|0z) 0|+ 1z) (1z]); = 11

R i=1 i=1
%(z) Its orthogonal complement P, (2) = I — P, (2)
defines the complementary non-code space. The family
of stabilizers S (2) defines the stabilizer codes, which
can correct only the spin-flip error, as the spin-flip error
operator (Pauli-z operator) & for any physical spin
k anti-commutes with at least one stabilizer generator
S; (2). A collection of the syndrome subspaces is defined
according to the set of eigenvalues of S(2). Note
that because the stabilizer operator S; (2) multiplied by
another operator S; (%) is also a stabilizer operator (any
binary sum of parity checks is also a parity check from the
classical communication perspective), it follows that the
parity check matrix H and associated parity constraint
matrix M are not unique. This gives us freedom of choice
of the stabilizer operator S; (2) as well as its classical
counterpart, i.e., syndrome S; (z). Later, we shall use
this fact to discuss the method for encoding and decoding
the physical spin state.

B. Classical repetition code

As an illustrative example of soft annealing, let us
consider the classical repetition code that is a simple
but important example of linear block codes. The
classical repetition code encodes one bit of information
into n bits. From the optimization application viewpoint,



one bit of information is embedded into n physical
spins. The minimum code distance can be increased by
repeating the logical information several times, which
helps to mitigate errors in the physical spins. An
(n,k,d) linear block code (encoding k logical spins
(source word) into n physical spins (code word) and
with a code distance d) can be defined by a set of
syndromes S. We consider the case of the (n, k) = (N, 1)
repetition code, where a state Z of a single logical
spin is encoded to form N physical spin states z =
(#1,...,2n) with z; = Z. This code can be defined by
the set of syndromes S; (z) = z12i41(i=1,...,N —1).
Note that we can consider another set of syndromes

Si(z) = zizi41(i = 1,..., N — 1) under freedom of choice
as S{(z) = S;—1(2)S;(2). This code can correct up
tot = L%J errors and can be reliably decoded using

one-step MVD if the number of errors does not exceed
t, which is discussed later. In the quantum-mechanical
context, z; is identified with the Pauli-z operator Z; of the
ith physical spin and S; (2) = 212,41 (i=1,...,N —1).
Such a quantum repetition bit-flip code has the logical
basis state
N N
02) =] T 1003 112) =] T 1), (18)

i=1 i=1

where |0); and |1); denote the eigenstates of Z; associated
with the eigenvalues —1 and +1, respectively. The basis
{10z),|1z)} spans the space of the code state for the
repetition spin-flip code, which is the eigenspace of S (2)

associated with the eigenvalue +1 fori=1,... , N—1, as
. N-1

well as the degenerate ground states of HP™ (2) = 3
i=1

>

1=5(2)  The logical Pauli operators are defined as

operators that preserve the space of the code state and
have the same effect on the logical basis states as their
corresponding Pauli operators have on the corresponding
basis states. They are expressed as

[

N
Zp =% and X, =[] &, (19)

i=1

which commute with all stabilizers 5}- as well as the

projector for the space of the code states P.(2) =
N=1 _ .

[0) (0| +|12) (1z] = 1 %i(z), and satisfy the anti-

i=1

commutation relation {X L Z L} = 0. The logical Pauli-

x operator X is the product of N Pauli-xz operators
(N-body interaction) acting on the physical spins, which
is to be expected because d = N [6, 21].

The merit of this code is that its physical Hamiltonian
HP"s () can be realized using up to two-body
interactions. These operators should be compared with
the logical operators for the PE scheme, as demonstrated
in the following discussion. We note that QAC [6, 17-24]
uses this quantum repetition spin-flip code as its building
block. We revisit this point later.

C. Parity encoding

We consider another interesting example. Sourlas
proposed an advantage of using HP'*(z) instead
of H'9"(Z) to solve optimization problems [7]. It
was suggested that the computational difficulties of
some hard optimization problems may be alleviated by
embedding the original system into a larger system and
imposing necessary soft constraints, where the weight
of the constraints term in HP"Y* (z) is assumed to be a
large yet finite value, to reduce the enlarged system to
the original system. This proposal, called soft annealing,
was based on the empirical observation that it is easier
to minimize HP"* (z) rather than H'9% (Z), despite the
fact that the number of variables is much larger for
HP"s (2). Sourlas provided intuitive explanations; for
example, in a large-dimensional space, it is possible to
circumvent barriers to find the minimum, which makes
the optimization easier. It was pointed out that the PE
schemes

Fphys (Z) _ 6Hloc (z) + yHPe" (z) , (20)

where 3,7+ > 0, and

H' (2) = ZJijzija (21)
(i,5)

HP™ (2) = Z 1 - ‘S;ij (z), (22)

plaquettes

with Sij (Z) = S;ljw (Z) = ZijZij4+1%i+1j%i+1j+1, where
1 <i<j < K-—1][35], are nontrivial examples of the
soft annealing of a spin-glass model with all-to-all two-
body interactions, i.e.,

H'"(Z) = 6Z=]ijZiZj7 (23)
(i,5)

where >

plaquettes
elementary squares, of the lattice of physical spins,
whereas Y runs over all spin pairs (4, j) taken from all
(i,)
logical spins.

Here, we consider an extended layout shown in Fig. 2
with an additional row of physical spins, which have a
direct correspondence to logical spins, that is, zg; = Z;
(1=1,...,K) for the case of K = 7 [36-38]. Without
this row, the layout of the physical spins is reduced to
the original LHZ layout that is fully consistent with
the Hamiltonian HP"* (z) [5]. With the addition of
this row, we can incorporate the local interaction terms
originating from the local field h; for 1 < ¢ < K. In this
figure, the green circles indicate the spins associated with
the K logical spins zp; (1 <i < K), whereas the blue
circles indicate the physical spins z;; (1 <i<j < K).
Note that the brown circles are ancillary spins whose

runs over all plaquettes, i.e., the



states are fixed to the spin-up (z;; = +1) states. If
we omit the ancillary spins, the system has a total of

N = w spins with K logical spins and N — K =

physical spins, so that (n,k) = (N,K). The
system should have N — K parity constraints for the
logical and physical spins. For example, we can consider
N — K weight-three parity-check equations S?jw (2) =
20i205%ij = +1 (1 <i<j< K) Although stjw differs
from Sf;”, we can observe that the parity constraints
5’3“’ = 41 and 54“’ = +1 are consistent because
5'4“’ = S3wSZJ+1Sl+1J51+1]+1 forany 1 £ i < j <
K — 1. This is a consequence of the freedom of choice
of syndromes. The physical spins of the four corners
around each small red solid circle in Fig. 2 define all
elements 5’14;”, which are called plaquettes. In addition,
it should be remembered that if h; = 0 for 1 < i < K,
only a random local field J;; acts on the physical spins,
which justifies the use of the ignorance prior for the
readout of the logical spin state Z for error correction.
Therefore, provided that the local fields are absent in
Eq. (23), it is sufficient to consider only the physical
spins bounded by the red broken line in Fig. 2, which is
simply the original LHZ layout. In this case, we have
the (n,k) = (N-K,K—-1) = (K(K—-1)/2,K —1)
linear block code, which means that only K — 1 physical
variables are logically independent, i.e., we can determine
Z only up to a global spin flip.

Let us examine how the PE spin network is described
in the quantum-mechanical context. We introduce the
concept of logical lines @Q);, or constraint-preserving driver
lines [37], which define the subsets of the physical
operators that preserve the space of the code state
and have one-to-one correspondence with the Pauli
operators on the logical spins [36-41]. Consider the
Pauli-z operators Z;; that are associated with the
physical spins in the PE spin network. We consider
the following (K + 1) x (K + 1) symmetric matrix with
Pauli-z operators as the entries for the relevant spins
arranged consistently with the PE spin network shown
in Fig. 2,

K(K 1)

1 Z01 202 203 Z20k-1 20K
210 1 Z12 213 Z1Kk-1 A1K
220 291 1 Z23 Z22K-1 22K
3 = 230 231 232 1 Z23K-1  Z3K
Zk-10 ZKk-11 ZK-12 ZK-13 "** i ZK-1K
L 2Ko ZK1 2K 2 2K 3 k1K 1]
(24)

where 1 is an identity operator acting on a physical spin
and Z;; = Z;; by construction. Z is a matrix with entries
given by N = w projectors associated with the
measurement of the configuration of the PE spin network
on the computational basis. Each entry Z;; is observable
for the physical spins having two possible eigenstates with
eigenvalues +1. Let us consider the Pauli-z operators
X; and #;; acting on the logical and physical spins,
respectively. These Pauli operators satisfy the following

The blue

FIG. 2.
and brown circles indicate physical and ancillary spins,
respectively. The green circles correspond to logical spins.
The label in the circle corresponds to the label specifying a
physical spin. The small red solid circles indicate plaquettes

Original and extended LHZ layouts.

associated with Sff. The red broken line indicates the
original LHZ layout. The blue dotted line indicates the logical
line Q4.

anti-commutation and commutation relations:

for j # i and
{Zij, 25} = [@ij, 2] = 0, (26)

[Xi,fjk} = [Zi,ijk] = |:Xi,2jk:| = [Zi,ijk] =0 (27)

for k # i or | # j. We also define Z = (Zl,...,ZK).
Then, if we replace Z; — Z; and zij — %45 for the classical
Hamiltonians, the resultant Hamiltonians Hlogi

Hlogi (Z) and HPhWs = FPhs (%) are identified with the

Hamiltonians in the quantum-mechanical context. Then,
we can consider the logical Pauli operators similar to the
repetition spin-flip code. It is easy to show that

K K

20 and XLi :H Qi'ij :H ‘%ji (28)

Jj=0 Jj=0

Zri=Zi = 20i

commute with the stabilizer operators

Sij (2) = Zij2i 18 20 (0<i<j<K—1)
(29)
as well as the penalty Hamiltonian

1-25:(2)
D Y

plaquettes

Aven (3) =



and the projector to the space of the code states

. 1+8;(2)
P.(2) = H —
plaquettes

K

H (102) Oz + 1z) (1z]);

@
Il
-

(10) O + 1) (1]); , (31)
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where [0), and [1), denote the eigenstates of Zi =
Z0i = Z;j0 associated with the eigenvalues —1 and +1,
respectively. The logical Pauli operators satisfy the (anti-
) commutation relations

{XLZL} - {XLi,ZLj} —0 (32)
, K with j # 4. We can also confirm that
{XLZJ} - {XLj,éij} —0. (33)

The logical Pauli-x operator X L; is determined by the
product of K Pauli-x operators associated with physical
spins with a label involving 7. Such a chain of spins
in the PE spin network is called the logical line (or
constraint-preserving driver line [37]). The stabilizer
operator S, (2) commutes with HP' (%) and anti-
commutes with the spin-flip operators £;; for the physical
spins involved in the plaquette given in Eq. (29).

Now, let us consider the action of XLZ on every
element of 2, ie., 2 — z = XLZzXLZ The operator
X1,; inverts the s1gn of the matrix elements of z along
the (¢ + 1)th row and (i + 1)th column except for the
diagonal elements collectively. Note that the diagonal
element should be preserved as it belongs to both the
(i + 1)th row and column and its sign is inverted twice.
In the Heisenberg picture, this implies that the logical
Pauli-z operator X, collectively flips the orientation of
the set of 2K physical spins in the logical lines. The
logical Pauli-z operators Xp,; are counterparts of the
logical Pauli-x operator X of the repetition spin-flip
code given in Eq. (19). Such high-weight operators flip
all the physical spins associated with a logical spin Zi
collectively. The resultant collective operation maps a
code state to another code state for both the repetition
spin-flip code and PE scheme, as it commutes with the
projector to the space of the code states. This implies
that the code distance d of K logical spins is expressed by
d = K for this extended LHZ layout. Similarly, we obtain
d = K — 1 for the original LHZ layout. The repetition
spin-flip code and parity encoding guarantees correction
of up to t = L@J spin-flip errors. We can describe

fori=1,...

2
the QA of the PE scheme by combining the standard

transverse-field driver Hamiltonian

qu (34)

(i)

A (@)

with HPhvs (2) and introducing a temporal dependence
for B3, v, and k, where &;; = &;; is always assumed for any
1 <1< j < K. We may select another transverse-field
driver Hamiltonian based on K logical Pauli-x operators
[37, 39-42]

K
Ay (8) = 3 Xui # A (2). (35)

which requires K-body interactions and is difficult to
implement practically using current technologies.

D. QAC

QAC is a heuristic method that was designed to
protect the logical spin systems from spin-flip errors by
introducing a classical repetition code independently for
each spin [6, 17-24]. We investigated QAC to compare
it with the PE scheme, as the PE scheme somewhat
resembles QAC. The typical layouts of the physical spins
in QAC are illustrated in Figs. 3 and 4. We consider
K copies of the spin systems, each comprising N spins
described by the logical spin Hamiltonian, which we call
replicas. Hence, every spin in the logical spin system is
accompanied by its K —1 replicas. To form a K repetition
spin-flip code, the K physical spins are ferromagnetically
coupled by two-body interaction to form a logical group
associated with the logical spin.

The Hamiltonian for the physical spin system is
considered as follows. Suppose we designate a Pauli-
z operator for the spin i (=1,...,,N,) in the logical
The encoding introduces a new
., K), specifying the replica to which
so that Z; — 2% Let 2 =
K be the set of N x K physical
spin operators. Then, the subsets {Ziktper,., 2
and {éik}izl,...,N C 2 correspond to the physical spin
operators in the logical group ¢ and in the replica k,
respectively. If there is no coupling between the logical
spins with different indices 4, the logical groups specified
by the different i are mutually independent. Then, the
physical Hamiltonian of the repetition spin-flip code is
expressed as

ﬁphys(é):Z(ﬁh Zzzk+721_ zk: )

i=1

K N
= BYD It
k=1li=1
K

S 1 5u®), (36)

i=1k=2

Hamiltonian as ZAl
index, k (=1
the spin ¢ belongs,
{éik}izl,‘..,,N,k 1,.

where 3,7+ > 0, and

Sik(2) = Zi1tigy k=1, K—1), (37)



or
Sin(2) = ZirZing (k=1,..,

denotes the K — 1 stabilizer operator, which is the origin
of the ferromagnetic coupling between the spins in each
logical group. The stabilizer operator S;j (2) commutes
with HPhvs (2) and anti-commutes with the spin-flip
errors for the physical spins involved in Eq. (37) or (38).

K—1) (38)

Note that, although this Hamiltonian is applicable to
the communication application where the physical spins
within a replica are assumed to be mutually independent,
it is not necessarily applicable to QA because coupling
among the spins within a replica is crucial in QA. To
extend this Hamiltonian to describe QA, the two-body
coupling has been heuristically introduced between the
spins within each replica in some studies, that is,

A K N
Jrtwo (2) _ Z 5 Z Jijéi,kéj,k

k=1 \ (i)

K N
BN Tijzikzin (39)

k=1(i.j)

into the physical Hamiltonian, and the use of
ﬁQAC (2) — ﬁphys (A) f{two (A)
= BH(2)+yHP" (2)  (40)

was proposed for the Hamiltonian of the QAC, where
(i,7) indicates that the sum runs over the coupled spins
within the replica, and 38 and « are positive weight
parameters [6, 18-20, 24]. We refer to H?4Y (2) as
the QAC Hamiltonian. The last equation indicates that
H@AC (%) comprises two components. The first is an
encoded Hamiltonian

K

e (2) :Z Fylogi (Z)

k=1

; (41)

2k

where
N N
flovi (Z) Z T52:2;+ 3 hiZ, (42)
o i=1

and Z = {ZAI} v is the set of N logical spin
i=1,...,

operators. Hlogi (Z

N logical spins, which is our main interest. The second
is the penalty Hamiltonian

) is the embedded Hamiltonian for

K-1 A o

Z 1-Sik(2) (2) (43)

i=1 k=1

HP" (2)

which commutes with H¢"¢ (%) and is introduced to take
advantage of the prior knowledge of K — 1 sets of the
parity constraints on the K physical spin variables Z; ;, for

k =1,...,K in the Bayes inference. HP*" (%) enforces
the alignment of the K physical spins in each logical
group. The Hamiltonian H*° (%) introduces correlations
between the physical spins in different logical groups,
which are absent in the Hamiltonian H?"% (%) in the
communication scenario. In the limit v — 0, HQ4C ()
approaches the Hamiltonian for K independent copies of
the N spin system, each of which is described by the
logical Hamiltonian Hlogi (Z) .
Zi—Z; 1
to a set of N physical spins specified by k as a replica.
In contrast, in the limit 3 — 0, H QAC (%) approaches
the Hamiltonian H7e" (2) that energetically penalizes the
non-code state of the [N, 1] repetition spin-flip code. In
this case, it should be noted that if we select the weight-
two stabilizer in Eq. (38), H?A4C (2) is formally identical
to that in simulated QA (SQA) using the path-integral
Monte Carlo method [43-46]. This implies that SQA
may be re-investigated from the viewpoint of the classical
error-correcting code. We can describe the quantum
dynamics of QAC by combining the standard transverse-
field driver Hamiltonian based on local Pauli-x operators

ZZ ik (44)

1=1k=1

. Hence, we refer

i (z)

with HQAC (2) and introducing the temporal dependence
for 3, 7, and k. Note that the logical Pauli operators for
QAC are expressed as

K
ZLi = ZA’Z'J and XL'L :H ji,lw (45)
k=1

We can select another transverse-field driver Hamiltonian
based on the K-body logical Pauli-z operator [6, 37, 39,
40, 42, 47, 48]

N
0y @)=Y X2 BT @), (19)

which requires K-body interactions and is difficult to
implement practically using current technologies.

III. DECODING OF POST-READOUT SPIN
STATE

The purpose of decoding is to infer the correct logical
and physical target states Z and z, respectively, given the
coupling J (and local field h). From the communication
application viewpoint, we identify J (and h) as the
readout associated with the physical state z. If J
is corrupted by environmental noise, the target states
are expected to be the state maximizing the posterior
probability P (Z|J) or P(z|J) if the environmental
noises in the spins are mutually weakly correlated [25,
49]. Then, the optimal estimators for Z and z are
expressed as
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Replica index

(7

FIG. 3. Layout of physical spins in QAC when 5‘1;6(2) is given by Eq. (37). The spins specified with the same index 7 are
ferromagnetically coupled and constitute the logical group associated with the logical spin i. The index k specifies the replica to
which the spin belongs. The solid lines indicate mutual spin couplings within a replica. The broken lines indicate ferromagnetic
couplings.

Replica index

o~

Spin index
(ﬁ.

FIG. 4. Layout of physical spins in QAC with Slk(,%) given by Eq. (38). In this case, the ferromagnetic couplings in each
logical group differ from those in Fig. 3.

Z* = argmax P (Z|J) = argmax L (Z,J) = argmin H'*Y" (Z) = Z, (47)
Ze{£1}K Ze{£1}X Ze{+1}K

(

in terms of the logical spins, or equivalently,
J

2* = argmaxP (z|J) = argmax[L (z,J) = argmin H?"* (2) = 2, (48)
ze{£1}V ze{£1}V ze{£1}N



in terms of the physical spins, where Z, and z, are the
ground states of the perturbed Hamiltonians H'9 (Z)
and HP'Ws (z), respectively. It should be noted that the
two formulations are equivalent if and only if the one-
to-one correspondence between Z, and z, is preserved,
that is, z4 needs to be the code state. Therefore, Eq.
(48) should be complemented with the parity constraints
Si(zg) =+1(i=1,...,N — K). To this end, one needs
to select an appropriate set of weight parameters {5, A\}
in the physical Hamiltonian HP"¥* (2), as discussed later.
Equations (47) and (48) are called the maximum a
posteriori (MAP) estimators. The target state z, should
be a code state that is nearest to J and minimizes the
block-wise error probability pp in the communication
application. Similarly, in the optimization application,
the target states are the logical ground state Z, and
the associated physical code states z, = Z, ® Z, given
J (and h), which encode the combinatorial optimization
problem to be solved. Therefore, they are common target
states to be inferred from both viewpoints.

Nevertheless, it should be noted that if the readout
J is significantly perturbed, the target states may be
one of many excited states that are neighboring states of
the ground states of the perturbed Hamiltonian [49, 50].
In such a case, we can alternatively select the marginal
posterior maximizer (MPM) estimators, i.e.,

Z; = argmaxP (Z;|J) = sgn Z Z;P(Z;|J)
Zie{£1} Zi=+1

= sgn [<Zz‘>p(zu)] (49)

in terms of the logical spins and

zf = argmaxP (z]J) = sgn
Zie{il}

> zrp (zi|J)1

z;=+1
= sen () piar) (50)

iin terms of the physical spins, where

Pz = Y Pl (51)
{Zk:k#i}

and

Pl = Y Peld) (52)

{zp:k#i}

are the marginal posterior distributions. The angular
brackets in Egs. (49) and (50) denote the average over
the thermal distributions P (Z|J) = exp (—H'9"(Z))
and P (z|J) = exp (—HP"* (z)), respectively, where
the inverse temperature (3; has been absorbed in the
perturbed Hamiltonians H'°9* (Z) and H?"Y* (z). They
may offer a better estimate of the target states given
the prior information regarding the environmental noise
through the parameter §;. It is known that MPM
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decoding is better than MAP decoding if we calculate
the thermal average of the spin variables in Egs. (49) and
(50) using the perturbed Hamiltonian at the Nishimori
temperature [49-51]. We can infer the optimal estimator
Z™ by reconstructing the sets of optimal estimators ZF
for ¢ = 1,..., K as well as z* by reconstructing z; for
i =1,...,N. This is called maximal entropy decoding
[50, 52].

In the following, we focus on the case where the
target states are the logical ground states Z, and
associated physical code state zy, = Z, ® Z,. This is
because our main objective is the development of an
efficient solver for combinatorial optimization problems
by taking advantage of nature-inspired approaches. It is
assumed that we have a method that can statistically
sample the neighboring states of the physical target
state r ~ z4, such as simulated annealing based on
Monte Carlo simulation and QA. The readout state r
may be a non-code state. We address the decoding
of the interim readout 7 to infer the target state z*
by taking advantage of the informative prior for parity
constraints incorporated by the error-correcting codes.
Let us consider the following scenario. Given J and h,
we statistically sample the interim readout = in the first
stage. Successively, we decode r with some deterministic
algorithms in the second stage and attempt to improve
it by taking advantage of the information involved in the
syndrome that is derived from . If the inferred state z*
is better than r, we select z* as the estimate of z. We
can iterate this post-readout decoding until saturation,
that is, no further improvement occurs. Therefore, our
algorithm can be considered as a hybrid computation
of earlier stochastic and later deterministic algorithms,
as shown schematically in Fig. 5. If the stochastic
algorithm is executed by a quantum computer including
a quantum annealer, our algorithm is merely a hybrid
quantum and classical computation. We studied how
such decoding can be implemented from the classical
viewpoint. We analyzed the similarities and differences
between decoding for the PE scheme and QAC. For
deterministic decoding in the second stage, we focus
on one-step MVD, which is the simplest conventional
decoding method for classical repetition codes. We
compare the one-step MVD for QAC and that for the PE
scheme. The one-step MVD relies on a priori probability
(APP) decoding, which resembles MPM decoding. Its
theoretical foundation was first described by Massey
[26, 27], who counsidered a special set of syndromes
called orthogonal parity checks and their correlation with
errors. Massey’s theory suggests that we should be
careful to compare the correct set of readouts of the
physical states in order to perform fair majority voting
and derive the correct inference. Let us briefly review
Massey’s theory, called threshold decoding, using spin
representation.

Let us consider the (n,k) linear block code C. Let

the vectors Z = (Zi,...,%,) € {£1}" and z =
(21,...,2n) € {%1}" denote the classical logical and
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Two-stage Hybrid Decoding

FIG. 5. Two-stage hybrid decoding scheme considered in this study. In the first stage, we decode the readout J using a stochastic
decoding method and obtain the interim readout . In the second stage, we decode the readout r using a deterministic decoding

method and obtain the optimal estimator z*

. The deterministic decoding is the one-step MVD in this study. The errors in J

are entirely corrected in the sequence of the two decoding stages.

physical spin states, respectively. The logical state Z
is assumed to be encoded by the code C in the physical
state z according to Eq. (3). The physical state z is
assumed to be constrained by the m — k parity check
equations, as shown in Eq. (4). Suppose that we
sample 7 = (r1,...,7,) € {£1}" in the first stage,
each element of which is hard-decided to bipolar values.
The readout r may be corrupted by noise and expressed
using a set of random noise e = (eq,...,e,) € {F1}"
as an element-wise (Hadamard) product r = z, o e,
that is, e; = (2g),7s (i = 1,...,n), where e; is the error
in the readout r;. We consider the syndrome pattern

S(r) = (S1(r),....,5 k(r) € {£1}"* associated
with the parity check equations as S; (r) = M} . " H
ry, € {£1}. The key point of one-step MVD is

forming a special subset of J composite syndromes A,,
(A1, Ama, -, Amg) € {:I:l}‘] with J £ n — k from the
product of the appropriately selected S; values to check

the error e, of the mth physical spin (m=1,...,n).
This is defined as
Apmi =Tm H T =eém H €j, (53)

JEC;(m) JECi(m)

where C;(m) is an n,,; = |C; (m)| tuple of the indices of
7 comprising the syndrome A,,;. Note that the second
equality in Eq. (53) holds because A,,; is a product of S;
and is itself a syndrome. In addition, because any code

word ¢ satisfies cH? = 0,

H Zj =+1

JEC;(m)

(54)

Zm

holds for any code state z. Thus, A,,; is a function of only
e. A,, has another notable property: every A,,; involves
the noise component e,,, but no other noise component
e; (i #m) is involved in more than one syndrome in
the set, i.e., every e; (i # m) appears in only one of
the sets {C1(m),...,Cy(m)}. Such a subset A,, of
composite syndromes is said to be orthogonal on e,,.
Massey showed that a set A,, of syndromes orthogonal
on e, is a good APP estimator for e, [26, 27].
Consider the posterior probability distribution
P (e|A,,), which describes the conditional probability
that e is the noise pattern when the syndrome A,,
orthogonal on e,, has been observed, and its marginals
P(em|An) = > P(e|An). We focus on e, instead
e#em,
of 0,, because we can expect a nontrivial statistical
correlation between e, and A,,, as A,,; is a function of
only e, as shown in Eq. (53). Once the Bayes optimal
estimator e, for e,, is obtained for m = 1,...,n, we
can determine the optimal estimator z; for z, by
z5, = Tmey,. In the non-algebraic decoding scheme,
Bayesian inference can be used to obtain the most
probable error e,, of the mth physical state z,,, similar
to MPM decoding. Then, the optimal estimator e, is



expressed as

> emP(em|Am)1

ey, = argmax [P (e,|An,)] = sgn [
em==21

em==%1

sgn [<em>P(em\Am)} ) (55)
where the angular bracket in Eq. (55) indicates the
average over the distribution P (e,,|A,,). Equation (55)
can be interpreted as the decoding strategy, where e},
is determined by the majority vote of e,, associated
with the statistically independent ensemble with the
posterior distribution P (e;,|A,,). In general, the
evaluation of such an average requires the computation
of the summations of 2" ! terms for determining
the two-valued marginal posterior, which may require
computational resources that scale exponentially with
n. Otherwise, we need to use approximate methods,
e.g., Monte Carlo sampling or a computationally more
efficient probability propagation algorithm [25]. In
contrast, if we can construct a syndrome A,,, orthogonal
on e, successfully from the syndrome S and use a
simplifying assumption, we can evaluate (e;,) Plem|Am)
cheaply using the knowledge of P (e,,|A).

Based on the orthogonality on e, of A,, and the
assumption of spin-by-spin independence of the noise,
any set of distinct states in the syndromes A,, is disjoint.
Then, because of the Bayes theorem and monotonicity of
logarithmic functions, it follows that

J
Wino+ E wmiAmi

i=1

* p—
€,, = Sgn

; (56)

P(Aps = —1|em = +1) = P (Aps = +1jem = —1)

P (Ami = —lleg = =1) = P (Api = +1]en = +1)

= 1—pi, (58)
Wmo = log 1%57"7 Wmsi = log %7 and gm =
Ple,=-1)=1—P(ey=+1) fori=1,...,J. Here,

e; is assumed to be a statistically random variable
independent of i. In Egs. (57) and (58), p; is the
probability of an odd number of "—1" among all e;
exclusive of e, in the products that constitute A,,;, the
ith syndrome orthogonal on e,,. It follows that

1- I a-2¢)

JEB;(m)

pi= 3 (59)

It should be noted that if & < % for any i = 1,...,n,
it follows that 0 < wy,; < wpy for ¢ = 1,...,J. The
positive value of w,,; implies that there should be a
positive statistical correlation between A,,; and e,,, i.e.,
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1 —p; > p;. Equation (56) indicates that the Bayes
optimal estimator e, for e,, can be evaluated from the
syndrome A,, orthogonal on e, if we can calculate the
weight wy,; from that of & fori=1,...,J.

The key points for deriving Egs. (57)—(59) are as
follows. The syndrome A,, = (Amn1,Ama,..., Amy) is
selected in such a manner that all errors e; (m =1,...,n)
are involved in at least one of the elements of A,,
but the errors e, and e;x, are asymmetrical; e, is
involved in all elements of A,,, whereas the other errors
eixm are involved in only one of the elements of A,,.
Comprehensive examples are presented later. Of course,
A,, = +1 if and only if e = +1, where +1 is a constant
vector with the element as +1. The right-hand side of Eq.
(56) can be considered to be a function of the syndromes
S, as A,, is a function of S. That is, we can infer the
error pattern for all spins by analyzing the syndrome
pattern, which is very reasonable. It should be noted
that a choice in Eq. (53) might be fair if the set C;(m)
treats all readouts r; of the spin variables symmetrically
and the majority voting defined by Eq. (55) uses all
syndromes [25]. The fair choice of the set C;(m) might
be crucial for realizing efficient one-step MVD.

Equation (56) can be further simplified by modifying
A, in the following manner [26, 29, 53]. First, we
introduce B,, = (Bmo,Bmi,---,Bmy) € {:I:l}JH,
where B,,0 = r,,, and

Bni = mTmAmi = H T
Jj€Ci(m)
=zm [ e (m=1,... ki=1,..,J)(60)
JEC;(m)

We state that the B,, estimators are orthogonal on z,,.
Evidently, B,,; satisfies 2z, Bmi = zZmTmAmi = emAmi
form=1,...,kand ¢ = 1,...,J. Similar to Eq. (56),
the Bayes optimal estimator 27, for z,, is expressed as

Z z2m P (Z7n|B77L)]

zZm==%1

*

zy, = argialx [P (2| Bm)] = sgn [

— s [(zm>P(Zm‘Bm)}. (61)
If we assume spin-by-spin independence of the
environmental noise, it follows that
J
zr, = sgn [Z WiniBmi | (62)
i=0

where we have assumed an
the physical spin state z, ie., P(z, =+1) =
P (z, = -1). The equality 2z,Bmi = emAmi
implies P (2, Bmi = £1]zm) = P (emAmi = £1lep,) for
m = 1,....k; that is, P(Bn;,=xV|z,n,=V) =
P (A =xV]e, =V), where V € {£1}. It is easy to
confirm that wy,; in Eqs. (56) and (62) are the same,

ignorance prior for



because for m =1,...,k,

P (B = —1]zm = +1)

P (Bpi = +1|2m = —1)
& fori=0

- {pi forizl,...,J(Gg)

and

P (Bpi = —1lzm =—1) = P (B = +1]z;m = +1)
_f1-&, fori=0
o 1—p; fori=1,...,J
(64)

hold. Equation (62) indicates that z}, is determined
by the one-step majority vote of the J + 1 elements
B,,; (i=0,...,J) in the B,, weighted by w,,;, that is,

*
Zm

= mayj (meBm07 W1 Bmi, ... 7meBmJ) , (65)

where we have used the following definition for the

majority function of bipolar variables yg,y1,...,y;5 €
{£1}71" [54]:

J

i=0
ma‘.](yanl77yJ): 1 if iyl<0 (66)

i=0

undefined otherwise

The sign of the weight w,,; describes the positive
(wmi > 0) or negative (wp,; < 0) statistical correlation
that is expected between the orthogonal estimators B,,;
(Ami) and z,, (em) in Eq. (62) (Eq.(56)) on which
Bayes inference relies. The magnitude of the weight |w,,|
describes the measure of reliability of the estimator B,,;
(Apmi), which is determined by the error probability &; for
the readout 7; that constitutes the estimator B,; (Am:).
When |w,,;| is larger, the estimator B,,; (A;,;) is more
reliable. The optimal estimate for the remaining spin
states z} (i # m) can be performed by sifting the index
of the spin cyclically and repeating the one-step MVD in
the same manner. This is because if it is possible to form
a set of J syndromes orthogonal on e,,, it is possible
to form a set of J syndromes orthogonal on any spin
e; (i #m) if C is a cyclic code. Correct decoding of z,
is guaranteed if there are L%J or fewer errors in the error
of the readout .

Note that the calculation of the weight w,,; becomes
computationally expensive when n,,; = |C;(m)| > 1,
even if all §; (j =1,...,n) are known, because wy,,; is
a complicated nonlinear function of §; for the received
state r;, which is a member of C;(m). Therefore, it
is often necessary to introduce some approximations in
the calculation of Eq. (59), which is beyond the scope
of our study and can be referenced in [30, 53]. Here,
we note that the most simplified approximation assumes
that w,,; = const. for i = 0,...,J, which amounts
to neglecting the imbalance in the reliability of the
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estimators owing to imbalance in the error probabilities
&; of the readout r;. In this simplified approximation, 27,
is determined by the one-step majority vote of the J + 1
elements B,,; in B,,; that is,

Z:;L = Inaj (Bmo, Bmla ey BmJ) . (67)

A. Classical repetition code

We discuss two illustrative examples, namely the
classical repetition code and PE scheme, to understand
the one-step MVD comprehensively. Let us first consider
the (n,k) = (N,1) classical repetition code, which
encodes a logical spin variable Z = z; into N physical
spin states z = (z1,...,2zy) € {+1}"". The minimum
code distance d,,;, can be increased by repeating the
logical information N times; thus, d,.;, = N, which
enables the correction of errors in the N physical spin
states. In principle, the repetition code should be capable
of correcting up to tpp = | 4=iz=1| spin-flip errors. The
orthogonal syndrome appropriate for one-step MVD is
expressed as A; = rir;11 = e1e;41 fori=1,... N — 1.
Therefore, we can use the syndrome S in Eq. (37)
as the estimator for the error e;; that is, A = § =
(S1,52,...,Snv-1) € {:I:l}N_l. Thus, the repetition
code is a self-orthogonal code [29, 30]. If we apply the
second type of one-step MVD in Eq. (62), the set of
J + 1 = N estimators B orthogonal on z; associated
with the set of J = N — 1 syndromes A orthogonal on
ey is identified as B = 7 = (r1,...,rn) € {£1}". The
Bayes-optimal estimator Z* for Z is given by the one-step
majority vote of the set of readouts r, that is,

) TN) ) (68)

if we neglect the imbalance for the reliability of the
estimator 7;. Equation (68) implies that the one-step
MVD can correct up to L%J errors. Because a set
A of J = dpin — 1 syndromes orthogonal on error e;
of the logical spin state can be formed, one-step MVD
can achieve the error-correcting capability tgp of the
repetition code. Therefore, the repetition code can be

completely orthogonalized in one step [26-30].

Z* =z{ =maj(r,...

B. QAC

The repetition spin-flip code is used for the stabilizer
subspace codes [55] in QAC to suppress the local spin-flip
errors in QA [6, 17-24]. We focus on the classical model
of N logical spins described by the logical Hamiltonian

Hlogi (Z) (Eq. (42)), which are embedded into the

N x K physical spin system described by the QAC
Hamiltonian H®4¢ (2) (Eq. (40)). To this end, the
quantum mechanical operators Z; are replaced with the
classical spin variables z; € {£1} and their associated
readouts are considered to be r; € {£1}. To describe the



state of the physical spins and its readout, we introduce
the N x K matrices z € {#1}" % and r € {£1}V*F
({£1}"*F denotes an N x K matrix of bipolar variables),
whose elements z;; and r;; describe the state and its
readout, respectively, of the physical spin specified by
the index ¢ (=1,...,N) in the replica j (=1,...,K).

[ Replica index j >
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FIG. 6. Structure of the matrices v = z or ». The green
circles are the elements corresponding directly to the logical
spins.

To simplify the notation, we call z and r the physical
state and readout, respectively. As shown in Fig. 6, each
column of v = z (v = r) describes the states (readouts)
of N physical spins in each replica, whereas each row
describes the states (readouts) of K physical spins in
each logical group associated with the logical spin [6]. To
simplify the notation, let v; = (v;1,...,v; k) denote the
ith row vector of v and let v; = (vi,...,vn5 ;)" denote
the jth column vector of v so that v = (01,...,0k) =
(’Ul,...,’UN)T, where v = z or r. The vectors z; and
z; describe the state of the ith logical group associated
with the ith logical spin and state of the jth replica,
respectively. The spins in every replica share the intra-
replica couplings J;; that are defined in the logical
Hamiltonian H'°9° (Z). FEach logical spin variable Z;
is encoded by the classical [K, 1] repetition code and
constitutes the logical group z; (i=1,...,N), each of
which consists of K physical spins. We impose the
parity constraints z; 1z ;41 = +1 (j=1,...,K—1)
for the physical spin variables in each logical group 4
independently. Because N replicas share the same intra-
replica couplings, we may expect that every weight w;;
of the estimator r;; (j = 1,..., K) for the one-step MVD
is independent of j based on symmetry consideration.
Then, we can identify

Aij =Ti1Tij4+1 = €164 541 (] = 1, e ,K — 1) (69)

for K — 1 syndromes orthogonal on the error e;; for
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i =1,...,N. Evidently, A;; satisfies the requirements
for orthogonal syndromes, as it involves a single
common element r; and the other elements 7;;41
(j=1,...,K —1) that appear only once in the K — 1
element A;;. Then, we can further identify B;; = 7141
and

Biji1=raAij =rijp1=zaeij (j=1,..., K —1)
(70)
for K estimators that are orthogonal on every physical
spin variable z;; for ¢ = 1,..., N. Thus, we obtain the
Bayes-optimal estimator for the ith logical spin variable
Z; = z;1 from the readouts r as follows:

Z;! =z} =maj(B1,...,Bik) =sgn[(r),], (71)

1 K
(r); =(ri) = + Z Tijs (72)

where B; = (B;1,...,Big) =7; € {il}K corresponds
to the orthogonal estimators for Z; and the angular
brackets (- - - ), denote the average of the matrix elements
in the ith row. Equations (71) and (72) indicate that the
most probable value of the logical spin variable Z7 is
determined by the average orientation of the readouts r;
for the K physical spins in the associated logical group
1. Thus, we can infer the most probable state Z* for N
logical spins from the sign of the averaged readouts (r),
fori=1,...,N.

Although this result appears rather trivial, it may
nevertheless be interesting to compare it with the
finite temperature decoding of the Sourlas code [49-51].
Consider the limit v — 0 for the QAC Hamiltonian
H®AC (2). Then, the penalty Hamiltonian HP" (z),
which forces the spins in each logical group i to be
aligned for z to become the code state, is absent. Thus,
the K replicas run independently in parallel in v — 0.
The same results should be applicable if a single replica
runs K times according to the logical Hamiltonian and
if the average orientation of every readout of the logical
spin variables is evaluated, which is equivalent to finite
temperature decoding. This implies that if the energetic
penalty is sufficiently weak, thermal excitation might be
beneficial for QAC when it is combined with the post-
readout classical decoding. This aspect is discussed later
in the paper.

Let us compare the following three post-readout
classical decoding strategies for the N x K physical
spins to obtain the ground state Z, of the logical
Hamiltonian H'"9 (Z) (hereinafter referred to as the
logical ground state) embedded in HP4C (2). (a) MAP
decoding attempts to minimize H?4C (2) and simply
reports its readout r. This strategy is also called the
energy minimization strategy [6]. (b) Best replica (BR)
decoding after MAP decoding reports the readout (#;- )T
(the transpose of column j* of r) with the smallest
logical energy, i.e., j* = argminH'°9" (+;), where r is the

J



readout of the MAP decoding. (c) One-step MVD after
MAP decoding reports Z* obtained by one-step MVD
Z¢ = sgnl(r),] for i = 1,...,N from the readout r of
the MAP decoding. Note that (r), can be calculated
easily by averaging the ith row of the readout matrix
r. We first focus on strategies (a) and (b). Suppose
that the readout r, of the (a) MAP decoding and (b)
BR decoding on the readout r, of the MAP decoding
successfully infers the target state Z* = Z,. Then,
all columns of r,, i.e., (Fa)j for j = 1,..., N, should

agree with (Zg)T up to a global spin flip in strategy
(a), as MAP decoding infers the most probable state
for the physical ground state z, of H?4C (), whereas
it is sufficient for a column of 7y, i.e., (y); for at least

one j, to agree with (Z g)T up to a global spin flip in
strategy (b). This suggests that strategy (b) can sample
the logical ground state Z, more efficiently than strategy
(a). For example, consider the limit v — 0 for simplicity,
where the replicas are statistically independent. Then,
it is reasonable to assume that every replica succeeds
with the same probability p for sampling the logical
ground state Z,. This implies that the probability for
successfully sampling the target state Z, is P, = pX for
strategy (a), whereas the probability that the best of the
K replicas will succeed is P, = 1 — (1 —p)K > p for
K > 2 for strategy (b). It follows that Py < p < Pp
for 0 < p<1land Py < p <« Ppif K > 2. Therefore,
strategy (b) will significantly improve the performance
compared with the improvement when using strategy (a)
for the same problem instance, at least in the limit v — 0.

Next, we compare strategy (c) one-step MVD after
MAP decoding and strategy (a) MAP decoding. Suppose
that one-step MVD on the readout 7. of the MAP
decoding successfully infers the logical ground state as
the most probable state Z* = Z,. None of the
columns of rc, ie., (¥.);, may agree with (Zg)T even
if the logical ground state Z is inferred successfully in
strategy (c). This is possibly because one-step MVD
can infer Z, if at least half of the elements in every
readout r; associated with logical group ¢ (every row
of r) are correct. Furthermore, QAC has a peculiar
property that H?4C (z), H®"¢ (z), and HP"(z) share
the same physical ground state z,. This implies that
the ground state of H?4C (2) = BH™ (z) + yHP" (2)
is independent of $ and . Then, the majority of the
erroneous but correctable states that contribute to the
readout 7. should be the excited states of HPAC (z),
He™e (z), and HP*" (z) with a small Hamming distance
from the physical ground state z,. Thus, they should
be distributed in the low-energy portion of the energy
spectrum of H?4C (z), which should have a density
of states that is much higher than that of the ground
state z,. QAC can sample such excited states efficiently
through sampling based on the Hamiltonian H®?4C (2)
at finite temperature (by local cooling [56, 57]) even
in the limit v — 0, where the penalty Hamiltonian
HP" (z) is absent. Thus, QAC may acquire great
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benefit from the post-readout classical decoding even
if v = 0. This is similar to the finite temperature
decoding of the Sourlas code, even though the target
states differ. This discussion suggests that even though
the energetic penalty is sufficiently weak, QAC may have
better performance by applying one-step MVD of the
readout after sampling at a finite temperature.

Our discussion also suggests that thermal excitation
might be beneficial for QAC even if v > 0 when it
is combined with the post-readout classical decoding.
This is evident from the discussion that, given two
elements H®"(z) and HP" (z), the optimal values for
the hyperparameter set {8,~} may depend on the post-
readout decoding strategy. Recall that HP*" (z) reflects
the prior knowledge on the parity constraints on the
physical spin variables. Suppose v > 0 in the QAC
Hamiltonian HP*" (z) enforces K physical spins in every
logical group to align by energetically penalizing the
misalignment with their ferromagnetic interactions. The
code states that satisfy all parity constraints are the
degenerate ground states of HP¢™ (z). If we consider the
fact that the physical ground state z, of H®AC (2) is
the common ground state of H"*(z) and HP" (z), it
may be reasonable to balance two contributions for the
energy gap in HPA4C (2), ie., BAH® ~ yAHP" = 7,
to sample the common ground state efficiently, where
AH?® is the energy gap between the first excited and
ground states of H*. Note that AHP*" = +1. However,
this might be reasonable only for strategy (a), where
the desired readout 7, is the physical ground state zg,
but not for strategies (b) and (c), where the desired
readouts 7, and 7. are very different from r,. In
particular, in strategy (c), the desired readout r. is one
of a majority of correctable erroneous states in which at
least half of K physical spins in every logical group (r.) ;
are aligned correctly. Because such states are non-code
states, redistributing the energy spectrum of H?AC (2)
is preferable by controlling v so that v < SAHE™ to
increase the sampling efficiency for the desired r°. We
also note that a finite energy gap remains in SAH"€,
even if % approaches zero. This residual gap SAH®™
might be the reason that thermal excitation is beneficial
even if v — 0 for QAC when it is combined with post-
readout classical decoding. This situation is in contrast
with the PE scheme, where the energy gap closes as %
becomes smaller, as considered later. It is important
to note that this consideration would be justified if the
population of the sampling results is distributed with a
finite width so that the population of the relevant excited
states has a finite probability. This conclusion holds
true regardless of whether the final state reaches thermal
equilibrium and the underlying dynamics approach the
final state [58].

Some of the above suggestions are actually observed in
the results of the QAC experiments in the literature. For
example, in [19], Pudenz et al. demonstrated QAC using
a programmable annealing processor. They used K = 4
replicated systems composed of a chain of IV logical spins



that were anti-ferromagnetically coupled, and ran the
annealing processor to sample the logical ground state.
They claimed that a substantial improvement in the
performance of the processors was observed compared
with the result in the absence of error correction in
the QAC. They attributed this improvement to the
population of erroneous but correctable excited states
of the QAC Hamiltonian, although they did not specify
the origin of this population. It may be attributed
to thermal excitation during the course of annealing.
Because the annealing processor is a real-world machine,
it is coupled to the thermal environment. Moreover,
the user-specified parameters have finite strength and
are controllable with finite speed. In fact, the D-Wave
annealer is likely to sample the statistical ensemble of
the readouts close to the thermal state, even though the
spin dynamics during the annealing are not necessary
classical and its temperature does not necessarily agree
with (is higher than) the operating temperature of the
device [52, 58-60]. The results of Ref. [19] suggest that
post-readout classical decoding can improve the success
probability for sampling the logical ground state by
decoding the erroneous but correctable excited states of
the QAC Hamiltonian. Furthermore, they presented an
interesting result in their experiment: the optimal value
of the penalty strength v differs between our decoding
strategies (b) and (c). For example, the sampling results
for the two strategies are compared in Fig. 5 of Ref.
[19]. In this figure, the success probability for sampling
the logical ground state is plotted as a function of the
anti-ferromagnetic chain length and penalty strength ~
(penalty scale (8 in their definition) for three values of
the strength B (problem scale « in their definition).
Their results suggested that the optimal  is significantly
smaller for strategy (c) one-step MVD than strategy (b)
BR decoding, which is consistent with our consideration.
In addition, the success probability is relatively large
for strategy (c) even though v ~ 0, whereas it is very
small for strategy (b), which is expected from the finite
temperature decoding.

C. Parity encoding

Annealing is a heuristic optimization method, in which
the solution is statistically inferred from an ensemble of
many samples. Such samples can be obtained either
through repeated runs using a single copy or through
parallel runs using many copies. QAC can be interpreted
as a system for statistically inferring the optimal solution
through parallel runs of many copies based on the
classical repetition codes. The solution can be obtained,
for example, by selecting the best of the sampled readouts
(strategy (b)) or by majority voting of the sampled
readouts (strategy (c)). Now, let us consider the PE
scheme. Although its interpretation is more subtle than
that of QAC, the comparison between the PE scheme
and QAC helps us to understand the error-correcting
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capability of the PE scheme.

Consider the logical and encoded physical
Hamiltonians H'"9 (Z) and HP"*(z), given by
Egs. (23) and (20), respectively. We assume that the
K-dimensional vector Z = (Zy,...,Zy)" € {+1}*
describes the state of K logical spins.  Then, let
us consider a symmetric K x K bipolar matrix
z = Z & Ze {il}KXK, that iS, Zij = ZZZJ
(1<i,7<K), which describes the physical spins
in the code states and satisfies the parity-check
equations Sz'j (Z) = Zij2i j4+1%04+1 5241 j+1 = 41
for 1 < i < 37 < K —1. Note that only K — 1
physical variables are logically independent because
we can determine Z only up to the global spin flip.
The matrix z contains N w independent
variables. Therefore, a set of physical spin variables in z

K(K-1)

constitutes the (T’ K — 1) block code. The matrix

z evolves according to the Hamiltonian HP"* (z). We
consider the general symmetric K x K bipolar matrix
r € {il}KXK with unit diagonal elements r; = 1
(i=1,...,N) to describe the readout of the physical
spin state. The readout » may be the non-code state,
i.e., Si’j (T) = rijrij+lri+1jri+1j+17é +1 for some
1 <i < j < K. In contrast, in QAC, the matrix
2 € {£1}V*F describes the physical spins that evolve
according to the Hamiltonian H9A¢. The matrices z in
the PE scheme and 2z’ in QAC differ in two manners.
First, z is a symmetric square matrix with unit diagonal
elements, whereas z’ is not. Second, the row and column
of 2’ have direct physical interpretations, that is, they
correspond to the physical spin variables in the same
logical group and those in the same replica, respectively;
however, the row and column of z have no such direct
physical interpretation.

At present, the error-correcting capability of the PE
scheme has not been clarified specifically in terms of
optimization application, although it was analyzed from
the perspective of communication application based on
the analogy of the LDPC code [25]. We note that these
two viewpoints need to be distinguished, as explained
previously.  We consider the PE scheme from the
viewpoint of optimization application. We show that
physical noise is potentially useful in inferring the logical
ground state Z,, not only for the QAC but also for the
PE scheme below.

Now, let us consider the one-step MVD for the PE
scheme. Here, we consider K — 2 weight-three syndromes
orthogonal on every error e;;,

Aijk (’l“) = TiTikTki = €ij€jk€ki € {il}
({ivjvk}c:17'~'7K)7 (73)
as suggested by Pastawski and Preskill [25], where
{i,7,k}, denotes one of combinations. Evidently,

Aiji satisfies the requirements for the orthogonal
syndrome, as it involves the common element e;;



and the other element ejrer; that appears only once
in the K — 2 elements of A;j; for every i < j.
We can easily confirm that A;;, can be represented
as a product of weight-four syndromes S;;(r) =
T3 T3 j+1Ti+1Ti+1 j+1, that is, a product of the readouts
of the four physical spins associated with the plaquettes
in the PE spin network [36], where r;; is fixed at +1
by construction. For example, one can observed that
Aosr = 524595526534.535 536 (see Fig. 2).

We can also identify K — 1 weight-two estimators
orthogonal on z;;:

Biji (r) = 1ijAiji (v) = rjkThi = zijejrer; € {£1}
(i, 4.k}, =1,....K). (74)

It should be noted that B;;; = B;j; = r;;, which should
be a member of the K — 1 elements of these syndromes.
Then, if we simply apply the one-step MVD, it follows
that

* .
Zij = maj) (Bijla .

;Bijx) =sgn[(By;)] , (75)
where Bij = (Bij17~ .. ,Bin) € {:l:l}K_l COI‘I‘BSpODdS
to the estimators orthogonal on z;;, and

K

(Bij) =Y rjgrei =iy = (r(r = 1)),;,  (76)
k=1

where I is a K-dimensional identity matrix.
Furthermore, if K > 1, Eq. (76) can be approximated
to

K
<BZJ> NZ TikTks = (7'2)2,], . (77)
k=1

Comparisons of Eqs. (71), (72), and (75)—(77) reveal a
notable difference. Equation (71) indicates that although
the Bayes optimal estimate of the logical spin variable
Z; = z;j is determined by the average of the readouts
r; for the K physical spins in the associated logical
group 4 in QAC, that of the physical spin variable z;; is
determined by the nonlocal correlations of the readouts
for two physical spin variables in the PE scheme.

These correlations are according to prior knowledge
on the parity constraints. However, to use this prior
knowledge for majority voting, we need to be careful
regarding its fair use. It should be remembered that our
formula for one-step MVD in Eq. (62) has a theoretical
background based on threshold decoding, where the fair
use of the prior knowledge on the parity constraints is
considered. In contrast, the previously reported one-
step MVD has no theoretical background and uses a
majority vote over different subsets of the products of
physical spin variables that describe the spanning trees
defined on the logical spins [9, 40], but not the orthogonal
syndromes, for decoding. This spanning tree method
does not consider the fair use of the prior knowledge and
cannot be justified definitely; thus, its inference would
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be unreliable as well as inefficient. It should also be
noted that Eq. (75) is justified only if each weight for
the estimator B;;; is independent of %k, which cannot
be guaranteed in general. In the following section, we
demonstrate the one-step MVD for the PE scheme. We
prove that one-step MVD is effective for the PE scheme
through numerical simulation. We also propose a novel
method to improve the performance for sampling the
physical ground state z.

IV. EXPERIMENT AND RESULTS OF PE
SCHEME

We performed a classical discrete-time Monte Carlo
(DTMC) simulation to verify the validity of one-step
MVD for the PE scheme. We used the rejection-free (RF)
version of the MCMC simulation [35, 61], which is known
as a jump or embedded-chain Monte Carlo [62-64]. In
this method, all diagonal elements in tht transition kernel
are eliminated. This results in the elimination of self-
loop transitions, that is, a state transitioning to itself,
which is time consuming, specifically in low-temperature
simulation. Although the modified kernel changes the
stationary distribution from a Maxwell-Boltzmann (MB)
distribution to a non-MB distribution, the mapping
between these distributions is bijective so that we can
always recover the MB distribution from the stationary
distribution obtained by the RF MCMC simulation. The
details of our RF MCMC algorithm are provided in the
Appendix. We selected a spin-glass problem with K = 14
in which the coupling matrix J is selected from random
variables that are uniformly distributed in the range
[-1/4,1/4] as an example. Figure 7 shows the spatial
distribution of the assumed coupling matrix J, wherein
the element J;; is the coupling coefficient between the
spins ¢ and j. The simulation was performed using
the Mathematica® Ver. 13 platform on Windows 10/11
operating systems. Please refer to Ref. [35] for the details
of our simulation.

Because the PE scheme has currently been developed
for QA machines that are intended for solving
combinatorial optimization problems, we consider that
the target state to be sampled is the ground state Z,
of the embedded logical spin systems described by the
Hamiltonian H'9 (Z) or, equivalently, the associated
physical code state z, = Z, ® Z,. We compared the
performance for sampling these target states using the
decoding strategies (a) MAP decoding and (c¢) one-step
MVD after MAP decoding.

For the MAP decoding, the RF MCMC attempts to
sample the ground state z’g of the physical Hamiltonian
HPhs (2) = —BH!¢(z) — yHP*" (2) in Eqgs. (20)-
(22) with S;; (2) = S}i*(z). Note that 2| depends
on the set of weight parameters {3,7} and does not
necessarily agree with z4; it can even be a non-code
state. This is in contrast with QAC, where the ground
state of the Hamiltonians H®4C (2) (see Eq. (40)))
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FIG. 7. Spatial distribution of the elements of the assumed
coupling matrix J.

is necessarily a code state because it is the common
ground state of H®"(z) and HP®" (z). Therefore, the
condition H??" (z) = 0 is crucial for sampling the
correct target state z, for the PE scheme. To sample
the target state that is the lowest energy state of the
local Hamiltonians H'*¢(2z) in Eq. (20) under the
condition HP" (z) = 0 using the Hamiltonian HP"* (z),
we implemented a bookkeeping operation after one-step
MVD. We calculated the logical energy H!°9% (Z*) for
the logical state Z* decoded from the readout r sweep
by sweep and retained only the readout with the lowest
energy ever sampled in the bookkeeping. Using this
online bookkeeping operation, which can be considered
as an extra sampling or filtering process, we can achieve
successful sampling at the end of the simulation once the
target state is sampled during the annealing simulation.

In our previous study, we investigated the performance
of the PE scheme based on only MAP decoding using
the RF MCMC simulation [35]. We showed that the
performance is largely dependent on the set of constant
weight parameters {8,7} in the physical Hamiltonian
HPhs (2), which parameterizes the coupling strength
of the thermal environment and its relative weight
between two contributions H!°¢(z) and HP"(z) in
the Hamiltonian HP"* (z). Figure 8 shows the
typical landscapes of the various probability distributions
obtained by our simulation. Subfigures (a) and (b) depict
the results of the MAP decoding, whereas (c) depicts the
results of the one-step MVD inferred from the readout of
the MAP decoding. In (a), the probability distribution
pe for sampling any code state that is the ground state of
HPe™ (z), and in (b) and (c), the probability distribution
pg for sampling the target state z, and Z,, respectively,
are plotted as functions of a set of weight parameters
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{B,v}. These results were obtained from the statistical
analysis of 300 identical and independent simulations.
We can observe from (a) that the code state can be
obtained efficiently within a confined region on the {f3,~}
plane. Specifically, we note that p. is very small for a
sufficiently large =y, which might contradict the general
belief that p. should be almost unity for a sufficiently
large ~. This might be a noteworthy observation. In
addition, we cannot sample the code states for the region
where ~ is smaller than a certain limit, which is shown
by the white broken line in (a). It is reasonable that the
target state z, can be sampled only within the region
on the {f3,~v} plane where the code states are available
in (a), as the target state z, must be one of the code
states. Therefore, the probability distribution in (b) is
consistent with that in (a). However, if we introduce the
one-step MVD after the MAP decoding, the probability
distribution changes significantly.

In this study, we re-investigated the performance of
the PE scheme after introducing one-step MVD for the
readout sampled by the RF MCMC simulation, that is,
the MP decoding. In addition to the one-step MVD given
by Eqs. (75)—(77), we applied extra operations to deduce
the logical state Z* from the physicals state z* inferred
by one-step MVD, as described later. Subfigure (c) in
Fig. 8 is a typical result showing the landscapes of the
probability distribution p, for inferling the target state
Z , successfully using the one-step MVD as a function
of a set of weight parameters {3,v}. We found that the
MC iterations required to achieve a comparable success
probability for infering the target state were nearly 400
times smaller for one-step MVD after MAP decoding
(subfigure (c)) than for MAP decoding (subfigure (b)).
Remarkably, such a target state could be found only
within the region {3,~v}, where we could not sample
the code states using only MAP decoding. Note that
the difference among these simulations lies in the post-
readout one-step MVD as well as the bookkeeping
operations to keep track of the best outcome during the
simulation. This result suggests that the one-step MVD
contributes sufficiently to the inference of the correct
target state and this contribution originates from the
non-code state sampled in the MAP decoding in the first
stage.

Unfortunately, we could observe only the best result
sampled during the simulation owing to the bookkeeping
operation, which discards the useless readouts during the
RF MCMC simulation. To understand the simulation,
we performed a supplementary simulation to clarify the
function and potential of the one-step MVD for the
PE scheme. In the new simulation, we removed the
bookkeeping operations from the algorithm. Instead,
we sequentially pushed all sampled states during the
RF MCMC simulation, that is, the MAP decoding, into
the LIFO stack memory and copied its contents into
storage memory. We performed an offline analysis for the
stored series of readouts and investigated the function
and potential of the one-step MVD. We investigated
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FIG. 8. Landscape of the probability distribution. Subfigures (a) and (b) are the results of the single-stage MAP decoding,
whereas (c) is the result of one-step MVD for the readout of MAP decoding. The target state of (a) is any code state, whereas
zg=2Z4®Z, and Z, are the target states for (b) and (c), respectively. The probability distributions for sampling these target
states are plotted as functions of the set of weight parameters {3,~}.

two series of the associated readouts when the set of
weight parameters {8,v} was fixed at A (case A) in
Fig. 8, where both code and non-code states could be
sampled, and B (case B) in Fig. 8, where only non-code
states could be sampled by the MAP decoding. In the
following, we first show the results for case A, followed
by those for case B, and compare them. We analyzed
600K (K — 1)—50 samples with K = 14, where the initial
50 samples in the burn-in periods were discarded.
Figure 9 shows the results for case A. The left
panel shows the matrix plot of the marginal probability
distribution for every spin, demonstrating an agreement
between the orientations in the readout r and target
state zg, ie., rjj = (zg);. The warm-colored and
cold-colored elements indicate probabilities higher and
lower than 1/2, respectively. Specifically, the orange and
blue rectangles indicate the perfect alignment and anti-
alignment of the orientation of the spin with that of the
spin in the target state z,, respectively. Recall that the
diagonal elements are fixed to +1 by construction. We
can observe that the marginal probability distribution
varies significantly spin by spin, and some spins tend to
anti-align their orientations with the orientation of the
spin in the target state z,. This marginal probability
distribution depends on the distribution of the coupling
constants as well as the values of the weight parameters
{B,v}. The panel on the right shows 10 readouts in
the stored series of the readouts. The upper results are
typical readouts randomly selected from the stored series,
whereas the middle and lower results are the readouts for
which the optimal estimate agrees with the code state,
ie., 2" = Z"®Z", and the target state, i.e., Z* = Z,. In
these figures, {e(z*), E(Z*)} for the optimal estimates
{z*,Z"} and associated syndrome pattern S (z*) are
plotted for a set of 10 selected readouts, where e(z) =

zozg4 is an error pattern for the physical spin state z, that
is, ei5 = zij (2¢);; (1,7 =1,...,K), and E(Z) = Z o Z,
for the logical spin state Z, that is, E; = Z;(Z,),
(i=1,...,K). Note that the elements in e(z) and E(Z)
with a value of —1 imply that z;; # (Zg)ij and Z; # (Zg),.
Thus, they can be regarded as errors associated with the
physical state z and logical state Z relative to their target
states z, and Z 4, respectively.

To clarify the interim readout r before one-step MVD,
we investigated the energy spectra for the readouts shown
in Fig. 9. Figure 10 depicts various energy spectra
when {8,7} is at point A. The upper histograms
indicate the spectra of the Hamiltonian (a) HP"Y* (1), (b)
H'¢ (r), and (c) HP®" (r), which are relative frequency
distributions of the energy of the readout r of the MAP
decoding. It should be noted that r» may not necessarily
be a code state. In these figures, the red bin indicates
the contribution of the readouts for which the physical
state z* inferred by one-step MVD agreed with the target
state, i.e., 2* = z,. In contrast, the gray bins indicate
the contributions of the readouts for which the inferred
state z* became the code state, ie., z* = Z* ® Z*.
The green bins indicate the contributions of the readouts
for which the inferred state z* was not the code state,
but the logical state Z* deduced from z* agreed with
the target state Z,. The lower histogram (d) indicates
the spectrum of the Hamiltonian H'9% (Z*) after the
readouts r are decoded as the estimate Z* by the one-
step MVD. It should be noted that if z is a code state,
z=2Z®Z,and H"*(z) = H'9" (Z) holds. The red,
gray, and green bins in histogram (d) have the same
meanings as those in the upper histograms. We can
observe that green bins in histogram (b) are reduced to a
single bin in histogram (d) after one-step MVD reflecting
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FIG. 9. Result of one-step MVD for the readout r of MAP decoding when the weight parameters {j3,~v} are fixed to the
value at which the code states can be frequently sampled. The left matrix plot shows the marginal probability distribution for
every spin that demonstrated an agreement between the readout r and target state z,. In the right panel, the error patterns
{e(z"), E(Z")} for the optimal estimate {z*, Z*} (upper results) and associated weight-four syndrome pattern S (z*) (lower
results) are shown for three selected sets of 10 readouts, i.e., randomly selected readouts, for which the inferred physical state
z* agreed with one of the code states z* = Z* ® Z*, and for which the inferred logical state Z* agreed with the target state

Z 4. The blue element corresponds to an erroneous spin.

that decoding is a dimensionality-reducing operation.
From histogram (d), we can observe that a significant
number of the target states Z, is inferred by one-step
MVD from the non-code states even if {$,~} is at point
A. From the comparison of gray bins in histograms (b)
and (d), we observe that the one-step MVD does not
change the spectra of the code states.

Next, we discuss the results for case B in which {5,~}
is fixed at point B in Fig. 11. The matrix plot
of the marginal probability distribution for every spin
exhibiting an agreement between the orientations in the
readout r and target state z, is shown on the left. We
can observe that some spins have strong tendencies to
anti-align their orientations with the orientation of the
spin in the target state z4, which is similar to that when
{B,~} is fixed at point A, although the distribution differs
significantly. Specifically, several spins have a very large
probability of being anti-aligned, with the value reaching
nearly unity. The panels on the right-hand side show 10
readouts in the stored series of the readouts. The upper
results are typical readouts that are randomly selected
from the stored series, whereas the lower results are the
readouts for which the optimal estimate agrees with the
target state, i.e., Z* = Z,,.

Figure 12 presents the various energy spectra of
the readouts when {8,v} is at point B. The upper
histograms indicate the spectra of the Hamiltonian (a)
HPMWs (r), (b) H™®(r), and (c) HP*" (r) for the readout
7, whereas the lower histogram shows the spectrum of
the Hamiltonian (d) H'°9" (Z*) for the estimate Z*. In
these figures, the colored bins have the same meaning as
those in Fig. 10. It can be observed that there is no
red bin, which indicates that no target state z, can be
sampled by the MAP decoding. Nevertheless, a single

and significantly large green bin can be observed in the
ground state Z* = Z, of the Hamiltonian (d) H!°9 (Z*).
It is evident from the spectrum of HP®" (r) that the
estimate Z* originates from the readouts in the non-
code state space. This proves that our one-step MVD
is suitable for decoding the target state Z, from the
readouts 7, that is, the non-code states sampled by the
MAP decoding in the first stage.

Unfortunately, we discovered later that our decoding
algorithm had a flaw, although it was subsequently
solved. The issue was related to the deduction of the
estimator Z* € {+1}* from the optimal estimator z* €

{£1}*% obtained through one-step MVD. If z* is the
code state, we obtain z* = (2*)" = Z* ® Z*. In this
case, we can easily deduce Z* up to a global sign as

Z" =z =(2}1,..., 2 k) (78)

for an arbitrary ¢ = 1,..., K. However, if z* is a non-
code state, z* # Z* ® Z*, and Eq. (78) does not
necessarily hold. In this case, the derivation of Z* is
nontrivial, although this is resolved later. We attempted
to deduce the unique Z* in an ad-hoc manner, as follows.
In our decoding algorithm, we first estimated the physical
state using one-step MVD according to z* = sgn [F ()],
where F(r) = r(r—1I) ~ 72  Subsequently, we
performed an extra majority vote for z* by assuming that

K
sgn [(z*z%),,] = sgn [Z zi125; | gives a good estimate
k=1
of Z{Z}, where 2], is considered to eliminate a global
sign flip of Z*. Note that, if z* = Z* ® Z* holds, we
have 2z, = ZZ} and Z; = Zisgn[(2"z"),;], but this
ad-hoc assumption is not justifiable theoretically. All
of the above results were obtained using this strategy.

However, we found later that this was not an appropriate
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FIG. 11. Results of one-step MVD for the readout of MAP decoding when the weight parameters {3,~} are fixed to the value
at which almost no code state can be sampled. The left matrix plot shows the marginal probability distribution for every spin
exhibiting an agreement between the orientation in the readout r and the target state z4. In the right panel, the error patterns
{e(z"), E(Z")} for the optimal estimate {z*, Z*} (upper results) and associated weight-four syndrome pattern S (z*) (lower
results) are shown for two sets of 10 readouts, i.e., for randomly selected readouts and the readouts for which the inferred
logical state Z* agreed with the target state Z,.

approach. To comprehend the related problem, let us and logical ground state Z,, respectively. The plots in
consider an example of the readout » shown in Fig. 13 (b) depict the readout state r (upper) and the state Z*
that was inferred as the target state Z, in our strategy. decoded through our strategy (lower), which is the target
The plots in (a) depict the target states: the upper and  state Z,. The plots in (c) depict the error patterns
lower traces are the target physical state z, = Z,0Z,  e(r)=roz, for the readout r and E(Z") = Z" o Z, for
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the estimator Z*. The error patterns e(r) and E(Z™)
have elements with values of —1, i.e., erroneous spins.
We can transform the Hamiltonian HP"Y* (z) into
HPhYs (e) through the gauge transformations J;; —
Jij (Zg)ij and z;; — e;; if we know z, a priori. The
Hamiltonian HP"Y* (e) has a trivial ground state e, with
(eg);; = +1 for all i and j. We can also transform the
Hamiltonian H'09° (Z) into H'°9° (E) using the gauge
transformations Ji; — Ji; (Z),(Zy); and Z; — E;
if we know Z, a priori. The Hamiltonian H"9 (E)
has a trivial ground state E, with (E;), = +1 for all
i. The upper and lower results in (c¢) depict the error
patterns e(r) and E(Z™) for the readout state » shown
in (b). We can observe that the error pattern e(r) reflects
the marginal probability distribution shown in Fig. 11,
although the error pattern E(Z*) is its ground state
E,. It should be noted that the error pattern e(r) has
the elements (e(r));; = (e(r))1; = +1 and (e(r));2 =
(e(r))2; = +1 for ¢ = 1,..., N, which implies that the
readouts r;; = rj; (j = 1 or 2) are sufficient to infer the
target state Z, up to its global sign. These error-free
elements with respect to the target logical state Z, may
be the reason that our strategy for inferring the ground
state Z, succeeded. Figure 14 depicts the calculated

results of Z (i) = sgn [(z*z*)”} fori = 1,..., N using

the readout r shown in Fig. 13 (b). Clearly, the target
state Z, can be inferred up to its global sign only if we

select i = 1 and 2. This suggests that the crucial reason
for the success of our strategy is the subset of the error-
free readouts T, = (7‘“7 e ,T‘iK) or 77'1 = (Tli, ey T‘K,L')T
associated with the logical lines for ¢+ = 1 and 2 of the
readout state r. That is, the simulation results presented
thus far depended on these readouts.

Our strategy is not sufficient to infer the target state
for general problem instances. To demonstrate this, we
show the result for another problem instance with the
inverted coupling constants J — —J. The left plot
in Fig. 15 indicates the landscape of the probability
distribution p, for successfully infering the target logical
state Z4 using our strategy, and the right plot indicates
the marginal probability distribution for successfully
sampling the target physical state z, = Z;,®Z, when
the weight parameters {§,v} are fixed at point B’ in
the left plot. In contrast to the previous result shown
in Figs. 7, 8, and 11, we could not find a logical line
where the success probability for all involved elements
was no less than 1/2. This suggests that our strategy has
limited validity and its success depends on the problem
instances. In fact, the success probability for sampling
the target state was smaller for this instance than in the
instance shown in Fig. 8 (c), even though the number of
readout samples was the same.

Eventually, we concluded that it is important and
necessary to develop a decoding method that can infer
the target state for any problem instance without its
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detailed knowledge. For this purpose, we developed
a decoding method that can infer the physical target
state z, = Z, ® Z, without errors. This is a novel
post-readout decoding procedure that is applicable to an
arbitrary problem instance. We show that this is actually
possible by extending our one-step MVD algorithm to the
incorporation of majority voting of greater than weight-
two orthogonal estimators. Let us consider the following
matrix function:

F(X)=X(X-1I), (79)

where X is a symmetric square bipolar matrix with unit
diagonal elements and I is the identity matrix in the
matrix space of X. Then, the standard one-step MVD
is based on up to weight-two orthogonal estimators

z" =sgn[F (r)]. (80)

Next, we extend this to include up to weight-2n
orthogonal estimators

2" (n) = sgn [F) (7)), (81)
where
FW(X)=ToFoFo---0F(X) (82)

n

is an n-iteration of F on X. Note that F(™ (r)
consists of the sum of the terms involving up to
2n-multiplication of matrix elements r;;, where every
r;; is treated symmetrically and on an equal footing,
that is, exchanging two arbitrary r;; and ry; does

not change F (). In addition, the matrix element



Coupling matrix

25

Success probability distribution

1 1 5 10 12
| . '

1

025
017
002

008

07

FIG. 15. Another problem instance demonstrating the limitation of our strategy. The success probability for sampling the target
state Z, using our strategy, coupling matrix J, and marginal probability distribution for every spin exhibiting an agreement

between the orientation in the readout  and the target state z,.

(F (n) (r))ij is considered to consist of all possible weight-

2m (m =1,...,n) estimators orthogonal on z;;, which
would ensure fair majority voting. It has been pointed
out that majority voting involving such high-weight
syndromes may improve the performance at the expense
of increasing the calculation cost [25]. We compared
the estimator obtained from Eq. (81) for an increasing
number of iterations n. Figure 16 depicts the matrix
plots of the error pattern of z* (n) for the two readouts r
shown in Figs. 11 and 15. It is clear that the errors
in z*(n) are reduced as n increases and reaches the
target state z,. We investigated numerous examples
to check the trend of z*(n) against an increasing n
and confirmed similar behaviors for all the examples.
Therefore, we concluded that Eq. (81) is a practical and
effective estimator for the physical target state z, for a
large n. By combining this technique with the energy
calculation, we expect that this technique can assist
in sampling the physical target states z, using various
sampling techniques. For example, we can consider two
scenarios, as follows. We calculate the physical energy
HPhs (2% (n)) for the estimated state z* (n) for a given
n. We can keep track of the lowest possible value
of HPMWs (2* (n)) and the associated z* (n) during the
sampling process in bookkeeping, and output the best
physical state z* (n) = m&anhys (2* (n)) at the end of
the simulation. Alternatively, we can calculate the logical
energies H'°9" (z¥ (n)) of the estimator z} (n) for a given
nand i =1,...,N, where 2} (n) = (2, (n),...,z5x (n))
is the logical line i (the ith row vector) of z* (n). We
can track the lowest possible value of H'?% (2} (n)) and
the associated z; (n) during the sampling process and
output the best logical state z (n) = mgnH logi (¥ (n))
at the end of the simulation. Obviously, both methods
consume some classical computational resources, which
should be a polynomial of the size of the problem N if
we can fix n. However, it is plausible that n depends

on N. In this case, we need to introduce an appropriate
cutoff for n to cope with the problems associated with
the performance tradeoff. Further analysis is required to
clarify the validity of the present method and optimize it
for the PE scheme.

Both MAP decoding and one-step MVD after MAP
decoding may infer the correct target state. However,
their working principles are very different.  MAP
decoding attempts to sample the target state z, directly
by statistically sampling the state that minimizes the
physical Hamiltonian HP"* (z), by which the state
should satisfy the parity constraints. In contrast, one-
step MVD after MAP decoding samples a neighboring
state of the target state r ~ z,, regardless of
whether it violates the parity constraints in the first-
stage MAP decoding, and converts it into the target
state z, deterministically using the information on
syndrome patterns without supplemental information in
the second-stage one-step MVD. Thus, MAP decoding
can be regarded as a purely stochastic algorithm, whereas
one-step MVD after the MAP decoding can be regarded
as a hybrid of stochastic and deterministic algorithms.
Our two-stage decoding method for the PE scheme
can be regarded as similar to the proposal of Sourlas
for soft annealing, wherein computationally difficult
problems can be simplified by embedding them into
those in the larger system because one can circumvent
the barriers using the deterministic algorithm and
accelerate the dynamics of the algorithm while retaining
all essential properties of the problem [7]. Similarly, finite
temperature decoding of QAC may be regarded as an
alternate version of soft annealing based on the classical
repetition codes [22, 23].

We should comment on an inconsistency between
the previously reported result and the current result.
We concluded that one-step MVD is very useful in
inferring the correct target state from the erroneous but
correctable states that may arise in the PE scheme.
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Albash et al. reported a contradictory conclusion in their
study [9], in whch the validity of one-step MVD on the PE
scheme was investigated based on classical Monte Carlo
simulations. They reported that no clear evidence for
the validity of the one-step MVD was observed. They
claimed that majority voting schemes that attempt to
exploit a large number of decoding trees are not beneficial
because the error generated during the simulations is not
an uncorrelated random error. Their claim appears to
be in conflict with ours, as we confirmed that our novel
one-step MVD using iterative matrix multiplications is
valid for a wide range of error patterns in the readout
7, provided that the maximum number of errors N, in
every row (column) of r satisfies N, < % Note that
a row (column) of », i.e., its logical line, is a star-like
spanning tree with K — 1 variable elements (recall that
all diagonal elements of r are fixed to +1 by assumption).
We point out two possible reasons for the inconsistency
between the two studies. First, the estimator used
for inferring the target state differs between the two
studies. In our study, we used the estimator derived from
orthogonal syndromes, which would ensure fair majority
voting. In contrast, the previous study used a majority
vote over the subsets of the readouts 7, describing the
spanning trees on the logical spins to determine the
target state Z, up to a global spin flip fully. However,
this approach lacks theoretical grounding and may be
questionable from the viewpoint of the fairness of the
majority vote. Second, the previous study focused on

simulations with specific simulation parameters and an
annealing schedule selected based on values associated
with actual QA devices. The authors did not necessarily
preclude the validity of post-readout decoding of the PE
scheme for any simulation parameter or schedule. In
our opinion, the first reason is rather important. The
majority vote based on the random spanning tree method
does not consider the fair use of the prior knowledge on
the parity constraints and cannot be justified.

V. CONCLUSIONS

We have studied two classical error-correcting schemes
for solving combinatorial optimization problems based on
the dynamical relaxation process of Ising spins towards
their ground states. First, we reviewed the concept of
soft annealing introduced by Sourlas and examined how
an Ising spin Hamiltonian is embedded into an extended
Hamiltonian with classical error-correction codes and the
tacit assumptions made therein. It was clarified that the
informative prior for parity constraints is the source of
the penalty Hamiltonian, which was introduced ad-hoc
into the Hamiltonian in many previous studies.

Subsequently, we addressed two classical error-
correction schemes used for QA, namely the QAC and
PE schemes, and investigated their derivation from the
above concept. In QAC, the classical repetition code
is merged to the logical Hamiltonian and encoded into



the Hamiltonian describing a larger system composed
of many copied systems (replicas). These replicas are
mutually independent if the penalty Hamiltonian is
omitted; otherwise, they are mutually correlated. It is
obvious that if the copies are independent, the QAC
executes sampling and measurement for independent
replicas in parallel in a single-shot operation, instead
of repeating the same operation on a single copy. The
results should be consistent with the measurements
of repeated experiments using a single copy. If the
penalty term is introduced, it should produce a positive
correlation among the replicas, which may be utilized to
improve the sampling efficiency. This is very similar to
extended ensemble algorithms, such as replica exchange
and parallel tempering, in classical statistical physics
[65] as well as simulated QA using the path-integral
Monte Carlo method [43-46], where the dynamics of an
ensemble comprising the mutually interacting replicas are
considered [66-68|. In the PE scheme, soft annealing
provides the encoded physical Hamiltonian directly,
but its interpretation is not necessarily straightforward
compared with that of the QAC.

The information in the logical Hamiltonian that
is embedded in the physical Hamiltonian should be
retrieved by decoding. By exploiting the advantage
of the informative prior for the parity constraints, we
can increase the reliability of the decoding in two
manners. In the case of MAP decoding, the readouts
of all physical spins provide the outcome without post-
readout processing. We need to sample the code state
with the lowest energy to infer the target state. This
can only be achieved by balancing the weights of the
penalty and non-penalty Hamiltonians appropriately. In
this case, the informative prior is used only for the
pre-readout process, that is, the stochastic sampling
process. In addition, we can exploit the advantage of
the informative prior for the post-readout process. By
exploiting this advantage, we can retrieve the target state
from the non-code but correctable erroneous state in
which some of the parity constraints may be violated.
This can be accomplished through one-step MVD, which
fairly exploits the parity constraints as an informative
prior. We discussed the one-step MVD for QAC and
the PE scheme. One-step MVD for QAC is relatively
simple to understand. We identify logical groups as
sets of physical spins connected by ferromagnetic penalty
couplings in the QAC Hamiltonian [6, 17-24]|. The spins
in the logical Hamiltonian are identified with the logical
groups in the QAC Hamiltonian. One-step MVD is
equivalent to assigning the average orientation of the
physical spins in the logical group to the orientation
of the associated logical spin. If these assignments are
successful for every logical spin with respect to the target
logical spin states, we obtain a successful inference. If
the penalty Hamiltonian is absent, this is analogous to
finite temperature decoding, where thermal fluctuation
contributes to improving the decoding performance.

In contrast, the post-readout decoding for the PE
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scheme is more subtle. In this study, we found that
efficient decoding through one-step MVD is possible by
exploiting the higher-weight syndromes in the optimal
estimators. We demonstrated the algorithm for realizing
this using an iteration of matrix multiplications and sign
decisions for each element in the resultant matrix. We
confirmed the validity of our algorithm for numerous
examples with various error patterns. The RF MCMC
simulation showed that a huge number of non-code but
correctable erroneous states contributes to the inference
of the target state by exploiting the advantage of
the informative prior in one-step MVD. Although our
simulation results strongly suggest that one-step MVD
might be more advantageous than MAP decoding in
terms of performance, the classical overhead related
to post-readout processing should be considered. The
advantageousness of the approach depends on the
sampler used for the first stage as well as the available
classical computing resources. A detailed study is
required to decide the usefulness of our technique in
practical scenarios.
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Appendix: Rejection-free Markov chains

In this appendix, we explain rejection-free Markov
chains (RFMCs) and the connection between the
stationary distribution for an RFMC and Maxwell
Boltzmann (MB) distribution, which is the stationary
state for standard reversible Markov chains (standard
MCs). The standard MC is the reasonable classical
model for an open system connected to a thermal
environment. We focused on a discrete-time Markov
chain (DTMC). We conducted a Monte Carlo simulation
to confirm the theoretical prediction using a toy model.
First, we briefly reviewed the stationary state in the
reversible DTMC and RFMC. The reversible DTMC is
characterized by its transition kernel

P11 P12 P13 - Pin
P21 P22 P23 ' Pon

P=| P31 P32 P33 --° Psn || (A1)
Pn1 Pn2 Pn3 *°° DPnn

where p;; is the transition probability of the system from
state i to state j. Because P is a stochastic matrix, the



sum of the matrix elements in each row is unity.

P1 :Z pij = 1, (AQ)
j=1

where 1 = (1,...,1)" is the column vector with all
elements having the value 1. Therefore, the vector
1 is a right eigenvector with eigenvalue A = 1.
Here, the diagonal elements p;; (i =1,...,n) represent
the probability of self-loop transition, i.e., a state
transitioning to itself, resulting in no change in the
state. The probability «; = Zj#pij = 1 — py; is the
transition probability from i to another state j # 4. In
the Markov chains characterized by the transition kernel
P (abbreviated chain P), a series of events with only
two possible outcomes, i.e., the event that the system
escapes from the state ¢ and its exclusive event that the
system stays in the state i, is described using Bernoulli
trials, with the probability of success in each trial equal to
a;. Thus, the probability p; (t) that the system remains
in the state ¢ for ¢ rounds is given by the geometric
distribution characterized by a parameter «;, that is,

pi(t) = (1 — )" oy (A.3)
The average value of t is called the waiting time
= 1
(t:) ZZ tpi (t) = v (A4)
t=1 ¢
Consider the probability vector v = (v, ..., vn)T with

the element v; € [0,1] € R, which is the probability that
the system is in the state i and satisfies

(A.5)

If the chain P is ergodic and satisfies the detailed
balance conditions v;p;; = v;p;i, v approaches a unique

stationary distribution 7w = (m1,...,m,)" that satisfies

the global balance equation

al =xTp (A.6)
after numerous rounds of state transition. Equation
(A.1) indicates that 7 is the left eigenvector of the eigen-
equation with eigenvalue A = 1. Furthermore, if the
chain P is aperiodic, 7 is also a limiting distribution,
that is, m = tlirgov. If the system is open to the thermal

environment, the detailed balance conditions lead to

exp (—8E;)

— SR —exp B (Ei - Ey)].
exp (—BE;) Y
where [ is the inverse temperature of the environment
and E; is the energy of the system when it is in the state
. In this case, 7 is given by the MB distribution

exp [~BE;]

m = =, (A.8)

T _ Py
T Pij

(A7)

28

where Z is a normalization constant called the canonical
partition function.

Based on the above formulation for the standard MC,
we define the RFMC and clarify how it is different from
the standard MC. We define the RFMC as a reversible
MC with the transition kernel given by the following
matrix P, whose diagonal elements are all zero:

P11 P12 P13 - Din
D21 P22 P23 -+ DPon
P — | Ds1 D32 D33 - Dsn
Pni ﬁnQ ﬁn?) ﬁnn
0 P12 P13 Pin
p21 %1 P23 Pon
a9 [e5) a2
psi pa2 Pin
= a3 as as
0 (t1)p12 (t1) P13 (t1) Pin
(t2) P21 0 (t2) P23 (t2) pan
= (ts) ps1 (t3) ps2 0 (t3) P3n

(A.9)

Evidently, P is a stochastic matrix. Because the chain
P is reversible, its detailed balance condition should be

TiPij = TjDjis (A.10)
where the vector @# = (frl,...,frn)T represents the
stationary distribution for the chain P. The detailed

balance conditions are fulfilled if 7; is expressed in terms
of m; as
2o M% mi/ (L)
(2 - .
E?:ﬂrj/ (t)

mn OV
YU
Conversely, 7; is written in terms of 7;, as follows:

T <tl>
X0_qm; {t;)

(A.11)

Wi/ai
™ = - =
X mi/ay

(A.12)

Therefore, the reversible chain P should have the
stationary distribution 7 given by Eq. (A.11). The
zeroes in the diagonal elements of P represent the
chain P with no self-loop transitions. The matrix
P is the transition kernel of the embedded DTMC
that is associated with the continuous-time Markov
chains (CTMCs) [62-64], which tracks only the states
visited directly after each transition and moves from
a state to another state according to the transition
probabilities given by P. Equations (A.11) and (A.12)
can be interpreted as follows: Because m; considers the
states after the self-loop transition occurring with the
probability p;; = 1 — 4, only a fraction «; of m; can



contribute to 7; on average. Therefore, it is reasonable
that 7; oc m; and Eq. (A.11) provide the probability
distribution. Note that even if the kernel P has a
stationary distribution 7r, it is not necessarily the limiting
distribution, as 7 may be a periodic function of the
round t of state transition. It is evident that if = is
an MB distribution, 7v is not an MB distribution owing
to the i-dependence of «;. Nevertheless, it should be
noted that we can recover the MB distribution 7 from
7 using Eq. (A.12) and «; = Zj# pij, which is,
in principle, calculable if we can calculate the energy
differences between the states.

The RFMC is not merely a theoretical model but can
actually be implemented and demonstrated using Monte
Carlo simulation. We focus on the RFMC Monte Carlo
simulation based on the Metropolis algorithm. When the
standard algorithm is applied to an N-spin system, the
transition probability from the current state 0 is given by
the following Metropolis rule:

+ min{1,exp (—BAE;)} i€ S
Poi = 1—ag i=0 , (A.13)
0 otherwise

where Sy is a set of neighboring states for the current
state ¢ = 0, that is, the states in which a single spin is
flipped, and AFE; = E; — Ey is the transition energy from
the current state 0 to the next state in which the spin ¢
is flipped. Because pgg = 1 — ayg, it follows that

ay = ZPOi = %Z min {1,exp (—SAE;)}. (A.14)

1€So 1€8So

Therefore, ag (poo) represents the acceptance (rejection)
probability for flipping the spin. We can also regard it
as the escaping (trapping) probability that the standard
MC will move away from (stay in) the current state in the
next step. Then, the ensemble sampled by the standard
Monte Carlo simulation approaches the stationary as well
as limiting distribution given by Eq. (A.8), i.e., the
MB distribution. From Eq. (A.9), it follows that the
transition kernel of the RFMC is given by the transition
probability

L_ 1 €8Sy
Poi = { 23,7 (A.15)
0 otherwise

The random choice of the next state to move with
the transition probability pg; can be implemented by
making use of the conventional acceptance-rejection
(AR) method using a pseudo random number generator.
In contrast, the random choice of the next state with the
transition probability pg; can be implemented by making
use of various algorithms for generating a non-uniform
random variate, as shown in the following, although
their calculations are more expensive than that of the
conventional AR method.
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In fact, the RFMC was demonstrated through the
Monte Carlo simulation using the following toy model.
Consider N = 3 (n =2N = 8) spins described by the
following Ising Hamiltonian:

N N
H({Sl,SQ,Sg}) :Z h;s;+ Z JZ‘J‘SZ‘SJ‘ <A16)
i=1 ij=1
with
{h17 h27 h37 J12) Jl?n ‘]237 Others}
= {+2,41,0,4+1,-2,—1,0}. (A.17)

Table A.1 shows the eight possible spin configurations
and associated energies, and Fig. A.1 depicts the energy
spectrum of the associated density of states p. The
transition kernels of the standard MC and RFMC are
given by

i| (s1,82,s3) |Energy
1(-1,-1,-1)] -5
2[(-1,-1,+1)| +1
3/(—1,+1,-1)] -1
4l(+1,-1,-1)] -1
5(—1,4+1,+1)] -3
6/(+1,-1,+1) +1
71(+1,+1, 1) +7
8[(+1,+1,+1) +1

TABLE A.1. Possible spin configurations and associated
energies for our toy model with N = 3 spins.
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FIG. A.1. Energy spectrum of the associated density

of states for our toy model with N = 3 spins. The
symbols (K73,K72, .. .,KB) indicate the relative ratios of
the probability distribution for the stationary MB distribution
m in Eq. (A.20).
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—-K3-2K?+3 K3 K2 K? 0 0 0 0
1 0 0 0 1 1 0 0
1 0 —K*+1 0 1 0 K* 0
1 K4 4
p_1 1 0 0 K*—2K +2 0 K K 0 ’ (A.18)
3 0 K2 K 0 —2K?2-K+3 0 0 K?
0 1 0 1 0 0 0 1
0 0 1 1 0 0 0 1
0 0 0 0 1 1 K3 —-K3+1
K 1 1
0 %3 Ko Kz O 0 0 0
1 1 1
? 0 0 0 § 3 184 0
m O O 0 Kito O KTTQ O
1 K K
p-| mrm1 Y 0 0 0 ®gsr mrmn Y (A.19)
0 K L 0 0 0 0 K ’
3K+1 2K+1 IK+1
0 3 0 1 0 0 0 3
0 0 1 1 0 0 0 1
1 1 K3
0 0 0 0 %3 ©e K512 0
[
respectively, where K = exp(—28). The transition kernels P and P have the left eigenvectors of the

eigen-equation with eigenvalue A\ = 1, which offer the
stationary distributions

r=N[(K31, K K K21,K%1)]", (A.20)
1+2K~1  K3+2K~' K341+4+K~' 24+ K1 K3 +2\1"
T=N ki .1, * : ks , * 1K, + , (A.21)
3 3 3 3 3
[
where N -] denotes the consideration of a normalized whether the chosen spin is accepted or rejected for

vector.  The stationary distribution 7« is the MB
distribution. Figure A.2 depicts the energy spectra of =
and 7 when K = 0.25 is assumed. Note that the density
of states p was considered in these spectra. Evidently,
these energy spectra differ.

We performed Monte Carlo simulations to confirm
whether these stationary states are actually reproduced.
We compared the following three algorithms for the
Monte Carlo simulations: (a) Standard MC: Fig. A.3
(a) shows the block diagram of the standard MC. The
Metropolis method was used in this simulation. We
generated a uniform random number U(1,N) € N to
select a spin to be flipped in the next state transition
and a uniform random variate U (0,1) € R to determine
whether it was accepted or rejected for flipping its sign.
If the energy AFE; required to flip the chosen spin ¢ is
such that SAE; < —InU (0, 1), it is accepted; otherwise,
it is rejected. We can easily obtain the required elements
of the kernel P sweep by sweep in the standard MC
iteration. In the standard MC algorithm, all the spin
states are recorded as the sampled data, regardless of

flipping, which is analyzed after the completion of the
simulation. (b) Rejection-discarded MC: Fig. A.3 (b)
shows the modified version of the standard MC. This
algorithm differs from (a) in the recording of the sampled
data. Only the spin states after the accepted transitions
are recorded as the sampled data and those after the
rejected transitions are discarded. Because the states
after the rejected transitions are the same as those
before it, discarding the state directly after the rejected
transition implies disregarding the states associated with
the self-loop transitions. (¢) REMC: To realize the kernel
13, we apply the algorithm for the non-uniform random
number generation. The algorithm generates a set of
N exponential random variables {r,...,7n}, each of
which is characterized by its own rate parameter po;,
e.g., 7, ~ Exponential (pp;). The random variable 7; is
regarded as the holding time required to flip the spin 4 in
the CTMC. We accept the smallest of these and flip the
corresponding spin. According to the properties of the
exponential random variate, the associated probability is



(a) Stationary MB distribution
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(b) Stationary non-MB distribution 7=
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FIG. A.2. Energy spectra of stationary distributions 7w and # when K = 0.25 is assumed.

given by

Poi

Pr (Ti = miin {r,... 77'1\[}) = (A.22)

DPoi

M=

i=1

This is a well-known non-uniform random number
generation (or weighted random choice) algorithm for
selecting one item from NV items according to the weight
{po1,--.,pon} [35]. Thus, we can obtain the required
elements in the transition kernel P recursively in the MC
iteration. In this algorithm, all spin states directly after
flipping the selected spin are recorded as the sampled
data.

We performed Monte Carlo simulations using the three
algorithms to obtain a sufficiently large quantity of
sampled data and compared the energy spectra of their
stationary distributions with those shown in Fig. A.2.
Figure A.4 shows the energy spectra for the stationary
distributions and associated temporal developments for
the sampled data. The rounds of MC iterations
were adjusted so that the number of spin flips was
approximately 5000 in these simulations. The temporal
developments of the energy of the spin system associated
with the last 200 of the sampled data are shown in
the lower plots of Fig. A.4. The computation times
of algorithms (a) and (b) were comparable but that of
algorithm (c) was approximately half.

We can observe that once the spins are trapped at a
lower-energy state, numerous trials to flip are required
to escape from such a state to the next state in the
temporal profiles in Fig. A.4 (a), which is accounted
for by the self-loop transitions. In contrast, such state
trapping is not observed in Fig. A.4 (b) and (c¢). The
number of trials to flip that is required to escape from
the trapped state is a geometric random variable 7 ~
Geometric (ag) associated with the trapped state 0 in
which the average number is given by (1) = aio Note

that « depends on the trapped state and changes after
every spin flip. In addition, there are two points to
note. The first is that the short trapping to the states
with energy = +1 in the lower plots of Fig. A.4 is
not attributed to the self-loop transition, but to the
transition among the energetically degenerated states.
The second is that the chain P has a left eigenvalue —1
so that the stationary distribution 7r is not the limiting
distribution [69]. This is because the MC with no self-
loop transition is never aperiodic and exhibits oscillatory
behavior with period d > 1, as shown in Fig. A.4 (b)
and (c). These differences in the temporal developments
for the algorithms are directly reflected in their energy
spectra. Figure A.4 also depicts the energy spectra of the
stationary distributions for the three algorithms. The
energy spectrum for algorithm (a) agrees with the MB
distribution 7 associated with the transition kernel P.
In contrast, the energy spectra for algorithms (b) and (c)
agree with the non-MB distribution 7 associated with
the kernel P. Therefore, the temporal developments
as well as the energy spectra of algorithms (b) and (c)
agree. This implies that the difference between two
stationary distributions 7 and 7 originates from any
immediately repeated state after the transition, i.e., self-
loop transition. In fact, we can confirm that the MB
distribution 7 reproduces the temporal development and
spectra for the non-MB distribution 7 if we simply omit
these states due to the self-loop transitions.

We should emphasize that the self-loop transitions also
play an important role in sampling the ground state of
the Ising spins by Monte Carlo simulation. If we simulate
a standard reversible MC using the Monte Carlo method,
a sampled series converges to the MB distribution after
a sufficiently large number of transitions. Then, if we
maintain the spin systems at a low temperature, the
lower energy portion of the MB distribution 7r increases
so that the sampling probability of the ground state
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increases. However, this is necessarily accompanied
by a decreased acceptance probability «qg for the low
lying state and an associated increase in the number of
repeated states immediately after the transition owing to
self-loop transition. The presence of the low-lying excited
states may affect the time required for successfully
sampling the ground state, as not only the ground state
but also the low-lying excited states have a large self-
loop transition probability. Once the system is trapped

to one such low-lying excited state, many sweeps would
be wasted before a successful escape from the trapped
state. Thus, extra time is required to sample the
ground state successfully. This deceleration in sampling
the ground state has been frequently pointed out as a
serious problem in simulated annealing. Although this
problem may be relaxed by dynamically controlling the
hyperparameters such as the temperature to a certain
extent, the approach has limited benefits. This is a



common problem for conventional simulated annealing
that reads out the state at an arbitrary timing as a
sample using a trial-and-error approach. Therefore,
mutually incompatible requirements exist regarding self-
loop transitions: increasing the probability of the self-
loop transitions is desirable to increase the sampling
efficiency for the ground state, whereas decreasing it is
desirable to quickly approach the MB distribution as well
as the ground state quickly.

RFMC offers the potential to overcome this situation.
Because it has no self-loop transition, it approaches its
stationary distribution more rapidly than the standard
MC method. The drawback of the trial-and-error
sampling approach can be overcome by keeping track
of the spin state as well as its energy sweep by sweep
and updating the bookkeeping to hold the best state to
find the ground state. This can be easily incorporated
into the Monte Carlo simulation. We should note
that although the stationary distribution of the RFMC
deviates from the MB distribution, we can recover
the MB distribution by implementing the additional
calculation required to recover it. Because the RFMC
considers the same chain as the standard DTMC, except
for the omission of any repeated states owing to self-
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loop transitions, it loses the information on the waiting
time for a chain of readout states. Suppose that the
kth state in an RFMC chain is obtained by omitting My,
repetitions of the states owing to the self-loop transition
in the standard DTMC [64]. Then, the multiplicity
My, ~ Geometric (ag (k)) + 1 is lost, where g (k) is the
acceptance rate for the kth state. This lost information
can be easily calculated during the iterations of the
Monte Carlo simulation because the set {po1,...,pon}
of the transition probability is necessarily calculated to
choose the next spin state in the RFMC algorithm,
which can be accomplished relatively inexpensively by
keeping track of the bookkeeping list {AFE;,...,AFE,}.
Then, we can calculate the acceptance rate ag = > po;

i€So
and multiplicity M ~ {%J + 1 for the current

state sweep by sweep to form the multiplicity list Mj,
which is the number of times that the standard chain
remains in the same state after the transition, where
|z] denotes the integer part of x and the well-known
formulae Geometric (A) = |Exponential (—In (1 — \))]
and Exponential (A) = —%
M][61, 64].
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