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Abstract

Eikonal tomography, or travel time inversion, has been one of the primary seismological tools for decades and has been used

to understand Earth’s properties and dynamic processes. At the heart of the inversion process is the need for an accurate,

and preferably flexible, eikonal solver to compute the travel time field. Most of the conventional eikonal solvers, however,

suffer from first-order convergence errors and difficulties in dealing with irregular computational grids. Physics-informed neural

networks (PINNs) have been introduced to tackle these problems and have shown great success in addressing those challenges.

Nevertheless, these approaches still suffer from slow convergence and unstable training dynamics due to the multi-term nature of

the loss function. To improve on this, we propose a new formulation for the isotropic eikonal equation, which imposes boundary

conditions as hard constraints. We employ the theory of functional connections to the eikonal tomography problem, which allows

for the utilization of a single loss term for training the PINN model. Through rigorous numerical tests, its efficiency, stability,

and flexibility in tackling a variety of cases, including topography-dependent and 3D models, are attested, thus providing an

efficient and stable PINN-based eikonal tomography.
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Key Points:8

• We develop a novel implementation of eikonal tomography via physics-informed9

neural networks (PINNs), in which we embed the measurements (data) as hard10

constraints into the eikonal equation.11

• We demonstrate the efficiency and flexibility of the new formulation for different12

use cases (no modifications to the eikonal), which marks a significant improvement13

from the conventional finite-difference based methods.14

• The new formulation yields a single, stable, objective function removing the bur-15

den of figuring out an appropriate weighting for the loss terms of the previous PINN-16

based approaches. The algorithm also demonstrates its stability in handling com-17

plex 3D velocity distributions.18
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Abstract19

Eikonal tomography, or travel time inversion, has been one of the primary seismologi-20

cal tools for decades and has been used to understand Earth’s properties and dynamic21

processes. At the heart of the inversion process is the need for an accurate, and prefer-22

ably flexible, eikonal solver to compute the travel time field. Most of the conventional23

eikonal solvers, however, suffer from first-order convergence errors and difficulties in deal-24

ing with irregular computational grids. Physics-informed neural networks (PINNs) have25

been introduced to tackle these problems and have shown great success in addressing those26

challenges. Nevertheless, these approaches still suffer from slow convergence and unsta-27

ble training dynamics due to the multi-term nature of the loss function. To improve on28

this, we propose a new formulation for the isotropic eikonal equation, which imposes bound-29

ary conditions as hard constraints. We employ the theory of functional connections to30

the eikonal tomography problem, which allows for the utilization of a single loss term31

for training the PINN model. Through rigorous numerical tests, its efficiency, stability,32

and flexibility in tackling a variety of cases, including topography-dependent and 3D mod-33

els, are attested, thus providing an efficient and stable PINN-based eikonal tomography.34

Plain Language Summary35

Machine learning techniques have proven to be beneficial in various scientific and36

engineering applications. One of these techniques, termed as physics-informed neural net-37

works (PINNs), attempts to solve parametric partial differential equations (PDEs) by38

imposing the necessary conditions and PDE residuals into the objective function being39

optimized. The multi-component nature of the PINNs’ objective function, however, of-40

ten renders the training to be unstable. Here, we attempt to circumvent this pathology41

by reformulating the PDE (eikonal equation) such that the necessary conditions (travel42

time measurements) are naturally included in the PDE. Thus, the objective function yields43

a single term that stabilizes the training process. We report that the proposed formu-44

lation is also flexible to be incorporated into different eikonal tomography applications45

from 2D to 3D Earth’s model seamlessly.46

1 Introduction47

Seismic tomography (inversion) has been and still is one of the primary seismolog-48

ical tools for understanding the properties and description of the dynamic processes in-49

side the Earth. Pioneered by the work of Dziewonski et al. (1977) and Aki et al. (1977),50

eikonal tomography facilitates the tomographic process by inverting the measured travel51

time information of the seismic waves. Although limited by the underlying ray theoretic52

high-frequency asymptotic assumption, decades of development and utilization justify53

the usability of the method in a wide range of seismological applications. In global seis-54

mology, eikonal tomography is regularly used to locate earthquakes (Thurber, 1983; Klein,55

2002; Hauksson et al., 2012), image the Earth’s interior via body waves (H. Zhang & Thurber,56

2003), surfaces waves (Lin et al., 2007, 2009; Lin & Ritzwoller, 2011), joint surface-body57

waves tomography (Rawlinson & Fishwick, 2012; Obrebski et al., 2012; Fang et al., 2016),58

and deriving global velocity models (Simmons et al., 2012, 2021). On the exploration59

front, it is heavily involved in the imaging of shallow crust (J. Zhang & Toksöz, 1998;60

Zelt & Barton, 1998; Zelt et al., 2006), velocity model building for migration (Marsden,61

1993; Dessa et al., 2004; Bergman et al., 2004) and full-waveform inversion (Virieux &62

Operto, 2009; Fichtner, 2010; Tavakoli et al., 2017), and reservoir monitoring and char-63

acterization (Bording et al., 1987).64

At the heart of the travel time inversion process lies the eikonal equation. The eikonal65

equation is a first-order nonlinear partial differential equation (PDE) that can be derived,66

for example, from the infinite-frequency assumption of the wave equation. The tomo-67

graphic algorithms can be performed by either performing linearization to the inversion68
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operator (e.g., via ray theory (Červený, 2000) or via the eikonal (Alkhalifah, 2002)) or69

using the adjoint-state method (Leung & Qian, 2006; Plessix, 2006; Taillandier et al.,70

2009). The conventional linearization approach gives rise to the need of computing (and71

storing) the Fréchet matrix, and its inverse, which is a challenge for 3D dense measure-72

ments. The adjoint-state approach avoids the calculation of such a matrix and has shown73

promising results over the years. Shared across these algorithms is the need for an ef-74

ficient and preferably flexible way to solve the eikonal equation. To achieve this, con-75

ventional algorithms resort to either the ray-based approaches (Červený, 2000; Julian76

et al., 1977; Um & Thurber, 1987) or the grid-based approaches (Vidale, 1988; Qin et77

al., 1992; Sethian, 1996; Rawlinson & Sambridge, 2004; Zhao, 2005). However, most of78

these algorithms still suffer from the so-called first-order convergence error and sharp ve-79

locity changes; in these scenarios, the algorithms may fail to converge (Rawlinson et al.,80

2008). More importantly, a significant modification (e.g., coordinate transformation) needs81

to be incorporated when dealing with irregular surface topography.82

On another front, employing physics-informed neural networks (PINNs) (Raissi et83

al., 2019) as a replacement to the conventional eikonal solver has shown promising re-84

sults in addressing these issues. Smith et al. (2021) and Waheed et al. (2021b) demon-85

strated the more accurate travel time fields produced by the PINN-based solver for travel86

time modeling and identify the mesh-independent nature of such solvers. Taufik et al.87

(2022) demonstrated the nonlinear interpolation ability of the PINN-based solver in deal-88

ing with non-uniformly sampled data. Moreover, Waheed et al. (2021a) proposed a frame-89

work for treating the ill-posed body wave tomography problems by simultaneously uti-90

lizing two neural networks (NNs) to invert for the travel time and velocity fields. Chen91

et al. (2022) extended the framework to invert for a surface wave tomography applica-92

tion.93

These successful cases can partially be explained by a well-known nonlinear inter-94

polation ability of the NNs (Hornik et al., 1989) as well as the use of travel time factor-95

ization approaches. Travel time factorization is introduced to overcome the so-called source-96

singularity problem (Fomel et al., 2009). The problem statement then becomes, given97

an initial (background) travel time field, the NN is trained to predict a variable that maps98

the initial to the actual travel time field. Therefore, the factorization implicitly drives99

the PINNs’ loss function to include at least two terms, namely the PDE residual and the100

boundary-related condition loss. For travel time tomography, both the boundary con-101

dition and data mismatch need to be explicitly imposed during the training process of102

PINNs. Hence, on top of the already challenging training dynamics, the multi-term na-103

ture of the PINNs’ training under this regime often induces more instability due to the104

need to properly balance the loss terms with respect to their weight and the number of105

samples.106

Several previous works attribute the PINNs’ instability to improper loss function107

sampling. Wang et al. (2022) reformulated the PINNs’ objective functions by explicitly108

obeying the physical causality. McClenny and Braga-Neto (2020) proposed the use of109

an efficient weighting scheme to the multi-term objective function. Based on this idea,110

(Yu et al., 2022) utilized an effective sampling based on the residual values. In this work,111

orthogonal to the aforementioned approaches, we develop a new formulation for the isotropic112

eikonal equation by imposing the boundary conditions as hard constraints (HC). We im-113

plement the theory of functional connections (TFC) (Schiassi et al., 2020) into the eikonal114

tomography problem, which admits a single loss term for training the PINNs-based model.115

Trained in this fashion, not only does our formulation still inherit all the known favor-116

able properties of PINNs, but it also makes the training more robust and efficient. These117

properties are the result of the natural inclusion of boundary conditions in the optimiza-118

tion problem. Combining this with a data interpolation NN makes the proposed scheme119

handle sparse and irregularly sampled measurements accurately.120

Thus, the contributions of our work can be summarized as follows,121
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1. Introduce a novel PINN-based eikonal tomography framework that inverts for the122

velocity and travel time fields with a single loss term for training the PINNs model.123

2. Derive a new isotropic eikonal equation with hard-constrained data measurements.124

3. Propose the use of a nonlinear data interpolation scheme to handle sparse and ir-125

regularly sampled measurements.126

4. Analyze different travel time factorization approaches that best suit PINN-based127

eikonal tomography.128

5. Provide, to the best of our knowledge, the first evidence of the use of PINN-based129

eikonal tomography to handle regional-scale 3D data.130

In the following, we begin by providing the necessary theoretical background to de-131

rive the proposed framework, followed by several numerical experiments to showcase the132

flexibility and efficiency of the framework in different acquisition scenarios.133

2 Methodology134

In this section, we will first present the governing eikonal equation in its factorized135

form. We will then discuss how to embed the measured travel time data as hard con-136

straints in the eikonal equation. Finally, we share the rationale for using a neural net-137

work to perform nonlinear data interpolation.138

<latexit sha1_base64="rb0DKTf3jfregU35Eo9TbGqIzVM=">AAACCHicbVDLSsNAFJ34rPVVdelmsAiuSlJEXRbduKxgH9iEMplO2qGTmTBzI5TQH3DtVr/Bnbj1L/wE/8JJm4W2HrhwOOde7r0nTAQ34Lpfzsrq2vrGZmmrvL2zu7dfOThsG5VqylpUCaW7ITFMcMlawEGwbqIZiUPBOuH4Jvc7j0wbruQ9TBIWxGQoecQpASs9+CMCmQ8knfYrVbfmzoCXiVeQKirQ7Fe+/YGiacwkUEGM6XluAkFGNHAq2LTsp4YlhI7JkPUslSRmJshmF0/xqVUGOFLalgQ8U39PZCQ2ZhKHtjMmMDKLXi7+6+UKKCXMwgEQXQUZl0kKTNL5/igVGBTOU8EDrhkFMbGEUM3tC5iOiCYUbHZlm423mMQyaddr3kWtfndebVwXKZXQMTpBZ8hDl6iBblETtRBFEj2jF/TqPDlvzrvzMW9dcYqZI/QHzucPzA+a+A==</latexit>

⌧̂

<latexit sha1_base64="VHdf0HNvLD13GUtJdxRzstxiclg=">AAACCHicbVDLSgMxFL3js9ZX1aWbwSK4KjNF1GXBjbiqYB/YlpJJM21oJhmSO0IZ+gOu3eo3uBO3/oWf4F+YaWehrQcCh3Pu5Z6cIBbcoOd9OSura+sbm4Wt4vbO7t5+6eCwaVSiKWtQJZRuB8QwwSVrIEfB2rFmJAoEawXj68xvPTJtuJL3OIlZLyJDyUNOCVrpoRsRHAVBejvtl8pexZvBXSZ+TsqQo94vfXcHiiYRk0gFMabjezH2UqKRU8GmxW5iWEzomAxZx1JJImZ66Szx1D21ysANlbZPojtTf2+kJDJmEgV2MktoFr1M/NfLFFRKmIUAGF71Ui7jBJmk8/thIlxUbtaKO+CaURQTSwjV3H7BpSOiCUXbXdF24y82sUya1Yp/UanenZdrtbylAhzDCZyBD5dQgxuoQwMoSHiGF3h1npw35935mI+uOPnOEfyB8/kDhiCayw==</latexit>

J

<latexit sha1_base64="ottZvUZgE9befrae4q/AqNzByfs=">AAACBXicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHoxWME84BkCbOTSTJkdmeZ6Q2EJWfPXvUbvIlXv8NP8C+cTfagiQUNRVU33V1BLIVB1/1y1tY3Nre2CzvF3b39g8PS0XHTqEQz3mBKKt0OqOFSRLyBAiVvx5rTMJC8FYzvMr814doIFT3iNOZ+SIeRGAhG0Uqt7ohiOpn1SmW34s5BVomXkzLkqPdK392+YknII2SSGtPx3Bj9lGoUTPJZsZsYHlM2pkPesTSiITd+Oj93Rs6t0icDpW1FSObq74mUhsZMw8B2hhRHZtnLxH+9TEGlpFk6AAc3fiqiOEEescX+QSIJKpJFQvpCc4ZyagllWtgXCBtRTRna4Io2G285iVXSrFa8q0r14bJcu81TKsApnMEFeHANNbiHOjSAwRie4QVenSfnzXl3Phata04+cwJ/4Hz+AGr9mao=</latexit>

v̂

<latexit sha1_base64="d0E1bhllV9k/P9+ZnHcwtiGZEVM=">AAACCHicbVC7SgNBFL3rM8ZX1NJmMQhWYTeIWgZsLCwimAcmIcxOZpMhszPLzF0hLPkBa1v9Bjux9S/8BP/C2WQLTTwwcDjnXu6ZE8SCG/S8L2dldW19Y7OwVdze2d3bLx0cNo1KNGUNqoTS7YAYJrhkDeQoWDvWjESBYK1gfJ35rUemDVfyHicx60VkKHnIKUErPXQjgqMgSG+n/VLZq3gzuMvEz0kZctT7pe/uQNEkYhKpIMZ0fC/GXko0cirYtNhNDIsJHZMh61gqScRML50lnrqnVhm4odL2SXRn6u+NlETGTKLATmYJzaKXif96mYJKCbMQAMOrXsplnCCTdH4/TISLys1acQdcM4piYgmhmtsvuHRENKFouyvabvzFJpZJs1rxLyrVu/NyrZa3VIBjOIEz8OESanADdWgABQnP8AKvzpPz5rw7H/PRFSffOYI/cD5/AIlYms0=</latexit>

L

<latexit sha1_base64="XBd+1v00UiPfvF7T02NBhZc0egg=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKewG0RwDXjxGzAuSJczOTpIhszPLzKwQlpw8e9Vv8CZe/RI/wb9wNtmDJhY0FFXddHcFMWfauO6XU9jY3NreKe6W9vYPDo/KxycdLRNFaJtILlUvwJpyJmjbMMNpL1YURwGn3WB6m/ndR6o0k6JlZjH1IzwWbMQINlZ6aA3DYbniVt0F0DrxclKBHM1h+XsQSpJEVBjCsdZ9z42Nn2JlGOF0XhokmsaYTPGY9i0VOKLaTxenztGFVUI0ksqWMGih/p5IcaT1LApsZ4TNRK96mfivlylGSq5XDjCjup8yESeGCrLcP0o4MhJlcaCQKUoMn1mCiWL2BUQmWGFibGglm423msQ66dSq3nW1dn9VadTzlIpwBudwCR7cQAPuoAltIDCGZ3iBV+fJeXPenY9la8HJZ07hD5zPH6/yl4g=</latexit>

Td

<latexit sha1_base64="M0mfcBzCam3zvCmlGbJaOf7P650=">AAACB3icbVDLSgNBEJyNrxhfUY9eBoPgKewG0RwDXjxGyEuSJczOziZDZnaWmV4hLPkAz171G7yJVz/DT/AvnCR70MSChqKqm+6uIBHcgOt+OYWNza3tneJuaW//4PCofHzSMSrVlLWpEkr3AmKY4DFrAwfBeolmRAaCdYPJ7dzvPjJtuIpbME2YL8ko5hGnBKz0MBgTyFqzYTgsV9yquwBeJ15OKihHc1j+HoSKppLFQAUxpu+5CfgZ0cCpYLPSIDUsIXRCRqxvaUwkM362OHiGL6wS4khpWzHghfp7IiPSmKkMbKckMDar3lz815sroJQwKwdAVPczHicpsJgu90epwKDwPBQccs0oiKklhGpuX8B0TDShYKMr2Wy81STWSadW9a6rtfurSqOep1REZ+gcXSIP3aAGukNN1EYUSfSMXtCr8+S8Oe/Ox7K14OQzp+gPnM8fupyaVQ==</latexit>

T̂d

<latexit sha1_base64="cQYCKE8CZbC5WYk7wYhLC+Mvfw0=">AAACHnicbVDLSsNAFJ3UV62vqEtBBovgqiRF1GXBjcsK9gFNCZPppB06yYSZG7GE7PwQ1271G9yJW/0E/8JJ24W2HrhwOOde7r0nSATX4DhfVmlldW19o7xZ2dre2d2z9w/aWqaKshaVQqpuQDQTPGYt4CBYN1GMRIFgnWB8Xfide6Y0l/EdTBLWj8gw5iGnBIzk28deQhRwIvzMA/YAQZiN8hx7QFI/G+S+XXVqzhR4mbhzUkVzNH372xtImkYsBiqI1j3XSaCfFTuoYHnFSzVLCB2TIesZGpOI6X42/SPHp0YZ4FAqUzHgqfp7IiOR1pMoMJ0RgZFe9ArxX69QQEqhFw6A8Kqf8ThJgcV0tj9MBQaJi6zwgCtGQUwMIVRx8wKmI6IIBZNoxWTjLiaxTNr1mntRq9+eVxvOPKUyOkIn6Ay56BI10A1qohai6BE9oxf0aj1Zb9a79TFrLVnzmUP0B9bnD/WSpBI=</latexit>

@h⌧d

<latexit sha1_base64="+sQ5sodK/CCiW3WL1sGaC4sx6EU=">AAACH3icbVDLSsNAFJ3UV62vqksXBovgqiRF1GXBjcsK9gFNKTfTSTt0kgkzN2IJWfohrt3qN7gTt/0E/8JJ24W2Hhg495x7uXOPHwuu0XGmVmFtfWNzq7hd2tnd2z8oHx61tEwUZU0qhVQdHzQTPGJN5ChYJ1YMQl+wtj++zf32I1Oay+gBJzHrhTCMeMApoJH65VMvBoUcRD/1kD2hH6SjLPNGgKaGJOuXK07VmcFeJe6CVMgCjX752xtImoQsQipA667rxNhL8yVUsKzkJZrFQMcwZF1DIwiZ7qWzQzL73CgDO5DKvAjtmfp7IoVQ60nom84QcKSXvVz818sVlFLopQ9gcNNLeRQnyCI63x8kwkZp52HZA64YRTExBKji5gSbjkABRRNpyWTjLiexSlq1qntVrd1fVuq1RUpFckLOyAVxyTWpkzvSIE1CyTN5JW/k3XqxPqxP62veWrAWM8fkD6zpD06SpNQ=</latexit>

@h⌧̂ <latexit sha1_base64="yZUSHpWf+ax9MShdnuQUl5bc1TM=">AAACGnicbVDLSgNBEJyNrxhfq970MhgET2E3iHoMCOIxgnlAEsLs7GwyZHZmmelVwxLwQzx71W/wJl69+An+hZPHQRMLGoqqbrq7gkRwA5735eSWlldW1/LrhY3Nre0dd3evblSqKatRJZRuBsQwwSWrAQfBmolmJA4EawSDy7HfuGPacCVvYZiwTkx6kkecErBS1z1oA3uA7Erpe6JDnGiVkN7EG3XdolfyJsCLxJ+RIpqh2nW/26GiacwkUEGMafleAp2MaOBUsFGhnRqWEDogPdayVJKYmU42+WGEj60S4khpWxLwRP09kZHYmGEc2M6YQN/Me2PxX2+sgFLCzB0A0UUn4zJJgUk63R+lAoPC45xwyDWjIIaWEKq5fQHTPtGEgk2zYLPx55NYJPVyyT8rlW9Oi5XyLKU8OkRH6AT56BxV0DWqohqi6BE9oxf06jw5b8678zFtzTmzmX30B87nD2+wojQ=</latexit>

Forward propagation

<latexit sha1_base64="FPfNZoHXOe17FR+9aEKT2UM+W+o=">AAACG3icbVC7SgNBFJ2Nrxhfq5ZpBoNgFXaDqGXQxjKCeUCyhNnJbDJkdmeYuauGJYUfYm2r32AnthZ+gn/h5FFo4oELh3Pu5d57QiW4Ac/7cnIrq2vrG/nNwtb2zu6eu3/QMDLVlNWpFFK3QmKY4AmrAwfBWkozEoeCNcPh1cRv3jFtuExuYaRYEJN+wiNOCVip6xY7wB4guyR0eE90DystFelPzXHXLXllbwq8TPw5KaE5al33u9OTNI1ZAlQQY9q+pyDIiAZOBRsXOqlhym4ifda2NCExM0E2fWKMj63Sw5HUthLAU/X3REZiY0ZxaDtjAgOz6E3Ef72JAlIKs3AARBdBxhOVAkvobH+UCgwST4LCPa4ZBTGyhFDN7QuYDogmFGycBZuNv5jEMmlUyv5ZuXJzWqpW5inlUREdoRPko3NURdeohuqIokf0jF7Qq/PkvDnvzsesNefMZw7RHzifPxRPoog=</latexit>

Backward propagation

<latexit sha1_base64="4UgBlkCqnkuXaCap2nbW6k5mEKs=">AAACD3icbVDLSsNAFJ34rPXRqEs3wSK4KkkR7bLgxlWpYB/QhDCZTtqhk0yYuRFKyEe4dqvf4E7c+gl+gn/hpM1CWw9cOJxzL/feEyScKbDtL2Njc2t7Z7eyV90/ODyqmccnfSVSSWiPCC7kMMCKchbTHjDgdJhIiqOA00Ewuy38wSOVion4AeYJ9SI8iVnICAYt+Wat0/Ezd4ohcwGnee6bdbthL2CtE6ckdVSi65vf7liQNKIxEI6VGjl2Al6GJTDCaV51U0UTTGZ4QkeaxjiiyssWh+fWhVbGViikrhishfp7IsORUvMo0J0Rhqla9QrxX69QQAiuVg6AsOVlLE5SoDFZ7g9TboGwinCsMZOUAJ9rgolk+gWLTLHEBHSEVZ2Ns5rEOuk3G851o3l/VW+3ypQq6Aydo0vkoBvURneoi3qIoBQ9oxf0ajwZb8a78bFs3TDKmVP0B8bnDzR6nUQ=</latexit>

NN⌧̂

<latexit sha1_base64="AXy9ajyJQoGeihV+fQ6cS4gQ+9M=">AAACCnicbVDLSsNAFJ34rPVVdelmsAiuSlJEuyy4cVUq2Ac0oUymk3boJBNmbgol5A9cu9VvcCdu/Qk/wb9w0mahrQcuHM65l3vv8WPBNdj2l7WxubW9s1vaK+8fHB4dV05Ou1omirIOlUKqvk80EzxiHeAgWD9WjIS+YD1/epf7vRlTmsvoEeYx80IyjnjAKQEjua3WMHUnBNJZlg0rVbtmL4DXiVOQKirQHla+3ZGkScgioIJoPXDsGLyUKOBUsKzsJprFhE7JmA0MjUjItJcubs7wpVFGOJDKVAR4of6eSEmo9Tz0TWdIYKJXvVz818sVkFLolQMgaHgpj+IEWESX+4NEYJA4zwWPuGIUxNwQQhU3L2A6IYpQMOmVTTbOahLrpFuvOTe1+sN1tdkoUiqhc3SBrpCDblET3aM26iCKYvSMXtCr9WS9We/Wx7J1wypmztAfWJ8/UyubxQ==</latexit>

NNv̂

<latexit sha1_base64="zQY/Wj9tG2NsfLAlwTtccHslddg=">AAACDHicbVDLSsNAFJ3UV62vqks3wSK4KkkR7bLgxlWp0Be0MUwmk3boJBNmboQS8guu3eo3uBO3/oOf4F84abPQ1gMXDufcy733eDFnCizryyhtbG5t75R3K3v7B4dH1eOTvhKJJLRHBBdy6GFFOYtoDxhwOowlxaHH6cCb3eb+4JFKxUTUhXlMnRBPIhYwgkFLD+22m46nGNJu5vqZW61ZdWsBc53YBamhAh23+j32BUlCGgHhWKmRbcXgpFgCI5xmlXGiaIzJDE/oSNMIh1Q56eLqzLzQim8GQuqKwFyovydSHCo1Dz3dGWKYqlUvF//1cgWE4GrlAAiaTsqiOAEakeX+IOEmCDNPxvSZpAT4XBNMJNMvmGSKJSag86vobOzVJNZJv1G3r+uN+6taq1mkVEZn6BxdIhvdoBa6Qx3UQwRJ9Ixe0KvxZLwZ78bHsrVkFDOn6A+Mzx+pbZx6</latexit>

NNT̂d

<latexit sha1_base64="d0E1bhllV9k/P9+ZnHcwtiGZEVM=">AAACCHicbVC7SgNBFL3rM8ZX1NJmMQhWYTeIWgZsLCwimAcmIcxOZpMhszPLzF0hLPkBa1v9Bjux9S/8BP/C2WQLTTwwcDjnXu6ZE8SCG/S8L2dldW19Y7OwVdze2d3bLx0cNo1KNGUNqoTS7YAYJrhkDeQoWDvWjESBYK1gfJ35rUemDVfyHicx60VkKHnIKUErPXQjgqMgSG+n/VLZq3gzuMvEz0kZctT7pe/uQNEkYhKpIMZ0fC/GXko0cirYtNhNDIsJHZMh61gqScRML50lnrqnVhm4odL2SXRn6u+NlETGTKLATmYJzaKXif96mYJKCbMQAMOrXsplnCCTdH4/TISLys1acQdcM4piYgmhmtsvuHRENKFouyvabvzFJpZJs1rxLyrVu/NyrZa3VIBjOIEz8OESanADdWgABQnP8AKvzpPz5rw7H/PRFSffOYI/cD5/AIlYms0=</latexit>

L <latexit sha1_base64="s5Z3+0XkGoYJkygE3sF9XvJMDKI=">AAACFHicbVDLSgNBEJz1bXzFx83LYBA8hd0g6lHQg8cIJgrJEnonnTg4u7PM9IpxyW949qrf4E28evcT/AsncQ8aLWgoqrrp7opSJS35/oc3NT0zOze/sFhaWl5ZXSuvbzStzozAhtBKm6sILCqZYIMkKbxKDUIcKbyMbk5G/uUtGit1ckGDFMMY+onsSQHkpE55q014R/kpEHCDVnYzUMNOueJX/TH4XxIUpMIK1Dvlz3ZXiyzGhIQCa1uBn1KYgyEpFA5L7cxiCuIG+thyNIEYbZiPrx/yXad0eU8bVwnxsfpzIofY2kEcuc4Y6NpOeiPxX2+kkNbKThxAvaMwl0maESbie38vU5w0HyXEu9KgIDVwBISR7gUursGAIJdjyWUTTCbxlzRr1eCgWjvfrxzXipQW2DbbYXssYIfsmJ2xOmswwe7ZI3tiz96D9+K9em/frVNeMbPJfsF7/wIWOZ9S</latexit>

Data residual
<latexit sha1_base64="VHdf0HNvLD13GUtJdxRzstxiclg=">AAACCHicbVDLSgMxFL3js9ZX1aWbwSK4KjNF1GXBjbiqYB/YlpJJM21oJhmSO0IZ+gOu3eo3uBO3/oWf4F+YaWehrQcCh3Pu5Z6cIBbcoOd9OSura+sbm4Wt4vbO7t5+6eCwaVSiKWtQJZRuB8QwwSVrIEfB2rFmJAoEawXj68xvPTJtuJL3OIlZLyJDyUNOCVrpoRsRHAVBejvtl8pexZvBXSZ+TsqQo94vfXcHiiYRk0gFMabjezH2UqKRU8GmxW5iWEzomAxZx1JJImZ66Szx1D21ysANlbZPojtTf2+kJDJmEgV2MktoFr1M/NfLFFRKmIUAGF71Ui7jBJmk8/thIlxUbtaKO+CaURQTSwjV3H7BpSOiCUXbXdF24y82sUya1Yp/UanenZdrtbylAhzDCZyBD5dQgxuoQwMoSHiGF3h1npw35935mI+uOPnOEfyB8/kDhiCayw==</latexit>

J <latexit sha1_base64="AUFveSYyIkgXzlmSNUb0orO9tJw=">AAACE3icbVDLSgNBEJz1GeNrNUcvg0HwFHaDqMeACh4jmAckIcxOOsmQ2Z1lplcMSz7Ds1f9Bm/i1Q/wE/wLJ8keNLGgoajqprsriKUw6Hlfzsrq2vrGZm4rv72zu7fvHhzWjUo0hxpXUulmwAxIEUENBUpoxhpYGEhoBKOrqd94AG2Eiu5xHEMnZINI9AVnaKWuW2gjPGJavb6hGozoJUxOum7RK3kz0GXiZ6RIMlS77ne7p3gSQoRcMmNavhdjJ2UaBZcwybcTAzHjIzaAlqURC8F00tnxE3pilR7tK20rQjpTf0+kLDRmHAa2M2Q4NIveVPzXmyqolDQLB2D/spOKKE4QIj7f308kRUWnAdGe0MBRji1hXAv7AuVDphlHG2PeZuMvJrFM6uWSf14q350VK+UspRw5IsfklPjkglTILamSGuFkTJ7JC3l1npw35935mLeuONlMgfyB8/kD5F6epw==</latexit>

PDE residual

<latexit sha1_base64="5/QKqi9vjHz1eAukyrs2DvBRFE8=">AAACCHicbVDLSgNBEJyNrxhfUY9eBoPgKewGUY8BLx4jmAcmS5idzCZDZmeWmV5JWPIDnr3qN3gTr/6Fn+BfOJvsQRMLGoqqbrq7glhwA6775RTW1jc2t4rbpZ3dvf2D8uFRy6hEU9akSijdCYhhgkvWBA6CdWLNSBQI1g7GN5nffmTacCXvYRozPyJDyUNOCVjpoQdsAkGYTmb9csWtunPgVeLlpIJyNPrl795A0SRiEqggxnQ9NwY/JRo4FWxW6iWGxYSOyZB1LZUkYsZP5xfP8JlVBjhU2pYEPFd/T6QkMmYaBbYzIjAyy14m/utlCiglzNIBEF77KZdxAkzSxf4wERgUzlLBA64ZBTG1hFDN7QuYjogmFGx2JZuNt5zEKmnVqt5ltXZ3UanX85SK6ASdonPkoStUR7eogZqIIome0Qt6dZ6cN+fd+Vi0Fpx85hj9gfP5AwKwmxg=</latexit>x

<latexit sha1_base64="aZqlmWP2e4c3Ot9VWeNkyqscPiQ=">AAACCnicbVDLSsNAFJ34rPVVdelmsAiuSlJEXRbcuKxgH9CEMplO2qGTmTBzIy2hf+DarX6DO3HrT/gJ/oWTNgttPXDhcM693HtPmAhuwHW/nLX1jc2t7dJOeXdv/+CwcnTcNirVlLWoEkp3Q2KY4JK1gINg3UQzEoeCdcLxbe53Hpk2XMkHmCYsiMlQ8ohTAlbyfWATCKNsMuubfqXq1tw58CrxClJFBZr9yrc/UDSNmQQqiDE9z00gyIgGTgWblf3UsITQMRmynqWSxMwE2fzmGT63ygBHStuSgOfq74mMxMZM49B2xgRGZtnLxX+9XAGlhFk6AKKbIOMySYFJutgfpQKDwnkueMA1oyCmlhCquX0B0xHRhIJNr2yz8ZaTWCXtes27qtXvL6uNRpFSCZ2iM3SBPHSNGugONVELUZSgZ/SCXp0n5815dz4WrWtOMXOC/sD5/AGnEpv+</latexit>xs

<latexit sha1_base64="aZqlmWP2e4c3Ot9VWeNkyqscPiQ=">AAACCnicbVDLSsNAFJ34rPVVdelmsAiuSlJEXRbcuKxgH9CEMplO2qGTmTBzIy2hf+DarX6DO3HrT/gJ/oWTNgttPXDhcM693HtPmAhuwHW/nLX1jc2t7dJOeXdv/+CwcnTcNirVlLWoEkp3Q2KY4JK1gINg3UQzEoeCdcLxbe53Hpk2XMkHmCYsiMlQ8ohTAlbyfWATCKNsMuubfqXq1tw58CrxClJFBZr9yrc/UDSNmQQqiDE9z00gyIgGTgWblf3UsITQMRmynqWSxMwE2fzmGT63ygBHStuSgOfq74mMxMZM49B2xgRGZtnLxX+9XAGlhFk6AKKbIOMySYFJutgfpQKDwnkueMA1oyCmlhCquX0B0xHRhIJNr2yz8ZaTWCXtes27qtXvL6uNRpFSCZ2iM3SBPHSNGugONVELUZSgZ/SCXp0n5815dz4WrWtOMXOC/sD5/AGnEpv+</latexit>xs

<latexit sha1_base64="1wIwEm6mn3sPATFVK8/NPs+DCtg=">AAACCnicbVDLSsNAFJ34rPVVdelmsAiuSlJEXRbcuKxgH9CEMplO2qGTmTBzIy2hf+DarX6DO3HrT/gJ/oWTNgttPXDhcM693HtPmAhuwHW/nLX1jc2t7dJOeXdv/+CwcnTcNirVlLWoEkp3Q2KY4JK1gINg3UQzEoeCdcLxbe53Hpk2XMkHmCYsiMlQ8ohTAlbyfWATCKNsMuvrfqXq1tw58CrxClJFBZr9yrc/UDSNmQQqiDE9z00gyIgGTgWblf3UsITQMRmynqWSxMwE2fzmGT63ygBHStuSgOfq74mMxMZM49B2xgRGZtnLxX+9XAGlhFk6AKKbIOMySYFJutgfpQKDwnkueMA1oyCmlhCquX0B0xHRhIJNr2yz8ZaTWCXtes27qtXvL6uNRpFSCZ2iM3SBPHSNGugONVELUZSgZ/SCXp0n5815dz4WrWtOMXOC/sD5/AGld5v9</latexit>xr

<latexit sha1_base64="5/QKqi9vjHz1eAukyrs2DvBRFE8=">AAACCHicbVDLSgNBEJyNrxhfUY9eBoPgKewGUY8BLx4jmAcmS5idzCZDZmeWmV5JWPIDnr3qN3gTr/6Fn+BfOJvsQRMLGoqqbrq7glhwA6775RTW1jc2t4rbpZ3dvf2D8uFRy6hEU9akSijdCYhhgkvWBA6CdWLNSBQI1g7GN5nffmTacCXvYRozPyJDyUNOCVjpoQdsAkGYTmb9csWtunPgVeLlpIJyNPrl795A0SRiEqggxnQ9NwY/JRo4FWxW6iWGxYSOyZB1LZUkYsZP5xfP8JlVBjhU2pYEPFd/T6QkMmYaBbYzIjAyy14m/utlCiglzNIBEF77KZdxAkzSxf4wERgUzlLBA64ZBTG1hFDN7QuYjogmFGx2JZuNt5zEKmnVqt5ltXZ3UanX85SK6ASdonPkoStUR7eogZqIIome0Qt6dZ6cN+fd+Vi0Fpx85hj9gfP5AwKwmxg=</latexit>x

Figure 1. The proposed workflow for our PINN-based eikonal tomography problem.

2.1 The Isotropic Eikonal and Its Factorization139

The eikonal equation for an isotropic medium can be written in the form of (Červený,140

2000):141

|∇T (x)|2 =
1

v2(x)
, (1)142

where T denotes the travel time field and v denotes the medium phase velocity, both as143

a function of position vector x = {x, y, z} ∈ R3 for a three-dimensional Cartesian sys-144
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tem. To mitigate the source singularity problem, the travel time field can also be split145

into an additive form, which yields the so-called factored eikonal equation given by:146

T (x) = τ(x) + T0(x), (2)147

where a scalar τ is introduced to map the background travel time T0 to the actual travel148

time T . Specifically, the background travel time is simply defined as:149

T0(x) =

√
(x− xs)2

v0(x)
, (3)150

which is given by the distance from the source location {xs} divided over some background151

velocity, e.g., a constant velocity (v0).152

Using equation 2 to represent the travel time field T , we have,153

∇T (x) = ∇τ(x) +∇T0(x). (4)154

2.2 Incorporating Data as Hard Constraint155

To incorporate the measured travel time data in the eikonal equation as a hard con-156

straint, we use the theory of connection functions (Schiassi et al., 2020). For this deriva-157

tion, we first consider a typical surface tomography experiment in which the data mea-158

surements Td take place along a constant depth surface at zr. In this case, we suggest159

the following representation of the travel time field:160

T (x) = ζ(z)τ̂ (x) + τd (x, y) + T0 (x) , (5)161

where162

ζ(z) = z − zr, (6)163

and164

τd(x, y) = Td(x, y)− T0(x, y, z = zr). (7)165

The term τ̂(x) is parameterized by a neural network (NN) functional. Alternatively, for166

a typical cross-hole measurement, where the source and receiver locations are fixed at167

a certain lateral location, we can easily adapt equation 5 using168

ζ(x) = x− xr. (8)169

More generally, we can even further impose a topography-dependent recording surface170

in which the zr in equation 6 is a function of x (for a surface tomography problem). Com-171

pared to the original factored eikonal equation, here the new factor τ̂ is not guaranteed172

to be positive everywhere in the domain of interest.173

To this end, the overall workflow of our proposed PINN-based tomography is demon-174

strated in Figure 1. The core of the inversion is shown by the left two NNs while the right175

NN corresponds to the optional data fitting/interpolation NN (NNT̂d
) trained prior to176

the main inversion (training) process. The PINNs tomography model consist of two NNs,177

trained simultaneously from randomly initialized weights, to predict the velocity (NNv̂)178

and the travel time (NNτ̂ ). The inputs to the travel time NN function are the location179

of the source, {xs} and the position in space {x}, whereas only {x} are inputs to the180

velocity NN function. Using automatic differentiation (AD) (Baydin et al., 2018), we can181

compute the lateral travel time derivatives (∂hτ̂). The data NN function of the source182

and sensor locations is trained in a supervised fashion prior to the PINNs’ training us-183

ing a loss function, L, that measures the misfit between the predicted data and the mea-184

sured data Td. The data network takes as input the location of the source {xs} and re-185

ceiver {xr}. Once trained, the data travel time NN will not only provide us with the abil-186

ity to handle sparse measurements, it also admits the gradient of the travel time data187
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through AD (∂hτ̂d), which is needed for the new eikonal as we will see. We can compute188

the gradient either prior or during the PINNs training.189

Using equation 4, the travel time gradient components of the eikonal can be for-190

mulated as:191

∂T (x)

∂x
= ζ(z)

∂τ̂ (x)

∂x
+

∂τd (x, y)

∂x
+

∂T0 (x)

∂x
, (9)192

193

∂T (x)

∂y
= ζ(z)

∂τ̂ (x)

∂y
+

∂τd (x, y)

∂y
+

∂T0 (x)

∂y
, (10)194

and195

∂T (x)

∂z
= ζ(z)

∂τ̂ (x)

∂z
+

∂ζ(z)

∂z
τ̂ (x) +

∂T0 (x)

∂z
. (11)196

Hence, the proposed loss function for the PINN, J, can be constructed by plugging in197

the gradients from the travel time network (equations 9 to 11) and the velocity v̂ from198

the velocity network into equation 1.199

J =
1

N

N∑
i=1

(
∂T (xi)

∂x

2

+
∂T (xi)

∂y

2

+
∂T (xi)

∂z

2

− 1

v̂2(xi)

)
. (12)200

2.3 Non-linear Data Interpolation201
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Figure 2. The data NN interpolation demonstration. The acquisition setup (left column, a

and d). Travel time data and its horizontal derivatives (middle and right columns). The events

used in the training are depicted by the blue dots, while results in the middle and right columns

correspond to the green star event, and the receivers are denoted by the yellow triangles. True

corresponds to those travel times and horizontal derivatives evaluated by solving the eikonal

equation numerically on a fine grid.

One of the most celebrated and well-known fact about NN is that it acts as a good202

universal function approximator (Hornik et al., 1989). Thus, it naturally provides us with203

multidimensional (determined by the number of input coordinates) nonlinear interpo-204

lation. Since the data NN learns the travel time for multiple sources and receivers char-205

acterized by their 3D location in space, the deep nature of the network function allows206

it to utilize most of the travel time information to predict travel times for sources and207
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receivers not represented in the training (interpolation). This feature is crucial to its ef-208

fectiveness in the tomography application.209

To exemplify our point, consider two measured data from two different event lo-210

cations (Figures 2) in which the data are recorded along a certain mountain top. The211

data are synthetically generated using the Marmousi model (Figure 5a). The receiver212

arrays are distributed almost regularly, but with a large gap near the mountain top (around213

3.5 km location). The sources (given by the blue dots) are sampled from the earthquake214

events provided by the catalog in (Fang et al., 2022), and are the ones used to train the215

data NN. The middle column in Figure 2 shows the predicted travel times, compared to216

the eikonal solution, at all points on the surface for a source given by the green star, top217

and bottom rows separately. We can see that the NN managed to capture the apex of218

the hyperbolic travel time curve quite accurately–even when no receivers are present in219

this area. More importantly, the lateral derivatives (Figure 2, c and f) predicted (by per-220

forming backpropagation on the NN) are also in good agreement with the one evaluated221

directly from the numerical solution of the eikonal solution using fine sampling.222

3 Numerical Experiments223

In this section, we examine the flexibility and stability of the proposed single-term224

PINNs’ loss function (equation 12). The first subsection will cover the evaluation of the225

method in a 2D exploration seismological setting where the seismometers are placed along226

a borehole with varying data sparsity. To further demonstrate the flexibility of the for-227

mulation, we dedicate the second subsection for different recording surface settings in228

a surface tomography setup on a synthetic 2D velocity model. We will also demonstrate,229

in the third subsection, numerical reasoning behind the use of additive as opposed to mul-230

tiplicative factorization for the travel time. Finally, we showcase the stability of the method231

in handling complex 3D velocity distribution. A single graphics processing unit NVIDIA232

Quadro RTX 8000 (48 GB memory) is used to perform the inversion (Data NN and PINNs’233

training).234

3.1 Crosswell Tomography Experiment in 2D Medium235

In this setting, we use a cropped 2D 1x1 km2 SEG Advanced Modeling Program236

(SEAM) velocity model depicted in Figure 3a. We use a 0.01 km grid spacing in both237

(lateral and vertical) directions. The data are synthetically generated using a fast-marching-238

based eikonal solver and recorded at x = 1 km. We utilize an NN with 10 hidden lay-239

ers having 10 neurons in each layer for the velocity NN and the data NN and a 20 hid-240

den layers with 10 neurons in each layer for the travel time NN. All the three networks241

are initialized using the Glorot uniform initialization (Glorot & Bengio, 2010). The data242

NN is trained prior to the PINNs training using 500 epochs. The PINNs model is trained243

for 1000 epochs using the generated 112,211 training samples (x ={x, z}) with a sin-244

gle (full) batch optimization. All the NNs use the Exponential Linear Unit (ELU) ac-245

tivation function for the hidden layers, the rectified linear unit (ReLU) is used on the246

last neuron of the velocity NN. The training of all data NN and the PINN is done with247

an Adam optimizer (Kingma & Ba, 2014). We use an initial learning rate of 0.00015 and248

decrease its value by half every 100 training epochs.249

To highlight the ability of this framework in handling sparse data measurements,250

we share three scenarios differing in the receiver spacing. We consider three different re-251

ceiver spacing of 0.02, 0.06, and 0.15 km. The sources are located (along the vertical z-252

direction) at x=0 km with a vertical spacing of 0.1 km starting at z=0 km. Figures 3253

and 4 offer the cross-sectional view and vertical profiles for the different scenarios. From254

the inverted velocity section (Figure 3), we observe that PINNs are able to invert for the255

velocity accurately. Shown in Figure 3, we observe, as expected, a slight degradation with256

increasing receiver spacing in the inverted velocity’s lateral variation. This degradation,257
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Figure 3. Inverted velocity sections for different receivers spacing (0.02, 0.06, and 0.15 km)

in (b-d) comnpared to the the true velocity (a). The sources (white stars) and receivers (yellow

triangles) are located at a fixed lateral location of 0 km and 1 km, respectively.

however, seems negligible as the inverted velocity on the largest receiver spacing still cap-258

tures the shallow low-velocity layers of the model (Figure 4c) and follows the general in-259

creasing with depth velocity trend.260

3.2 Surface Seismic Tomography in a 2D Medium261

To further demonstrate the flexibility of the new travel time formulation (equation262

5), we consider four distinct surface tomography tests with different data acquisition se-263

tups. These include the typical regularly sampled dense shot-receiver geometry, the same264

sampling scheme as in the first scenario with a gap, sparse shot distribution, and topography-265

dependent layout in a passive seismic recording setup. In all of these tests, we use an NN266

with 10 hidden layers containing 10 neurons in each layer for the velocity network and267

the data interpolation network. An NN with 20 hidden layers having 20 neurons in each268

layer is used for the higher dimensional travel time NN. We train the data NN for 5000269

epochs. The travel time and velocity NNs use the ELU activation function while the data270

NN uses a rectified linear unit (ReLU) activation function. All of the three NNs use an271

Adam optimizer. We utilize a portion of the Marmousi model (Figure 5a) with a max-272

imum lateral location of 8.6 km and maximum depth of 1 km. We discretize the com-273

putational domain using a 10 m vertical and 30 m lateral grid spacing.274

Having the shot-receiver pairs regularly and densely sampled at a constant-depth275

acquisition setup, we consider the tomogram from the first scenario (Figure 5b) to be276

the reference solution for the other three scenarios. Specifically, the sources and receivers277

are sampled at a spacing interval of 200 m and 20 m, respectively. As shown in Figure278

5b, the inversion manages to capture the general lateral variation accurately. We then279

use a sparser receiver sampling of 300 m and introduce a gap (in the sources and receivers,280

like an obstacle) that extends from 1.2 to 5.8 km lateral location in the model. Depicted281

in Figure 5c is the corresponding inverted velocity. We see degradation in terms of the282
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Figure 4. Vertical velocity profiles comparison for the cross-hole experiment for different re-

ceivers spacing (0.02, 0.06, and 0.15 km). Profiles in (a-c) are extracted at the borehole location

(1 km lateral location) from Figure 3.

general lateral velocity resolution, especially under the gap, as we reduce almost half of283

the recording surface. The degraded tomogram, however, might still be considered a rea-284

sonable initial velocity model for further imaging (e.g., full waveform inversion). Using285

receivers sampled densely like in the first scenario, we reduce the shot sampling inter-286

val to 2.7 km in the third scenario. From the inverted velocity profile (Figure 5d), we287

can see that even with only four shots, the inverted velocity model captures the lateral288

variation of the actual model with high fidelity. Although some deep structures are ob-289

viously not well resolved, compared to the denser shot distribution (Figure 5b), the two290

tomograms are in good agreement.291

To further highlight the efficacy of the new PINNs formulation, we test the same292

problem with a topography-dependent surface recording. It is straightforward to derive293

the PINNs’ objective function by introducing a different ζ in equation 6, i.e., ζ(x, z). We294

also demonstrate the framework’s ability to handle uneven source distributions by con-295

sidering sampled earthquake locations from the southern part of California (Fang et al.,296

2022). The overall improvement from the tomogram can be attributed to the fact that297

now we image the transmission from the source as opposed to the diving waves in the298

previous three scenarios.299

Finally, vertical velocity profiles are shown to further analyze the reconstructed ve-300

locity models. Although in general, the vertical profiles are identical (at least at the given301

lateral location), we can see that the 7-source experiments (Figures 5d and 6c) produce302

identical results when compared to the dense measurements (Figures 5b and 6a). The303

loss curves for the different scenarios are shown in Figure 7. We obtain slightly faster304

convergence with less data.305

3.3 Suitable Factorization Approach for Data Hard-Constrained Eikonal306

Tomography307

Before proceeding to the last sets of experiments, it is worth noting the role of travel308

time factorization on the PINNs’ inversion. Specifically, the choice of factorization plays309

a major role in ensuring stability of the inversion. To this end, most of the previous works310

suggest the use of multiplicative factorization (i.e., changing the addition operation into311
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Figure 5. Inverted velocity sections for four different data acquisition scenarios (b-e) com-

pared to the true velocity (a). The sources and receivers are denoted by the white and yellow

dots, respectively.
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Figure 6. Vertical velocity profiles comparison for the 2D surface experiment for different

scenarios in 5 (b-e). Profiles are extracted at 2.1 km lateral location.
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Figure 7. Loss curves for the training to obtain the inversion results shown in Figures 5(b-e).
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Figure 8. Factorization comparison. Multiplicative factorization, its lateral and vertical

first-order derivatives extracted from the true τ̂(x) are depicted in (a-c), respectively. The same

configuration for the additive factorization approach are depicted in (d-f). The sections are ex-

tracted from the true τ̂(x) field in Figure 5b.
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(c)

Figure 9. Three 3D velocity models used to simulate the travel time data. A 2.5D true ve-

locity from a cropped Marmousi model (a). True 3D velocity models synthetic SEAM Phase II

model (b) and derived from (White et al., 2021) (c).

multiplication in equation 2) to yield312

T (x) = τ(x) · T0(x). (13)313

From our experiments, however, we find that for a hard-constraint PINN-based tomog-314

raphy, the additive factorization is more favorable than the multiplicative factorization.315

Figure 8, which represents a depth slice of the true τ̂(x) for a surface tomography ac-316

quisition performed in the next section, exemplifies the point. These figures demonstrate317

that the additive factorization yields a much smoother true travel time factor (τ̂(x)) func-318

tion. We can see that the τ̂(x) values varies significantly between the depth near the source319

location (z = 0.03 km) and away from the source (z = 1 km) for the multiplicative fac-320

torization (Figure 8a), while the additive (Figure 8d) yields an almost constant function.321

The lateral and vertical (middle and right columns of Figure 8) further highlights the322

significant amplitude difference between the two approaches. Hence, with the known spec-323

tral bias feature of the NN (Rahaman et al., 2019), the travel time NN will favor pre-324

dicting the additive (smoother) function over the multiplicative factorization function.325

3.4 Surface Seismic Tomography in a 3D Medium326

As mentioned earlier, the multi-term nature of previous PINN-based seismic to-327

mography results in challenging training dynamics. Thus, previous PINN-based seismic328

tomography approaches, so far, only consider a 2D representation of the Earth. This sec-329

tion demonstrates the PINNs’ ability to invert for a 3D velocity distribution by virtue330

of the more stable single-term loss function. We perform numerical simulation on three331

different 3D velocity models depicted in Figure 9.332

3.4.1 2.5D Synthetic Velocity333

We first consider a 2.5D velocity model. We duplicate the same cropped Marmousi334

model in the previous 2D subsection along the y axis depicted in Figure 9a. We use a335

0.02 km grid spacing for the vertical and 0.1 km grid spacing for the lateral directions.336

The data are synthetically generated using a forward eikonal solver and recorded at z =337

0 km. The sources are located near the surface and are regularly sampled with a lateral338

spacing of 1 km. We utilize a 12-layer with 12 neurons NN for the velocity NN and a 12-339

layer with 24 neurons for the travel time NN. All of these networks are initialized using340

the Glorot uniform initialization. These NNs use the ELU activation function and an341

Adam optimizer. The PINNs are trained for 1000 epochs using the generated 31,267,539342

training samples (x ={x, y, z}) with a 15,633 batch size. Throughout the subsequent343

experiments, we use an initial learning rate of 0.0005 and decrease its value by half ev-344
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Figure 10. Velocity sections for the 2.5D cropped Marmousi model. The initial, inverted, and

true velocity slices are depicted from the left to right columns. The top to bottom rows show the

slices for xy, xz, yz planes on z = 0.5 km, y = 3 km, x = 2 km, respectively.

ery 200 training epochs. Further, we do not utilize the data NN for these regularly sam-345

pled measurements experiments.346

Figure 10 offers a cross-sectional view of the inversion performance. We find a good347

agreement between the inverted velocity (middle column) and the true velocity model348

(right column). Figure 11 also demonstrates the accurate inverted velocity from a ver-349

tical profile view. Using the same computational domain and sample training points, we350

can further compare the 2D and 2.5D inversion process (Figure 12). By also comparing351

the inverted section between the 2D (Figure 5b) and 2.5D (Figure 10e), we observe a bet-352

ter and faster convergence of the 3D inversion. This is partially due to the fact that the353

rays cover a larger distance in the 2.5D model than the 2D case, and we have more il-354

lumination.355

3.4.2 3D Synthetic Velocity356

To investigate the framework’s ability on a more realistic Earth model, we consider357

a synthetic experiment using the cropped 3D SEAM Phase II Arid model depicted in358

Figure 9b. We use a 0.0187 km grid spacing for the vertical and 0.075 km grid spacing359
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Figure 11. Vertical velocity profiles comparison for the 2.5D surface experiment at different

lateral locations extracted from the inverted velocity in Figure 10.
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Figure 12. Loss curves comparison between the training for the inversion performed in Figure

5b and Figure 10e.
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Figure 13. Velocity sections for the 3D SEAM Phase II Arid model. The initial, inverted, and

true velocity slices are depicted from the left to right columns. The top to bottom row shows the

slices for xy, xz, yz planes on z = 0.84 km, y = 0.75 km, x = 2.25 km, respectively.

for the lateral directions with a maximum lateral location and depth of 4.95 and 1.481360

km, respectively. The data are synthetically generated using a forward eikonal solver and361

stored at z = 0 km. The sources are located near the surface and are regularly sampled362

with a lateral spacing of 1.5 km. The PINNs is trained for 1000 epochs using the gen-363

erated 5,745,920 training samples (x ={x, y, z}) with a 2,872 batch size. We utilize the364

same model complexity and training mechanism as in the previous 2.5D experiment.365

The synthetic SEAM Phase II Arid is intended to mimic a challenging shallow crust366

(around the first 500 m) condition–typical to land exploration seismology cases. The right367

column of Figure 13 demonstrates the complex geological structures and lateral veloc-368

ity variations of the model. The inverted velocity sections (middle column of Figure 13)369

show good agreement, in terms of the geological structures, with the input model. Both370

of the faulting systems (around 2 km lateral location in Figures 13e & f) as well as the371

anticlinal structure (around 2 km lateral location in Figures 13h & i) are recovered by372

the inversion process. The vertical profiles (Figure 14 also exemplifies the good inver-373

sion results as the inverted velocity captures the relatively constant velocity around the374

first 0.8 km depth and increases sharply at around 0.9 km depth.375
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Figure 14. Vertical velocity profiles comparison for the 3D surface experiment at different

lateral locations extracted from the inverted velocity in Figure 13.

3.4.3 3D Regional Velocity376

Finally, to assess the performance of the framework’s in dealing with a typical regional-377

scale eikonal tomography problem, we also perform a numerical experiment using inverted378

velocity provided from the study of (White et al., 2021) depicted in Figure 9c. It is worth379

mentioning that the purpose of this subsection is solely a further proof-of-concept that380

PINNs can as well be a viable option to deal with a typical regional-scale eikonal tomog-381

raphy. Compared to the previous 3D models, this velocity model contains more complex382

lateral velocity variation near the shallow crust. The data are synthetically generated383

using a forward eikonal solver and stored at z = 0 km. The sources are located near the384

surface and are regularly sampled with a lateral spacing of 32.637 km. The PINNs are385

trained for 1000 epochs using the generated 23,040,000 training samples (x ={x, y, z})386

with a 11,520 batch size. We utilize the same model complexity and training mechanism387

as in the previous 2.5D experiment.388

Figure 16 illustrates the good agreement between the inverted and true (reference)389

velocity models. By comparing the inverted sections (middle column in Figure 16) and390

the true velocity (right column in Figure 16), we can see that the PINNs capture the com-391

plex shallow crust velocity variation. It is also worth noting that the inversion starts with392

a randomly initialized velocity model. This further demonstrates the stability of PINNs393

for eikonal tomography. Furthermore, we also find, at inference time (after the PINNs394

training), that we can instantly access the travel time field at a speed faster than a con-395

ventional eikonal solver (White et al., 2020). Running on the same Intel(R) Xeon(R) Gold396

6230R CPU @ 2.10GHz, the trained PINNs model takes 3.68 minutes while the conven-397

tional eikonal solver takes 4.63 minutes.398

4 Discussions399

This work promotes a new formulation of a PINN-based eikonal tomography that400

relies on a single PDE residual term in its objective function. We reformulate the con-401

ventional eikonal tomography by replacing an eikonal solver with an NN that predicts402

the (factored) travel time field and another NN that substitutes the inversion kernel (e.g.,403

adjoint-state method) to compute the velocity field. The minimization of the PINNs train-404

ing will then be driven by obeying the PDE residual and a data misfit terms. In this case,405

the data measurement misfit is enforced using a hard constraint during the PINNs train-406

–16–



manuscript submitted to JGR: Solid Earth

118°00'W 117°45'W 117°30'W 117°15'W

35°15'N

35°30'N

35°45'N

36°00'N

36°15'N

0 10

km

125°W
120°W 115°W 110°W

30°N

35°N

40°N

(a)
118°00'W 117°45'W 117°30'W 117°15'W

35°15'N

35°30'N

35°45'N

36°00'N

36°15'N

0 10

km

125°W
120°W 115°W 110°W

30°N

35°N

40°N

(b)

Figure 15. Map views of the events (yellow dots) and receivers (blue triangles) extracted

from (White et al., 2021) (a) and the modified surface (z=0 km), regularly sampled, sources ac-

quisition setup (b).

ing. Since lateral derivatives of the recorded travel time is needed, and to handle irreg-407

ularly sampled measurements, we proposed the use of an NN to learn the measurements408

and inherit tomographic information from the source-receiver input location. Combin-409

ing these three NNs as a framework, we found that hard-constrained measurement data410

significantly reduces the instability issues induced by the multi-term nature of the pre-411

vious PINN-based eikonal tomography. These properties can be attributed to the nat-412

ural inclusion of boundary conditions in the optimization problem. Thus, we alleviate413

a known pathology of the PINNs training in which a proper weighting scheme is needed414

to accommodate different loss function terms.415

As a result, the single-term loss function improves the PINN-based eikonal tomog-416

raphy convergence. We found empirically that it can handle complex velocity distribu-417

tion much better than the original PINN-based tomography formulation (Waheed et al.,418

2021a). It can even allow us to handle 3D measurements. Furthermore, the need for re-419

liable measurement data can be partially achieved by a tomographic interpolation NN.420

We believe that by combining these components, PINN-based eikonal tomography can421

be a viable option for velocity model building at all scales. One benefit comes in the form422

that the trained velocity NN acts as a compressed representation of the velocity model423

(e.g., 3D velocity models). Another important feature is its flexibility in handling dif-424

ferent acquisition scenarios. The method can still be applied without performing any co-425

ordinate transformation even for a topography-dependent recording surface. Moreover,426

as we have demonstrated, the travel time NN performs more efficiently than a conven-427

tional eikonal solver.428

We have shown in the context of eikonal tomography that we can provide a sta-429

ble inversion by reducing the number of loss terms in the training process. However, PINN-430

based approaches still require further development as an emerging option for further seis-431

mic tomography applications. Fortunately, the method presented here is orthogonal with432

previous attempts that view improper sampling as the major source of poor performance433

of PINNs. In other words, further development can accommodate a better sampling strat-434
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Figure 16. Velocity sections for the 3D Earth model from (White et al., 2021). The initial,

inverted, and true velocity slices are depicted from the left to right columns. The top to bottom

row shows the depth, latitude, and longitude sections on 0.91 km, 35.6◦ N, 117.8◦ W, respec-

tively.
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egy that, for example, obeys causality (Wang et al., 2022) and accounts for samples that435

have higher residual errors (Yu et al., 2022). We have also demonstrated the capability436

of PINNs to handle complex and realistic velocity models, the remaining challenge now437

is on how we further accelerate the training convergence, especially for large data mea-438

surements. Furthermore, for industrial-size 3D field data measurements, distributed multi-439

GPU training is inevitable. As in such a scenario, a single-GPU setup will run into the440

issue of out-of-memory problems. We anticipate that a multi-GPU setup with a mixed-441

even half-precision (to accelerate the convergence) can be made possible courtesy of the442

stable single-term loss function. Therefore, such a method can be a starting way forward443

to utilize PINNs for large-scale eikonal tomography.444

5 Conclusions445

We proposed a new framework for eikonal tomography, which is more suitable for446

a PINN-based tomographic workflow. We train, simultaneously from randomly initial-447

ized weights, two NNs to invert for the phase velocity and travel time field. We also sug-448

gest an optional data interpolation NN that is embedded with tomographic information.449

The new framework allows us to rely on a stable single-term loss function. The stabil-450

ity of the PINNs inversion can also be attributed to the additive factorization used to451

decompose the travel time field. We found that this factorization will result in a more452

stable PINN-based tomography compared to the multiplicative version. With rigorous453

numerical experimentation, we have demonstrated that it leads to a robust and flexible454

inversion framework that handles 3D Earth’s model. Our new framework opens up new455

possibilities in dealing with sparse data measurements, that is typical in global seismo-456

logical applications.457

6 Data Availability Statement458

Codes and data needed to reproduce the results presented here will be made avail-459

able at https://github.com/hatsyim/HCPINNsEikonal.460
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Abstract19

Eikonal tomography, or travel time inversion, has been one of the primary seismologi-20

cal tools for decades and has been used to understand Earth’s properties and dynamic21

processes. At the heart of the inversion process is the need for an accurate, and prefer-22

ably flexible, eikonal solver to compute the travel time field. Most of the conventional23

eikonal solvers, however, suffer from first-order convergence errors and difficulties in deal-24

ing with irregular computational grids. Physics-informed neural networks (PINNs) have25

been introduced to tackle these problems and have shown great success in addressing those26

challenges. Nevertheless, these approaches still suffer from slow convergence and unsta-27

ble training dynamics due to the multi-term nature of the loss function. To improve on28

this, we propose a new formulation for the isotropic eikonal equation, which imposes bound-29

ary conditions as hard constraints. We employ the theory of functional connections to30

the eikonal tomography problem, which allows for the utilization of a single loss term31

for training the PINN model. Through rigorous numerical tests, its efficiency, stability,32

and flexibility in tackling a variety of cases, including topography-dependent and 3D mod-33

els, are attested, thus providing an efficient and stable PINN-based eikonal tomography.34

Plain Language Summary35

Machine learning techniques have proven to be beneficial in various scientific and36

engineering applications. One of these techniques, termed as physics-informed neural net-37

works (PINNs), attempts to solve parametric partial differential equations (PDEs) by38

imposing the necessary conditions and PDE residuals into the objective function being39

optimized. The multi-component nature of the PINNs’ objective function, however, of-40

ten renders the training to be unstable. Here, we attempt to circumvent this pathology41

by reformulating the PDE (eikonal equation) such that the necessary conditions (travel42

time measurements) are naturally included in the PDE. Thus, the objective function yields43

a single term that stabilizes the training process. We report that the proposed formu-44

lation is also flexible to be incorporated into different eikonal tomography applications45

from 2D to 3D Earth’s model seamlessly.46

1 Introduction47

Seismic tomography (inversion) has been and still is one of the primary seismolog-48

ical tools for understanding the properties and description of the dynamic processes in-49

side the Earth. Pioneered by the work of Dziewonski et al. (1977) and Aki et al. (1977),50

eikonal tomography facilitates the tomographic process by inverting the measured travel51

time information of the seismic waves. Although limited by the underlying ray theoretic52

high-frequency asymptotic assumption, decades of development and utilization justify53

the usability of the method in a wide range of seismological applications. In global seis-54

mology, eikonal tomography is regularly used to locate earthquakes (Thurber, 1983; Klein,55

2002; Hauksson et al., 2012), image the Earth’s interior via body waves (H. Zhang & Thurber,56

2003), surfaces waves (Lin et al., 2007, 2009; Lin & Ritzwoller, 2011), joint surface-body57

waves tomography (Rawlinson & Fishwick, 2012; Obrebski et al., 2012; Fang et al., 2016),58

and deriving global velocity models (Simmons et al., 2012, 2021). On the exploration59

front, it is heavily involved in the imaging of shallow crust (J. Zhang & Toksöz, 1998;60

Zelt & Barton, 1998; Zelt et al., 2006), velocity model building for migration (Marsden,61

1993; Dessa et al., 2004; Bergman et al., 2004) and full-waveform inversion (Virieux &62

Operto, 2009; Fichtner, 2010; Tavakoli et al., 2017), and reservoir monitoring and char-63

acterization (Bording et al., 1987).64

At the heart of the travel time inversion process lies the eikonal equation. The eikonal65

equation is a first-order nonlinear partial differential equation (PDE) that can be derived,66

for example, from the infinite-frequency assumption of the wave equation. The tomo-67

graphic algorithms can be performed by either performing linearization to the inversion68
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operator (e.g., via ray theory (Červený, 2000) or via the eikonal (Alkhalifah, 2002)) or69

using the adjoint-state method (Leung & Qian, 2006; Plessix, 2006; Taillandier et al.,70

2009). The conventional linearization approach gives rise to the need of computing (and71

storing) the Fréchet matrix, and its inverse, which is a challenge for 3D dense measure-72

ments. The adjoint-state approach avoids the calculation of such a matrix and has shown73

promising results over the years. Shared across these algorithms is the need for an ef-74

ficient and preferably flexible way to solve the eikonal equation. To achieve this, con-75

ventional algorithms resort to either the ray-based approaches (Červený, 2000; Julian76

et al., 1977; Um & Thurber, 1987) or the grid-based approaches (Vidale, 1988; Qin et77

al., 1992; Sethian, 1996; Rawlinson & Sambridge, 2004; Zhao, 2005). However, most of78

these algorithms still suffer from the so-called first-order convergence error and sharp ve-79

locity changes; in these scenarios, the algorithms may fail to converge (Rawlinson et al.,80

2008). More importantly, a significant modification (e.g., coordinate transformation) needs81

to be incorporated when dealing with irregular surface topography.82

On another front, employing physics-informed neural networks (PINNs) (Raissi et83

al., 2019) as a replacement to the conventional eikonal solver has shown promising re-84

sults in addressing these issues. Smith et al. (2021) and Waheed et al. (2021b) demon-85

strated the more accurate travel time fields produced by the PINN-based solver for travel86

time modeling and identify the mesh-independent nature of such solvers. Taufik et al.87

(2022) demonstrated the nonlinear interpolation ability of the PINN-based solver in deal-88

ing with non-uniformly sampled data. Moreover, Waheed et al. (2021a) proposed a frame-89

work for treating the ill-posed body wave tomography problems by simultaneously uti-90

lizing two neural networks (NNs) to invert for the travel time and velocity fields. Chen91

et al. (2022) extended the framework to invert for a surface wave tomography applica-92

tion.93

These successful cases can partially be explained by a well-known nonlinear inter-94

polation ability of the NNs (Hornik et al., 1989) as well as the use of travel time factor-95

ization approaches. Travel time factorization is introduced to overcome the so-called source-96

singularity problem (Fomel et al., 2009). The problem statement then becomes, given97

an initial (background) travel time field, the NN is trained to predict a variable that maps98

the initial to the actual travel time field. Therefore, the factorization implicitly drives99

the PINNs’ loss function to include at least two terms, namely the PDE residual and the100

boundary-related condition loss. For travel time tomography, both the boundary con-101

dition and data mismatch need to be explicitly imposed during the training process of102

PINNs. Hence, on top of the already challenging training dynamics, the multi-term na-103

ture of the PINNs’ training under this regime often induces more instability due to the104

need to properly balance the loss terms with respect to their weight and the number of105

samples.106

Several previous works attribute the PINNs’ instability to improper loss function107

sampling. Wang et al. (2022) reformulated the PINNs’ objective functions by explicitly108

obeying the physical causality. McClenny and Braga-Neto (2020) proposed the use of109

an efficient weighting scheme to the multi-term objective function. Based on this idea,110

(Yu et al., 2022) utilized an effective sampling based on the residual values. In this work,111

orthogonal to the aforementioned approaches, we develop a new formulation for the isotropic112

eikonal equation by imposing the boundary conditions as hard constraints (HC). We im-113

plement the theory of functional connections (TFC) (Schiassi et al., 2020) into the eikonal114

tomography problem, which admits a single loss term for training the PINNs-based model.115

Trained in this fashion, not only does our formulation still inherit all the known favor-116

able properties of PINNs, but it also makes the training more robust and efficient. These117

properties are the result of the natural inclusion of boundary conditions in the optimiza-118

tion problem. Combining this with a data interpolation NN makes the proposed scheme119

handle sparse and irregularly sampled measurements accurately.120

Thus, the contributions of our work can be summarized as follows,121

–3–



manuscript submitted to JGR: Solid Earth

1. Introduce a novel PINN-based eikonal tomography framework that inverts for the122

velocity and travel time fields with a single loss term for training the PINNs model.123

2. Derive a new isotropic eikonal equation with hard-constrained data measurements.124

3. Propose the use of a nonlinear data interpolation scheme to handle sparse and ir-125

regularly sampled measurements.126

4. Analyze different travel time factorization approaches that best suit PINN-based127

eikonal tomography.128

5. Provide, to the best of our knowledge, the first evidence of the use of PINN-based129

eikonal tomography to handle regional-scale 3D data.130

In the following, we begin by providing the necessary theoretical background to de-131

rive the proposed framework, followed by several numerical experiments to showcase the132

flexibility and efficiency of the framework in different acquisition scenarios.133

2 Methodology134

In this section, we will first present the governing eikonal equation in its factorized135

form. We will then discuss how to embed the measured travel time data as hard con-136

straints in the eikonal equation. Finally, we share the rationale for using a neural net-137

work to perform nonlinear data interpolation.138
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Figure 1. The proposed workflow for our PINN-based eikonal tomography problem.

2.1 The Isotropic Eikonal and Its Factorization139

The eikonal equation for an isotropic medium can be written in the form of (Červený,140

2000):141

|∇T (x)|2 =
1

v2(x)
, (1)142

where T denotes the travel time field and v denotes the medium phase velocity, both as143

a function of position vector x = {x, y, z} ∈ R3 for a three-dimensional Cartesian sys-144
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tem. To mitigate the source singularity problem, the travel time field can also be split145

into an additive form, which yields the so-called factored eikonal equation given by:146

T (x) = τ(x) + T0(x), (2)147

where a scalar τ is introduced to map the background travel time T0 to the actual travel148

time T . Specifically, the background travel time is simply defined as:149

T0(x) =

√
(x− xs)2

v0(x)
, (3)150

which is given by the distance from the source location {xs} divided over some background151

velocity, e.g., a constant velocity (v0).152

Using equation 2 to represent the travel time field T , we have,153

∇T (x) = ∇τ(x) +∇T0(x). (4)154

2.2 Incorporating Data as Hard Constraint155

To incorporate the measured travel time data in the eikonal equation as a hard con-156

straint, we use the theory of connection functions (Schiassi et al., 2020). For this deriva-157

tion, we first consider a typical surface tomography experiment in which the data mea-158

surements Td take place along a constant depth surface at zr. In this case, we suggest159

the following representation of the travel time field:160

T (x) = ζ(z)τ̂ (x) + τd (x, y) + T0 (x) , (5)161

where162

ζ(z) = z − zr, (6)163

and164

τd(x, y) = Td(x, y)− T0(x, y, z = zr). (7)165

The term τ̂(x) is parameterized by a neural network (NN) functional. Alternatively, for166

a typical cross-hole measurement, where the source and receiver locations are fixed at167

a certain lateral location, we can easily adapt equation 5 using168

ζ(x) = x− xr. (8)169

More generally, we can even further impose a topography-dependent recording surface170

in which the zr in equation 6 is a function of x (for a surface tomography problem). Com-171

pared to the original factored eikonal equation, here the new factor τ̂ is not guaranteed172

to be positive everywhere in the domain of interest.173

To this end, the overall workflow of our proposed PINN-based tomography is demon-174

strated in Figure 1. The core of the inversion is shown by the left two NNs while the right175

NN corresponds to the optional data fitting/interpolation NN (NNT̂d
) trained prior to176

the main inversion (training) process. The PINNs tomography model consist of two NNs,177

trained simultaneously from randomly initialized weights, to predict the velocity (NNv̂)178

and the travel time (NNτ̂ ). The inputs to the travel time NN function are the location179

of the source, {xs} and the position in space {x}, whereas only {x} are inputs to the180

velocity NN function. Using automatic differentiation (AD) (Baydin et al., 2018), we can181

compute the lateral travel time derivatives (∂hτ̂). The data NN function of the source182

and sensor locations is trained in a supervised fashion prior to the PINNs’ training us-183

ing a loss function, L, that measures the misfit between the predicted data and the mea-184

sured data Td. The data network takes as input the location of the source {xs} and re-185

ceiver {xr}. Once trained, the data travel time NN will not only provide us with the abil-186

ity to handle sparse measurements, it also admits the gradient of the travel time data187
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through AD (∂hτ̂d), which is needed for the new eikonal as we will see. We can compute188

the gradient either prior or during the PINNs training.189

Using equation 4, the travel time gradient components of the eikonal can be for-190

mulated as:191

∂T (x)

∂x
= ζ(z)

∂τ̂ (x)

∂x
+

∂τd (x, y)

∂x
+

∂T0 (x)

∂x
, (9)192

193

∂T (x)

∂y
= ζ(z)

∂τ̂ (x)

∂y
+

∂τd (x, y)

∂y
+

∂T0 (x)

∂y
, (10)194

and195

∂T (x)

∂z
= ζ(z)

∂τ̂ (x)

∂z
+

∂ζ(z)

∂z
τ̂ (x) +

∂T0 (x)

∂z
. (11)196

Hence, the proposed loss function for the PINN, J, can be constructed by plugging in197

the gradients from the travel time network (equations 9 to 11) and the velocity v̂ from198

the velocity network into equation 1.199

J =
1

N

N∑
i=1

(
∂T (xi)

∂x

2

+
∂T (xi)

∂y

2

+
∂T (xi)

∂z

2

− 1

v̂2(xi)

)
. (12)200

2.3 Non-linear Data Interpolation201
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Figure 2. The data NN interpolation demonstration. The acquisition setup (left column, a

and d). Travel time data and its horizontal derivatives (middle and right columns). The events

used in the training are depicted by the blue dots, while results in the middle and right columns

correspond to the green star event, and the receivers are denoted by the yellow triangles. True

corresponds to those travel times and horizontal derivatives evaluated by solving the eikonal

equation numerically on a fine grid.

One of the most celebrated and well-known fact about NN is that it acts as a good202

universal function approximator (Hornik et al., 1989). Thus, it naturally provides us with203

multidimensional (determined by the number of input coordinates) nonlinear interpo-204

lation. Since the data NN learns the travel time for multiple sources and receivers char-205

acterized by their 3D location in space, the deep nature of the network function allows206

it to utilize most of the travel time information to predict travel times for sources and207
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receivers not represented in the training (interpolation). This feature is crucial to its ef-208

fectiveness in the tomography application.209

To exemplify our point, consider two measured data from two different event lo-210

cations (Figures 2) in which the data are recorded along a certain mountain top. The211

data are synthetically generated using the Marmousi model (Figure 5a). The receiver212

arrays are distributed almost regularly, but with a large gap near the mountain top (around213

3.5 km location). The sources (given by the blue dots) are sampled from the earthquake214

events provided by the catalog in (Fang et al., 2022), and are the ones used to train the215

data NN. The middle column in Figure 2 shows the predicted travel times, compared to216

the eikonal solution, at all points on the surface for a source given by the green star, top217

and bottom rows separately. We can see that the NN managed to capture the apex of218

the hyperbolic travel time curve quite accurately–even when no receivers are present in219

this area. More importantly, the lateral derivatives (Figure 2, c and f) predicted (by per-220

forming backpropagation on the NN) are also in good agreement with the one evaluated221

directly from the numerical solution of the eikonal solution using fine sampling.222

3 Numerical Experiments223

In this section, we examine the flexibility and stability of the proposed single-term224

PINNs’ loss function (equation 12). The first subsection will cover the evaluation of the225

method in a 2D exploration seismological setting where the seismometers are placed along226

a borehole with varying data sparsity. To further demonstrate the flexibility of the for-227

mulation, we dedicate the second subsection for different recording surface settings in228

a surface tomography setup on a synthetic 2D velocity model. We will also demonstrate,229

in the third subsection, numerical reasoning behind the use of additive as opposed to mul-230

tiplicative factorization for the travel time. Finally, we showcase the stability of the method231

in handling complex 3D velocity distribution. A single graphics processing unit NVIDIA232

Quadro RTX 8000 (48 GB memory) is used to perform the inversion (Data NN and PINNs’233

training).234

3.1 Crosswell Tomography Experiment in 2D Medium235

In this setting, we use a cropped 2D 1x1 km2 SEG Advanced Modeling Program236

(SEAM) velocity model depicted in Figure 3a. We use a 0.01 km grid spacing in both237

(lateral and vertical) directions. The data are synthetically generated using a fast-marching-238

based eikonal solver and recorded at x = 1 km. We utilize an NN with 10 hidden lay-239

ers having 10 neurons in each layer for the velocity NN and the data NN and a 20 hid-240

den layers with 10 neurons in each layer for the travel time NN. All the three networks241

are initialized using the Glorot uniform initialization (Glorot & Bengio, 2010). The data242

NN is trained prior to the PINNs training using 500 epochs. The PINNs model is trained243

for 1000 epochs using the generated 112,211 training samples (x ={x, z}) with a sin-244

gle (full) batch optimization. All the NNs use the Exponential Linear Unit (ELU) ac-245

tivation function for the hidden layers, the rectified linear unit (ReLU) is used on the246

last neuron of the velocity NN. The training of all data NN and the PINN is done with247

an Adam optimizer (Kingma & Ba, 2014). We use an initial learning rate of 0.00015 and248

decrease its value by half every 100 training epochs.249

To highlight the ability of this framework in handling sparse data measurements,250

we share three scenarios differing in the receiver spacing. We consider three different re-251

ceiver spacing of 0.02, 0.06, and 0.15 km. The sources are located (along the vertical z-252

direction) at x=0 km with a vertical spacing of 0.1 km starting at z=0 km. Figures 3253

and 4 offer the cross-sectional view and vertical profiles for the different scenarios. From254

the inverted velocity section (Figure 3), we observe that PINNs are able to invert for the255

velocity accurately. Shown in Figure 3, we observe, as expected, a slight degradation with256

increasing receiver spacing in the inverted velocity’s lateral variation. This degradation,257
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Figure 3. Inverted velocity sections for different receivers spacing (0.02, 0.06, and 0.15 km)

in (b-d) comnpared to the the true velocity (a). The sources (white stars) and receivers (yellow

triangles) are located at a fixed lateral location of 0 km and 1 km, respectively.

however, seems negligible as the inverted velocity on the largest receiver spacing still cap-258

tures the shallow low-velocity layers of the model (Figure 4c) and follows the general in-259

creasing with depth velocity trend.260

3.2 Surface Seismic Tomography in a 2D Medium261

To further demonstrate the flexibility of the new travel time formulation (equation262

5), we consider four distinct surface tomography tests with different data acquisition se-263

tups. These include the typical regularly sampled dense shot-receiver geometry, the same264

sampling scheme as in the first scenario with a gap, sparse shot distribution, and topography-265

dependent layout in a passive seismic recording setup. In all of these tests, we use an NN266

with 10 hidden layers containing 10 neurons in each layer for the velocity network and267

the data interpolation network. An NN with 20 hidden layers having 20 neurons in each268

layer is used for the higher dimensional travel time NN. We train the data NN for 5000269

epochs. The travel time and velocity NNs use the ELU activation function while the data270

NN uses a rectified linear unit (ReLU) activation function. All of the three NNs use an271

Adam optimizer. We utilize a portion of the Marmousi model (Figure 5a) with a max-272

imum lateral location of 8.6 km and maximum depth of 1 km. We discretize the com-273

putational domain using a 10 m vertical and 30 m lateral grid spacing.274

Having the shot-receiver pairs regularly and densely sampled at a constant-depth275

acquisition setup, we consider the tomogram from the first scenario (Figure 5b) to be276

the reference solution for the other three scenarios. Specifically, the sources and receivers277

are sampled at a spacing interval of 200 m and 20 m, respectively. As shown in Figure278

5b, the inversion manages to capture the general lateral variation accurately. We then279

use a sparser receiver sampling of 300 m and introduce a gap (in the sources and receivers,280

like an obstacle) that extends from 1.2 to 5.8 km lateral location in the model. Depicted281

in Figure 5c is the corresponding inverted velocity. We see degradation in terms of the282
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Figure 4. Vertical velocity profiles comparison for the cross-hole experiment for different re-

ceivers spacing (0.02, 0.06, and 0.15 km). Profiles in (a-c) are extracted at the borehole location

(1 km lateral location) from Figure 3.

general lateral velocity resolution, especially under the gap, as we reduce almost half of283

the recording surface. The degraded tomogram, however, might still be considered a rea-284

sonable initial velocity model for further imaging (e.g., full waveform inversion). Using285

receivers sampled densely like in the first scenario, we reduce the shot sampling inter-286

val to 2.7 km in the third scenario. From the inverted velocity profile (Figure 5d), we287

can see that even with only four shots, the inverted velocity model captures the lateral288

variation of the actual model with high fidelity. Although some deep structures are ob-289

viously not well resolved, compared to the denser shot distribution (Figure 5b), the two290

tomograms are in good agreement.291

To further highlight the efficacy of the new PINNs formulation, we test the same292

problem with a topography-dependent surface recording. It is straightforward to derive293

the PINNs’ objective function by introducing a different ζ in equation 6, i.e., ζ(x, z). We294

also demonstrate the framework’s ability to handle uneven source distributions by con-295

sidering sampled earthquake locations from the southern part of California (Fang et al.,296

2022). The overall improvement from the tomogram can be attributed to the fact that297

now we image the transmission from the source as opposed to the diving waves in the298

previous three scenarios.299

Finally, vertical velocity profiles are shown to further analyze the reconstructed ve-300

locity models. Although in general, the vertical profiles are identical (at least at the given301

lateral location), we can see that the 7-source experiments (Figures 5d and 6c) produce302

identical results when compared to the dense measurements (Figures 5b and 6a). The303

loss curves for the different scenarios are shown in Figure 7. We obtain slightly faster304

convergence with less data.305

3.3 Suitable Factorization Approach for Data Hard-Constrained Eikonal306

Tomography307

Before proceeding to the last sets of experiments, it is worth noting the role of travel308

time factorization on the PINNs’ inversion. Specifically, the choice of factorization plays309

a major role in ensuring stability of the inversion. To this end, most of the previous works310

suggest the use of multiplicative factorization (i.e., changing the addition operation into311
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Figure 5. Inverted velocity sections for four different data acquisition scenarios (b-e) com-

pared to the true velocity (a). The sources and receivers are denoted by the white and yellow

dots, respectively.
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Figure 6. Vertical velocity profiles comparison for the 2D surface experiment for different

scenarios in 5 (b-e). Profiles are extracted at 2.1 km lateral location.
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Figure 7. Loss curves for the training to obtain the inversion results shown in Figures 5(b-e).
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Figure 8. Factorization comparison. Multiplicative factorization, its lateral and vertical

first-order derivatives extracted from the true τ̂(x) are depicted in (a-c), respectively. The same

configuration for the additive factorization approach are depicted in (d-f). The sections are ex-

tracted from the true τ̂(x) field in Figure 5b.
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Figure 9. Three 3D velocity models used to simulate the travel time data. A 2.5D true ve-

locity from a cropped Marmousi model (a). True 3D velocity models synthetic SEAM Phase II

model (b) and derived from (White et al., 2021) (c).

multiplication in equation 2) to yield312

T (x) = τ(x) · T0(x). (13)313

From our experiments, however, we find that for a hard-constraint PINN-based tomog-314

raphy, the additive factorization is more favorable than the multiplicative factorization.315

Figure 8, which represents a depth slice of the true τ̂(x) for a surface tomography ac-316

quisition performed in the next section, exemplifies the point. These figures demonstrate317

that the additive factorization yields a much smoother true travel time factor (τ̂(x)) func-318

tion. We can see that the τ̂(x) values varies significantly between the depth near the source319

location (z = 0.03 km) and away from the source (z = 1 km) for the multiplicative fac-320

torization (Figure 8a), while the additive (Figure 8d) yields an almost constant function.321

The lateral and vertical (middle and right columns of Figure 8) further highlights the322

significant amplitude difference between the two approaches. Hence, with the known spec-323

tral bias feature of the NN (Rahaman et al., 2019), the travel time NN will favor pre-324

dicting the additive (smoother) function over the multiplicative factorization function.325

3.4 Surface Seismic Tomography in a 3D Medium326

As mentioned earlier, the multi-term nature of previous PINN-based seismic to-327

mography results in challenging training dynamics. Thus, previous PINN-based seismic328

tomography approaches, so far, only consider a 2D representation of the Earth. This sec-329

tion demonstrates the PINNs’ ability to invert for a 3D velocity distribution by virtue330

of the more stable single-term loss function. We perform numerical simulation on three331

different 3D velocity models depicted in Figure 9.332

3.4.1 2.5D Synthetic Velocity333

We first consider a 2.5D velocity model. We duplicate the same cropped Marmousi334

model in the previous 2D subsection along the y axis depicted in Figure 9a. We use a335

0.02 km grid spacing for the vertical and 0.1 km grid spacing for the lateral directions.336

The data are synthetically generated using a forward eikonal solver and recorded at z =337

0 km. The sources are located near the surface and are regularly sampled with a lateral338

spacing of 1 km. We utilize a 12-layer with 12 neurons NN for the velocity NN and a 12-339

layer with 24 neurons for the travel time NN. All of these networks are initialized using340

the Glorot uniform initialization. These NNs use the ELU activation function and an341

Adam optimizer. The PINNs are trained for 1000 epochs using the generated 31,267,539342

training samples (x ={x, y, z}) with a 15,633 batch size. Throughout the subsequent343

experiments, we use an initial learning rate of 0.0005 and decrease its value by half ev-344
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Figure 10. Velocity sections for the 2.5D cropped Marmousi model. The initial, inverted, and

true velocity slices are depicted from the left to right columns. The top to bottom rows show the

slices for xy, xz, yz planes on z = 0.5 km, y = 3 km, x = 2 km, respectively.

ery 200 training epochs. Further, we do not utilize the data NN for these regularly sam-345

pled measurements experiments.346

Figure 10 offers a cross-sectional view of the inversion performance. We find a good347

agreement between the inverted velocity (middle column) and the true velocity model348

(right column). Figure 11 also demonstrates the accurate inverted velocity from a ver-349

tical profile view. Using the same computational domain and sample training points, we350

can further compare the 2D and 2.5D inversion process (Figure 12). By also comparing351

the inverted section between the 2D (Figure 5b) and 2.5D (Figure 10e), we observe a bet-352

ter and faster convergence of the 3D inversion. This is partially due to the fact that the353

rays cover a larger distance in the 2.5D model than the 2D case, and we have more il-354

lumination.355

3.4.2 3D Synthetic Velocity356

To investigate the framework’s ability on a more realistic Earth model, we consider357

a synthetic experiment using the cropped 3D SEAM Phase II Arid model depicted in358

Figure 9b. We use a 0.0187 km grid spacing for the vertical and 0.075 km grid spacing359

–13–



manuscript submitted to JGR: Solid Earth

2 4 6

Lateral Location 0.75 (km)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

D
ep

th
(k

m
)

Velocity (km/s)

Initial

True

Inverted

(a)

1 2 3

Lateral Location 5.0 (km)

0.0

0.2

0.4

0.6

0.8

1.0

D
ep

th
(k

m
)

Velocity (km/s)

Initial

True

Inverted

(b)

2 4 6

Lateral Location 1.5 (km)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

D
ep

th
(k

m
)

Velocity (km/s)

Initial

True

Inverted

(c)

2 4 6

Lateral Location 4.5 (km)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

D
ep

th
(k

m
)

Velocity (km/s)

Initial

True

Inverted

(d)

Figure 11. Vertical velocity profiles comparison for the 2.5D surface experiment at different

lateral locations extracted from the inverted velocity in Figure 10.
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Figure 12. Loss curves comparison between the training for the inversion performed in Figure

5b and Figure 10e.
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Figure 13. Velocity sections for the 3D SEAM Phase II Arid model. The initial, inverted, and

true velocity slices are depicted from the left to right columns. The top to bottom row shows the

slices for xy, xz, yz planes on z = 0.84 km, y = 0.75 km, x = 2.25 km, respectively.

for the lateral directions with a maximum lateral location and depth of 4.95 and 1.481360

km, respectively. The data are synthetically generated using a forward eikonal solver and361

stored at z = 0 km. The sources are located near the surface and are regularly sampled362

with a lateral spacing of 1.5 km. The PINNs is trained for 1000 epochs using the gen-363

erated 5,745,920 training samples (x ={x, y, z}) with a 2,872 batch size. We utilize the364

same model complexity and training mechanism as in the previous 2.5D experiment.365

The synthetic SEAM Phase II Arid is intended to mimic a challenging shallow crust366

(around the first 500 m) condition–typical to land exploration seismology cases. The right367

column of Figure 13 demonstrates the complex geological structures and lateral veloc-368

ity variations of the model. The inverted velocity sections (middle column of Figure 13)369

show good agreement, in terms of the geological structures, with the input model. Both370

of the faulting systems (around 2 km lateral location in Figures 13e & f) as well as the371

anticlinal structure (around 2 km lateral location in Figures 13h & i) are recovered by372

the inversion process. The vertical profiles (Figure 14 also exemplifies the good inver-373

sion results as the inverted velocity captures the relatively constant velocity around the374

first 0.8 km depth and increases sharply at around 0.9 km depth.375
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Figure 14. Vertical velocity profiles comparison for the 3D surface experiment at different

lateral locations extracted from the inverted velocity in Figure 13.

3.4.3 3D Regional Velocity376

Finally, to assess the performance of the framework’s in dealing with a typical regional-377

scale eikonal tomography problem, we also perform a numerical experiment using inverted378

velocity provided from the study of (White et al., 2021) depicted in Figure 9c. It is worth379

mentioning that the purpose of this subsection is solely a further proof-of-concept that380

PINNs can as well be a viable option to deal with a typical regional-scale eikonal tomog-381

raphy. Compared to the previous 3D models, this velocity model contains more complex382

lateral velocity variation near the shallow crust. The data are synthetically generated383

using a forward eikonal solver and stored at z = 0 km. The sources are located near the384

surface and are regularly sampled with a lateral spacing of 32.637 km. The PINNs are385

trained for 1000 epochs using the generated 23,040,000 training samples (x ={x, y, z})386

with a 11,520 batch size. We utilize the same model complexity and training mechanism387

as in the previous 2.5D experiment.388

Figure 16 illustrates the good agreement between the inverted and true (reference)389

velocity models. By comparing the inverted sections (middle column in Figure 16) and390

the true velocity (right column in Figure 16), we can see that the PINNs capture the com-391

plex shallow crust velocity variation. It is also worth noting that the inversion starts with392

a randomly initialized velocity model. This further demonstrates the stability of PINNs393

for eikonal tomography. Furthermore, we also find, at inference time (after the PINNs394

training), that we can instantly access the travel time field at a speed faster than a con-395

ventional eikonal solver (White et al., 2020). Running on the same Intel(R) Xeon(R) Gold396

6230R CPU @ 2.10GHz, the trained PINNs model takes 3.68 minutes while the conven-397

tional eikonal solver takes 4.63 minutes.398

4 Discussions399

This work promotes a new formulation of a PINN-based eikonal tomography that400

relies on a single PDE residual term in its objective function. We reformulate the con-401

ventional eikonal tomography by replacing an eikonal solver with an NN that predicts402

the (factored) travel time field and another NN that substitutes the inversion kernel (e.g.,403

adjoint-state method) to compute the velocity field. The minimization of the PINNs train-404

ing will then be driven by obeying the PDE residual and a data misfit terms. In this case,405

the data measurement misfit is enforced using a hard constraint during the PINNs train-406

–16–



manuscript submitted to JGR: Solid Earth

118°00'W 117°45'W 117°30'W 117°15'W

35°15'N

35°30'N

35°45'N

36°00'N

36°15'N

0 10

km

125°W
120°W 115°W 110°W

30°N

35°N

40°N

(a)
118°00'W 117°45'W 117°30'W 117°15'W

35°15'N

35°30'N

35°45'N

36°00'N

36°15'N

0 10

km

125°W
120°W 115°W 110°W

30°N

35°N

40°N

(b)

Figure 15. Map views of the events (yellow dots) and receivers (blue triangles) extracted

from (White et al., 2021) (a) and the modified surface (z=0 km), regularly sampled, sources ac-

quisition setup (b).

ing. Since lateral derivatives of the recorded travel time is needed, and to handle irreg-407

ularly sampled measurements, we proposed the use of an NN to learn the measurements408

and inherit tomographic information from the source-receiver input location. Combin-409

ing these three NNs as a framework, we found that hard-constrained measurement data410

significantly reduces the instability issues induced by the multi-term nature of the pre-411

vious PINN-based eikonal tomography. These properties can be attributed to the nat-412

ural inclusion of boundary conditions in the optimization problem. Thus, we alleviate413

a known pathology of the PINNs training in which a proper weighting scheme is needed414

to accommodate different loss function terms.415

As a result, the single-term loss function improves the PINN-based eikonal tomog-416

raphy convergence. We found empirically that it can handle complex velocity distribu-417

tion much better than the original PINN-based tomography formulation (Waheed et al.,418

2021a). It can even allow us to handle 3D measurements. Furthermore, the need for re-419

liable measurement data can be partially achieved by a tomographic interpolation NN.420

We believe that by combining these components, PINN-based eikonal tomography can421

be a viable option for velocity model building at all scales. One benefit comes in the form422

that the trained velocity NN acts as a compressed representation of the velocity model423

(e.g., 3D velocity models). Another important feature is its flexibility in handling dif-424

ferent acquisition scenarios. The method can still be applied without performing any co-425

ordinate transformation even for a topography-dependent recording surface. Moreover,426

as we have demonstrated, the travel time NN performs more efficiently than a conven-427

tional eikonal solver.428

We have shown in the context of eikonal tomography that we can provide a sta-429

ble inversion by reducing the number of loss terms in the training process. However, PINN-430

based approaches still require further development as an emerging option for further seis-431

mic tomography applications. Fortunately, the method presented here is orthogonal with432

previous attempts that view improper sampling as the major source of poor performance433

of PINNs. In other words, further development can accommodate a better sampling strat-434
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Figure 16. Velocity sections for the 3D Earth model from (White et al., 2021). The initial,

inverted, and true velocity slices are depicted from the left to right columns. The top to bottom

row shows the depth, latitude, and longitude sections on 0.91 km, 35.6◦ N, 117.8◦ W, respec-

tively.
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egy that, for example, obeys causality (Wang et al., 2022) and accounts for samples that435

have higher residual errors (Yu et al., 2022). We have also demonstrated the capability436

of PINNs to handle complex and realistic velocity models, the remaining challenge now437

is on how we further accelerate the training convergence, especially for large data mea-438

surements. Furthermore, for industrial-size 3D field data measurements, distributed multi-439

GPU training is inevitable. As in such a scenario, a single-GPU setup will run into the440

issue of out-of-memory problems. We anticipate that a multi-GPU setup with a mixed-441

even half-precision (to accelerate the convergence) can be made possible courtesy of the442

stable single-term loss function. Therefore, such a method can be a starting way forward443

to utilize PINNs for large-scale eikonal tomography.444

5 Conclusions445

We proposed a new framework for eikonal tomography, which is more suitable for446

a PINN-based tomographic workflow. We train, simultaneously from randomly initial-447

ized weights, two NNs to invert for the phase velocity and travel time field. We also sug-448

gest an optional data interpolation NN that is embedded with tomographic information.449

The new framework allows us to rely on a stable single-term loss function. The stabil-450

ity of the PINNs inversion can also be attributed to the additive factorization used to451

decompose the travel time field. We found that this factorization will result in a more452

stable PINN-based tomography compared to the multiplicative version. With rigorous453

numerical experimentation, we have demonstrated that it leads to a robust and flexible454

inversion framework that handles 3D Earth’s model. Our new framework opens up new455

possibilities in dealing with sparse data measurements, that is typical in global seismo-456

logical applications.457

6 Data Availability Statement458

Codes and data needed to reproduce the results presented here will be made avail-459

able at https://github.com/hatsyim/HCPINNsEikonal.460
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