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Abstract

To integrate structural subsurface models and smooth seismic velocity models, they need to share common features and reso-

lutions. Here, we propose a new approach for estimating the depth of sudden velocity changes from ambient-noise multi-mode

Rayleigh waves applicable to a wide range of frequencies. Approximating the size and shape of the so-called energy ellipse at

frequencies where the ellipticity has an extremum allows us to derive the depth of sudden velocity changes as the half height of

the energy ellipse. We test our approach theoretically, numerically, and on real data from two geothermal sites by extracting

Rayleigh wave ellipticities and phase velocities from three-component beamforming of ambient noise using the python code

package B3AMpy. For a small-scale array, our approach validates the depth of quaternary sediments predicted by geological

models. For deeper velocity changes, high uncertainties remain but the general trend of inclining boundaries can be recovered

well. We demonstrate that, if impedance contrasts are larger than three, our approach is valid for multiple layers, laterally

heterogeneous models, and a wide range of Poisson ratios.

1



manuscript submitted to JGR: Solid Earth

Depth of Sudden Velocity Changes derived from1

Multi-Mode Rayleigh Waves2

C. Finger1and K. Löer23
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Key Points:6

• We estimate the depth of sudden velocity increases from phase velocity and ellip-7

ticity of ambient-noise multi-mode Rayleigh waves8

• Three-component ambient-noise beamforming is used to estimate phase velocity9

and ellipticity10

• Feasibility is demonstrated with noise recordings from multiple sites and validated11

with results from other studies.12
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Abstract13

To integrate structural subsurface models and smooth seismic velocity models, they need14

to share common features and resolutions. Here, we propose a new approach for estimat-15

ing the depth of sudden velocity changes from ambient-noise multi-mode Rayleigh waves16

applicable to a wide range of frequencies. Approximating the size and shape of the so-17

called energy ellipse at frequencies where the ellipticity has an extremum allows us to18

derive the depth of sudden velocity changes as the half height of the energy ellipse. We19

test our approach theoretically, numerically, and on real data from two geothermal sites20

by extracting Rayleigh wave ellipticities and phase velocities from three-component beam-21

forming of ambient noise using the python code package B3AMpy. For a small-scale ar-22

ray, our approach validates the depth of quaternary sediments predicted by geological23

models. For deeper velocity changes, high uncertainties remain but the general trend of24

inclining boundaries can be recovered well. We demonstrate that, if impedance contrasts25

are larger than three, our approach is valid for multiple layers, laterally heterogeneous26

models, and a wide range of Poisson ratios.27

Plain Language Summary28

To effectively combine structural models and seismic velocity models, we’ve devel-29

oped a new method. It estimates the depth of sudden changes in seismic velocity using30

Rayleigh waves from ambient noise. By analyzing extreme points in Rayleigh wave el-31

lipticity, we determine the depth from the observed phase velocity at that point. We tested32

the method and found it works well for various scenarios, including multiple layers, het-33

erogeneous models, and different material properties.34

1 Introduction35

Accurate representations of the subsurface are crucial for exploring natural resources,36

such as geothermal or hydrocarbon reservoirs, and estimating associated risks. Subsur-37

face geophysical models can be structural, i.e., containing locations of faults and discon-38

tinuities, or represent a smooth spatial distribution of properties, i.e., as in seismic ve-39

locity models. Information from both types of models are crucial for estimating reser-40

voir extends, and hence their economic viability, and accurately locating (micro-) seis-41

micity to estimate and monitor the seismic hazard. Thus, structural and velocity mod-42

els should ultimately be integrated into a common subsurface model that simultaneously43

includes smooth variations and sudden changes of elastic properties.44

Active seismic surveys are widely used to obtain high-resolution structural mod-45

els but are challenged by high costs and permitting issues, especially in urban areas. Earth-46

quake tomographies can be used to constrain seismic velocities between hypocenters and47

seismic stations but require an adequate distribution of local seismic events to fully il-48

luminate the subsurface (Toledo, 2020). Ambient seismic noise methods can image the49

subsurface regardless of the local seismicity level and without the need for active seis-50

mic sources. Although body waves have recently been identified in ambient noise record-51

ings (Brenguier et al., 2019), most studies invert velocity profiles from surface wave dis-52

persion curves (Löer et al., 2020; Galetti et al., 2017). However, the large wavelengths53

of low-frequency surface waves increase uncertainties at greater depths and result in smooth54

and gradient-like velocity models that lack sharp features. Thus, integration of active55

and passive methods is challenging due to different geometries, different frequencies, and56

a lack in common features to validate the integration. In this study, we aim to close the57

gap between active and passive subsurface models by retrieving structural information,58

i.e., the depth of major sudden velocity changes, from ambient noise Rayleigh waves. In59

contrast to other methods, such as horizontal-to-vertical spectral ratios (HVSR, (Bonnefoy-60

Claudet et al., 2006)), our approach does not rely on velocity information from secondary61
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studies and does not make prior assumptions about the wave types in seismic record-62

ings. No inversion is needed to determine a preliminary depth estimate using our approach.63

Several studies jointly inverted Rayleigh wave phase velocities and ellipticities for64

shallow (Picozzi et al., 2005) and deep (Berg et al., 2018) velocity models. If Rayleigh65

waves dominate the analysed frequency range, the horizontal-to-vertical spectral ratio66

(HVSR) curve closely resembles Rayleigh wave ellipticities (Fäh et al., 2008). The peak67

frequency of HVSR together with an estimate of the average shear velocity of the sed-68

iments can be used to estimate the thickness of sediments overlaying a stiffer bedrock,69

if the impedance contrast is larger than three (Bonnefoy-Claudet et al., 2006; Bard &70

Team, 2004). However, the accuracy of the depth estimate of HVSR strongly relies on71

accurate estimates of the shear-wave velocity. Since HVSR is typically applied to short72

recordings from single surface stations, sensitivity is in practice often limited to frequency73

ranges above 0.1Hz and, thus, is limited to depths of about one hundred meters. It is74

assumed that the subsurface can be represented with a one-dimensional velocity profile.75

HVSR applied to single station recordings and to ambient-noise cross-correlations (Berg76

et al., 2018; Lin et al., 2012) are challenged by misidentifying wave types and modes. Thus,77

there is a need for a method that does not inherently assume the dominance of Rayleigh78

waves and works in a larger frequency range to image larger depth ranges.79

In this study, we propose a new relation to estimate the depth of sudden velocity80

changes whenever phase velocity and ellipticity can be resolved over the same frequency81

range. We observe that Rayleigh wave ellipticities together with their phase velocities82

at particular frequencies can be used to estimate the depth of a velocity increase. The83

relationship we found seems to describe what we call an energy ellipse whose half height84

coincides with the depth of the velocity change. We validate the proposed approach us-85

ing analytical approximations and a variety of one-dimensional velocity models. Three-86

component (3C) ambient noise beamforming at multiple seismic stations provides phase87

velocity and ellipticity of retrograde and prograde Rayleigh waves. We use the python88

code package B3AMpy (Finger & Löer, 2023; Löer & Finger, 2022) to perform 3C beam-89

forming. The depth sensitivity depends mainly on the array geometry. We demonstrate90

the application of our new approach by applying 3C beamforming to synthetic waveforms91

and recorded waveforms from three seismic arrays at two sites. We find good agreements92

between our depth estimates and available depth estimates from active surveys and ge-93

ological models. The accuracy of our new approach is comparable to HVSR results as-94

suming the shear-wave velocity is perfectly known but is applicable to a wider depth range95

without prior assumptions or input from secondary studies.96

2 Estimating the depth of sudden velocity changes using Rayleigh waves97

Rayleigh waves propagating along the Earth’s surface can be described with their98

direction of propagation (backazimuth ϕ), their frequency f , their horizontal propaga-99

tion velocity (phase velocity vph) and their ellipticity e, that is the ratio of horizontal100

to vertical motion. The phase velocity vph is slightly smaller than the shear wave veloc-101

ity vs of the propagation medium (Aki & Richards, 1980). Ellipticity e mainly depends102

on the ratio of compressional wave speed to shear wave speed
vp
vs

(Tuan et al., 2011) and103

is described as the ratio of horizontal to vertical particle motion e = H
V (e.g., Herrmann,104

2013). Both vph and e are frequency-dependent in non-homogeneous media and strongly105

influenced by step-wise velocity increases with depth (Boaga et al., 2013).106

In homogeneous Poisson media, Rayleigh wave motion is elliptical and retrograde107

at the surface and inverts to prograde motion at greater depths. A particle at the sur-108

face is displaced in vertical and horizontal direction with peak motions shifted in phase109

by π
2 and with particle velocities in the nm to mm range. e = H

V is smaller than one110

in homogeneous Poisson solids. The energy of a passing Rayleigh wave induces the dis-111

placement of all particles in a subvolume, which describes an elliptical motion visible in112
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the two-dimensional snapshots of the displacement wavefield (Figure 1 a and b). We re-113

fer to this as the energy ellipse. The size and shape of this energy ellipse can be calcu-114

lated using the horizontal propagation velocity, i.e., the phase velocity vph, and frequency115

f of the Rayleigh wave as shown in the following. Both the ellipse of the particle mo-116

tion at the surface and the energy ellipse have the same ellipticity e.117

The wavelength λR =
vph
f of Rayleigh waves can be understood as the circum-118

ference of the energy ellipse, approximated as Ce = π
√

2(r2v + r2h), with rv and rh be-119

ing the length of the major and minor half-axis of the ellipse. For both vertical and hor-120

izontal ellipses (Figure 1) rv is the vertical half axis and e = rh
rv
. An auxiliary circle with121

circumference Ce has a radius r‘v = Ce

2π (orange circles in Figure 1c). The difference be-122

tween rv of the ellipse and r‘v of the circle is the factor
√

2
1+e2 representing the differ-123

ence between circle and ellipse. r‘v is smaller than rv if e < 1 and vice versa for e > 1124

(Figure 1c). In practice, e is not well resolved over broad frequency ranges. Thus, as-125

suming rv ≈ r‘v, we can use the auxiliary circle to calculate the half-height of the en-126

ergy ellipse rv without explicitly using e:127

rv =
vph
2πf

, (1)

with vph being the tangential velocity vt = rω at each point on the auxiliary circle and128

ω = 2πf being the angular velocity. Using e = rh
rv
, we can estimate the half width of129

the energy ellipse as130

rh = rve =
vphe

2πf
. (2)

For one-dimensional velocity profiles, vph and e can be estimated using Computer131

Programs in Seismology (CPS) (Herrmann, 2013). For a two-layer velocity model with132

a sudden velocity increase in a depth of d = 1km and
vp
vs

=
√
3 (Figure 2a), vph and133

e = H
V are shown in Figure 2 b and c, respectively. The fundamental mode (superscript134

0) and the first higher mode (superscript 1) are shown. Using equations 1 and 2, the size135

of the energy ellipse can be calculated (Figure 2d). The empirical relation dHV SR =
v1
s

4f0
p

136

typically used to estimate the depth of sudden velocity changes in HVSR studies (Bonnefoy-137

Claudet et al., 2006)is plotted for comparison using the true shear-wave velocity v1s given138

in the analytical model (Figure 2a).139

At high frequencies, the fundamental mode (mode 0) is polarised vertically (HV <140

1) and both radii are smaller than the depth of the sudden velocity increase, rv > rh <<141

d (Figure 2d). With decreasing frequency, the radii increase with different rates until they142

have equal length, rh = rv, e = 1, here at f0
e = f1

p = 0.57Hz, where f0
e is the fre-143

quency where the fundamental mode Rayleigh wave has an ellipticity of one and f1
p is144

the frequency where the first higher mode has a minimum in ellipticity. The deeper part145

of the Rayleigh wave already ’sees’ the higher velocities at greater depths which causes146

different growth rates for rv and rh. For lower frequencies, f < f0
e , one radius is larger147

than the depth of the velocity increase and the other is smaller than the depth of the148

velocity increase. If the shear velocity of the bottom layer is larger than the compres-149

sional velocity of the top layer, the ellipse changes to being horizontally polarised, rv <150

rh (cf. Figure 1c right horizontal ellipse). Note that rv and rh are still calculated using151

vph (equations 1 and 2) but the ellipticity is now larger than one, e > 1, resulting in152

rh > rv. The two radii then increase at different rates for decreasing frequencies un-153

til rv is equal to the depth of the sudden velocity increase, rv = d (Figure 2d). At this154

frequency, here at f0
p = 0.43Hz, where e of the fundamental mode has reached its max-155

imum, rv is about equal to the depth of the sudden velocity increase. At even smaller156

frequencies, the radius of the second circle is larger than d and ’sees’ the bottom layer157

velocities as well. e is declining again until the sensitivity of the energy ellipse is mostly158

to the deeper layer.159
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Figure 1. Snapshots of displacement in a) x direction and b) z direction for Rayleigh wave

propagating in a homogeneous velocity model. Snapshots were created with a rotated staggered-

grid finite difference scheme (Saenger et al., 2000). Energy ellipse is shaded grey. c) Sketch

illustrating the estimation of the depth of a layer boundary as the half height of ellipse using the

auxiliary circle (orange).
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Figure 2. a) Input one-dimensional velocity model for analytical approximation of multi-

mode Rayleigh wave b) phase velocity vph and c) ellipticity e = H
V

using (Herrmann, 2013). d) rh

and rv calculated from b) and c) using equations 1 and 2. The empirical relation dHV SR =
v1
s

4fp
,

typically used in HVSR studies is plotted for comparison. Horizontal grey lines show frequencies

where the fundamental and first higher mode experience extrema in ellipticity.

For the first higher mode (mode 1), a similar change can be observed (Figure 2d).160

The first higher mode is horizontally polarised for high frequencies with rh being larger161

than the depth of the interface and rv being smaller. With decreasing frequencies, rv be-162

comes as large as the depth of the sudden velocity increase with e being minimal, here163

at f1
p = 0.57Hz. Thus, we can also infer d from the first higher mode Rayleigh wave164

using equation 1 and the frequency f1
p where e of the first higher mode has a minimum.165

Note that in this case, the frequency where the fundamental mode Rayleigh wave is cir-166

cular is equal to the frequency where the first higher mode has its minimum ellipticity167

(f1
p = f0

e ). Thus, this frequency can also be derived from the fundamental mode ellip-168

ticities which is beneficial since higher mode ellipticies are challenging to observe. How-169

ever, for more complex velocity models, f1
p and f0

e may not coincide.170

The depth estimates obtained from the fundamental and first higher mode are in171

this case r0v(f
0
p ) = 1168m and r1v(f

1
p ) = 941m. Since the fundamental mode is hori-172

zontal at f0
p and the first higher mode is vertical at f1

p one value underestimates the depth173

and the other overestimates it (Figure 1c). The average depth estimate is, thus, 1054.5m,174

a deviation of 5.5% compared to the true depth. The depth estimate from the empir-175

ical relation typically used in horizontal-to-vertical spectral ratio (HVSR) studies (Bonnefoy-176

Claudet et al., 2006) is dHV SR =
v1
s

4f0
p
= 1500m/s]

4·0.4348Hz = 862m, a deviation of more than177

10% based on the assumption that v1s is known. Thus, our new approach is more accu-178

rate than HVSR in this case. Note that the depth estimate using the first higher mode179

is slightly more accurate than the one using the fundamental mode only.180

Our proposed approach relies on the existence of horizontally polarised Rayleigh181

waves and works best if the first higher mode of Rayleigh waves exists at investigated182

frequencies. As described above, the fundamental Rayleigh wave becomes horizontally183
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polarised when the shear-wave velocity of the bottom layer is larger than the compressional-184

wave velocity of the shallower layer, v2s > v1p. Assuming a poisson solid, i.e.
vp
vs

=
√
3,185

and densities of sandstone (about ρ1 = 2g/cm3) and granite (about ρ2 = 2.63 g/cm3),186

the shear wave impedance contrast, IC =
rho2v2

s

rho1v1
s
needs to be larger than 2.77 for v2s187

to be larger than v1p. In our example velocity model (Figure 2) , the impedance contrast188

is four. For HVSR studies, a minimum impedance contrast of three is typically reported189

(Bonnefoy-Claudet et al., 2006). We tested different IC by changing v2s (Figure 3a-d).190

For IC = 2 the first higher mode does not exist at lower frequencies and the peak in191

ellipticity of the fundamental mode is very small. Thus, the uncertainty of picking f0
p192

is high in this case and the deviation from the true source depth is high. We conclude193

that our method is valid for impedance contrasts larger than three. Note that only for194

IC = 4 is r1v(f
1
p ) = r1v(f

0
e ) (Figure ??d). An average from both modes would results195

in the most accurate depth estimate.196

In the presence of fluids, the
vp
vs
-ratio can increase. Testing different

vp
vs
-ratios for197

both layers and using a constant impedance contrast of four reveals that with increas-198

ing
vp
vs
-ratio the phase velocities of the two modes become closer and mode mis-identification199

becomes more likely (Figure 3e). The frequency where the velocities of the two modes200

are closest together is very close to f0
e = f1

p . This frequency is also referred to as the201

osculation frequency (Boaga et al., 2013). We can estimate the true depth of the sud-202

den velocity increase relatively well for all tested
vp
vs
-ratios (Figure 3e-h). Note that also203

in these cases, the first higher mode provides more accurate depth estimates for a wider204

range of models than the fundamental mode and the depth estimate from HVSR (Fig-205

ure 3h).206

Adding an additional layer with varying impedance contrasts to the one-dimensional207

models reveals that the stronger impedance contrast tends to be retrieved. If the impedance208

contrasts of both velocity increases is the same, the depth estimate is closer to the deeper209

velocity increase (Figure 4). If the stronger impedance contrast is shallower (Figure 4e-210

h), the shallower layer boundary can be retrieved accurately using r1v(f
0
e ). If the stronger211

impedance contrast is deeper (Figure 4a-d), r1v(f
0
e ) retrieves the stronger shallower con-212

trast if the impedance contrast is larger than three. Low velocity zones can occur and213

are thus an important consideration. Reducing the velocity of the middle layer (not shown),214

reveals that deviations from the true depth are higher but a rough estimate of the depth215

of the larger, in our case deeper, velocity increase is still possible.216

3 Three-component ambient-noise beamforming of Rayleigh waves217

To estimate the depth of sudden velocity increases using equation 1, we need to es-218

timate vph and e over the desired frequency range. We choose Beamforming of three-component219

ambient noise (B3AM, (Löer & Finger, 2022)) for its distinct advantages of identifying220

wave types in small time windows of continuous waveforms and producing vph and e at221

the same discrete frequencies. Results from all processed time windows can be analysed222

statistically to obtain vph and e against frequency averaged over longer time windows.223

B3AM processes three-component waveforms recorded with multiple seismic stations and224

enables to identify prograde and retrograde Rayleigh waves separately, which allows a225

first indication of mode separation.226

B3AM compares observed three-component phase shifts S3C between stations of227

an array and between components of a station to theoretical phase shifts a(k, θ, ξ) cre-228

ated over a pre-defined grid of wavenumber k, backazimuth θ and polarisation param-229

eters ξ. Backazimuth θ is defined as counter-clockwise from East. Polarisation param-230

eters considered are the dip (inclination angle of body waves), the rotation around the231

x axis (i.e. for differentiating prograde and retrograde Rayleigh waves) and the elliptic-232

ity eB defined in the range [0, 2] with zero referring to a linear horizontal polarization,233

one referring to a circular polarisation and two referring to a linear vertical polarization.234
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We can convert the ellipticity of B3AM to the more standardised definition using:235

e = H/V = 2− eB , eB ≥ 1 (3)

e = H/V =
1

eB
, eB ≤ 1 (4)

Further details about the used code can be found in (Löer & Finger, 2022).236

Apart from detrending, demeaning and removal of instrument response, pre-processing237

should be kept to a minimum to avoid introducing artificial phase shifts. For the low fre-238

quency examples in this study (large station network in Wesweiler and station network239

in UtahFORGE), some pre-processing is required to obtain stable results for the low-240

frequency investigation. In these cases, we modify the running-mean time normalization241

proposed by (Bensen et al., 2007) to simultaneously weigh all three-component waveforms242

with the same weights calculated using one of the components. This is repeated with weights243

calculated over each component. Thus, relative amplitudes are always kept the same but244

spurious signals or earthquakes on each component are reduced in amplitude. No spec-245

tral whitening is applied to retain relative amplitudes between components and thus re-246

solve ellipticities. Results from B3AM are normalised per frequency in post-processing247

to counteract unbalanced energy distributions across the frequencies.248

As for all array methods, the wavenumber and frequency limits depend on the sta-249

tion geometry and subsurface velocities. We propose the following steps to determine250

the input parameters used to calculate the theoretical phase shifts in B3Am:251

1. Plot the array response function (Löer et al., 2018) for multiple backazimuths and252

derive the minimum wavenumber kmin as the width of the central peak at half height253

and the maximum wavenumber kmax as the wavenumber where the first peak reaches254

half the height of the central peak as proposed by Wathelet et al. (2008). We con-255

sider kmin to represent the resolution limit, i.e. the smallest distinguishable wavenum-256

bers, and use a wavenumber minimum of zero in B3AM to allow detection of ver-257

tical incident body waves. We found that using kmax/2 as the upper wavenum-258

ber limit works well in keeping the total number of discrete wavenumbers and, thus,259

the computation time low but obtaining high resolution in the well-resolved wavenum-260

ber parts.261

2. Derive the desired wavenumber sampling ∆k to achieve the desired depth sam-262

pling ∆r. Since ∆k and ∆r are inversely related (equation 1), sampling of rv is263

non-linear (Figure 5a). We recommend to severely oversample the wavenumber264

to artificially increase the radius sampling and reduce the wavenumber sampling265

through smoothing of the B3AM results in post-processing.266

3. Make an educated guess about expected subsurface velocities (vmin, vmax) in the267

resolvable depth range estimated using kmin and kmax in equation 1.268

4. Determine frequency range from wavenumber and velocity range. The minimum269

frequency fmin = vmaxkmin results from the highest expected velocity and the270

minimum resolvable wavenumber. The maximum frequency fmax = vminkmax271

results from the minimum expected frequency and the maximum resolvable wavenum-272

ber. Combining these limits defines the resolvable value range (Figure 5b).273

5. Determine the desired frequency sampling and time window length for analyses274

based on the largest Period Tmax = 1
fmin

. We use time window lengths of 4Tmax275

and windows with 50 % overlap.276

In this study, we sample eB linearly with a spacing of 0.01. This results in equal277

weighting of horizontal and vertical Rayleigh waves but is different from e.g. HVSR curves278

where the horizontal part is usually sampled higher or exaggerated when plotting. The279

advantage of linearly sampling eB is the ease of picking f0
e . With our chosen eB sam-280

pling, we can resolve H/V amplitudes from 0.01 to 100 with most precision for H/V <281

10.282
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Figure 5. a) Relation between wavenumber sampling and radius rv (equation 1). b) Relation

between wavenumber, frequency and velocity limits and resolvable value range in B3AM.
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B3AM provides wave type, polarisation parameters ξ and horizontal wavenumber283

kh for every short time window per discrete frequency f . The propagation velocity for284

Rayleigh waves can be calculated as vph = f
kh

. B3AM results contain velocities out-285

side the expected velocity range due to constant wavenumber sampling (Figure 5b). Thus,286

we manually exclude results with velocities smaller than vmin and larger than vmax. We287

then select only results identified by the polarization parameters as retrograde or pro-288

grade Rayleigh waves and calculate two-dimensional histograms of eB and kh over f . We289

smooth the histograms and pick the maximum per frequency and determine the uncer-290

tainty as the width of the local peak at half height. Some cases require manual correc-291

tion of automatic picks which is indicated for the individual results. We calculate rv(f) =292

1
2πkh(f)

directly from the picked wavenumbers for all frequencies and pick fp and fe for293

all visible modes from the ellipticity curves. We determine the depth of velocity increases294

as rv(fp/e). Propagating relative errors from the wavenumber histograms to the depth295

estimates directly provides an uncertainty for our depth estimate.296

4 Feasibility test using synthetic waveforms297

To validate our approach in a realistic but controlled setting, we computed three-298

component full-waveform ambient seismic waveforms using a rotated staggered-grid finite-299

difference scheme (Saenger et al., 2000). The continuous waveforms recorded at the re-300

ceiver positions described below are available from Finger and Saenger (2023).301

The goal of the numerical simulations is a waveform dataset with similar charac-302

teristics as observed ambient seismic noise. The main attribute of ambient seismic noise303

is its seemingly random nature. Waves with different properties arrive from different di-304

rections at the receivers. To maximise this randomness, we implement 8000 randomly305

located point sources with a Ricker source time function with random origin times, ran-306

dom moment tensor components and random dominant frequencies. We insert these ran-307

dom sources in a three-dimensional velocity model. The inner part of the model, 2.5 times308

the aperture of the receiver array in the center of the model, is kept free from sources309

to adhere to the plane wave assumption inherent to the beamforming approach. Frequen-310

cies are limited between 0.01Hz and 2Hz to avoid numerical dispersion and stability is-311

sues. A total of 1540 s ≈ 26min of computed waveforms are generated.312

The model size is 60 km by 60 km with a total depth of 30 km to allow large wave-313

lengths to exist. The grid spacing is 50m in all directions and the timestep is 0.005 s,314

which results in a realistic sampling rate of 200Hz. The top of the model is a free sur-315

face and the sides and the bottom of the model are absorbing boundaries. 441 receivers316

are distributed in a regular grid of 21 by 21 receivers at the center of the model at the317

free surface. The inter-receiver distance is 500m. We test two velocity models: a) the318

same velocity as in Figure 2 extended laterally to three dimensions and b) the same ve-319

locities as in Figure 2 but with a layer boundary dipping towards east.320

4.1 Velocity model with two horizontal layers321

We apply B3AM to the 26 minutes of synthetic waveform data recorded with the322

100 center receivers and apply the workflow outlined in section 3 to obtain the maximum323

wavenumber limit as kmax

2 = 0.0001m−1 and the wavenumber resolution as kmin

2 =324

3.5·10−5 m−1. We oversample the wavenumber using 200 values. With expected veloc-325

ities of vmin = 1000m/s to vmax = 5000m/s, the analysed frequency range is fmin =326

0.2Hz and fmax = 1Hz. The time window length is 20.48 s resulting in 148 total anal-327

ysed time windows. The frequency sampling is ∆f = 0.0244Hz resulting in 32 anal-328

ysed frequencies.329

The two-dimensional smoothed histograms of eB(f) (Figure 6a and b) and kh(f)330

(Figure 6d and e) are used to pick multi-mode dispersion and ellipticity curves. The ret-331
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Figure 6. a) Histogram of eB(f) for retrograde Rayleigh waves from B3AM and picked and

smoothed maxima. Uncertainties are too small to be visible. b) Histogram of eB(f) of prograde

Rayleigh waves from B3AM and picked and smoothed maxima. c) Conversion of ellipticities to

H/V and comparison to result from CPS. Vertical lines mark frequencies of extrema. d) His-

togram of kh(f) of retrograde Rayleigh waves from B3AM and picked and smoothed maxima. e)

Histogram of kh(f) of prograde Rayleigh waves from B3AM. f) Conversion from wavenumber to

velocity and comparison to CPS. g) Half-height of Rayleigh wave energy ellipse rv from B3AM

and CPS results. Vertical lines show frequencies from c. Horizontal line shows true depth.
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rograde ellipticities and wavenumbers can be picked unambiguously. The prograde el-332

lipticities and wavenumbers are picked once the retrograde picks are removed from the333

prograde histograms. There is some ambiguity between retrograde and prograde waves.334

However, picked results from B3AM correspond relatively well to those from CPS (Fig-335

ure 6c and f). As expected, the fundamental mode is retrograde and the first higher mode336

is prograde. Discrepancies in absolute values between B3AM results of the synthetic data337

and CPS results could stem from uncertainties of the approaches but do not alter the338

final depth estimates. Picking f0
e = 0.63Hz from B3AM and estimating the depth of339

the sudden velocity change as r1v(f
0
e ) results in a depth estimate of 973.6m±356.1m,340

a deviation of less than 3% to the true depth.341

4.2 Velocity model with inclined layer boundary342

We apply B3AM to the 26 minutes of continuous synthetic waveform data created343

with the inclined-layer velocity model. We analyse 100 receivers at a time and then move344

all receivers one receiver over to analyse the next 100 receivers. In this manner, we anal-345

yse a total of 12 subsets of receivers. We use the same parameters for B3AM as for the346

previous case and estimate the depth of the velocity increase from r1v(f
0
e ), the half height347

of the prograde Rayleigh wave energy ellipse at f0
e , the frequency where the retrograde348

Rayleigh wave is circular. We find a good agreement of true and estimated depth across349

all subarrays (Figure 7) with deviations of less than 10% for half of the subarrays. B3AM350

seems to generally overestimate the depth in this case. Variations in depth estimate ac-351

curacy could result from uncertainty in picking. We only analysed 32 discrete frequen-352

cies. For some cases, differences between subarrays are smaller than the resolution. Ad-353

ditionally, the backazimuth of the Rayleigh waves could influence if the depth is under-354

or overestimated if the velocity model varies laterally. We investigated the prominent355

backazimuth for each subarray but could not find a clear correlation to the depth esti-356

mate deviation. The footprint of the array, here 4.5 km, does not seem to influence re-357

sults and depth estimates sem to be an average over the footprint. Therefore, we con-358

clude that the deviation stems mostly from the inherent uncertainties of the method.359

5 Application to recorded ambient noise360

We apply the developed workflow to two seismic station deployments. At the geother-361

mal test site UtahFORGE in Utah, USA, reflection seismic data show a strong impedance362

contrast between sediments and the granitoid bedrock (Podgorney, 2020). We use this363

to validate our approach in a real world scenario. In Western Germany surrounding the364

town of Eschweiler-Weisweiler, no active seismic surveys have been performed and, thus,365

geological models (Fritschle et al., 2021) have large uncertainties. Our approach gives366

the first analysis into the deeper subsurface.367

5.1 Application site UtahFORGE, USA368

In December 2016, 49 Fairfield Nodal Zland three-component (3C) geophones were369

deployed in a regular grid with 600m inter-station spacing at the geothermal site Utah-370

FORGE in Utah, USA (Pankow, 2016). We analyse 48 hours of continuous waveform371

data on 20.12.2016 and 21.12.2016 using four subsets of 16 receivers each. We restricted372

the upper wavenumber limit to kmax = 0.0004m−1 and the frequency range from 0.05Hz373

to 0.5Hz for maximum sensitivity in the expected depth range. Raw waveforms are pre-374

processed with the modified moving average time normalisation as described in section375

3 for more stable results. Ellipticities and wavenumbers showed large uncertainties that376

made picking challenging. We manually had to revise the automatic picks. The B3AM377

results for the first 16-receiver subset is shown in Figure 8.378
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Figure 7. Estimated depth (r1v(f
0
e )) of sudden velocity increase derived using multiple subsets

of receivers for the model with an inclined layer boundary.

Comparing the depth estimates from all four 16-receiver subsets to the depth of379

the granitoid boundary averaged in North-South direction as reported by (Podgorney,380

2020) reveals that B3AM recovers the general trend of the inclined boundary well but381

overestimates the depth significantly. The lower limit of the uncertainty falls within the382

50% deviation. The regional velocity model derived from ambient-noise phase veloci-383

ties and H/V ratios (Wells et al., 2022) reveals an extensive low velocity zone down to384

depths of about 2 km not taking the elevation into account. Assuming our approach is385

sensitive to this deeper velocity increase would mean that the deeper veloctiy increase386

is sharper than the sediment-to-granitoid boundary at shallower depths. Using estimated387

velocites from Zhang and Gao (2021) and typical densities for sandstone and granite,388

we estimate the shear impedance contrast of the sediment-to-granitoid interface to be389

IC = 2630 kg/m3 3000m/s
2000 kg/m32000m/s = 1.97 and would, thus, be too small for our approach. Thus,390

we conclude that our approach may confirm a deeper increase in velocities.391

5.2 Application site Weisweiler, Germany392

Surrounding the town of Eschweiler-Weisweiler, in the western part of Germany,393

a small-scale short-term array has been deployed in June 2021 followed by a larger net-394

work consisting of among others 27 broadband seismic stations (Finger et al., 2023).395

We analyse two hours of continuous waveform data recorded in the night of June396

20th 2021 with the small-scale array with B3AM. The small array enables the analysis397

of wavenumbers up to kmax = 0.023m−1 in the frequency range of fmin = 1Hz to fmax =398

4.6Hz. B3AM results seem to be sensitive down to frequencies just above the peak fre-399

quency of HVSR curves (Figure 10c). This high-filtering effect has been observed in other400

studies as well (Scherbaum et al., 2003). Thus, the peak frequency of the fundamental401

mode cannot be resolved well in this case. However, f0
e can be clearly identified as 2.44Hz.402
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Figure 8. B3AM results of 48 hours of continuous data recorded with the first of four 16-

receiver subsets of the Forge array. a) Ellipticities of retrograde Rayleigh wave, b) Ellipticities

of prograde Rayleigh wave, c) Wavenumber of retrograde Rayleigh wave, d) Wavenumber of pro-

grade Rayleigh wave. e) Half-height rv of energy ellipse for retrograde and prograde Rayleigh

wave.
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Figure 9. Depth estimates from all four 16-receiver subsets of the FORGE array compared to

the topography and depth of the known granitoid boundary averaged in North-South direction.
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Figure 10. Results of retrograde and prograde Ralyeigh waves from B3AM for two hours of

continuous noise data recorded with the seven stations of the small-scale network. Ellipticities

of a) retrograde Rayleigh waves and b) prograde Rayleigh waves. Wavenumbers of c) retrograde

and d) prograde Rayleigh waves. f) Half-height rv of energy ellipse for retrograde and prograde

Rayleigh waves. Vertical lines mark picked interesting frequencies in a - c used to estimate depth

in f.

The prograde ellipticities have a minimum around 2.8Hz. In the retrograde and prograde403

wavenumbers (Figure 10d and e), some mode leakage seems to occur. By manually pick-404

ing modes in restricted frequency ranges allows to estimate the depth as r1v(f
0
e = 2.44Hz) =405

72.3m±29.9m. This is in good agreement with geological models (Fritschle et al., 2021)406

that estimate a thickness of about 60m for the quaternary sediments. Using the HVSR407

peak frequency of 1.6Hz derived in Gotowik (2022) and the minimal shear velocity of408

400m/s estimated from our B3AM results, we get a depth estimate of 400m/s
4·1.6Hz = 63m409

using the empirical HVSR equation.410

For the large network in Weisweiler, we analyse 48 hours of continuous waveform411

data recorded at 23 of the broadband stations (Nanometrics Trillium 20s and 120s) that412

were recording with all components on 16.10.2021 and 17.10.2021. We use a maximum413
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Figure 11. B3AM results of 48 hours of continuous data recorded with 23 stations of the

large Weisweiler network. a) Ellipticities of retrograde Rayleigh wave, b) ellipticities of prograde

Rayleigh wave, c) wavenumber of retrograde Rayleigh wave, d) wavenumber of prograde Rayleigh

wave and e) half-height rv of energy ellipse for retrograde and prograde Rayleigh wave.

wavenumber limit of kmax = 0.0003m−1. We analyse frequencies in the range of 0.05Hz414

to 0.5Hz and apply the modified running mean time normalization during pre-processing415

to get more stable results.416

While wavenumbers are well-resolved (Figure 11d and e), ellipticities are not well417

resolved in this case (Figure 11a and b). Contrary to the simplified models in previous418

sections, mostly horizontal polarised ellipses seem to be found for the retrograde wave.419

However, at around 0.15Hz the retrograde ellipticities seem to become vertical. If we420

assume that this is f0
e , we can estimate a depth as r1v(f

0
e ) of more than 8 km (Figure 11e).421

This is deeper than any presently available models. The reported depth of the ’Massenkalk’422

in the geological models in (Fritschle et al., 2021) is about half of that depth. Alterna-423

tively assuming that the retrograde ellipticities represent the first higher mode in this424

case, we can pick r1v(f
1
p ) ≈ 4 km but with high uncertainties. We tried to analyse sub-425

sets of receivers to observe lateral changes of this depth but uncertainties are too high426
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to make a robust estimate. Similarly as for the case in FORGE, we can conclude that427

shallower velocity changes have probably too small impedance contrasts for our approach.428

In this complex geological setting, our simplified approach to estimate the depth of sud-429

den velocity changes might be too simplified to provide a robust estimate.430

6 Discussion431

We present here a new approach to derive the depth of sudden velocity changes from432

Rayleigh waves recorded at seismic station networks. If ellipticity and phase velocity of433

Rayleigh waves can be retrieved over the same frequency range, the depth can be esti-434

mated as the half height of the energy ellipse at the peak frequencies in ellipticity. This435

approach has been validated using analytical approximations for a multitude of veloc-436

ity models. The depth can be estimated within reasonable uncertainties for impedance437

contrasts above three and different
vp
vs
-ratios. In all tested multi-layer models, the strongest438

impedance contrast is retrieved. This approach can be applied to any seismic recordings439

containing Rayleigh waves in the interesting frequency range. The prevalence of Rayleigh440

waves in ambient seismic noise is an advantage for statistically more stable results. In441

this study, we only applied it the method to surface observations but we can envision442

an application also to borehole stations with an adapted workflow.443

We observe that wavenumbers can generally be better resolved than ellipticities us-444

ing B3AM. This could be due to the assumption of perfect ellipses that are neither tilted445

nor distorted. This assumption does not hold true for lower frequencies sensitive to greater446

depths where velocities cannot be considered homogeneous anymore. Wavenumbers are447

resolved down to a frequency slightly above the peak frequency of fundamental mode el-448

lipticities. This high-pass filtering effect caused by low-velocity layers overlaying high-449

velocity layers is a common phenomenon (Scherbaum et al., 2003). The large uncertain-450

ties in ellipticities, especially for lower frequencies, may be reduced by analysing more451

waveform data. Wavenumber uncertainty can be improved with denser station networks.452

Generally, uncertainties in depth estimates increase with decreasing frequency. With dense453

enough stations networks and high enough wavenumber sampling, these uncertainties454

are sufficiently small for an initial estimate of the depth of sudden velocity changes.455

The ellipticity eB in B3AM is linearly resolved between zero and two with higher456

resolution around eB = 1. This enables the straight-forward identification of f0
e . At457

this frequency, mode mis-identification is likely. Identifying f0
e thus helps in distinguish-458

ing modes and can alleviate some of the challenges in multi-mode dispersion curve anal-459

ysis (Boaga et al., 2013). Calculating rv additionally helps to understand the Rayleigh460

wave behaviour in complex velocity models and can give a first estimate of the depth of461

Rayleigh wave sensitivity. Our proposed approach benefits from multi-mode analysis of462

Rayleigh waves since depths are over- or underestimated depending on the orientation463

of the energy ellipse.464

When velocity models are not strictly one dimensional, uncertainties can be high465

since waves arriving from different directions are influenced by different velocities. The466

resulting one-dimensional depth estimate is an average of velocities over the footprint467

of the array. The horizontal footprint of this method is a combination of the total used468

array size and the horizontal size rh of the Rayleigh wave energy ellipse. We found that469

in the synthetic test cases, small lateral changes could be resolved by using overlapping470

subsets of receivers.471

We see multiple possible uses of our proposed new relations:472

• Determine osculation frequency (f0
e ) and, thus, aid in preventing mode misiden-473

tification when using Rayleigh wave dispersion curves.474
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• Estimate conversion from frequency to depth for Rayleigh wave phase and group475

velocity using rv as an indicator for depth.476

• Determine the depth of sudden high-impedance velocity changes for use as con-477

straints in inversions of Rayleigh wave dispersion curves to constrain and validate478

geological models.479

• Combine our approach with HVSR studies for increasing accuracy of shallow ve-480

locity structures.481

• Use depth of sudden velocity changes to integrate passive and active seismic meth-482

ods based on common (sub-) horizontal contrasts from both methods.483

7 Conclusion484

We present a new approach to estimate the depth of sudden velocity changes us-485

ing seismic arrays that generally provides more accurate results than HVSR. Our approach486

is fully self-contained, i.e., no information from other studies needed, and does not rely487

on a priori assumptions about the wavefield. Approximation of the size of the energy el-488

lipse enables a data-driven workflow for initial estimates of the depth of strong impedance489

contrasts. The capabilities of B3AM to identify and separate wave types from ambient-490

seismic noise recording enables multi-mode Rayleigh waves to be used in our approach491

and, thus, significantly increases the depth accuracy. We demonstrated the applicabil-492

ity at two sites in Utah, USA, and in Germany. While high uncertainties remain for the493

depth of deep velocity changes, this approach shows a high potential to increase accu-494

racy of velocity models on multiple scales.495

8 Open Research496

The most recent version of the B3AM code for the python version used in this study497

can be downloaded from github (https://github.com/cl-finger/B3Ampy) with the ver-498

sion used in this study archived at Finger and Löer (2023). The numerical data created499

with the rotated staggered-grid finite difference code can be found at Finger and Saenger500

(2023). The nodal seismic data for Forge is available from (Pankow, 2016) and the depth501

of the granitoid boundary from (Podgorney, 2020). The passive seismic dataset recorded502

in Weisweiler, Germany can be obtained from (Finger et al., 2022). A detailed descrip-503

tion of this dataset can be found in (Finger et al., 2023).504
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Key Points:6

• We estimate the depth of sudden velocity increases from phase velocity and ellip-7

ticity of ambient-noise multi-mode Rayleigh waves8

• Three-component ambient-noise beamforming is used to estimate phase velocity9

and ellipticity10

• Feasibility is demonstrated with noise recordings from multiple sites and validated11

with results from other studies.12
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Abstract13

To integrate structural subsurface models and smooth seismic velocity models, they need14

to share common features and resolutions. Here, we propose a new approach for estimat-15

ing the depth of sudden velocity changes from ambient-noise multi-mode Rayleigh waves16

applicable to a wide range of frequencies. Approximating the size and shape of the so-17

called energy ellipse at frequencies where the ellipticity has an extremum allows us to18

derive the depth of sudden velocity changes as the half height of the energy ellipse. We19

test our approach theoretically, numerically, and on real data from two geothermal sites20

by extracting Rayleigh wave ellipticities and phase velocities from three-component beam-21

forming of ambient noise using the python code package B3AMpy. For a small-scale ar-22

ray, our approach validates the depth of quaternary sediments predicted by geological23

models. For deeper velocity changes, high uncertainties remain but the general trend of24

inclining boundaries can be recovered well. We demonstrate that, if impedance contrasts25

are larger than three, our approach is valid for multiple layers, laterally heterogeneous26

models, and a wide range of Poisson ratios.27

Plain Language Summary28

To effectively combine structural models and seismic velocity models, we’ve devel-29

oped a new method. It estimates the depth of sudden changes in seismic velocity using30

Rayleigh waves from ambient noise. By analyzing extreme points in Rayleigh wave el-31

lipticity, we determine the depth from the observed phase velocity at that point. We tested32

the method and found it works well for various scenarios, including multiple layers, het-33

erogeneous models, and different material properties.34

1 Introduction35

Accurate representations of the subsurface are crucial for exploring natural resources,36

such as geothermal or hydrocarbon reservoirs, and estimating associated risks. Subsur-37

face geophysical models can be structural, i.e., containing locations of faults and discon-38

tinuities, or represent a smooth spatial distribution of properties, i.e., as in seismic ve-39

locity models. Information from both types of models are crucial for estimating reser-40

voir extends, and hence their economic viability, and accurately locating (micro-) seis-41

micity to estimate and monitor the seismic hazard. Thus, structural and velocity mod-42

els should ultimately be integrated into a common subsurface model that simultaneously43

includes smooth variations and sudden changes of elastic properties.44

Active seismic surveys are widely used to obtain high-resolution structural mod-45

els but are challenged by high costs and permitting issues, especially in urban areas. Earth-46

quake tomographies can be used to constrain seismic velocities between hypocenters and47

seismic stations but require an adequate distribution of local seismic events to fully il-48

luminate the subsurface (Toledo, 2020). Ambient seismic noise methods can image the49

subsurface regardless of the local seismicity level and without the need for active seis-50

mic sources. Although body waves have recently been identified in ambient noise record-51

ings (Brenguier et al., 2019), most studies invert velocity profiles from surface wave dis-52

persion curves (Löer et al., 2020; Galetti et al., 2017). However, the large wavelengths53

of low-frequency surface waves increase uncertainties at greater depths and result in smooth54

and gradient-like velocity models that lack sharp features. Thus, integration of active55

and passive methods is challenging due to different geometries, different frequencies, and56

a lack in common features to validate the integration. In this study, we aim to close the57

gap between active and passive subsurface models by retrieving structural information,58

i.e., the depth of major sudden velocity changes, from ambient noise Rayleigh waves. In59

contrast to other methods, such as horizontal-to-vertical spectral ratios (HVSR, (Bonnefoy-60

Claudet et al., 2006)), our approach does not rely on velocity information from secondary61
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studies and does not make prior assumptions about the wave types in seismic record-62

ings. No inversion is needed to determine a preliminary depth estimate using our approach.63

Several studies jointly inverted Rayleigh wave phase velocities and ellipticities for64

shallow (Picozzi et al., 2005) and deep (Berg et al., 2018) velocity models. If Rayleigh65

waves dominate the analysed frequency range, the horizontal-to-vertical spectral ratio66

(HVSR) curve closely resembles Rayleigh wave ellipticities (Fäh et al., 2008). The peak67

frequency of HVSR together with an estimate of the average shear velocity of the sed-68

iments can be used to estimate the thickness of sediments overlaying a stiffer bedrock,69

if the impedance contrast is larger than three (Bonnefoy-Claudet et al., 2006; Bard &70

Team, 2004). However, the accuracy of the depth estimate of HVSR strongly relies on71

accurate estimates of the shear-wave velocity. Since HVSR is typically applied to short72

recordings from single surface stations, sensitivity is in practice often limited to frequency73

ranges above 0.1Hz and, thus, is limited to depths of about one hundred meters. It is74

assumed that the subsurface can be represented with a one-dimensional velocity profile.75

HVSR applied to single station recordings and to ambient-noise cross-correlations (Berg76

et al., 2018; Lin et al., 2012) are challenged by misidentifying wave types and modes. Thus,77

there is a need for a method that does not inherently assume the dominance of Rayleigh78

waves and works in a larger frequency range to image larger depth ranges.79

In this study, we propose a new relation to estimate the depth of sudden velocity80

changes whenever phase velocity and ellipticity can be resolved over the same frequency81

range. We observe that Rayleigh wave ellipticities together with their phase velocities82

at particular frequencies can be used to estimate the depth of a velocity increase. The83

relationship we found seems to describe what we call an energy ellipse whose half height84

coincides with the depth of the velocity change. We validate the proposed approach us-85

ing analytical approximations and a variety of one-dimensional velocity models. Three-86

component (3C) ambient noise beamforming at multiple seismic stations provides phase87

velocity and ellipticity of retrograde and prograde Rayleigh waves. We use the python88

code package B3AMpy (Finger & Löer, 2023; Löer & Finger, 2022) to perform 3C beam-89

forming. The depth sensitivity depends mainly on the array geometry. We demonstrate90

the application of our new approach by applying 3C beamforming to synthetic waveforms91

and recorded waveforms from three seismic arrays at two sites. We find good agreements92

between our depth estimates and available depth estimates from active surveys and ge-93

ological models. The accuracy of our new approach is comparable to HVSR results as-94

suming the shear-wave velocity is perfectly known but is applicable to a wider depth range95

without prior assumptions or input from secondary studies.96

2 Estimating the depth of sudden velocity changes using Rayleigh waves97

Rayleigh waves propagating along the Earth’s surface can be described with their98

direction of propagation (backazimuth ϕ), their frequency f , their horizontal propaga-99

tion velocity (phase velocity vph) and their ellipticity e, that is the ratio of horizontal100

to vertical motion. The phase velocity vph is slightly smaller than the shear wave veloc-101

ity vs of the propagation medium (Aki & Richards, 1980). Ellipticity e mainly depends102

on the ratio of compressional wave speed to shear wave speed
vp
vs

(Tuan et al., 2011) and103

is described as the ratio of horizontal to vertical particle motion e = H
V (e.g., Herrmann,104

2013). Both vph and e are frequency-dependent in non-homogeneous media and strongly105

influenced by step-wise velocity increases with depth (Boaga et al., 2013).106

In homogeneous Poisson media, Rayleigh wave motion is elliptical and retrograde107

at the surface and inverts to prograde motion at greater depths. A particle at the sur-108

face is displaced in vertical and horizontal direction with peak motions shifted in phase109

by π
2 and with particle velocities in the nm to mm range. e = H

V is smaller than one110

in homogeneous Poisson solids. The energy of a passing Rayleigh wave induces the dis-111

placement of all particles in a subvolume, which describes an elliptical motion visible in112
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the two-dimensional snapshots of the displacement wavefield (Figure 1 a and b). We re-113

fer to this as the energy ellipse. The size and shape of this energy ellipse can be calcu-114

lated using the horizontal propagation velocity, i.e., the phase velocity vph, and frequency115

f of the Rayleigh wave as shown in the following. Both the ellipse of the particle mo-116

tion at the surface and the energy ellipse have the same ellipticity e.117

The wavelength λR =
vph
f of Rayleigh waves can be understood as the circum-118

ference of the energy ellipse, approximated as Ce = π
√

2(r2v + r2h), with rv and rh be-119

ing the length of the major and minor half-axis of the ellipse. For both vertical and hor-120

izontal ellipses (Figure 1) rv is the vertical half axis and e = rh
rv
. An auxiliary circle with121

circumference Ce has a radius r‘v = Ce

2π (orange circles in Figure 1c). The difference be-122

tween rv of the ellipse and r‘v of the circle is the factor
√

2
1+e2 representing the differ-123

ence between circle and ellipse. r‘v is smaller than rv if e < 1 and vice versa for e > 1124

(Figure 1c). In practice, e is not well resolved over broad frequency ranges. Thus, as-125

suming rv ≈ r‘v, we can use the auxiliary circle to calculate the half-height of the en-126

ergy ellipse rv without explicitly using e:127

rv =
vph
2πf

, (1)

with vph being the tangential velocity vt = rω at each point on the auxiliary circle and128

ω = 2πf being the angular velocity. Using e = rh
rv
, we can estimate the half width of129

the energy ellipse as130

rh = rve =
vphe

2πf
. (2)

For one-dimensional velocity profiles, vph and e can be estimated using Computer131

Programs in Seismology (CPS) (Herrmann, 2013). For a two-layer velocity model with132

a sudden velocity increase in a depth of d = 1km and
vp
vs

=
√
3 (Figure 2a), vph and133

e = H
V are shown in Figure 2 b and c, respectively. The fundamental mode (superscript134

0) and the first higher mode (superscript 1) are shown. Using equations 1 and 2, the size135

of the energy ellipse can be calculated (Figure 2d). The empirical relation dHV SR =
v1
s

4f0
p

136

typically used to estimate the depth of sudden velocity changes in HVSR studies (Bonnefoy-137

Claudet et al., 2006)is plotted for comparison using the true shear-wave velocity v1s given138

in the analytical model (Figure 2a).139

At high frequencies, the fundamental mode (mode 0) is polarised vertically (HV <140

1) and both radii are smaller than the depth of the sudden velocity increase, rv > rh <<141

d (Figure 2d). With decreasing frequency, the radii increase with different rates until they142

have equal length, rh = rv, e = 1, here at f0
e = f1

p = 0.57Hz, where f0
e is the fre-143

quency where the fundamental mode Rayleigh wave has an ellipticity of one and f1
p is144

the frequency where the first higher mode has a minimum in ellipticity. The deeper part145

of the Rayleigh wave already ’sees’ the higher velocities at greater depths which causes146

different growth rates for rv and rh. For lower frequencies, f < f0
e , one radius is larger147

than the depth of the velocity increase and the other is smaller than the depth of the148

velocity increase. If the shear velocity of the bottom layer is larger than the compres-149

sional velocity of the top layer, the ellipse changes to being horizontally polarised, rv <150

rh (cf. Figure 1c right horizontal ellipse). Note that rv and rh are still calculated using151

vph (equations 1 and 2) but the ellipticity is now larger than one, e > 1, resulting in152

rh > rv. The two radii then increase at different rates for decreasing frequencies un-153

til rv is equal to the depth of the sudden velocity increase, rv = d (Figure 2d). At this154

frequency, here at f0
p = 0.43Hz, where e of the fundamental mode has reached its max-155

imum, rv is about equal to the depth of the sudden velocity increase. At even smaller156

frequencies, the radius of the second circle is larger than d and ’sees’ the bottom layer157

velocities as well. e is declining again until the sensitivity of the energy ellipse is mostly158

to the deeper layer.159
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Figure 1. Snapshots of displacement in a) x direction and b) z direction for Rayleigh wave

propagating in a homogeneous velocity model. Snapshots were created with a rotated staggered-

grid finite difference scheme (Saenger et al., 2000). Energy ellipse is shaded grey. c) Sketch

illustrating the estimation of the depth of a layer boundary as the half height of ellipse using the

auxiliary circle (orange).
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Figure 2. a) Input one-dimensional velocity model for analytical approximation of multi-

mode Rayleigh wave b) phase velocity vph and c) ellipticity e = H
V

using (Herrmann, 2013). d) rh

and rv calculated from b) and c) using equations 1 and 2. The empirical relation dHV SR =
v1
s

4fp
,

typically used in HVSR studies is plotted for comparison. Horizontal grey lines show frequencies

where the fundamental and first higher mode experience extrema in ellipticity.

For the first higher mode (mode 1), a similar change can be observed (Figure 2d).160

The first higher mode is horizontally polarised for high frequencies with rh being larger161

than the depth of the interface and rv being smaller. With decreasing frequencies, rv be-162

comes as large as the depth of the sudden velocity increase with e being minimal, here163

at f1
p = 0.57Hz. Thus, we can also infer d from the first higher mode Rayleigh wave164

using equation 1 and the frequency f1
p where e of the first higher mode has a minimum.165

Note that in this case, the frequency where the fundamental mode Rayleigh wave is cir-166

cular is equal to the frequency where the first higher mode has its minimum ellipticity167

(f1
p = f0

e ). Thus, this frequency can also be derived from the fundamental mode ellip-168

ticities which is beneficial since higher mode ellipticies are challenging to observe. How-169

ever, for more complex velocity models, f1
p and f0

e may not coincide.170

The depth estimates obtained from the fundamental and first higher mode are in171

this case r0v(f
0
p ) = 1168m and r1v(f

1
p ) = 941m. Since the fundamental mode is hori-172

zontal at f0
p and the first higher mode is vertical at f1

p one value underestimates the depth173

and the other overestimates it (Figure 1c). The average depth estimate is, thus, 1054.5m,174

a deviation of 5.5% compared to the true depth. The depth estimate from the empir-175

ical relation typically used in horizontal-to-vertical spectral ratio (HVSR) studies (Bonnefoy-176

Claudet et al., 2006) is dHV SR =
v1
s

4f0
p
= 1500m/s]

4·0.4348Hz = 862m, a deviation of more than177

10% based on the assumption that v1s is known. Thus, our new approach is more accu-178

rate than HVSR in this case. Note that the depth estimate using the first higher mode179

is slightly more accurate than the one using the fundamental mode only.180

Our proposed approach relies on the existence of horizontally polarised Rayleigh181

waves and works best if the first higher mode of Rayleigh waves exists at investigated182

frequencies. As described above, the fundamental Rayleigh wave becomes horizontally183
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polarised when the shear-wave velocity of the bottom layer is larger than the compressional-184

wave velocity of the shallower layer, v2s > v1p. Assuming a poisson solid, i.e.
vp
vs

=
√
3,185

and densities of sandstone (about ρ1 = 2g/cm3) and granite (about ρ2 = 2.63 g/cm3),186

the shear wave impedance contrast, IC =
rho2v2

s

rho1v1
s
needs to be larger than 2.77 for v2s187

to be larger than v1p. In our example velocity model (Figure 2) , the impedance contrast188

is four. For HVSR studies, a minimum impedance contrast of three is typically reported189

(Bonnefoy-Claudet et al., 2006). We tested different IC by changing v2s (Figure 3a-d).190

For IC = 2 the first higher mode does not exist at lower frequencies and the peak in191

ellipticity of the fundamental mode is very small. Thus, the uncertainty of picking f0
p192

is high in this case and the deviation from the true source depth is high. We conclude193

that our method is valid for impedance contrasts larger than three. Note that only for194

IC = 4 is r1v(f
1
p ) = r1v(f

0
e ) (Figure ??d). An average from both modes would results195

in the most accurate depth estimate.196

In the presence of fluids, the
vp
vs
-ratio can increase. Testing different

vp
vs
-ratios for197

both layers and using a constant impedance contrast of four reveals that with increas-198

ing
vp
vs
-ratio the phase velocities of the two modes become closer and mode mis-identification199

becomes more likely (Figure 3e). The frequency where the velocities of the two modes200

are closest together is very close to f0
e = f1

p . This frequency is also referred to as the201

osculation frequency (Boaga et al., 2013). We can estimate the true depth of the sud-202

den velocity increase relatively well for all tested
vp
vs
-ratios (Figure 3e-h). Note that also203

in these cases, the first higher mode provides more accurate depth estimates for a wider204

range of models than the fundamental mode and the depth estimate from HVSR (Fig-205

ure 3h).206

Adding an additional layer with varying impedance contrasts to the one-dimensional207

models reveals that the stronger impedance contrast tends to be retrieved. If the impedance208

contrasts of both velocity increases is the same, the depth estimate is closer to the deeper209

velocity increase (Figure 4). If the stronger impedance contrast is shallower (Figure 4e-210

h), the shallower layer boundary can be retrieved accurately using r1v(f
0
e ). If the stronger211

impedance contrast is deeper (Figure 4a-d), r1v(f
0
e ) retrieves the stronger shallower con-212

trast if the impedance contrast is larger than three. Low velocity zones can occur and213

are thus an important consideration. Reducing the velocity of the middle layer (not shown),214

reveals that deviations from the true depth are higher but a rough estimate of the depth215

of the larger, in our case deeper, velocity increase is still possible.216

3 Three-component ambient-noise beamforming of Rayleigh waves217

To estimate the depth of sudden velocity increases using equation 1, we need to es-218

timate vph and e over the desired frequency range. We choose Beamforming of three-component219

ambient noise (B3AM, (Löer & Finger, 2022)) for its distinct advantages of identifying220

wave types in small time windows of continuous waveforms and producing vph and e at221

the same discrete frequencies. Results from all processed time windows can be analysed222

statistically to obtain vph and e against frequency averaged over longer time windows.223

B3AM processes three-component waveforms recorded with multiple seismic stations and224

enables to identify prograde and retrograde Rayleigh waves separately, which allows a225

first indication of mode separation.226

B3AM compares observed three-component phase shifts S3C between stations of227

an array and between components of a station to theoretical phase shifts a(k, θ, ξ) cre-228

ated over a pre-defined grid of wavenumber k, backazimuth θ and polarisation param-229

eters ξ. Backazimuth θ is defined as counter-clockwise from East. Polarisation param-230

eters considered are the dip (inclination angle of body waves), the rotation around the231

x axis (i.e. for differentiating prograde and retrograde Rayleigh waves) and the elliptic-232

ity eB defined in the range [0, 2] with zero referring to a linear horizontal polarization,233

one referring to a circular polarisation and two referring to a linear vertical polarization.234
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Figure 3. Phase velocity vph, H/V, rv, and deviation to true depth for different types of the-

oretical velocity models. In a) to d) the impedance contrast IC between two layers is varied. In
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vp
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-ratio is varied simultaneously for both layers and the impedance contrast is kept

constant at IC = 4.
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Figure 4. Phase velocity vph, H/V, rv, and deviation to true depth for different types of

theoretical velocity models. In a) to d), the impedance contrast of the shallower of two layer

boundaries is varied while
vp
vs

= 1.73 and IC = 4. In e) to h), the impedance contrast of the

deeper of the two layer boundaries is varied.
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We can convert the ellipticity of B3AM to the more standardised definition using:235

e = H/V = 2− eB , eB ≥ 1 (3)

e = H/V =
1

eB
, eB ≤ 1 (4)

Further details about the used code can be found in (Löer & Finger, 2022).236

Apart from detrending, demeaning and removal of instrument response, pre-processing237

should be kept to a minimum to avoid introducing artificial phase shifts. For the low fre-238

quency examples in this study (large station network in Wesweiler and station network239

in UtahFORGE), some pre-processing is required to obtain stable results for the low-240

frequency investigation. In these cases, we modify the running-mean time normalization241

proposed by (Bensen et al., 2007) to simultaneously weigh all three-component waveforms242

with the same weights calculated using one of the components. This is repeated with weights243

calculated over each component. Thus, relative amplitudes are always kept the same but244

spurious signals or earthquakes on each component are reduced in amplitude. No spec-245

tral whitening is applied to retain relative amplitudes between components and thus re-246

solve ellipticities. Results from B3AM are normalised per frequency in post-processing247

to counteract unbalanced energy distributions across the frequencies.248

As for all array methods, the wavenumber and frequency limits depend on the sta-249

tion geometry and subsurface velocities. We propose the following steps to determine250

the input parameters used to calculate the theoretical phase shifts in B3Am:251

1. Plot the array response function (Löer et al., 2018) for multiple backazimuths and252

derive the minimum wavenumber kmin as the width of the central peak at half height253

and the maximum wavenumber kmax as the wavenumber where the first peak reaches254

half the height of the central peak as proposed by Wathelet et al. (2008). We con-255

sider kmin to represent the resolution limit, i.e. the smallest distinguishable wavenum-256

bers, and use a wavenumber minimum of zero in B3AM to allow detection of ver-257

tical incident body waves. We found that using kmax/2 as the upper wavenum-258

ber limit works well in keeping the total number of discrete wavenumbers and, thus,259

the computation time low but obtaining high resolution in the well-resolved wavenum-260

ber parts.261

2. Derive the desired wavenumber sampling ∆k to achieve the desired depth sam-262

pling ∆r. Since ∆k and ∆r are inversely related (equation 1), sampling of rv is263

non-linear (Figure 5a). We recommend to severely oversample the wavenumber264

to artificially increase the radius sampling and reduce the wavenumber sampling265

through smoothing of the B3AM results in post-processing.266

3. Make an educated guess about expected subsurface velocities (vmin, vmax) in the267

resolvable depth range estimated using kmin and kmax in equation 1.268

4. Determine frequency range from wavenumber and velocity range. The minimum269

frequency fmin = vmaxkmin results from the highest expected velocity and the270

minimum resolvable wavenumber. The maximum frequency fmax = vminkmax271

results from the minimum expected frequency and the maximum resolvable wavenum-272

ber. Combining these limits defines the resolvable value range (Figure 5b).273

5. Determine the desired frequency sampling and time window length for analyses274

based on the largest Period Tmax = 1
fmin

. We use time window lengths of 4Tmax275

and windows with 50 % overlap.276

In this study, we sample eB linearly with a spacing of 0.01. This results in equal277

weighting of horizontal and vertical Rayleigh waves but is different from e.g. HVSR curves278

where the horizontal part is usually sampled higher or exaggerated when plotting. The279

advantage of linearly sampling eB is the ease of picking f0
e . With our chosen eB sam-280

pling, we can resolve H/V amplitudes from 0.01 to 100 with most precision for H/V <281

10.282
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B3AM provides wave type, polarisation parameters ξ and horizontal wavenumber283

kh for every short time window per discrete frequency f . The propagation velocity for284

Rayleigh waves can be calculated as vph = f
kh

. B3AM results contain velocities out-285

side the expected velocity range due to constant wavenumber sampling (Figure 5b). Thus,286

we manually exclude results with velocities smaller than vmin and larger than vmax. We287

then select only results identified by the polarization parameters as retrograde or pro-288

grade Rayleigh waves and calculate two-dimensional histograms of eB and kh over f . We289

smooth the histograms and pick the maximum per frequency and determine the uncer-290

tainty as the width of the local peak at half height. Some cases require manual correc-291

tion of automatic picks which is indicated for the individual results. We calculate rv(f) =292

1
2πkh(f)

directly from the picked wavenumbers for all frequencies and pick fp and fe for293

all visible modes from the ellipticity curves. We determine the depth of velocity increases294

as rv(fp/e). Propagating relative errors from the wavenumber histograms to the depth295

estimates directly provides an uncertainty for our depth estimate.296

4 Feasibility test using synthetic waveforms297

To validate our approach in a realistic but controlled setting, we computed three-298

component full-waveform ambient seismic waveforms using a rotated staggered-grid finite-299

difference scheme (Saenger et al., 2000). The continuous waveforms recorded at the re-300

ceiver positions described below are available from Finger and Saenger (2023).301

The goal of the numerical simulations is a waveform dataset with similar charac-302

teristics as observed ambient seismic noise. The main attribute of ambient seismic noise303

is its seemingly random nature. Waves with different properties arrive from different di-304

rections at the receivers. To maximise this randomness, we implement 8000 randomly305

located point sources with a Ricker source time function with random origin times, ran-306

dom moment tensor components and random dominant frequencies. We insert these ran-307

dom sources in a three-dimensional velocity model. The inner part of the model, 2.5 times308

the aperture of the receiver array in the center of the model, is kept free from sources309

to adhere to the plane wave assumption inherent to the beamforming approach. Frequen-310

cies are limited between 0.01Hz and 2Hz to avoid numerical dispersion and stability is-311

sues. A total of 1540 s ≈ 26min of computed waveforms are generated.312

The model size is 60 km by 60 km with a total depth of 30 km to allow large wave-313

lengths to exist. The grid spacing is 50m in all directions and the timestep is 0.005 s,314

which results in a realistic sampling rate of 200Hz. The top of the model is a free sur-315

face and the sides and the bottom of the model are absorbing boundaries. 441 receivers316

are distributed in a regular grid of 21 by 21 receivers at the center of the model at the317

free surface. The inter-receiver distance is 500m. We test two velocity models: a) the318

same velocity as in Figure 2 extended laterally to three dimensions and b) the same ve-319

locities as in Figure 2 but with a layer boundary dipping towards east.320

4.1 Velocity model with two horizontal layers321

We apply B3AM to the 26 minutes of synthetic waveform data recorded with the322

100 center receivers and apply the workflow outlined in section 3 to obtain the maximum323

wavenumber limit as kmax

2 = 0.0001m−1 and the wavenumber resolution as kmin

2 =324

3.5·10−5 m−1. We oversample the wavenumber using 200 values. With expected veloc-325

ities of vmin = 1000m/s to vmax = 5000m/s, the analysed frequency range is fmin =326

0.2Hz and fmax = 1Hz. The time window length is 20.48 s resulting in 148 total anal-327

ysed time windows. The frequency sampling is ∆f = 0.0244Hz resulting in 32 anal-328

ysed frequencies.329

The two-dimensional smoothed histograms of eB(f) (Figure 6a and b) and kh(f)330

(Figure 6d and e) are used to pick multi-mode dispersion and ellipticity curves. The ret-331
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Figure 6. a) Histogram of eB(f) for retrograde Rayleigh waves from B3AM and picked and

smoothed maxima. Uncertainties are too small to be visible. b) Histogram of eB(f) of prograde

Rayleigh waves from B3AM and picked and smoothed maxima. c) Conversion of ellipticities to

H/V and comparison to result from CPS. Vertical lines mark frequencies of extrema. d) His-

togram of kh(f) of retrograde Rayleigh waves from B3AM and picked and smoothed maxima. e)

Histogram of kh(f) of prograde Rayleigh waves from B3AM. f) Conversion from wavenumber to

velocity and comparison to CPS. g) Half-height of Rayleigh wave energy ellipse rv from B3AM

and CPS results. Vertical lines show frequencies from c. Horizontal line shows true depth.
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rograde ellipticities and wavenumbers can be picked unambiguously. The prograde el-332

lipticities and wavenumbers are picked once the retrograde picks are removed from the333

prograde histograms. There is some ambiguity between retrograde and prograde waves.334

However, picked results from B3AM correspond relatively well to those from CPS (Fig-335

ure 6c and f). As expected, the fundamental mode is retrograde and the first higher mode336

is prograde. Discrepancies in absolute values between B3AM results of the synthetic data337

and CPS results could stem from uncertainties of the approaches but do not alter the338

final depth estimates. Picking f0
e = 0.63Hz from B3AM and estimating the depth of339

the sudden velocity change as r1v(f
0
e ) results in a depth estimate of 973.6m±356.1m,340

a deviation of less than 3% to the true depth.341

4.2 Velocity model with inclined layer boundary342

We apply B3AM to the 26 minutes of continuous synthetic waveform data created343

with the inclined-layer velocity model. We analyse 100 receivers at a time and then move344

all receivers one receiver over to analyse the next 100 receivers. In this manner, we anal-345

yse a total of 12 subsets of receivers. We use the same parameters for B3AM as for the346

previous case and estimate the depth of the velocity increase from r1v(f
0
e ), the half height347

of the prograde Rayleigh wave energy ellipse at f0
e , the frequency where the retrograde348

Rayleigh wave is circular. We find a good agreement of true and estimated depth across349

all subarrays (Figure 7) with deviations of less than 10% for half of the subarrays. B3AM350

seems to generally overestimate the depth in this case. Variations in depth estimate ac-351

curacy could result from uncertainty in picking. We only analysed 32 discrete frequen-352

cies. For some cases, differences between subarrays are smaller than the resolution. Ad-353

ditionally, the backazimuth of the Rayleigh waves could influence if the depth is under-354

or overestimated if the velocity model varies laterally. We investigated the prominent355

backazimuth for each subarray but could not find a clear correlation to the depth esti-356

mate deviation. The footprint of the array, here 4.5 km, does not seem to influence re-357

sults and depth estimates sem to be an average over the footprint. Therefore, we con-358

clude that the deviation stems mostly from the inherent uncertainties of the method.359

5 Application to recorded ambient noise360

We apply the developed workflow to two seismic station deployments. At the geother-361

mal test site UtahFORGE in Utah, USA, reflection seismic data show a strong impedance362

contrast between sediments and the granitoid bedrock (Podgorney, 2020). We use this363

to validate our approach in a real world scenario. In Western Germany surrounding the364

town of Eschweiler-Weisweiler, no active seismic surveys have been performed and, thus,365

geological models (Fritschle et al., 2021) have large uncertainties. Our approach gives366

the first analysis into the deeper subsurface.367

5.1 Application site UtahFORGE, USA368

In December 2016, 49 Fairfield Nodal Zland three-component (3C) geophones were369

deployed in a regular grid with 600m inter-station spacing at the geothermal site Utah-370

FORGE in Utah, USA (Pankow, 2016). We analyse 48 hours of continuous waveform371

data on 20.12.2016 and 21.12.2016 using four subsets of 16 receivers each. We restricted372

the upper wavenumber limit to kmax = 0.0004m−1 and the frequency range from 0.05Hz373

to 0.5Hz for maximum sensitivity in the expected depth range. Raw waveforms are pre-374

processed with the modified moving average time normalisation as described in section375

3 for more stable results. Ellipticities and wavenumbers showed large uncertainties that376

made picking challenging. We manually had to revise the automatic picks. The B3AM377

results for the first 16-receiver subset is shown in Figure 8.378

–14–



manuscript submitted to JGR: Solid Earth

27000 28000 29000 30000 31000 32000 33000
horizontal center of subarray (m)

0

250

500

750

1000

1250

1500

1750

2000

de
pt

h 
(m

)
true depth
10 % deviation
found depth

Figure 7. Estimated depth (r1v(f
0
e )) of sudden velocity increase derived using multiple subsets

of receivers for the model with an inclined layer boundary.

Comparing the depth estimates from all four 16-receiver subsets to the depth of379

the granitoid boundary averaged in North-South direction as reported by (Podgorney,380

2020) reveals that B3AM recovers the general trend of the inclined boundary well but381

overestimates the depth significantly. The lower limit of the uncertainty falls within the382

50% deviation. The regional velocity model derived from ambient-noise phase veloci-383

ties and H/V ratios (Wells et al., 2022) reveals an extensive low velocity zone down to384

depths of about 2 km not taking the elevation into account. Assuming our approach is385

sensitive to this deeper velocity increase would mean that the deeper veloctiy increase386

is sharper than the sediment-to-granitoid boundary at shallower depths. Using estimated387

velocites from Zhang and Gao (2021) and typical densities for sandstone and granite,388

we estimate the shear impedance contrast of the sediment-to-granitoid interface to be389

IC = 2630 kg/m3 3000m/s
2000 kg/m32000m/s = 1.97 and would, thus, be too small for our approach. Thus,390

we conclude that our approach may confirm a deeper increase in velocities.391

5.2 Application site Weisweiler, Germany392

Surrounding the town of Eschweiler-Weisweiler, in the western part of Germany,393

a small-scale short-term array has been deployed in June 2021 followed by a larger net-394

work consisting of among others 27 broadband seismic stations (Finger et al., 2023).395

We analyse two hours of continuous waveform data recorded in the night of June396

20th 2021 with the small-scale array with B3AM. The small array enables the analysis397

of wavenumbers up to kmax = 0.023m−1 in the frequency range of fmin = 1Hz to fmax =398

4.6Hz. B3AM results seem to be sensitive down to frequencies just above the peak fre-399

quency of HVSR curves (Figure 10c). This high-filtering effect has been observed in other400

studies as well (Scherbaum et al., 2003). Thus, the peak frequency of the fundamental401

mode cannot be resolved well in this case. However, f0
e can be clearly identified as 2.44Hz.402
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Figure 8. B3AM results of 48 hours of continuous data recorded with the first of four 16-

receiver subsets of the Forge array. a) Ellipticities of retrograde Rayleigh wave, b) Ellipticities

of prograde Rayleigh wave, c) Wavenumber of retrograde Rayleigh wave, d) Wavenumber of pro-

grade Rayleigh wave. e) Half-height rv of energy ellipse for retrograde and prograde Rayleigh

wave.
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Figure 9. Depth estimates from all four 16-receiver subsets of the FORGE array compared to

the topography and depth of the known granitoid boundary averaged in North-South direction.
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Figure 10. Results of retrograde and prograde Ralyeigh waves from B3AM for two hours of

continuous noise data recorded with the seven stations of the small-scale network. Ellipticities

of a) retrograde Rayleigh waves and b) prograde Rayleigh waves. Wavenumbers of c) retrograde

and d) prograde Rayleigh waves. f) Half-height rv of energy ellipse for retrograde and prograde

Rayleigh waves. Vertical lines mark picked interesting frequencies in a - c used to estimate depth

in f.

The prograde ellipticities have a minimum around 2.8Hz. In the retrograde and prograde403

wavenumbers (Figure 10d and e), some mode leakage seems to occur. By manually pick-404

ing modes in restricted frequency ranges allows to estimate the depth as r1v(f
0
e = 2.44Hz) =405

72.3m±29.9m. This is in good agreement with geological models (Fritschle et al., 2021)406

that estimate a thickness of about 60m for the quaternary sediments. Using the HVSR407

peak frequency of 1.6Hz derived in Gotowik (2022) and the minimal shear velocity of408

400m/s estimated from our B3AM results, we get a depth estimate of 400m/s
4·1.6Hz = 63m409

using the empirical HVSR equation.410

For the large network in Weisweiler, we analyse 48 hours of continuous waveform411

data recorded at 23 of the broadband stations (Nanometrics Trillium 20s and 120s) that412

were recording with all components on 16.10.2021 and 17.10.2021. We use a maximum413
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Figure 11. B3AM results of 48 hours of continuous data recorded with 23 stations of the

large Weisweiler network. a) Ellipticities of retrograde Rayleigh wave, b) ellipticities of prograde

Rayleigh wave, c) wavenumber of retrograde Rayleigh wave, d) wavenumber of prograde Rayleigh

wave and e) half-height rv of energy ellipse for retrograde and prograde Rayleigh wave.

wavenumber limit of kmax = 0.0003m−1. We analyse frequencies in the range of 0.05Hz414

to 0.5Hz and apply the modified running mean time normalization during pre-processing415

to get more stable results.416

While wavenumbers are well-resolved (Figure 11d and e), ellipticities are not well417

resolved in this case (Figure 11a and b). Contrary to the simplified models in previous418

sections, mostly horizontal polarised ellipses seem to be found for the retrograde wave.419

However, at around 0.15Hz the retrograde ellipticities seem to become vertical. If we420

assume that this is f0
e , we can estimate a depth as r1v(f

0
e ) of more than 8 km (Figure 11e).421

This is deeper than any presently available models. The reported depth of the ’Massenkalk’422

in the geological models in (Fritschle et al., 2021) is about half of that depth. Alterna-423

tively assuming that the retrograde ellipticities represent the first higher mode in this424

case, we can pick r1v(f
1
p ) ≈ 4 km but with high uncertainties. We tried to analyse sub-425

sets of receivers to observe lateral changes of this depth but uncertainties are too high426
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to make a robust estimate. Similarly as for the case in FORGE, we can conclude that427

shallower velocity changes have probably too small impedance contrasts for our approach.428

In this complex geological setting, our simplified approach to estimate the depth of sud-429

den velocity changes might be too simplified to provide a robust estimate.430

6 Discussion431

We present here a new approach to derive the depth of sudden velocity changes from432

Rayleigh waves recorded at seismic station networks. If ellipticity and phase velocity of433

Rayleigh waves can be retrieved over the same frequency range, the depth can be esti-434

mated as the half height of the energy ellipse at the peak frequencies in ellipticity. This435

approach has been validated using analytical approximations for a multitude of veloc-436

ity models. The depth can be estimated within reasonable uncertainties for impedance437

contrasts above three and different
vp
vs
-ratios. In all tested multi-layer models, the strongest438

impedance contrast is retrieved. This approach can be applied to any seismic recordings439

containing Rayleigh waves in the interesting frequency range. The prevalence of Rayleigh440

waves in ambient seismic noise is an advantage for statistically more stable results. In441

this study, we only applied it the method to surface observations but we can envision442

an application also to borehole stations with an adapted workflow.443

We observe that wavenumbers can generally be better resolved than ellipticities us-444

ing B3AM. This could be due to the assumption of perfect ellipses that are neither tilted445

nor distorted. This assumption does not hold true for lower frequencies sensitive to greater446

depths where velocities cannot be considered homogeneous anymore. Wavenumbers are447

resolved down to a frequency slightly above the peak frequency of fundamental mode el-448

lipticities. This high-pass filtering effect caused by low-velocity layers overlaying high-449

velocity layers is a common phenomenon (Scherbaum et al., 2003). The large uncertain-450

ties in ellipticities, especially for lower frequencies, may be reduced by analysing more451

waveform data. Wavenumber uncertainty can be improved with denser station networks.452

Generally, uncertainties in depth estimates increase with decreasing frequency. With dense453

enough stations networks and high enough wavenumber sampling, these uncertainties454

are sufficiently small for an initial estimate of the depth of sudden velocity changes.455

The ellipticity eB in B3AM is linearly resolved between zero and two with higher456

resolution around eB = 1. This enables the straight-forward identification of f0
e . At457

this frequency, mode mis-identification is likely. Identifying f0
e thus helps in distinguish-458

ing modes and can alleviate some of the challenges in multi-mode dispersion curve anal-459

ysis (Boaga et al., 2013). Calculating rv additionally helps to understand the Rayleigh460

wave behaviour in complex velocity models and can give a first estimate of the depth of461

Rayleigh wave sensitivity. Our proposed approach benefits from multi-mode analysis of462

Rayleigh waves since depths are over- or underestimated depending on the orientation463

of the energy ellipse.464

When velocity models are not strictly one dimensional, uncertainties can be high465

since waves arriving from different directions are influenced by different velocities. The466

resulting one-dimensional depth estimate is an average of velocities over the footprint467

of the array. The horizontal footprint of this method is a combination of the total used468

array size and the horizontal size rh of the Rayleigh wave energy ellipse. We found that469

in the synthetic test cases, small lateral changes could be resolved by using overlapping470

subsets of receivers.471

We see multiple possible uses of our proposed new relations:472

• Determine osculation frequency (f0
e ) and, thus, aid in preventing mode misiden-473

tification when using Rayleigh wave dispersion curves.474
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• Estimate conversion from frequency to depth for Rayleigh wave phase and group475

velocity using rv as an indicator for depth.476

• Determine the depth of sudden high-impedance velocity changes for use as con-477

straints in inversions of Rayleigh wave dispersion curves to constrain and validate478

geological models.479

• Combine our approach with HVSR studies for increasing accuracy of shallow ve-480

locity structures.481

• Use depth of sudden velocity changes to integrate passive and active seismic meth-482

ods based on common (sub-) horizontal contrasts from both methods.483

7 Conclusion484

We present a new approach to estimate the depth of sudden velocity changes us-485

ing seismic arrays that generally provides more accurate results than HVSR. Our approach486

is fully self-contained, i.e., no information from other studies needed, and does not rely487

on a priori assumptions about the wavefield. Approximation of the size of the energy el-488

lipse enables a data-driven workflow for initial estimates of the depth of strong impedance489

contrasts. The capabilities of B3AM to identify and separate wave types from ambient-490

seismic noise recording enables multi-mode Rayleigh waves to be used in our approach491

and, thus, significantly increases the depth accuracy. We demonstrated the applicabil-492

ity at two sites in Utah, USA, and in Germany. While high uncertainties remain for the493

depth of deep velocity changes, this approach shows a high potential to increase accu-494

racy of velocity models on multiple scales.495

8 Open Research496

The most recent version of the B3AM code for the python version used in this study497

can be downloaded from github (https://github.com/cl-finger/B3Ampy) with the ver-498

sion used in this study archived at Finger and Löer (2023). The numerical data created499

with the rotated staggered-grid finite difference code can be found at Finger and Saenger500

(2023). The nodal seismic data for Forge is available from (Pankow, 2016) and the depth501

of the granitoid boundary from (Podgorney, 2020). The passive seismic dataset recorded502

in Weisweiler, Germany can be obtained from (Finger et al., 2022). A detailed descrip-503

tion of this dataset can be found in (Finger et al., 2023).504
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