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Abstract

Eikonal tomography, or travel time inversion, has been one of the primary seismological tools for decades and has been used
to understand Earth’s properties and dynamic processes. At the heart of the inversion process is the need for an accurate,
and preferably flexible, eikonal solver to compute the travel time field. Most of the conventional eikonal solvers, however,
suffer from first-order convergence errors and difficulties in dealing with irregular computational grids. Physics-informed neural
networks (PINNs) have been introduced to tackle these problems and have shown great success in addressing those challenges.
Nevertheless, these approaches still suffer from slow convergence and unstable training dynamics due to the multi-term nature of
the loss function. To improve on this, we propose a new formulation for the isotropic eikonal equation, which imposes boundary
conditions as hard constraints. We employ the theory of functional connections to the eikonal tomography problem, which allows
for the utilization of a single loss term for training the PINN model. Through rigorous numerical tests, its efficiency, stability,
and flexibility in tackling a variety of cases, including topography-dependent and 3D models, are attested, thus providing an

efficient and stable PINN-based eikonal tomography.
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9 « We develop a novel implementation of eikonal tomography via physics-informed

10 neural networks (PINNs), in which we embed the measurements (data) as hard

1 constraints into the eikonal equation.

12 + We demonstrate the efficiency and flexibility of the new formulation for different
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Abstract

Eikonal tomography, or travel time inversion, has been one of the primary seismologi-

cal tools for decades and has been used to understand Earth’s properties and dynamic
processes. At the heart of the inversion process is the need for an accurate, and prefer-
ably flexible, eikonal solver to compute the travel time field. Most of the conventional
eikonal solvers, however, suffer from first-order convergence errors and difficulties in deal-
ing with irregular computational grids. Physics-informed neural networks (PINNs) have
been introduced to tackle these problems and have shown great success in addressing those
challenges. Nevertheless, these approaches still suffer from slow convergence and unsta-

ble training dynamics due to the multi-term nature of the loss function. To improve on
this, we propose a new formulation for the isotropic eikonal equation, which imposes bound-
ary conditions as hard constraints. We employ the theory of functional connections to

the eikonal tomography problem, which allows for the utilization of a single loss term

for training the PINN model. Through rigorous numerical tests, its efficiency, stability,
and flexibility in tackling a variety of cases, including topography-dependent and 3D mod-
els, are attested, thus providing an efficient and stable PINN-based eikonal tomography.

Plain Language Summary

Machine learning techniques have proven to be beneficial in various scientific and
engineering applications. One of these techniques, termed as physics-informed neural net-
works (PINNSs), attempts to solve parametric partial differential equations (PDEs) by
imposing the necessary conditions and PDE residuals into the objective function being
optimized. The multi-component nature of the PINNs’ objective function, however, of-
ten renders the training to be unstable. Here, we attempt to circumvent this pathology
by reformulating the PDE (eikonal equation) such that the necessary conditions (travel
time measurements) are naturally included in the PDE. Thus, the objective function yields
a single term that stabilizes the training process. We report that the proposed formu-
lation is also flexible to be incorporated into different eikonal tomography applications
from 2D to 3D Earth’s model seamlessly.

1 Introduction

Seismic tomography (inversion) has been and still is one of the primary seismolog-
ical tools for understanding the properties and description of the dynamic processes in-
side the Earth. Pioneered by the work of Dziewonski et al. (1977) and Aki et al. (1977),
eikonal tomography facilitates the tomographic process by inverting the measured travel
time information of the seismic waves. Although limited by the underlying ray theoretic
high-frequency asymptotic assumption, decades of development and utilization justify
the usability of the method in a wide range of seismological applications. In global seis-
mology, eikonal tomography is regularly used to locate earthquakes (Thurber, 1983; Klein,
2002; Hauksson et al., 2012), image the Earth’s interior via body waves (H. Zhang & Thurber,
2003), surfaces waves (Lin et al., 2007, 2009; Lin & Ritzwoller, 2011), joint surface-body
waves tomography (Rawlinson & Fishwick, 2012; Obrebski et al., 2012; Fang et al., 2016),
and deriving global velocity models (Simmons et al., 2012, 2021). On the exploration
front, it is heavily involved in the imaging of shallow crust (J. Zhang & Toksoz, 1998;
Zelt & Barton, 1998; Zelt et al., 2006), velocity model building for migration (Marsden,
1993; Dessa et al., 2004; Bergman et al., 2004) and full-waveform inversion (Virieux &
Operto, 2009; Fichtner, 2010; Tavakoli et al., 2017), and reservoir monitoring and char-
acterization (Bording et al., 1987).

At the heart of the travel time inversion process lies the eikonal equation. The eikonal
equation is a first-order nonlinear partial differential equation (PDE) that can be derived,
for example, from the infinite-frequency assumption of the wave equation. The tomo-
graphic algorithms can be performed by either performing linearization to the inversion
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operator (e.g., via ray theory (Cerveny, 2000) or via the eikonal (Alkhalifah, 2002)) or
using the adjoint-state method (Leung & Qian, 2006; Plessix, 2006; Taillandier et al.,
2009). The conventional linearization approach gives rise to the need of computing (and
storing) the Fréchet matrix, and its inverse, which is a challenge for 3D dense measure-
ments. The adjoint-state approach avoids the calculation of such a matrix and has shown
promising results over the years. Shared across these algorithms is the need for an ef-
ficient and preferably flexible way to solve the eikonal equation. To achieve this, con-
ventional algorithms resort to either the ray-based approaches (Cerveny, 2000; Julian

et al., 1977; Um & Thurber, 1987) or the grid-based approaches (Vidale, 1988; Qin et

al., 1992; Sethian, 1996; Rawlinson & Sambridge, 2004; Zhao, 2005). However, most of
these algorithms still suffer from the so-called first-order convergence error and sharp ve-
locity changes; in these scenarios, the algorithms may fail to converge (Rawlinson et al.,
2008). More importantly, a significant modification (e.g., coordinate transformation) needs
to be incorporated when dealing with irregular surface topography.

On another front, employing physics-informed neural networks (PINNs) (Raissi et
al., 2019) as a replacement to the conventional eikonal solver has shown promising re-
sults in addressing these issues. Smith et al. (2021) and Waheed et al. (2021b) demon-
strated the more accurate travel time fields produced by the PINN-based solver for travel
time modeling and identify the mesh-independent nature of such solvers. Taufik et al.
(2022) demonstrated the nonlinear interpolation ability of the PINN-based solver in deal-
ing with non-uniformly sampled data. Moreover, Waheed et al. (2021a) proposed a frame-
work for treating the ill-posed body wave tomography problems by simultaneously uti-
lizing two neural networks (NNs) to invert for the travel time and velocity fields. Chen
et al. (2022) extended the framework to invert for a surface wave tomography applica-
tion.

These successful cases can partially be explained by a well-known nonlinear inter-
polation ability of the NNs (Hornik et al., 1989) as well as the use of travel time factor-
ization approaches. Travel time factorization is introduced to overcome the so-called source-
singularity problem (Fomel et al., 2009). The problem statement then becomes, given
an initial (background) travel time field, the NN is trained to predict a variable that maps
the initial to the actual travel time field. Therefore, the factorization implicitly drives
the PINNSs’ loss function to include at least two terms, namely the PDE residual and the
boundary-related condition loss. For travel time tomography, both the boundary con-
dition and data mismatch need to be explicitly imposed during the training process of
PINNs. Hence, on top of the already challenging training dynamics, the multi-term na-
ture of the PINNs’ training under this regime often induces more instability due to the
need to properly balance the loss terms with respect to their weight and the number of
samples.

Several previous works attribute the PINNs’ instability to improper loss function
sampling. Wang et al. (2022) reformulated the PINNs’ objective functions by explicitly
obeying the physical causality. McClenny and Braga-Neto (2020) proposed the use of
an efficient weighting scheme to the multi-term objective function. Based on this idea,

(Yu et al., 2022) utilized an effective sampling based on the residual values. In this work,
orthogonal to the aforementioned approaches, we develop a new formulation for the isotropic
eikonal equation by imposing the boundary conditions as hard constraints (HC). We im-
plement the theory of functional connections (TFC) (Schiassi et al., 2020) into the eikonal
tomography problem, which admits a single loss term for training the PINNs-based model.
Trained in this fashion, not only does our formulation still inherit all the known favor-

able properties of PINNs, but it also makes the training more robust and efficient. These
properties are the result of the natural inclusion of boundary conditions in the optimiza-
tion problem. Combining this with a data interpolation NN makes the proposed scheme
handle sparse and irregularly sampled measurements accurately.

Thus, the contributions of our work can be summarized as follows,
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1. Introduce a novel PINN-based eikonal tomography framework that inverts for the
velocity and travel time fields with a single loss term for training the PINNs model.

2. Derive a new isotropic eikonal equation with hard-constrained data measurements.

3. Propose the use of a nonlinear data interpolation scheme to handle sparse and ir-
regularly sampled measurements.

4. Analyze different travel time factorization approaches that best suit PINN-based
eikonal tomography.

5. Provide, to the best of our knowledge, the first evidence of the use of PINN-based
eikonal tomography to handle regional-scale 3D data.

In the following, we begin by providing the necessary theoretical background to de-
rive the proposed framework, followed by several numerical experiments to showcase the
flexibility and efficiency of the framework in different acquisition scenarios.

2 Methodology

In this section, we will first present the governing eikonal equation in its factorized
form. We will then discuss how to embed the measured travel time data as hard con-
straints in the eikonal equation. Finally, we share the rationale for using a neural net-
work to perform nonlinear data interpolation.

NN,

X o000

NN

) Forward propagation
P ====sp Backward propagation
]L Data residual

q]] PDE residual

Figure 1. The proposed workflow for our PINN-based eikonal tomography problem.

2.1 The Isotropic Eikonal and Its Factorization

The eikonal equation for an isotropic medium can be written in the form of (Cerveny7

2000): )
VT (x)]? = ——, 1
VT = (1)
where T denotes the travel time field and v denotes the medium phase velocity, both as
a function of position vector x = {z,y, 2z} € R? for a three-dimensional Cartesian sys-
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tem. To mitigate the source singularity problem, the travel time field can also be split
into an additive form, which yields the so-called factored eikonal equation given by:

T(x) = 7(x) + To(x), (2)

where a scalar 7 is introduced to map the background travel time Ty to the actual travel
time T'. Specifically, the background travel time is simply defined as:

(x — x4)?

T() (X) = m (X)

; (3)
which is given by the distance from the source location {xs} divided over some background

velocity, e.g., a constant velocity (vp).

Using equation 2 to represent the travel time field T', we have,

VT (x) = V1 (x) + VIpH(x). (4)

2.2 Incorporating Data as Hard Constraint

To incorporate the measured travel time data in the eikonal equation as a hard con-
straint, we use the theory of connection functions (Schiassi et al., 2020). For this deriva-
tion, we first consider a typical surface tomography experiment in which the data mea-
surements T, take place along a constant depth surface at z.. In this case, we suggest
the following representation of the travel time field:

T'(x) = ((2)7 (x) + 7a (z,y) + To (%), (5)

where
((2) =2 — 2z, (6)

and
Ta(z,y) = Ta(z,y) — To(2,y, 2 = 2). (7)

The term 7(x) is parameterized by a neural network (NN) functional. Alternatively, for
a typical cross-hole measurement, where the source and receiver locations are fixed at
a certain lateral location, we can easily adapt equation 5 using

(@) =@ —a,. (8)

More generally, we can even further impose a topography-dependent recording surface

in which the z, in equation 6 is a function of x (for a surface tomography problem). Com-
pared to the original factored eikonal equation, here the new factor 7 is not guaranteed

to be positive everywhere in the domain of interest.

To this end, the overall workflow of our proposed PINN-based tomography is demon-
strated in Figure 1. The core of the inversion is shown by the left two NNs while the right
NN corresponds to the optional data fitting/interpolation NN (IV NTd) trained prior to
the main inversion (training) process. The PINNs tomography model consist of two NNs,
trained simultaneously from randomly initialized weights, to predict the velocity (INNy)
and the travel time (NN;). The inputs to the travel time NN function are the location
of the source, {xs} and the position in space {x}, whereas only {x} are inputs to the
velocity NN function. Using automatic differentiation (AD) (Baydin et al., 2018), we can
compute the lateral travel time derivatives (On7). The data NN function of the source
and sensor locations is trained in a supervised fashion prior to the PINNs’ training us-
ing a loss function, I, that measures the misfit between the predicted data and the mea-
sured data T;. The data network takes as input the location of the source {xs} and re-
ceiver {x,}. Once trained, the data travel time NN will not only provide us with the abil-
ity to handle sparse measurements, it also admits the gradient of the travel time data
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through AD (On74), which is needed for the new eikonal as we will see. We can compute
the gradient either prior or during the PINNs training.

Using equation 4, the travel time gradient components of the eikonal can be for-

mulated as:
oT (x) o7 (x)  Otq(x,y) 9OTp (x)
or <) oz + oz T or 9)
oT (x) o7 (x)  Orq(z,y) = ITp (x)
oy ¢(2) By + By + oy (10)
and
JoT (x) ot (x)  0¢(z) . 9Ty (x)
0z <) 0z + 0z () + gz (11)

Hence, the proposed loss function for the PINN, J, can be constructed by plugging in
the gradients from the travel time network (equations 9 to 11) and the velocity ¢ from
the velocity network into equation 1.

1L [T (x)? T (x)? 0T (x,)° 1
JNZ< o+ + - ) (12)

P dy 0z 92(x;)

2.3 Non-linear Data Interpolation
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Figure 2. The data NN interpolation demonstration. The acquisition setup (left column, a
and d). Travel time data and its horizontal derivatives (middle and right columns). The events
used in the training are depicted by the blue dots, while results in the middle and right columns
correspond to the green star event, and the receivers are denoted by the yellow triangles. True
corresponds to those travel times and horizontal derivatives evaluated by solving the eikonal

equation numerically on a fine grid.

One of the most celebrated and well-known fact about NN is that it acts as a good
universal function approximator (Hornik et al., 1989). Thus, it naturally provides us with
multidimensional (determined by the number of input coordinates) nonlinear interpo-
lation. Since the data NN learns the travel time for multiple sources and receivers char-
acterized by their 3D location in space, the deep nature of the network function allows
it to utilize most of the travel time information to predict travel times for sources and
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receivers not represented in the training (interpolation). This feature is crucial to its ef-
fectiveness in the tomography application.

To exemplify our point, consider two measured data from two different event lo-
cations (Figures 2) in which the data are recorded along a certain mountain top. The
data are synthetically generated using the Marmousi model (Figure 5a). The receiver
arrays are distributed almost regularly, but with a large gap near the mountain top (around
3.5 km location). The sources (given by the blue dots) are sampled from the earthquake
events provided by the catalog in (Fang et al., 2022), and are the ones used to train the
data NN. The middle column in Figure 2 shows the predicted travel times, compared to
the eikonal solution, at all points on the surface for a source given by the green star, top
and bottom rows separately. We can see that the NN managed to capture the apex of
the hyperbolic travel time curve quite accurately—even when no receivers are present in
this area. More importantly, the lateral derivatives (Figure 2, ¢ and f) predicted (by per-
forming backpropagation on the NN) are also in good agreement with the one evaluated
directly from the numerical solution of the eikonal solution using fine sampling.

3 Numerical Experiments

In this section, we examine the flexibility and stability of the proposed single-term
PINNSs’ loss function (equation 12). The first subsection will cover the evaluation of the
method in a 2D exploration seismological setting where the seismometers are placed along
a borehole with varying data sparsity. To further demonstrate the flexibility of the for-
mulation, we dedicate the second subsection for different recording surface settings in
a surface tomography setup on a synthetic 2D velocity model. We will also demonstrate,
in the third subsection, numerical reasoning behind the use of additive as opposed to mul-
tiplicative factorization for the travel time. Finally, we showcase the stability of the method
in handling complex 3D velocity distribution. A single graphics processing unit NVIDIA
Quadro RTX 8000 (48 GB memory) is used to perform the inversion (Data NN and PINNs’
training).

3.1 Crosswell Tomography Experiment in 2D Medium

In this setting, we use a cropped 2D 1x1 km? SEG Advanced Modeling Program
(SEAM) velocity model depicted in Figure 3a. We use a 0.01 km grid spacing in both
(lateral and vertical) directions. The data are synthetically generated using a fast-marching-
based eikonal solver and recorded at x = 1 km. We utilize an NN with 10 hidden lay-
ers having 10 neurons in each layer for the velocity NN and the data NN and a 20 hid-
den layers with 10 neurons in each layer for the travel time NN. All the three networks
are initialized using the Glorot uniform initialization (Glorot & Bengio, 2010). The data
NN is trained prior to the PINNs training using 500 epochs. The PINNs model is trained
for 1000 epochs using the generated 112,211 training samples (x ={z, z}) with a sin-
gle (full) batch optimization. All the NNs use the Exponential Linear Unit (ELU) ac-
tivation function for the hidden layers, the rectified linear unit (ReLU) is used on the
last neuron of the velocity NN. The training of all data NN and the PINN is done with
an Adam optimizer (Kingma & Ba, 2014). We use an initial learning rate of 0.00015 and
decrease its value by half every 100 training epochs.

To highlight the ability of this framework in handling sparse data measurements,
we share three scenarios differing in the receiver spacing. We consider three different re-
ceiver spacing of 0.02, 0.06, and 0.15 km. The sources are located (along the vertical z-
direction) at =0 km with a vertical spacing of 0.1 km starting at z=0 km. Figures 3
and 4 offer the cross-sectional view and vertical profiles for the different scenarios. From
the inverted velocity section (Figure 3), we observe that PINNs are able to invert for the
velocity accurately. Shown in Figure 3, we observe, as expected, a slight degradation with
increasing receiver spacing in the inverted velocity’s lateral variation. This degradation,
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Figure 3. Inverted velocity sections for different receivers spacing (0.02, 0.06, and 0.15 km)
in (b-d) comnpared to the the true velocity (a). The sources (white stars) and receivers (yellow

triangles) are located at a fixed lateral location of 0 km and 1 km, respectively.

however, seems negligible as the inverted velocity on the largest receiver spacing still cap-
tures the shallow low-velocity layers of the model (Figure 4c) and follows the general in-
creasing with depth velocity trend.

3.2 Surface Seismic Tomography in a 2D Medium

To further demonstrate the flexibility of the new travel time formulation (equation
5), we consider four distinct surface tomography tests with different data acquisition se-
tups. These include the typical regularly sampled dense shot-receiver geometry, the same
sampling scheme as in the first scenario with a gap, sparse shot distribution, and topography-
dependent layout in a passive seismic recording setup. In all of these tests, we use an NN
with 10 hidden layers containing 10 neurons in each layer for the velocity network and
the data interpolation network. An NN with 20 hidden layers having 20 neurons in each
layer is used for the higher dimensional travel time NN. We train the data NN for 5000
epochs. The travel time and velocity NNs use the ELU activation function while the data
NN uses a rectified linear unit (ReLU) activation function. All of the three NNs use an
Adam optimizer. We utilize a portion of the Marmousi model (Figure 5a) with a max-
imum lateral location of 8.6 km and maximum depth of 1 km. We discretize the com-
putational domain using a 10 m vertical and 30 m lateral grid spacing.

Having the shot-receiver pairs regularly and densely sampled at a constant-depth
acquisition setup, we consider the tomogram from the first scenario (Figure 5b) to be
the reference solution for the other three scenarios. Specifically, the sources and receivers
are sampled at a spacing interval of 200 m and 20 m, respectively. As shown in Figure
5b, the inversion manages to capture the general lateral variation accurately. We then
use a sparser receiver sampling of 300 m and introduce a gap (in the sources and receivers,
like an obstacle) that extends from 1.2 to 5.8 km lateral location in the model. Depicted
in Figure 5c is the corresponding inverted velocity. We see degradation in terms of the
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Figure 4. Vertical velocity profiles comparison for the cross-hole experiment for different re-
ceivers spacing (0.02, 0.06, and 0.15 km). Profiles in (a-c) are extracted at the borehole location

(1 km lateral location) from Figure 3.

general lateral velocity resolution, especially under the gap, as we reduce almost half of
the recording surface. The degraded tomogram, however, might still be considered a rea-
sonable initial velocity model for further imaging (e.g., full waveform inversion). Using
receivers sampled densely like in the first scenario, we reduce the shot sampling inter-
val to 2.7 km in the third scenario. From the inverted velocity profile (Figure 5d), we
can see that even with only four shots, the inverted velocity model captures the lateral
variation of the actual model with high fidelity. Although some deep structures are ob-
viously not well resolved, compared to the denser shot distribution (Figure 5b), the two
tomograms are in good agreement.

To further highlight the efficacy of the new PINNs formulation, we test the same
problem with a topography-dependent surface recording. It is straightforward to derive
the PINNs’ objective function by introducing a different ¢ in equation 6, i.e., {(x, z). We
also demonstrate the framework’s ability to handle uneven source distributions by con-
sidering sampled earthquake locations from the southern part of California (Fang et al.,
2022). The overall improvement from the tomogram can be attributed to the fact that
now we image the transmission from the source as opposed to the diving waves in the
previous three scenarios.

Finally, vertical velocity profiles are shown to further analyze the reconstructed ve-
locity models. Although in general, the vertical profiles are identical (at least at the given
lateral location), we can see that the 7-source experiments (Figures 5d and 6¢) produce
identical results when compared to the dense measurements (Figures 5b and 6a). The
loss curves for the different scenarios are shown in Figure 7. We obtain slightly faster
convergence with less data.

3.3 Suitable Factorization Approach for Data Hard-Constrained Eikonal
Tomography

Before proceeding to the last sets of experiments, it is worth noting the role of travel
time factorization on the PINNs’ inversion. Specifically, the choice of factorization plays
a major role in ensuring stability of the inversion. To this end, most of the previous works
suggest the use of multiplicative factorization (i.e., changing the addition operation into
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Figure 7. Loss curves for the training to obtain the inversion results shown in Figures 5(b-e).
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multiplication in equation 2) to yield
T(x) = 7(x) - To(x). (13)

From our experiments, however, we find that for a hard-constraint PINN-based tomog-
raphy, the additive factorization is more favorable than the multiplicative factorization.
Figure 8, which represents a depth slice of the true 7(x) for a surface tomography ac-
quisition performed in the next section, exemplifies the point. These figures demonstrate
that the additive factorization yields a much smoother true travel time factor (7(x)) func-
tion. We can see that the 7(x) values varies significantly between the depth near the source
location (z = 0.03 km) and away from the source (z = 1 km) for the multiplicative fac-
torization (Figure 8a), while the additive (Figure 8d) yields an almost constant function.
The lateral and vertical (middle and right columns of Figure 8) further highlights the
significant amplitude difference between the two approaches. Hence, with the known spec-
tral bias feature of the NN (Rahaman et al., 2019), the travel time NN will favor pre-
dicting the additive (smoother) function over the multiplicative factorization function.

3.4 Surface Seismic Tomography in a 3D Medium

As mentioned earlier, the multi-term nature of previous PINN-based seismic to-
mography results in challenging training dynamics. Thus, previous PINN-based seismic
tomography approaches, so far, only consider a 2D representation of the Earth. This sec-
tion demonstrates the PINNs’ ability to invert for a 3D velocity distribution by virtue
of the more stable single-term loss function. We perform numerical simulation on three
different 3D velocity models depicted in Figure 9.

3.4.1 2.5D Synthetic Velocity

We first consider a 2.5D velocity model. We duplicate the same cropped Marmousi
model in the previous 2D subsection along the y axis depicted in Figure 9a. We use a
0.02 km grid spacing for the vertical and 0.1 km grid spacing for the lateral directions.
The data are synthetically generated using a forward eikonal solver and recorded at z =
0 km. The sources are located near the surface and are regularly sampled with a lateral
spacing of 1 km. We utilize a 12-layer with 12 neurons NN for the velocity NN and a 12-
layer with 24 neurons for the travel time NN. All of these networks are initialized using
the Glorot uniform initialization. These NNs use the ELU activation function and an
Adam optimizer. The PINNs are trained for 1000 epochs using the generated 31,267,539
training samples (x ={z,y, z}) with a 15,633 batch size. Throughout the subsequent
experiments, we use an initial learning rate of 0.0005 and decrease its value by half ev-
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Figure 10. Velocity sections for the 2.5D cropped Marmousi model. The initial, inverted, and
true velocity slices are depicted from the left to right columns. The top to bottom rows show the

slices for zy, zz,yz planes on z = 0.5 km, y = 3 km, = = 2 km, respectively.

ery 200 training epochs. Further, we do not utilize the data NN for these regularly sam-
pled measurements experiments.

Figure 10 offers a cross-sectional view of the inversion performance. We find a good
agreement between the inverted velocity (middle column) and the true velocity model
(right column). Figure 11 also demonstrates the accurate inverted velocity from a ver-
tical profile view. Using the same computational domain and sample training points, we
can further compare the 2D and 2.5D inversion process (Figure 12). By also comparing
the inverted section between the 2D (Figure 5b) and 2.5D (Figure 10e), we observe a bet-
ter and faster convergence of the 3D inversion. This is partially due to the fact that the
rays cover a larger distance in the 2.5D model than the 2D case, and we have more il-
lumination.

3.4.2 3D Synthetic Velocity

To investigate the framework’s ability on a more realistic Earth model, we consider
a synthetic experiment using the cropped 3D SEAM Phase IT Arid model depicted in
Figure 9b. We use a 0.0187 km grid spacing for the vertical and 0.075 km grid spacing

,13,

3.5

3.0

km/s

2.5

2.0

3.5

3.0

2.5

2.0

km/s



Velocity (km/s) Velocity (km/s) Velocity (km/s) Velocity (km/s)
2 4 6 1 2 3 2 4 6 2 4 6
0.0 = Tnitial 0.0 N B (G R Tnitial 0.0 [ B ¢ S TInitial 0.0 [ Y (R TInitial
— True — True — True — True
0.2 y—===_Inverted : === Inverted 0.2k ===_Inverted 0.2k ===_Inverted
0.2} : :
0.4 0.4
EXX EXr =06
S5 S5 S5
= : = = :
2, 08F: 7, 5, 08f:
A A 06 A
Lof Lop
12} 0.8 12}
L4f+ i Laf:
LOF
Lateral Location 0.75 (km) Lateral Location 5.0 (km) Lateral Location 1.5 (km) Lateral Location 4.5 (km)

(a) (b) () (d)

Figure 11. Vertical velocity profiles comparison for the 2.5D surface experiment at different

lateral locations extracted from the inverted velocity in Figure 10.
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for the lateral directions with a maximum lateral location and depth of 4.95 and 1.481
km, respectively. The data are synthetically generated using a forward eikonal solver and
stored at z = 0 km. The sources are located near the surface and are regularly sampled
with a lateral spacing of 1.5 km. The PINNs is trained for 1000 epochs using the gen-
erated 5,745,920 training samples (x ={x,y, z}) with a 2,872 batch size. We utilize the
same model complexity and training mechanism as in the previous 2.5D experiment.

The synthetic SEAM Phase II Arid is intended to mimic a challenging shallow crust
(around the first 500 m) condition—typical to land exploration seismology cases. The right
column of Figure 13 demonstrates the complex geological structures and lateral veloc-
ity variations of the model. The inverted velocity sections (middle column of Figure 13)
show good agreement, in terms of the geological structures, with the input model. Both
of the faulting systems (around 2 km lateral location in Figures 13e & f) as well as the
anticlinal structure (around 2 km lateral location in Figures 13h & i) are recovered by
the inversion process. The vertical profiles (Figure 14 also exemplifies the good inver-
sion results as the inverted velocity captures the relatively constant velocity around the
first 0.8 km depth and increases sharply at around 0.9 km depth.
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Figure 14. Vertical velocity profiles comparison for the 3D surface experiment at different

lateral locations extracted from the inverted velocity in Figure 13.

3.4.3 3D Regional Velocity

Finally, to assess the performance of the framework’s in dealing with a typical regional-
scale eikonal tomography problem, we also perform a numerical experiment using inverted
velocity provided from the study of (White et al., 2021) depicted in Figure 9c. It is worth
mentioning that the purpose of this subsection is solely a further proof-of-concept that
PINNs can as well be a viable option to deal with a typical regional-scale eikonal tomog-
raphy. Compared to the previous 3D models, this velocity model contains more complex
lateral velocity variation near the shallow crust. The data are synthetically generated
using a forward eikonal solver and stored at z = 0 km. The sources are located near the
surface and are regularly sampled with a lateral spacing of 32.637 km. The PINNs are
trained for 1000 epochs using the generated 23,040,000 training samples (x ={x,y, 2})
with a 11,520 batch size. We utilize the same model complexity and training mechanism
as in the previous 2.5D experiment.

Figure 16 illustrates the good agreement between the inverted and true (reference)
velocity models. By comparing the inverted sections (middle column in Figure 16) and
the true velocity (right column in Figure 16), we can see that the PINNs capture the com-
plex shallow crust velocity variation. It is also worth noting that the inversion starts with
a randomly initialized velocity model. This further demonstrates the stability of PINNs
for eikonal tomography. Furthermore, we also find, at inference time (after the PINNs
training), that we can instantly access the travel time field at a speed faster than a con-
ventional eikonal solver (White et al., 2020). Running on the same Intel(R) Xeon(R) Gold
6230R CPU @ 2.10GHz, the trained PINNs model takes 3.68 minutes while the conven-
tional eikonal solver takes 4.63 minutes.

4 Discussions

This work promotes a new formulation of a PINN-based eikonal tomography that
relies on a single PDE residual term in its objective function. We reformulate the con-
ventional eikonal tomography by replacing an eikonal solver with an NN that predicts
the (factored) travel time field and another NN that substitutes the inversion kernel (e.g.,
adjoint-state method) to compute the velocity field. The minimization of the PINNs train-
ing will then be driven by obeying the PDE residual and a data misfit terms. In this case,
the data measurement misfit is enforced using a hard constraint during the PINNs train-
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quisition setup (b).

ing. Since lateral derivatives of the recorded travel time is needed, and to handle irreg-
ularly sampled measurements, we proposed the use of an NN to learn the measurements
and inherit tomographic information from the source-receiver input location. Combin-
ing these three NNs as a framework, we found that hard-constrained measurement data
significantly reduces the instability issues induced by the multi-term nature of the pre-
vious PINN-based eikonal tomography. These properties can be attributed to the nat-
ural inclusion of boundary conditions in the optimization problem. Thus, we alleviate

a known pathology of the PINNs training in which a proper weighting scheme is needed
to accommodate different loss function terms.

As a result, the single-term loss function improves the PINN-based eikonal tomog-
raphy convergence. We found empirically that it can handle complex velocity distribu-
tion much better than the original PINN-based tomography formulation (Waheed et al.,
2021a). It can even allow us to handle 3D measurements. Furthermore, the need for re-
liable measurement data can be partially achieved by a tomographic interpolation NN.
We believe that by combining these components, PINN-based eikonal tomography can
be a viable option for velocity model building at all scales. One benefit comes in the form
that the trained velocity NN acts as a compressed representation of the velocity model
(e.g., 3D velocity models). Another important feature is its flexibility in handling dif-
ferent acquisition scenarios. The method can still be applied without performing any co-
ordinate transformation even for a topography-dependent recording surface. Moreover,
as we have demonstrated, the travel time NN performs more efficiently than a conven-
tional eikonal solver.

We have shown in the context of eikonal tomography that we can provide a sta-
ble inversion by reducing the number of loss terms in the training process. However, PINN-
based approaches still require further development as an emerging option for further seis-
mic tomography applications. Fortunately, the method presented here is orthogonal with
previous attempts that view improper sampling as the major source of poor performance
of PINNs. In other words, further development can accommodate a better sampling strat-
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egy that, for example, obeys causality (Wang et al., 2022) and accounts for samples that
have higher residual errors (Yu et al., 2022). We have also demonstrated the capability

of PINNs to handle complex and realistic velocity models, the remaining challenge now

is on how we further accelerate the training convergence, especially for large data mea-
surements. Furthermore, for industrial-size 3D field data measurements, distributed multi-
GPU training is inevitable. As in such a scenario, a single-GPU setup will run into the
issue of out-of-memory problems. We anticipate that a multi-GPU setup with a mixed-
even half-precision (to accelerate the convergence) can be made possible courtesy of the
stable single-term loss function. Therefore, such a method can be a starting way forward
to utilize PINNs for large-scale eikonal tomography.

5 Conclusions

We proposed a new framework for eikonal tomography, which is more suitable for
a PINN-based tomographic workflow. We train, simultaneously from randomly initial-
ized weights, two NNs to invert for the phase velocity and travel time field. We also sug-
gest an optional data interpolation NN that is embedded with tomographic information.
The new framework allows us to rely on a stable single-term loss function. The stabil-
ity of the PINNs inversion can also be attributed to the additive factorization used to
decompose the travel time field. We found that this factorization will result in a more
stable PINN-based tomography compared to the multiplicative version. With rigorous
numerical experimentation, we have demonstrated that it leads to a robust and flexible
inversion framework that handles 3D Earth’s model. Our new framework opens up new
possibilities in dealing with sparse data measurements, that is typical in global seismo-
logical applications.

6 Data Availability Statement

Codes and data needed to reproduce the results presented here will be made avail-
able at https://github.com/hatsyim /HCPINNsEikonal.
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Abstract

Eikonal tomography, or travel time inversion, has been one of the primary seismologi-

cal tools for decades and has been used to understand Earth’s properties and dynamic
processes. At the heart of the inversion process is the need for an accurate, and prefer-
ably flexible, eikonal solver to compute the travel time field. Most of the conventional
eikonal solvers, however, suffer from first-order convergence errors and difficulties in deal-
ing with irregular computational grids. Physics-informed neural networks (PINNs) have
been introduced to tackle these problems and have shown great success in addressing those
challenges. Nevertheless, these approaches still suffer from slow convergence and unsta-

ble training dynamics due to the multi-term nature of the loss function. To improve on
this, we propose a new formulation for the isotropic eikonal equation, which imposes bound-
ary conditions as hard constraints. We employ the theory of functional connections to

the eikonal tomography problem, which allows for the utilization of a single loss term

for training the PINN model. Through rigorous numerical tests, its efficiency, stability,
and flexibility in tackling a variety of cases, including topography-dependent and 3D mod-
els, are attested, thus providing an efficient and stable PINN-based eikonal tomography.

Plain Language Summary

Machine learning techniques have proven to be beneficial in various scientific and
engineering applications. One of these techniques, termed as physics-informed neural net-
works (PINNSs), attempts to solve parametric partial differential equations (PDEs) by
imposing the necessary conditions and PDE residuals into the objective function being
optimized. The multi-component nature of the PINNs’ objective function, however, of-
ten renders the training to be unstable. Here, we attempt to circumvent this pathology
by reformulating the PDE (eikonal equation) such that the necessary conditions (travel
time measurements) are naturally included in the PDE. Thus, the objective function yields
a single term that stabilizes the training process. We report that the proposed formu-
lation is also flexible to be incorporated into different eikonal tomography applications
from 2D to 3D Earth’s model seamlessly.

1 Introduction

Seismic tomography (inversion) has been and still is one of the primary seismolog-
ical tools for understanding the properties and description of the dynamic processes in-
side the Earth. Pioneered by the work of Dziewonski et al. (1977) and Aki et al. (1977),
eikonal tomography facilitates the tomographic process by inverting the measured travel
time information of the seismic waves. Although limited by the underlying ray theoretic
high-frequency asymptotic assumption, decades of development and utilization justify
the usability of the method in a wide range of seismological applications. In global seis-
mology, eikonal tomography is regularly used to locate earthquakes (Thurber, 1983; Klein,
2002; Hauksson et al., 2012), image the Earth’s interior via body waves (H. Zhang & Thurber,
2003), surfaces waves (Lin et al., 2007, 2009; Lin & Ritzwoller, 2011), joint surface-body
waves tomography (Rawlinson & Fishwick, 2012; Obrebski et al., 2012; Fang et al., 2016),
and deriving global velocity models (Simmons et al., 2012, 2021). On the exploration
front, it is heavily involved in the imaging of shallow crust (J. Zhang & Toksoz, 1998;
Zelt & Barton, 1998; Zelt et al., 2006), velocity model building for migration (Marsden,
1993; Dessa et al., 2004; Bergman et al., 2004) and full-waveform inversion (Virieux &
Operto, 2009; Fichtner, 2010; Tavakoli et al., 2017), and reservoir monitoring and char-
acterization (Bording et al., 1987).

At the heart of the travel time inversion process lies the eikonal equation. The eikonal
equation is a first-order nonlinear partial differential equation (PDE) that can be derived,
for example, from the infinite-frequency assumption of the wave equation. The tomo-
graphic algorithms can be performed by either performing linearization to the inversion
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operator (e.g., via ray theory (Cerveny, 2000) or via the eikonal (Alkhalifah, 2002)) or
using the adjoint-state method (Leung & Qian, 2006; Plessix, 2006; Taillandier et al.,
2009). The conventional linearization approach gives rise to the need of computing (and
storing) the Fréchet matrix, and its inverse, which is a challenge for 3D dense measure-
ments. The adjoint-state approach avoids the calculation of such a matrix and has shown
promising results over the years. Shared across these algorithms is the need for an ef-
ficient and preferably flexible way to solve the eikonal equation. To achieve this, con-
ventional algorithms resort to either the ray-based approaches (Cerveny, 2000; Julian

et al., 1977; Um & Thurber, 1987) or the grid-based approaches (Vidale, 1988; Qin et

al., 1992; Sethian, 1996; Rawlinson & Sambridge, 2004; Zhao, 2005). However, most of
these algorithms still suffer from the so-called first-order convergence error and sharp ve-
locity changes; in these scenarios, the algorithms may fail to converge (Rawlinson et al.,
2008). More importantly, a significant modification (e.g., coordinate transformation) needs
to be incorporated when dealing with irregular surface topography.

On another front, employing physics-informed neural networks (PINNs) (Raissi et
al., 2019) as a replacement to the conventional eikonal solver has shown promising re-
sults in addressing these issues. Smith et al. (2021) and Waheed et al. (2021b) demon-
strated the more accurate travel time fields produced by the PINN-based solver for travel
time modeling and identify the mesh-independent nature of such solvers. Taufik et al.
(2022) demonstrated the nonlinear interpolation ability of the PINN-based solver in deal-
ing with non-uniformly sampled data. Moreover, Waheed et al. (2021a) proposed a frame-
work for treating the ill-posed body wave tomography problems by simultaneously uti-
lizing two neural networks (NNs) to invert for the travel time and velocity fields. Chen
et al. (2022) extended the framework to invert for a surface wave tomography applica-
tion.

These successful cases can partially be explained by a well-known nonlinear inter-
polation ability of the NNs (Hornik et al., 1989) as well as the use of travel time factor-
ization approaches. Travel time factorization is introduced to overcome the so-called source-
singularity problem (Fomel et al., 2009). The problem statement then becomes, given
an initial (background) travel time field, the NN is trained to predict a variable that maps
the initial to the actual travel time field. Therefore, the factorization implicitly drives
the PINNSs’ loss function to include at least two terms, namely the PDE residual and the
boundary-related condition loss. For travel time tomography, both the boundary con-
dition and data mismatch need to be explicitly imposed during the training process of
PINNs. Hence, on top of the already challenging training dynamics, the multi-term na-
ture of the PINNs’ training under this regime often induces more instability due to the
need to properly balance the loss terms with respect to their weight and the number of
samples.

Several previous works attribute the PINNs’ instability to improper loss function
sampling. Wang et al. (2022) reformulated the PINNs’ objective functions by explicitly
obeying the physical causality. McClenny and Braga-Neto (2020) proposed the use of
an efficient weighting scheme to the multi-term objective function. Based on this idea,

(Yu et al., 2022) utilized an effective sampling based on the residual values. In this work,
orthogonal to the aforementioned approaches, we develop a new formulation for the isotropic
eikonal equation by imposing the boundary conditions as hard constraints (HC). We im-
plement the theory of functional connections (TFC) (Schiassi et al., 2020) into the eikonal
tomography problem, which admits a single loss term for training the PINNs-based model.
Trained in this fashion, not only does our formulation still inherit all the known favor-

able properties of PINNs, but it also makes the training more robust and efficient. These
properties are the result of the natural inclusion of boundary conditions in the optimiza-
tion problem. Combining this with a data interpolation NN makes the proposed scheme
handle sparse and irregularly sampled measurements accurately.

Thus, the contributions of our work can be summarized as follows,
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1. Introduce a novel PINN-based eikonal tomography framework that inverts for the
velocity and travel time fields with a single loss term for training the PINNs model.

2. Derive a new isotropic eikonal equation with hard-constrained data measurements.

3. Propose the use of a nonlinear data interpolation scheme to handle sparse and ir-
regularly sampled measurements.

4. Analyze different travel time factorization approaches that best suit PINN-based
eikonal tomography.

5. Provide, to the best of our knowledge, the first evidence of the use of PINN-based
eikonal tomography to handle regional-scale 3D data.

In the following, we begin by providing the necessary theoretical background to de-
rive the proposed framework, followed by several numerical experiments to showcase the
flexibility and efficiency of the framework in different acquisition scenarios.

2 Methodology

In this section, we will first present the governing eikonal equation in its factorized
form. We will then discuss how to embed the measured travel time data as hard con-
straints in the eikonal equation. Finally, we share the rationale for using a neural net-
work to perform nonlinear data interpolation.

NN,

X o000

NN

) Forward propagation
P ====sp Backward propagation
]L Data residual

q]] PDE residual

Figure 1. The proposed workflow for our PINN-based eikonal tomography problem.

2.1 The Isotropic Eikonal and Its Factorization

The eikonal equation for an isotropic medium can be written in the form of (Cerveny7

2000): )
VT (x)]? = ——, 1
VT = (1)
where T denotes the travel time field and v denotes the medium phase velocity, both as
a function of position vector x = {z,y, 2z} € R? for a three-dimensional Cartesian sys-
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tem. To mitigate the source singularity problem, the travel time field can also be split
into an additive form, which yields the so-called factored eikonal equation given by:

T(x) = 7(x) + To(x), (2)

where a scalar 7 is introduced to map the background travel time Ty to the actual travel
time T'. Specifically, the background travel time is simply defined as:

(x — x4)?

T() (X) = m (X)

; (3)
which is given by the distance from the source location {xs} divided over some background

velocity, e.g., a constant velocity (vp).

Using equation 2 to represent the travel time field T', we have,

VT (x) = V1 (x) + VIpH(x). (4)

2.2 Incorporating Data as Hard Constraint

To incorporate the measured travel time data in the eikonal equation as a hard con-
straint, we use the theory of connection functions (Schiassi et al., 2020). For this deriva-
tion, we first consider a typical surface tomography experiment in which the data mea-
surements T, take place along a constant depth surface at z.. In this case, we suggest
the following representation of the travel time field:

T'(x) = ((2)7 (x) + 7a (z,y) + To (%), (5)

where
((2) =2 — 2z, (6)

and
Ta(z,y) = Ta(z,y) — To(2,y, 2 = 2). (7)

The term 7(x) is parameterized by a neural network (NN) functional. Alternatively, for
a typical cross-hole measurement, where the source and receiver locations are fixed at
a certain lateral location, we can easily adapt equation 5 using

(@) =@ —a,. (8)

More generally, we can even further impose a topography-dependent recording surface

in which the z, in equation 6 is a function of x (for a surface tomography problem). Com-
pared to the original factored eikonal equation, here the new factor 7 is not guaranteed

to be positive everywhere in the domain of interest.

To this end, the overall workflow of our proposed PINN-based tomography is demon-
strated in Figure 1. The core of the inversion is shown by the left two NNs while the right
NN corresponds to the optional data fitting/interpolation NN (IV NTd) trained prior to
the main inversion (training) process. The PINNs tomography model consist of two NNs,
trained simultaneously from randomly initialized weights, to predict the velocity (INNy)
and the travel time (NN;). The inputs to the travel time NN function are the location
of the source, {xs} and the position in space {x}, whereas only {x} are inputs to the
velocity NN function. Using automatic differentiation (AD) (Baydin et al., 2018), we can
compute the lateral travel time derivatives (On7). The data NN function of the source
and sensor locations is trained in a supervised fashion prior to the PINNs’ training us-
ing a loss function, I, that measures the misfit between the predicted data and the mea-
sured data T;. The data network takes as input the location of the source {xs} and re-
ceiver {x,}. Once trained, the data travel time NN will not only provide us with the abil-
ity to handle sparse measurements, it also admits the gradient of the travel time data
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through AD (On74), which is needed for the new eikonal as we will see. We can compute
the gradient either prior or during the PINNs training.

Using equation 4, the travel time gradient components of the eikonal can be for-

mulated as:
oT (x) o7 (x)  Otq(x,y) 9OTp (x)
or <) oz + oz T or 9)
oT (x) o7 (x)  Orq(z,y) = ITp (x)
oy ¢(2) By + By + oy (10)
and
JoT (x) ot (x)  0¢(z) . 9Ty (x)
0z <) 0z + 0z () + gz (11)

Hence, the proposed loss function for the PINN, J, can be constructed by plugging in
the gradients from the travel time network (equations 9 to 11) and the velocity ¢ from
the velocity network into equation 1.

1L [T (x)? T (x)? 0T (x,)° 1
JNZ< o+ + - ) (12)

P dy 0z 92(x;)

2.3 Non-linear Data Interpolation

0 2 4 6 8 0 2 4 6 8 0 2 4 6 8
B e i N ~0.015F
°® ___—0.010
— 02 ° =
£ " R “r ° —4} ~0.005
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(d) (e) (f)

Figure 2. The data NN interpolation demonstration. The acquisition setup (left column, a
and d). Travel time data and its horizontal derivatives (middle and right columns). The events
used in the training are depicted by the blue dots, while results in the middle and right columns
correspond to the green star event, and the receivers are denoted by the yellow triangles. True
corresponds to those travel times and horizontal derivatives evaluated by solving the eikonal

equation numerically on a fine grid.

One of the most celebrated and well-known fact about NN is that it acts as a good
universal function approximator (Hornik et al., 1989). Thus, it naturally provides us with
multidimensional (determined by the number of input coordinates) nonlinear interpo-
lation. Since the data NN learns the travel time for multiple sources and receivers char-
acterized by their 3D location in space, the deep nature of the network function allows
it to utilize most of the travel time information to predict travel times for sources and
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receivers not represented in the training (interpolation). This feature is crucial to its ef-
fectiveness in the tomography application.

To exemplify our point, consider two measured data from two different event lo-
cations (Figures 2) in which the data are recorded along a certain mountain top. The
data are synthetically generated using the Marmousi model (Figure 5a). The receiver
arrays are distributed almost regularly, but with a large gap near the mountain top (around
3.5 km location). The sources (given by the blue dots) are sampled from the earthquake
events provided by the catalog in (Fang et al., 2022), and are the ones used to train the
data NN. The middle column in Figure 2 shows the predicted travel times, compared to
the eikonal solution, at all points on the surface for a source given by the green star, top
and bottom rows separately. We can see that the NN managed to capture the apex of
the hyperbolic travel time curve quite accurately—even when no receivers are present in
this area. More importantly, the lateral derivatives (Figure 2, ¢ and f) predicted (by per-
forming backpropagation on the NN) are also in good agreement with the one evaluated
directly from the numerical solution of the eikonal solution using fine sampling.

3 Numerical Experiments

In this section, we examine the flexibility and stability of the proposed single-term
PINNSs’ loss function (equation 12). The first subsection will cover the evaluation of the
method in a 2D exploration seismological setting where the seismometers are placed along
a borehole with varying data sparsity. To further demonstrate the flexibility of the for-
mulation, we dedicate the second subsection for different recording surface settings in
a surface tomography setup on a synthetic 2D velocity model. We will also demonstrate,
in the third subsection, numerical reasoning behind the use of additive as opposed to mul-
tiplicative factorization for the travel time. Finally, we showcase the stability of the method
in handling complex 3D velocity distribution. A single graphics processing unit NVIDIA
Quadro RTX 8000 (48 GB memory) is used to perform the inversion (Data NN and PINNs’
training).

3.1 Crosswell Tomography Experiment in 2D Medium

In this setting, we use a cropped 2D 1x1 km? SEG Advanced Modeling Program
(SEAM) velocity model depicted in Figure 3a. We use a 0.01 km grid spacing in both
(lateral and vertical) directions. The data are synthetically generated using a fast-marching-
based eikonal solver and recorded at x = 1 km. We utilize an NN with 10 hidden lay-
ers having 10 neurons in each layer for the velocity NN and the data NN and a 20 hid-
den layers with 10 neurons in each layer for the travel time NN. All the three networks
are initialized using the Glorot uniform initialization (Glorot & Bengio, 2010). The data
NN is trained prior to the PINNs training using 500 epochs. The PINNs model is trained
for 1000 epochs using the generated 112,211 training samples (x ={z, z}) with a sin-
gle (full) batch optimization. All the NNs use the Exponential Linear Unit (ELU) ac-
tivation function for the hidden layers, the rectified linear unit (ReLU) is used on the
last neuron of the velocity NN. The training of all data NN and the PINN is done with
an Adam optimizer (Kingma & Ba, 2014). We use an initial learning rate of 0.00015 and
decrease its value by half every 100 training epochs.

To highlight the ability of this framework in handling sparse data measurements,
we share three scenarios differing in the receiver spacing. We consider three different re-
ceiver spacing of 0.02, 0.06, and 0.15 km. The sources are located (along the vertical z-
direction) at =0 km with a vertical spacing of 0.1 km starting at z=0 km. Figures 3
and 4 offer the cross-sectional view and vertical profiles for the different scenarios. From
the inverted velocity section (Figure 3), we observe that PINNs are able to invert for the
velocity accurately. Shown in Figure 3, we observe, as expected, a slight degradation with
increasing receiver spacing in the inverted velocity’s lateral variation. This degradation,



258

259

260

261

262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

277

278

279

280

281

282

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

0.0 0.0
0.2 3.5 0.2 3.5
El El
=< 04 30 A o04 30
~ —~
= g £ E
2 0.6 2.5 2. 0.6 25
% %
A A
0.8 2.0 0.8 2.0
1.0 - 1.0 -
Lateral Location (km) Lateral Location (km)
(a) (b)
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
0.0 0.0
0.2 35 0.2 35
] ]
£ 04 30 & 04 30
3 3
S i = E
2 0.6 2.5 2 0.6 2.5
o 5
A A
0.8 2.0 0.8 2.0
- 1.0 -
Lateral Location (km) Lateral Location (km)
() (d)

Figure 3. Inverted velocity sections for different receivers spacing (0.02, 0.06, and 0.15 km)
in (b-d) comnpared to the the true velocity (a). The sources (white stars) and receivers (yellow

triangles) are located at a fixed lateral location of 0 km and 1 km, respectively.

however, seems negligible as the inverted velocity on the largest receiver spacing still cap-
tures the shallow low-velocity layers of the model (Figure 4c) and follows the general in-
creasing with depth velocity trend.

3.2 Surface Seismic Tomography in a 2D Medium

To further demonstrate the flexibility of the new travel time formulation (equation
5), we consider four distinct surface tomography tests with different data acquisition se-
tups. These include the typical regularly sampled dense shot-receiver geometry, the same
sampling scheme as in the first scenario with a gap, sparse shot distribution, and topography-
dependent layout in a passive seismic recording setup. In all of these tests, we use an NN
with 10 hidden layers containing 10 neurons in each layer for the velocity network and
the data interpolation network. An NN with 20 hidden layers having 20 neurons in each
layer is used for the higher dimensional travel time NN. We train the data NN for 5000
epochs. The travel time and velocity NNs use the ELU activation function while the data
NN uses a rectified linear unit (ReLU) activation function. All of the three NNs use an
Adam optimizer. We utilize a portion of the Marmousi model (Figure 5a) with a max-
imum lateral location of 8.6 km and maximum depth of 1 km. We discretize the com-
putational domain using a 10 m vertical and 30 m lateral grid spacing.

Having the shot-receiver pairs regularly and densely sampled at a constant-depth
acquisition setup, we consider the tomogram from the first scenario (Figure 5b) to be
the reference solution for the other three scenarios. Specifically, the sources and receivers
are sampled at a spacing interval of 200 m and 20 m, respectively. As shown in Figure
5b, the inversion manages to capture the general lateral variation accurately. We then
use a sparser receiver sampling of 300 m and introduce a gap (in the sources and receivers,
like an obstacle) that extends from 1.2 to 5.8 km lateral location in the model. Depicted
in Figure 5c is the corresponding inverted velocity. We see degradation in terms of the
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(1 km lateral location) from Figure 3.

general lateral velocity resolution, especially under the gap, as we reduce almost half of
the recording surface. The degraded tomogram, however, might still be considered a rea-
sonable initial velocity model for further imaging (e.g., full waveform inversion). Using
receivers sampled densely like in the first scenario, we reduce the shot sampling inter-
val to 2.7 km in the third scenario. From the inverted velocity profile (Figure 5d), we
can see that even with only four shots, the inverted velocity model captures the lateral
variation of the actual model with high fidelity. Although some deep structures are ob-
viously not well resolved, compared to the denser shot distribution (Figure 5b), the two
tomograms are in good agreement.

To further highlight the efficacy of the new PINNs formulation, we test the same
problem with a topography-dependent surface recording. It is straightforward to derive
the PINNs’ objective function by introducing a different ¢ in equation 6, i.e., {(x, z). We
also demonstrate the framework’s ability to handle uneven source distributions by con-
sidering sampled earthquake locations from the southern part of California (Fang et al.,
2022). The overall improvement from the tomogram can be attributed to the fact that
now we image the transmission from the source as opposed to the diving waves in the
previous three scenarios.

Finally, vertical velocity profiles are shown to further analyze the reconstructed ve-
locity models. Although in general, the vertical profiles are identical (at least at the given
lateral location), we can see that the 7-source experiments (Figures 5d and 6¢) produce
identical results when compared to the dense measurements (Figures 5b and 6a). The
loss curves for the different scenarios are shown in Figure 7. We obtain slightly faster
convergence with less data.

3.3 Suitable Factorization Approach for Data Hard-Constrained Eikonal
Tomography

Before proceeding to the last sets of experiments, it is worth noting the role of travel
time factorization on the PINNs’ inversion. Specifically, the choice of factorization plays
a major role in ensuring stability of the inversion. To this end, most of the previous works
suggest the use of multiplicative factorization (i.e., changing the addition operation into
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Figure 7. Loss curves for the training to obtain the inversion results shown in Figures 5(b-e).
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multiplication in equation 2) to yield
T(x) = 7(x) - To(x). (13)

From our experiments, however, we find that for a hard-constraint PINN-based tomog-
raphy, the additive factorization is more favorable than the multiplicative factorization.
Figure 8, which represents a depth slice of the true 7(x) for a surface tomography ac-
quisition performed in the next section, exemplifies the point. These figures demonstrate
that the additive factorization yields a much smoother true travel time factor (7(x)) func-
tion. We can see that the 7(x) values varies significantly between the depth near the source
location (z = 0.03 km) and away from the source (z = 1 km) for the multiplicative fac-
torization (Figure 8a), while the additive (Figure 8d) yields an almost constant function.
The lateral and vertical (middle and right columns of Figure 8) further highlights the
significant amplitude difference between the two approaches. Hence, with the known spec-
tral bias feature of the NN (Rahaman et al., 2019), the travel time NN will favor pre-
dicting the additive (smoother) function over the multiplicative factorization function.

3.4 Surface Seismic Tomography in a 3D Medium

As mentioned earlier, the multi-term nature of previous PINN-based seismic to-
mography results in challenging training dynamics. Thus, previous PINN-based seismic
tomography approaches, so far, only consider a 2D representation of the Earth. This sec-
tion demonstrates the PINNs’ ability to invert for a 3D velocity distribution by virtue
of the more stable single-term loss function. We perform numerical simulation on three
different 3D velocity models depicted in Figure 9.

3.4.1 2.5D Synthetic Velocity

We first consider a 2.5D velocity model. We duplicate the same cropped Marmousi
model in the previous 2D subsection along the y axis depicted in Figure 9a. We use a
0.02 km grid spacing for the vertical and 0.1 km grid spacing for the lateral directions.
The data are synthetically generated using a forward eikonal solver and recorded at z =
0 km. The sources are located near the surface and are regularly sampled with a lateral
spacing of 1 km. We utilize a 12-layer with 12 neurons NN for the velocity NN and a 12-
layer with 24 neurons for the travel time NN. All of these networks are initialized using
the Glorot uniform initialization. These NNs use the ELU activation function and an
Adam optimizer. The PINNs are trained for 1000 epochs using the generated 31,267,539
training samples (x ={z,y, z}) with a 15,633 batch size. Throughout the subsequent
experiments, we use an initial learning rate of 0.0005 and decrease its value by half ev-
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Figure 10. Velocity sections for the 2.5D cropped Marmousi model. The initial, inverted, and
true velocity slices are depicted from the left to right columns. The top to bottom rows show the

slices for zy, zz,yz planes on z = 0.5 km, y = 3 km, = = 2 km, respectively.

ery 200 training epochs. Further, we do not utilize the data NN for these regularly sam-
pled measurements experiments.

Figure 10 offers a cross-sectional view of the inversion performance. We find a good
agreement between the inverted velocity (middle column) and the true velocity model
(right column). Figure 11 also demonstrates the accurate inverted velocity from a ver-
tical profile view. Using the same computational domain and sample training points, we
can further compare the 2D and 2.5D inversion process (Figure 12). By also comparing
the inverted section between the 2D (Figure 5b) and 2.5D (Figure 10e), we observe a bet-
ter and faster convergence of the 3D inversion. This is partially due to the fact that the
rays cover a larger distance in the 2.5D model than the 2D case, and we have more il-
lumination.

3.4.2 3D Synthetic Velocity

To investigate the framework’s ability on a more realistic Earth model, we consider
a synthetic experiment using the cropped 3D SEAM Phase IT Arid model depicted in
Figure 9b. We use a 0.0187 km grid spacing for the vertical and 0.075 km grid spacing
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for the lateral directions with a maximum lateral location and depth of 4.95 and 1.481
km, respectively. The data are synthetically generated using a forward eikonal solver and
stored at z = 0 km. The sources are located near the surface and are regularly sampled
with a lateral spacing of 1.5 km. The PINNs is trained for 1000 epochs using the gen-
erated 5,745,920 training samples (x ={x,y, z}) with a 2,872 batch size. We utilize the
same model complexity and training mechanism as in the previous 2.5D experiment.

The synthetic SEAM Phase II Arid is intended to mimic a challenging shallow crust
(around the first 500 m) condition—typical to land exploration seismology cases. The right
column of Figure 13 demonstrates the complex geological structures and lateral veloc-
ity variations of the model. The inverted velocity sections (middle column of Figure 13)
show good agreement, in terms of the geological structures, with the input model. Both
of the faulting systems (around 2 km lateral location in Figures 13e & f) as well as the
anticlinal structure (around 2 km lateral location in Figures 13h & i) are recovered by
the inversion process. The vertical profiles (Figure 14 also exemplifies the good inver-
sion results as the inverted velocity captures the relatively constant velocity around the
first 0.8 km depth and increases sharply at around 0.9 km depth.
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Figure 14. Vertical velocity profiles comparison for the 3D surface experiment at different

lateral locations extracted from the inverted velocity in Figure 13.

3.4.3 3D Regional Velocity

Finally, to assess the performance of the framework’s in dealing with a typical regional-
scale eikonal tomography problem, we also perform a numerical experiment using inverted
velocity provided from the study of (White et al., 2021) depicted in Figure 9c. It is worth
mentioning that the purpose of this subsection is solely a further proof-of-concept that
PINNs can as well be a viable option to deal with a typical regional-scale eikonal tomog-
raphy. Compared to the previous 3D models, this velocity model contains more complex
lateral velocity variation near the shallow crust. The data are synthetically generated
using a forward eikonal solver and stored at z = 0 km. The sources are located near the
surface and are regularly sampled with a lateral spacing of 32.637 km. The PINNs are
trained for 1000 epochs using the generated 23,040,000 training samples (x ={x,y, 2})
with a 11,520 batch size. We utilize the same model complexity and training mechanism
as in the previous 2.5D experiment.

Figure 16 illustrates the good agreement between the inverted and true (reference)
velocity models. By comparing the inverted sections (middle column in Figure 16) and
the true velocity (right column in Figure 16), we can see that the PINNs capture the com-
plex shallow crust velocity variation. It is also worth noting that the inversion starts with
a randomly initialized velocity model. This further demonstrates the stability of PINNs
for eikonal tomography. Furthermore, we also find, at inference time (after the PINNs
training), that we can instantly access the travel time field at a speed faster than a con-
ventional eikonal solver (White et al., 2020). Running on the same Intel(R) Xeon(R) Gold
6230R CPU @ 2.10GHz, the trained PINNs model takes 3.68 minutes while the conven-
tional eikonal solver takes 4.63 minutes.

4 Discussions

This work promotes a new formulation of a PINN-based eikonal tomography that
relies on a single PDE residual term in its objective function. We reformulate the con-
ventional eikonal tomography by replacing an eikonal solver with an NN that predicts
the (factored) travel time field and another NN that substitutes the inversion kernel (e.g.,
adjoint-state method) to compute the velocity field. The minimization of the PINNs train-
ing will then be driven by obeying the PDE residual and a data misfit terms. In this case,
the data measurement misfit is enforced using a hard constraint during the PINNs train-
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quisition setup (b).

ing. Since lateral derivatives of the recorded travel time is needed, and to handle irreg-
ularly sampled measurements, we proposed the use of an NN to learn the measurements
and inherit tomographic information from the source-receiver input location. Combin-
ing these three NNs as a framework, we found that hard-constrained measurement data
significantly reduces the instability issues induced by the multi-term nature of the pre-
vious PINN-based eikonal tomography. These properties can be attributed to the nat-
ural inclusion of boundary conditions in the optimization problem. Thus, we alleviate

a known pathology of the PINNs training in which a proper weighting scheme is needed
to accommodate different loss function terms.

As a result, the single-term loss function improves the PINN-based eikonal tomog-
raphy convergence. We found empirically that it can handle complex velocity distribu-
tion much better than the original PINN-based tomography formulation (Waheed et al.,
2021a). It can even allow us to handle 3D measurements. Furthermore, the need for re-
liable measurement data can be partially achieved by a tomographic interpolation NN.
We believe that by combining these components, PINN-based eikonal tomography can
be a viable option for velocity model building at all scales. One benefit comes in the form
that the trained velocity NN acts as a compressed representation of the velocity model
(e.g., 3D velocity models). Another important feature is its flexibility in handling dif-
ferent acquisition scenarios. The method can still be applied without performing any co-
ordinate transformation even for a topography-dependent recording surface. Moreover,
as we have demonstrated, the travel time NN performs more efficiently than a conven-
tional eikonal solver.

We have shown in the context of eikonal tomography that we can provide a sta-
ble inversion by reducing the number of loss terms in the training process. However, PINN-
based approaches still require further development as an emerging option for further seis-
mic tomography applications. Fortunately, the method presented here is orthogonal with
previous attempts that view improper sampling as the major source of poor performance
of PINNs. In other words, further development can accommodate a better sampling strat-
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egy that, for example, obeys causality (Wang et al., 2022) and accounts for samples that
have higher residual errors (Yu et al., 2022). We have also demonstrated the capability

of PINNs to handle complex and realistic velocity models, the remaining challenge now

is on how we further accelerate the training convergence, especially for large data mea-
surements. Furthermore, for industrial-size 3D field data measurements, distributed multi-
GPU training is inevitable. As in such a scenario, a single-GPU setup will run into the
issue of out-of-memory problems. We anticipate that a multi-GPU setup with a mixed-
even half-precision (to accelerate the convergence) can be made possible courtesy of the
stable single-term loss function. Therefore, such a method can be a starting way forward
to utilize PINNs for large-scale eikonal tomography.

5 Conclusions

We proposed a new framework for eikonal tomography, which is more suitable for
a PINN-based tomographic workflow. We train, simultaneously from randomly initial-
ized weights, two NNs to invert for the phase velocity and travel time field. We also sug-
gest an optional data interpolation NN that is embedded with tomographic information.
The new framework allows us to rely on a stable single-term loss function. The stabil-
ity of the PINNs inversion can also be attributed to the additive factorization used to
decompose the travel time field. We found that this factorization will result in a more
stable PINN-based tomography compared to the multiplicative version. With rigorous
numerical experimentation, we have demonstrated that it leads to a robust and flexible
inversion framework that handles 3D Earth’s model. Our new framework opens up new
possibilities in dealing with sparse data measurements, that is typical in global seismo-
logical applications.

6 Data Availability Statement

Codes and data needed to reproduce the results presented here will be made avail-
able at https://github.com/hatsyim /HCPINNsEikonal.
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