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Abstract

In this paper, a class of hematopoietic stem cell transplantation model with virus-to-cell HIV infection is proposed to characterize
the competitive exclusion and coexistence between the host CD4+T cells and donor CD4+T cells. First, the positivity and
boundedness of solutions as well as the basic reproduction number R are obtained. Second, criteria on the locally and globally
asymptotical stability of all feasiable equilibria are established. Furthermore, bifurcation analysis is performed on the mixed
chimerism infection equilibrium. Finally, the theoretical results are illustrated by numerical simulation, we find that chimerism

is an important indicator of model stability, and AIDS may be cured when chimerism reaches a certain threshold.
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1 | INTRODUCTION

As we all knows, AIDS caused by the human immunodeficiency virus (HIV) infection is one of the most fatal infectious diseases
in human history, which has infected more than 75 million people'l. By the end of 2022, there were 760,000 new cases of HIV
infection, with approximately 39 million people living with HIV, around 630,000 people dying from AIDS-related diseases?.
HIV invades human body mainly by means of blood, sexual contact, and mother-to-child transmission (vertical transmission)=,
which primarily attacks the human immune system, including CD4+T lymphocytes, monocyte-macrophages, and dendritic cells.
The main manifestation of HIV infection is a continuous decrease in the number of CD4+T lymphocytes, ultimately leads to
cellular immune deficiency and various opportunistic infections and tumors.

Usually, the process of HIV infection in human cells includes adsorption, membrane fusion and entry; reverse transcription,
nuclear entry and integration; transcription and translation; assembly, budding and maturation-. Currently, ART is the most
common treatment method, which could prevent HIV from entering human cells, block HIV replication within cells, or inhibit
the activity of enzymes required for integrating HIV gene material into human DNA. Among all HIV-infected individuals,
76% are receiving antiretroviral therapy”’, it could reduce plasma viral levels, prevents viral evolution, and slows disease
progression. However, the effectiveness of ART would significantly decrease as HIV drug resistance becomes increasingly
prevalent®. Additionally, due to the existence of persistent latent reservoirs of HIV-1, ART cannot completely eradicate HIV
from the patient’s body>.

Chemokines are small cytokines or signaling proteins with the ability to induce directed chemotaxis in nearby cells. CCRS is a
chemokine receptor on the surface of CD4+T cells®. In 1996, multiple research indicated that CCRS is the preferred chemokine
receptor necessary for HIV to enter lymphocytes”®?1% The CCR5A32/A32 homozygous mutation could efficiently prevent
HIV from invading CD4+T cells' "2, which greatly enhance the chance of full HIV cure.

In 2006, a hospital in Berlin, treated a patient named Timothy Brown (the Berlin Patient) who was suffering from both
AML and AIDS. To treat the acute myeloid leukemia, the doctors chose a bone marrow transplant from a donor with the

Abbreviations: ART, antiretroviral therapy; AML, acute myeloid leukemia; HSCT, hematopoietic stem cell transplantation.
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CCR5A32/A32 mutation. After transplantation, both AML and AIDS were cured, even several years after stopping ART, no
HIV was detected in his body. In 2011, scientists re-examined Brown’s blood and confirmed that his HIV viral load do not
rebounded, officially named Timothy Brown as “the first person in the world to be completely cured of AIDS”12. In 2020, the
second cured person of HIV, “the London Patient” emerged’®. In February 2022, researchers from the United States reported the
third “cured” AIDS patient, “the New York Patient” . In July 2022, “the City of Hope Patient” was reported; in February 2023,
“the Diisseldorf Patient” was reported'®. These cured AIDS patients are similar to the Berlin Patient in that they all recovered after
HSCT. Several studies indicated that allogeneic HSCT is currently the only medical means to completely cure AIDS! /82120,

Usually, HSCT is primarily used for blood system diseases, lymphomas, and many other conditions“!. Chimerism status is an
important indicator for assessing transplantation status, referring to the proportion of donor and host hematopoietic cells in the
host’s body. Complete chimerism indicates that donor cells make up more than 95% of the host’s bone marrow or peripheral
blood, while mixed chimerism indicates that donor cells make up between 5% and 95% of the host’s bone marrow or peripheral
blood?%. Transplant failure is divided into primary transplant failure and secondary transplant failure. Primary transplant failure
refers that achieve engraftment 28 days after peripheral blood stem cell or bone marrow stem cell transplantation or 42 days after
umbilical cord blood stem cell transplantation; secondary transplant failure refers to the decline or loss of at least two blood cell
lines after initially meeting the criteria for successful engraftment, or the loss of donor-host chimerism2*4%,

In 1997, Bonhoeffer et al.%* proposed the following HIV virus-to-cell model.

x=X—dx— [Bxv,
y = Bxv—ay, (1)
v=ky—uv,

where x, y, v refer to the density of susceptible, infected CD4+T cells, and free virus, respectively. A is the rate of healthy cell
production, d is the natural death rate of healthy cells, the infected cells are produced from the uninfected cells and free virus at
arate of (3, dying at a rate of ny, free virus are produced at a rate of ky, and die at a rate of uv.

Shinji et al.?% initially established a mathematical model for HSCT treatment of leukemia, established the theoretical conditions
for successful transplantation. Precup et al.“” proposed the following allogeneic bone marrow transplantation model to discuss
cell evolution after stem cell transplantation.

. a X+y+e
X = X —cCX,
l+bx+y+2)x+y+e+gz
. A x+y+e
= - Cy, 2
Y 1+B(x+y+z)x+y+s+Gzy ) @)
a Z+e€

7 +b(x+y+z)z+e+h(x+y)z_cz’

where x, y, z represent the normal cells, leukemia cells and donor cells. They found that the model has two asymptotically
stable equilibria. Meanwhile, when the initial concentration of host cells is known, a successful measure of the cells needed for
transplantation could be calculated.

In recent years, HSCT treatment for AIDS has gained great attention, and many related models have been proposed 282230,
Alison et al.?8 proposed a stochastic model to study the impact of chimerism on AIDS treatment. They concluded that the
probability of lifelong remission(cure) is 98% at 80% chimerism, while the probability of lifelong remission is greater than 99%
at 90% chimerism. Kallel et al.”? proposed a type of model to study the effects of stem cell transplantation on AIDS patients.
Manar et al.*" proposed the following mathematical model for HSCT treatment of AIDS:

S = (k(as—ap) -5y,

T =\r—drT + Qop + ap) kAS —k TV,
T; = krTV - p1iTs,

V= nr,Ti—c,V,

3)

where S, T, T; and V represent the concentrations of hematopoietic stem cells, uninfected CD4+T cells, infected CD4+T cells,
and free virus, respectively. k is the stem cell division rate, «, a4, ap are the probabilities of a stem cell dividing into two
undifferentiated cells, one undifferentiated cell and one differentiated cell, two differentiated cells, respectively. dy, dr, pi, ¢, are
the death rates of stem cells, uninfected CD4+T cells, infected CD4+T cells, and free virus, respectively. Ay is the production
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rate of uninfected CD4+T cells, k is the stem cell division rate, A is the amplification factor, k7 is the infection rate of CD4+T
cells, and 7; is the virus production rate. They found that stem cells offer hope for a cure for HIV-1 infection by increasing the
number of CD4+T cells in the blood immune system of HIV-1 patients

The model (3) characterized the process of hematopoietic stem cell differentiation but did not reflect the replacement
process between host and donor hematopoietic stem cells. According to 4GS0 the reason why AIDS can be cured
through HSCT is that the selected donor hematopoietic stem cells are all pure for the CCR5A32/A32 mutation and could fully
replacement the CD4+T cells of host. Therefore, taking donor and host CD4+T cells as two separate compartments is more
consistent with the actual background. Additionally, hosts are prone to immune exclusion led by CD4+T cells after HSCT as
well as competitive exclusion between the two types of CD4+T cells in host and donor after HSCT=L,

Based on above consideration, we propose the following haematopoietic stem cell transplantation model with HIV virus-to-cell
infection T
Ty = mf\ —pa1Tay = BVT4 — ki Ty T2,
Ty = BVTy1 — parTaa,
. “4)
V=NpupTy —pyV,

ar T

T) = A= 2Ty — ey Ty T,

a1 Ty + Ty
where T4y, T4, V, T, represent the number of uninfected CD4+T cells of the host, infected CD4+T cells of the host, free virus
particles, and CD4+T cells from the donor in the host’s body after HSCT at time #, respectively. In addition, &, k, represents the
competitive exclusion rates between Ty4; and T5. mg:f‘;ﬂz , mT‘ijrT;sz A reflect the recruitment rates that two types of CD4+T
cells competing in body, where «; represents the ratio of hematopoietic stem cell chimerism and o, represents the ratio of donor

CD4+ T cells, satisfying «; + a; = 1. The specific parameters are shown in the following table and are all positive constants.

TABLE 1 Biological significance of variables and parameters.

parameters Description parameters Description

ki (k) Donor (Receptor )CD4+T cell immune exclusion rate ny Death rate of free viruses

Jay Death rate of receptor healthy CD4+T cells a2 Death rate of receptor infected CD4+T cells
ag(on) The proportion of CD4+T cells in the receptor (donor) w2 Death rate of donor healthy CD4+T cells

B Infection rate of receptor healthy CD4+T cells A Recruitment rate

N Number of new viruses produced per infected cell

The rest of the paper is organized as follows: In Section 2, the basic properties of model (@), i.e., positivity and ultimate
boundedness are obtained. In Section 3, the existence and stability of all feasible equilibria of model (@) are established. In
Section 4, criteria on the bifurcation of model @ are established. In Section 5, the main theoretical results are illustrated by
numerical simulations. Finally, a brief conclusion is given in section 6.

2 | BASIC PROPERTIES
Denote Ri ={(x1,x0, -+ ,x4) ER*:x; > 0,i=1,2,---,4}. The initial condition for any solution of model (@) is as follows
(T41(0), T42(0), V(0), T5(0)) = (Tu10, Taz0» Vo, Tao) € RY. (5

For the positivity and boundedness of solutions of model {@)), we have the following result.

Theorem 1. The solution (T41(t), Tax (1), V (1), T2(2)) of model @) with initial condition (3)) is nonnegative and ultimately bounded
foranyt €[0,+00).

Proof. By the existence uniqueness theorem for solutions of ordinary differential equations®%, the solution
(Ts1(2), Taa(0), V (1), T2(1)) of model (@) under initial condition (3] exists on [0, T), where T < oo is the maximum interval of
existence of saturated solutions.
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First, we prove the nonnegativity of the solutions of model (). From the first equation of model (@) we have

dTy a1 Ty

= A- Ta1 — BVTay — k1T T
d " aTnt il parTar — BVTa1 — ki Tai T

(631
=l +B+kTh— ————— A | Tuy.
(M B+kiT, oTo + ol ) 41

Therefore

Tyl = T4loef’;(“41+ﬂ+k‘ TZ—WA)TMW& > 0.
Thus for T4;(0) > 0, T4 (¢) is always nonnegative at ¢t € [0, T). Similarly we get the non-negativity of 7>(?).

To obtain the nonnegativity of (T4, (?), V(#)), we denote m(#) = min {T4,(?), V() }, thus m(0) > 0. Assume that there exists a
t; > 0 such that m(t,) = 0, and m(¢) > O for all ¢ € [0, ;).

If m(t;) = T4p(t;) = 0, we have %‘ < 0. From the second equation of model (@)
1=h

dT s

— = (BVT4 >0,
dt =4 B H

which leads to a contraction. Thus for T4,(0) > 0, T4, (¢) is always nonnegative in ¢ € [0, T). Similarly we can obtain the
nonnegativity of V(z).
Next, we prove the boundedness of solution for model @). Let P = Ty + Ty + V + T3, from model @) we have
P=A—pg Ty — panTan — vV = 12 Ta = Ny Tap =k Ty To — ko Ty T
SA—pai Ty — papTap — pyV — oo
S A - ,LLP,
where p = min{ 41, a2, v, 2 }. Applying the principle of comparison one has lim sup P(#) < %, therefore, we can set that

11— 00
T41, T4, V, T» is bounded on E € [0, 1). Thus by the extension theorem of the solution? we know that T = co.
Furthermore we set I' = {(T41 T, V, 1) € Rﬁf :T(r) < %} be the positive invariant set of the system (@). ]

Let Ty = V = T, = 0, then system (@) has transplant failure infection-free equilibrium E' = (T},, T}, V!, T3) = (ﬁ, 0,0,0).

From the next generation matrix~>
VT4 par T
F= V= .
0 pvV —=NpgpTs

0 AT3, 0 pa
F = V= .
0 0 ~Npaz py

Then the basic reproduction number of model () R = p (FV') = %

Before going into details of discussion, we summarize the conclusions obtained for HIV virus-to-cell infection. It has been
proven that the dynamics of model (T)) is fully dependent on the basic reproduction number R, i.e., if R < 1, the disease-free
equilibrium E; of model (I)) is globally asymptotically stable. While if R > 1, the endemic equilibrium E, of model (I)) is

globally asymptotically stable.

Remark 1. The classical HIV virus-to-cell infection model (1)) discusses the interaction between R > (<)1 and the transmission
dynamics of HIV. In reality, if HIV is extinct, i.e., R < 1, which would be meaningless to consider HSCT. Therefore, it is only
when the disease could persist, i.e., R > 1, then HSCT would be constructive. Therefore, in the following discussion, we will
only consider the case that the virus cannot be extinguished in vivo without HSCT, i.e., R > 1.

3 | STABILITY ANALYSIS

In this section, we analyse the stability of all feasible equilibria of model (@).
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3.1 | Transplant failure infection-free Equilibrium

After HSCT, with the development of HIV and transplantion of haematopoietic stem cells in body, the infected cells and
viruses may be depleted, and the host CD4+T cells may exclude donor CD4+T cells, i.e., transplant failure infection-free
E' = (ﬁ, 0,0,0) of (@) would occur.

Theorem 2. If R > 1, the transplant failure infection-free equilibrium E' = (ﬁ, 0,0,0) of @) is unstable.

Proof. The characteristic equation at E' of model (@) is as follows

A
A+ gy 0 % —“gf“ +’2—4‘]\
0 A+puqy 22 0
AE-J (£ =
0 =N 4 )\+,U,V 0
o) koA
0 0 0 A—;—ﬂ+u2+ﬁ
BA
)\+’u42 T pa 0
= (A +pa1) | ~Npag A+ py 0
Qi koA
0 0 )‘_TIM“L'“ZJ’ﬁ

@ ko A
2L 4+ /j) <()\ + pan) (A + po) -

AN
:()\+u41){<>\_ 5“42”
1 41 a1
Then the eigenvalues of |)\E -J (E 1) | are

Al =—p41 <0, Ay =

Qo fi41 ko A
— -
(63 41

Where )3, \4 are the roots of the quadratic equation A2 + (42 + pty)\ — % We have

Ay = g+ py >0,

pap+py 0 BAN
- G ) (<252 ) <o
2 1 B AH ]Zlmz Haz + Hy 111

According to the Hurwitz criterion#, if R > 1, the transplant failure infection-free equilibrium E' of model (@) is unstable.
This completes the proof. ]

Remark 2. Theorem [2] means that if HSCT successfully make the virus and infected cells remove and the donor CD4+T cells are
excluded by the host CD4+T cells, then the HIV infection will not disappear. So it is impossible to remove viruses and infected
cells as well as donor CD4+T cells by HSCT except the host CD4+T cell if R > 1, which is consistent with the real circumstance.

3.2 | Complete donor chimerism infection-free equilibrium

After HSCT, there may be a complete replacement of host CD4+T cells by donor CD4+T cells, i.e. the complete donor chimerism
infection-free equilibrium E? =(0,0,0, %) of @) would occur.
We further introduce the following assumption.

ki A
(Hy) pay + = > 22
H2 (6%)

Theorem 3. If (H)) holds, the complete donor chimerism infection-free equilibrium E* = (0, 0,0, %) of model @) is locally
asymptotically stable.
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Proof. The characteristic equation at E of model (@) is as follows

Qg ki A
)\—0‘72+/~L41+i 0 0 0
0 Atpg 0 0
|\E-J (E*)| =
0 —Npay A+py 0
QL ko A
272+ﬁ 0 0 A+wm
Qi kA
A — clvzz+M41+m 0 0
=(A+ ) 0 Atpgp 0
0 —Npay A+ py

a kA
=@+ug[(x— MQ+Mm+1)(A+HmﬂA+HW
&%) M2

Then the eigenvalues of |AE —J (E?)| are

o kA
1 —H41 = .
M2

AM==p2<0, My =—pg <0, A3 =—uy <0, \y =

If (H;) holds, then A4 < 0. Thus the equilibrium £? of model (@) is locally asymptotically stable. This completes the proof. [

Remark 3. After a successful HSCT, there would be no more host CD4+T cells except the donor CD4+T cells in the body, since
HIV cannot attack donor CD4+T cells, which means the HIV would disappear. Therefore, the stability of E2 is no longer related
to the basic reproduction number R if a successful HSCT occurs.

Lemma 1 (Castillo-Chavez et al.®>). Consider the following differential equations of epidemic model

dX _
E_F(X7Y)7

4 =G(X,Y),G(X,0) =0,

where X € R" denotes the uninfected individuals, Y € R" denotes the infected individuals, and Uy = (Xy, 0) is the disease-free
equilibrium(DFE) of the system.
We also assume that the following conditions hold.

(H») For ”{%( = F(X,0), Xy is globally asymptotically stable,

(H3) GX,Y) = AY - G(X, Y),G(X,Y) > 0 for (X, Y) € Q,
where A = D;G(Xy, 0) is an M—matrix (non-diagonal elements of A are nonnegative), ) is a biologically significant region of the
system.

Then the DFE Uy = (Xy, 0) is globally asymptotically stable.

For the globally asymptotical stability of E? of model (@), we have the following result.

Theorem 4. If (H;) holds, the complete donor chimerism infection-free equilibrium E* of model (@) is globally asymptotically
stable.

Proof. According to the Lemmal(I] we rewrite the model (@) into the following form

X _Fx.y),
a@ ©6)
E =GX,Y),GX,0)=0,

where X = (T41,T>), Y = (V, Ty), and Uy = (Xp, 0) is the complete donor chimerism infection-free equilibrium of system @
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In the following discussion, we verify that the system () satisfies the assumptions (H,), (H3). According to model @), we have

1Ty
—— A - Ty —BVTy — kT T
diX ) o1 Tar + T Ha11 4] ﬁ 41 144112 PO = A—,U41T41
dt _ ey kTaT S 0 |
i Tar + Ty Hodp —Kplgpdn
s <—M42 »3VT21> <—,u42 i‘:?)
Nuay  —py Npaz —py
GX,Z)=AZ-G(X,Z)
( —pap BTY ) <T42 ) <6VT41 — Ty )
Ny —py 1% pa2Tan — pyV
<—H42T42 + 57f1V> < BVT4 — parTar >
NparTar — pyV NparTar — pyvV
BV (T, — Ts
_ ( 41 ) > 0
0
According to Lemma 1, we have that E? of model (@) is globally asymptotical stability. This completes the proof. O

Remark 4. The TheoremE] means that after HSCT, the virus and infected cells would be eventually cleared even if R > 1, and
the donor CD4+T cells would complete replace host CD4+T cells as well, which is the ideal state of HSCT.

3.3 | Mixed chimerism infection-free equilibrium

After HSCT, the infected cells and viruses may be depleted and two types of CD4+T cells in host and donor may coexist, i.e.,
mixed chimerism infection-free equilibrium E3 = (Tfl ,0,0, TS) would exist. We have the following result.

[e52 O¢|Ak1 (71} . . . . . . _ ey . 3 _
Theorem 5. If e ey T holds, model @) has a unique mixed chimerism infection-free equilibrium E° =
(T21 > 07 O, TS)'

Proof. From model @), let
aT3
1441

— M A T3 -k T3 T; =0,
a1T21+a2T23 Harlyy —Kilg 1y

T3 A 3 3 3 _ @
T+ el —1oT5 — kT3, T3 = 0.
Then we get Tg = %, and Tj’l is determined by the following quadratic equation
a\(T3)* + b T3, +c; = 0. ®)

Where a) = Oélkl(k] + kz), bl = 20&]/(2#2 + O[]klpg - O[2k2p41, cl1 = [L%Oé] — U200 [h41 —O{2Ak1 . Clearly ap > 0, the roots of equation
(8] are determined by the following three cases.
Case 1: by > 0,¢; > 0. From (8], we have

20ko o + aky i — ankopigr > 0, ©
u%al — Qe Li41 —OQAk] > 0.
From (@) we have % - % < M% According to the Descarte’s rule of sign, the equation (9) has no positive roots.
Case 2: by <0,c; > 0. We have
201k piy + ik po — ko par <0, (10)
30 — paaiapiar —anAky > 0.
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From (10) we have
o kafra1

(%) 2/(2,[12 +k1,u2’
o Hafiar + Ak
%) 1 .
If @) holds, then -k, M% a1 > 2kp o Ak +ky u% a1 +k%A,u2, which leads to a contradiction. Therefore, according to the Descarte’s
rule of the sign, the equation (8) does not have two positive roots.
Case 3: ¢; < 0. We have

(1)

30 — pociajia — anAky < 0. (12)

Qo Q4 —O(lAkl H ) : :
From (I2) we have £2 — 04t > =L 0. According to the Descarte’s rule of sign, for case 3, the equation (8) only has one

positive root, regardless of b; > 0 or b; < 0. O

a a Ak oy . . . . . _ 1. . 3 .
Theorem 6. If R > 1 and T ey vy Ry hold, the mixed chimerism infection-free equilibrium E° of model (@) is

unstable.
Proof. The characteristic equation at E* of model (@) is as follows
A+ =BT 0
|ANE~J (E®)| =[A=Bi]|-Npsz A+py 0
0 0 A-B

=IA-Byl [0\ + p142) (A + py) (A = B2) = Npap SBT3 (A — By)
=(A-By) [)\3 + (g + v — Bo) N + (o iy — paoBa — v Ba

~ Nua BTN - panpivBa + NN425T2132} ,

where

a1a2T3A a1a2T3 A
Bl = ﬁ — 41 —leS,Bz = ﬁ — W2 _kZTA%l'
(ole41 + ozzTé) (a1T41 + OQTQ)
According to (7)), we have X
T; A
A =B = *927; 2—M4|—k1TS<O.

(aszl + 0‘2T23)

A2, A3, \q are determined by the following cubic equations.

N+ (tan + v — Bo)N + (paofty — p1aaBa — piyBa = Npap BTN — pan iy Ba
+ N/.L426T2]Bz =0.

yil

According to the Hurwitz criterion*, we have

A] =,ll,42+,u,v—32>0.

a2 + py — Ba ~piarftvBo + N s BT3, B>

9 =

1 pazpoy — par By — pyBo — N T3,
= (a2 + (y) [/Mz/iv + By(By — piap — pv) — NM425T41} .

From the second inequality of (@) we have
By <0,By — pap — puy <0,

then
B>(By — g — py) > 0.
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From R > 1 and the boundedness of solutions we have

A
papty — N BT3) > puppiy —NM4257 >0,
41

hence A\, > 0.

pa + py — B ~paaptvBa + N BT3 Bo 0
Az = 1 Waafty — praaBa — pyBy — N g BT, 0
0 Haz + py — B ~parftvBy + N T3, B,

= (—paapty + Npua BT3)BrLNs < 0.
According to the Hurwitz criterion®, the mixed chimerism infection-free equilibrium E? is unstable when R > 1. This

completes the proof. O

Remark 5. After HSCT, the CD4+T cell-mediated immune exclusion would occur, it is difficult for the two types of CD4+T
cells to co-exist. Therefore, the result of Theorem[6]is much consistent with the biological significance.

34 | Transplantation failure infection equilibrium

After HSCT, the infected cells and viruses may not be depleted while the donor CD4+T cells are cleared due to immune exclusion
by the host CD4+T cell, i.e., the transplantation failure infection equilibrium E* = (T3, T3,, V*,0) would occur.
For simplicity of discussion, we further introduce the following assumption

(Hy) @ o ko Aoy —220411141112‘
M2 M4 Hay k2

Theorem 7. If R > 1 model [@) has a unique transplantation failure infection equilibrium E* = (T4, T4,, V*,0).

Proof. From model (@), we have
A- M41T§1 - BV4T31 =0,

ﬂV4Til —N42T22 =0, (13)
NugpTs, — pyV* = 0.
By solving the equations (T3] we have

A AN
Tilzﬂ’ Tizzi_pl‘uuv, V4:7_&'
BN Har BN pv B
It is easy to see that the equilibrium E* exists and is unique if the basic reproduction number R > 1. O

Theorem 8. If R > 1 and (Hy) hold, the transplant failure infections equilibrium E* of model (@) is locally asymptotically stable.

Proof. The characteristic equation at the equilibrium E* of model (@) is as follows

A+ (par +6VY) 0 BTY ;271}] +ki T,
-pv* A+ py =074, 0
AE-J(EY)| =
| ()] 0 —Npay A+ py 0
0 0 0 A- (;TA s —szfh)
A+pug +BVE 0 BTY
as A
= A= (=~ —keTH VY ANt —BTY
Ty

0 ~Npar A+ py

aA
= {/\‘ (asz; —Nz—szflﬂ [A3 + (uy + par + g+ BVE) N2+ (uarpy + (pan + BV*) oy
1441
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+ (a1 + BV*) pao = BNpas T{DA + (par + BV?) (paopy — BNpax Ty ) + BZNM42V4T21} :

Similar to the discussion of Theorem 2] it is easy to obtain the locally asymptotical stability of the transplantation failure
infection equilibrium E* of model (@) according to the Hurwitz criterion"*. This completes proof. O

Remark 6. We observe that there exists partial overlap between the condition of Theoreml 3|and Theorem [§ I at E* and E? of

model @). That is, when R > 1, *Z‘ A:‘Z < 33 - ;“4‘1 < kz/\o“;fw both types of equilibrium could be locally asymptotically

2
stable, which means that there could exists bi-stability phenomenon of model (@) .

3.5 | Mixed chimerism infection equilibrium
On the mixed chimerism infection equilibrium, E°, i.e., coexistent equilibrium of Ty, and T, as well as T4, and V after HSCT of
model (@), we have the following result.

Theorem 9. If the following assumptions are satisfied
(Hs) aaAB*N? = ay piy pa BN — ko iy > 0,

W ABPN? — oy py po BN — ko _ BNA - papy

(Hp) <0,
a2 B2N? + ko py BN BN + kipy + kopy
the mixed chimerism infection equilibrium E® = (T, T3, VO, T9) of model (@) exists uniquely.
Proof. Let
alTA(l)l

— 4 Ay T - BVTY — kT TO = 0,
a1T£1+a2Tg parTyy = BVT =k Ty

BVTA?I —M42T4(1)2 =0,
NparTih — vV’ =0,
OézTO

mf\ T3 =k T4 T3 = 0.
41

Then by calculations, we have

70 v o ABN? — oy py o BN — avkopidy
41 2 =

B BN’ azuzﬂzNZ + kzuvﬂN ’
NA N ki k
V0=_“4'_(“2 1+2>T°, 7Y, = My o
py B BB N
So the equilibrium E° exists uniquely if (Hs), (Hg) hold. This completes the proof. O

Theorem 10. If (Hs), (Hg) hold and the following assumptions are satisfied
(H7) As >0,A6 > 0,A7 > 0,Ag >0,

(Hs) (AsAg — A7)A7 > (As)*As.

The mixed chimerism infection equilibrium E° of model [@) is locally asymptotically stable. Here A(i = 5,6,7,8) is defined in
the following proof.

Proof. The Jacobi matrix of model @) at E? is as follows.

a10nTIA —oonTd A
—(l) = . ;- —kiTy 0 BT ; =4 0 3 kT
(O[1T41 + O[sz) (Oé]TM + Olsz)

0 —par BT 0
J=
0 Npgy —py 0
- TOA T A
WORRE K0 0 0 NRINR L, kTY

(O‘ITA% + O‘ZTS)2 (angl + a27§))2
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The characteristic equation of model (@) at E° is as follows
A-As 0 BT, A

BVO  —uw BT, O

|\E-J (E%)| =
0 Nupgp -py 0
Aj 0 0 A-A;
= A1 [+ )N+ s = BN TS Ao | + A=A [(A=ADO + 1)
()\+Mv)+52V0T4(1)1NM42—N5M42T21(>\—A4)}
= A4 +As)\3 +A6>\2 +A7A + Ag.
Where 70 A _
1ol 0 a10nl, 0
Al=———+kT,,, Ap=—F=—— +kT,,A5 = + —Ajz— Ay,
1 (@19 +a: 107 114y, A2 (@119 + an T0) 242,45 = [y + flay —A3 — A4
ajonTd A oo TOA
Az Sk — iy — ko TSy, Ay = 22 — pay = BV = ki TY,

T (1T + 0 TO)? (o T9, + 0, TO)?
Ag = pypiar — pvAs — Adpigr — NBpan T — Aspry — Aspuay + A3A4 — A Ay,
A7 = —(A3 + A paafiy + B*Npaa VOTY + (As + ADNBuan TS + (uaz + py)(A3A4 — A1A),
As = (A1A2 — A3ADNBLan T — AsNB 1 VOTY) + (AsAg — AjA2) pan iy
In order to establish the stability at the equilibrium E° of model (@), the following conditions should be satisfied
As5>0,A6>0,A7>0,A3 > 0,(As5A6 —A7)A7 > (A5)2Ag.

Therefore, by Routh-Hurwitz criterion 34 we can see that if (Hs) — (Hg) hold, the E° of model is locally asymptotically
stable. This completes the proof. O

4 | BIFURCATION ANALYSIS

In this section we analyse the local bifurcation of model (@) with some specical parameters.

41 | Forward bifurcation

We see that when R = 1, the characteristic equation of model (@) at E' has zero eigenvalue. So when R = 1, the model (@) may
undergo a transcritical bifurcation at the transplantation failure infection-free equilibrium E!. In this subsection, we use the
bifurcation theorem of Castillo-Chavez and Song=° to study the forward bifurcation of the model (@) at E'.

Theorem 11. If aza—’f“ -y + ’;j—ﬁ <0, R = 1, the model {@) undergoes a forward bifurcation near the equilibrium E".

Proof. To simplify the notation, we take x; = Ty41,x3 = Tz, x3 = V, x4 = T2, x = (x; ,X2,X3,x4)7 . The model can be rewritten
by % = f(x) as follows, where f(x) = (fi, o, /5.f4)".

X1 =fi0) = gt A — pax — Braxy —kixixg,

Xy = fo(x) = Bx3xy — pasxa,

X3 = f3(x) = Npapxz — pyxs,

R —_ QX
X4 =fa () = 30BN = poxy — koxixy.
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Take R = 1, choose 3 as a bifurcation parameter. Then 3* = £X8L. The Jacobi matrix at E ! of model (@) is

a0 g e
B*A
A= 0 ~H42 a1 0
0 Npg —py 0

0 0 0 ata _ o — kA

3} M4l

The characteristic equation at the equilibrium E! is as follows

AE-4| = 0 Abpp DA 0
0 —Npgp A+py 0
0 0 0 M-y, 4 R4

Q koA
= (A + pa1) ()\ _Q2ha M2 + 2) A+ py + pg2).
(&3] a1
When
koA
Q2 [i41 i+ L 0,
o H41

then

1
Therefore, only A3 is zero eigenvalue, and the rest all have negative real parts.
Let the right eigenvector of A be W =

(—m 0", U=(0,1,,0).

paN 2 N#42 ,uv
By calculation, we have

koA
Al =—p41 <0, 0 = — iy + == <0, A3 = 0, Ay =~y — uap < O.
«@ 41

(w1, wa, w3, wa)T, the left eigenvector be U = (uy,up,us, us), we have W =

k=1 i=l j=1
2 82
2 0 % fZ *
= E”, + >
UyWIW3 8x18x3( B ”2W3Wlax38xl( B8
55+ B 2 <0
= UyW W Up Wi W =— A
2WIW3 2WIW3 AN2

4 4
&fi \ o A
b= Zgukwiaxiaﬁ*(lfo’ﬂ )= u2W33X3(“)ﬁ* = v > 0.

According to the literature“®, the direction of the bifurcation of model (@) at 3 = 3* is forward. This completes the proof. [

4.2 | Hopf bifurcation

This section focuses on the existence of Hopf bifurcation at the mixed chimerism infections equilibrium E° of model (@) by

choosing «; as the bifurcation parameter, which reflects the replacement rate of two types of CD4+T cells after HSCT. We
denote the threshold value of Hopf bifurcation point as o, = .

Lemma 2 (Liu et al.*%). If the following assumptions hold, there will exist a Hopf bifurcation for model ({@).
(HBs(a3) > 0,01(a3) > 0, 02(3) > 0, 03(3) =0,

d
(ii)E(QﬂOéi)) #0,

where Q1(a3) > 0, Q:2(c3) > 0, Q3(c3) > 0 are the Hurwitz determinants at the bifurcation parameter o;.
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We assume that there is a smooth curve of equilibrium (E(c,), o) for the model (@), satisfying E(an) = o and (EY, o) being
the positive equilibrium. C(\, a3) = M + As(a3)N\? + Ag(a)A\? + A7 () + As(as) is the characteristic equation at (E°, o)

By the proof of Theorem[I0] (i) clearly holds, then the characteristic polynomial must have a pair of purely imaginary roots.
In the following, to prove the existence of Hopf bifurcation, we derive the transversality condition (ii). We assume that £iw is a
pair of purely imaginary eigenvalues, the derivative of the characteristic equation C(), «5) with respect to o, yields

d\ dA dA dA dA
(4)\3+3A5A2+2A6)\+A7)7+>\375+A276+)\77+78=0'
daz dOé2 daz daZ dOZQ
So 1
( d\ >- AN 34507 + 2460 + Ay
day) —  3dAs  ,dAs  dA; dAg’
AN—+ N —+ A— + —
doy don dar  dop
{d(Re()\))} . l ( d\ )'] :
n | 22V = sign |Re | — = sign [7]
doas | iy 0420 dory A=iw,03=0
_r —4w3i—3Asw? + 2Agwi + A7
7 =Re 5. dAs  dAq , dA;. dAg
W — — — — W+ —
daz daz dO[2 daZ
= Re (BAsw? — A7) + i(4w’ —2A6w)
) oo s (M, s s
day day day day
MR+ M
Where
dA dA dA dA
M, = 3Asw2 —A7, My = 4w’ - 2A6w, M3 = aia VP —8, My = ek e AT
day day day day

A;(i=35,...,8)is defined in Theorem 10}
If MMz + MoM, > 0, then sign[%(z’\))]azza; > 0, and the transversality condition (ii) holds. We have the following result.

Theorem 12. If M\ M5 + MMy > 0, model {@) exists a Hopf bifurcation near E° when ay crosses a;.

5 | NUMERICAL SIMULATION

In this section, we first perform numerical simulation to demonstrate the stability of model (@) at equilibria E°, E?, E*. Then we
illustrate the complex dynamics of model (@) at the mixed chimerism infection equilibrium E° with the change of oy, a;.

5.1 | Numerical simulation of stability

We numerically simulate the stability of equilibria E°, E2, E* of model (@). Fig. show the simulation result at the equilibria
E°, E?, E*, respectively.

The values of parameters in Fig. [T|are taken as A = 30, a; = 0.86, vz = 0.14, 3 = 0.03, N = 0.76, 141 = 0.7, puap = 0.65, puy =
0.2, up = 0.3,k; = 0.0002, k; = 0.0003. By calculations, we have R = 4.89. It is verified that assumptions (Hs) — (Hg) hold,
which means that E® = (9, 16, 38, 45) is locally asymptotically stable, therefore, the Theorem is ture.

The values of parameters in Fig. are taken as A = 20,1 =0.2,a, =0.8,3=0.01,N =0.36, g1 = 0.2, pugp = 0.24, py =
0.22, up = 0.28, k1 = 0.0002, k; = 0.002. By calculation, we have R = 1.64. It is verified that assumption (H;) holds. According
to Fig.[2] we find that the disease in model (@) is persistent. But from Fig.[3 even if the basic reproduction number R > 1, the
viruses would be extinct. The equilibrium E? = (0,0, 0, 70) is globally asymptotically stable, which means that the Theorem E]is
true.
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The values of parameters in Fig. are taken as A = 10, a; = 0.65,; = 0.35, 5 =0.03,N = 0.3, ptg; = 0.2, g = 0.21, iy =
0.22, pp = 0.6,k = 0.02, k, = 0.03. By calculation, we have R = 2.05. It is verified that all the assumptions of Theorem[?j]hold.
The equilibrium E*=(24,24,7,0) is locally asymptotically stable, which means the Theoremis true.

According to Remark [6] the model (@) may have more than one stable equilibrium, and we choose a set of parameters to
validate it by numerical simulation.

The values of parameters in Fig. [5] Fig.[6(a) are taken as A = 30, o = 0.635, a, = 0.365, 8 = 0.03, N = 0.3, 141 = 0.205, f14p =
0.21, uy = 0.22, 1 = 0.23,k; = 0.02, k, = 0.03. By calculation, we have R = 5.99. It is verified that the equilibria E?, E* are
both locally asymptotically stable.

From Fig.[5(a), we can find that there is a bi-stability phenomenon in model (), according to Fig. [5(b), [[a) we can find that
the two equilibria of model are E2' = (0,0, 0, 130), E*' = (24, 119, 34, 0). This means that two types of equilibria could stably
coexist under certain conditions after HSCT.

52 | Numerical simulation of bifurcation

Chimerism is an important threshold that could affect the dynamics of stability of equilibrium, in this subsection we focus on
model @) with the change of «,. First we give the values and sources of the parameters.

TABLE 2 Parameter values and sources.

Variables/parameters value Source Variables/parameters value Source
A 30 36 ap(ay) varied -

a1 0.1 2l 42 0.5 22

ny 0.5 z % 0.6 Assumed
B 0.03 Assumed ky 0.00002 38

ko 0.003 Assumed N 0.36 Assumed

We fix the initial values (741, T42, V, T») = (60, 20, 40, 10). First, we analyse the effect of value change with o, a; on the
dynamical of model (). From Fig. [f[(b) it is clear that with a, = 0.8, the number of infected cells eventually tends to a positive
equilibrium. When o increases to 0.817, there is a periodic solution of infected cells. When «, increases further, the number
of infected cells tends to 0. According to Fig.[7(a), it can be seen that the value of v has a great influence on the number of
infected cells.

As shown in Fig. b), we obtain the forward branching graph at E! with 3 as the branching parameter.

As shown in Fig.[8] we choose «, as the bifurcation parameter, which is verified that all the assumptions of Theorem 12]are
satisfied. According to Fig. a) and b), we can see that the Hopf bifurcation occurs at the equilibrium E°. From Fig. 8} we can
see that the stability of the equilibrium changes around a, = 0.813. Then we take o} = 0.187, a; = 0.813, and then a limit loop
would appear as shown in Fig.[9]

As known in Fig.[0] we find that when the degree of chimerism reaches about 81.3%, there would be a Hopf bifurcation. It is
easy to see that when the degree of chimerism exceeds 81.3%, the HIV can be well controlled even to disappear, which is much
consistent to the results in the literature®,

As shown in Fig. we change the values of A, p4; to 20, 0.8, respectively, then we find that bifurcation diagrams display
the phenomenon of endemic bubble.

6 | CONCLUSION

Involving the degree of chimerism with the donor CD4+T cells in body, we propose a class of HSCT model with HIV virus-to-cell
infection, with saturation recruitment rates functions of donor and host CD4+T cells and immune exclusion.

Considering the real background of HIV infection, we assume that the basic reproduction number R > 1 in model (). We
find that there are five types of equilibrium in model (@). The existence and stability of all kinds of feasible equilibria are much
associated with the values of «, ap, which is much consistent with the fact that chimerism is an important threshold value to
determine the success rate of transplantation of HSCT.
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For the mixed chimerism infection equilibrium E°, we find that there would be more assumptions for the existence and
stability. According to Theorem model (@) has Hopf bifurcation at E°, which is confirmed by numerical simulation as well.
The presence of Hopf bifurcation implies that there would exist some complex dynamical behaviour of model ). When the
value of v, changes and crosses a certain critical value, the stability of the system suddenly changes. We find that model (@) also
has two bi-stable equilibria under some certain conditions.

Currently, there is no complete cure for HIV infection with various treatment methods except few of AIDS patients with
HSCT. We find that in model @[) with HSCT, the HIV would tend to extinction under the same set of parameters even R > 1.
Therefore, HSCT is an essentially method for curing AIDS. In addition, the most important factor that could greatly affect the
stability of model (@) is the degree of chimerism rate «; of donor CD4+T cells. When a; changes, the stability of equilibria of
model (@) changes as well. When the chimerism is not low enough to reach the stable condition of the complete donor chimerism
infection-free equilibrium, timely re-infusion of hematopoietic stem cells should be carried out to ensure the effectiveness of
transplantation. Our results also provide a theoretical guideline for the size of chimerism, which would be a core issue in curing
AIDS by HSCT in the future.
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FIGURE 1 Locally asymptotical stability of mixed chimerism infection equilibrium E° of model @.
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FIGURE 2 Globally asymptotical stability of endemic equilibrium E, of models (T).
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FIGURE 3 Globally asymptotical stability of complete donor chimerism infection-free equilibrium E? of model @.
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FIGURE 4 Locally asymptotical stability of transplantation failure infection equilibrium E* of model @).
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FIGURE 5 (c) Time series diagram of the solution of model @) (d) The 3D phase of bi-stability behavior of T4y, T4, V of model @)
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FIGURE 6 (a) The 3D phase of bi-stability behavior of T,, T4», T4 of model @ (b) Time series diagram of infected cells
at different value of «/1, o, of model (EI)
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