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Abstract

The nonlinear control problem of quadrotor UAVs which perform cooperative transportation of payloads is treated with the use

of nonlinear optimal and multi-loop flatness-based control methods. The load is suspended with a link from a cart which is turn

in connected through cables with two quadrotors. The aim is to compute the flight path and the control inputs of the quadrotors

that will allow to lift the load and move it to any desirable final position. First, the dynamic model of the cable-suspended

load is obtained through Euler-Lagrange analysis. Despite underactuation the associated nonlinear optimal control problem is

solved, thus allowing to compute the lift forces of the cables that enable the load to move on the vertical plane until it reaches

the targeted position. These forces are also applied with opposite sign to the quadrotors’ side through joints at the other end

of the cables. Thus, the dynamic model of the quadrotors is updated by including in it additional drag forces which are due to

the tension of the cables. The flight paths for the two quadrotors that enables to bring the suspended load to its final position

are also computed. Next, for each quadrotor the nonlinear control and path following problem is solved, taking into account

the cable-induced drag forces effects. To this end, a flatness-based control approach which is implemented in successive loops

is applied to each quadrotor. The state-space model of each quadrotor UAV is separated into subsystems, which are connected

between them in cascading loops. Each one of these subsystems can be viewed independently as a differentially flat system and

control about it can be performed with inversion of its dynamics as in the case of input-output linearized flat systems. The

state variables of the second subsystem become virtual control inputs for the first subsystem. In turn, exogenous control inputs

are applied to the second subsystem. The whole control method is implemented in two successive loops and its global stability

properties are also proven through Lyapunov stability analysis. The whole procedure is repeated at each sampling instance,

that is (i) solution of the nonlinear optimal control problem for the transportation of the payload (ii) computation of the drag

forces which are exerted on the UAVs due to lifting the load, (iii) solution of the multi-loop flatness-based control problem for

the individual UAVs. This control method allows each quadrotor to follow precisely the defined flight path and finally achieves

to bring the load to the targeted position.
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Abstract: The nonlinear control problem of quadrotor UAVs which perform cooperative transportation of
payloads is treated with the use of nonlinear optimal and multi-loop flatness-based control methods. The
load is suspended with a link from a cart which is turn in connected through cables with two quadrotors.
The aim is to compute the flight path and the control inputs of the quadrotors that will allow to lift the
load and move it to any desirable final position. First, the dynamic model of the cable-suspended load is
obtained through Euler-Lagrange analysis. Despite underactuation the associated nonlinear optimal con-
trol problem is solved, thus allowing to compute the lift forces of the cables that enable the load to move
on the vertical plane until it reaches the targeted position. These forces are also applied with opposite
sign to the quadrotors’ side through joints at the other end of the cables. Thus, the dynamic model of the
quadrotors is updated by including in it additional drag forces which are due to the tension of the cables.
The flight paths for the two quadrotors that enables to bring the suspended load to its final position are
also computed. Next, for each quadrotor the nonlinear control and path following problem is solved, taking
into account the cable-induced drag forces effects. To this end, a flatness-based control approach which
is implemented in successive loops is applied to each quadrotor. The state-space model of each quadrotor
UAV is separated into subsystems, which are connected between them in cascading loops. Each one of
these subsystems can be viewed independently as a differentially flat system and control about it can be
performed with inversion of its dynamics as in the case of input-output linearized flat systems. The state
variables of the second subsystem become virtual control inputs for the first subsystem. In turn, exogenous
control inputs are applied to the second subsystem. The whole control method is implemented in two
successive loops and its global stability properties are also proven through Lyapunov stability analysis.
The whole procedure is repeated at each sampling instance, that is (i) solution of the nonlinear optimal
control problem for the transportation of the payload (ii) computation of the drag forces which are exerted
on the UAVs due to lifting the load, (iii) solution of the multi-loop flatness-based control problem for the
individual UAVs. This control method allows each quadrotor to follow precisely the defined flight path
and finally achieves to bring the load to the targeted position.
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1 Introduction

The control problem for multi-UAV payload transportation is related with several civilian, construction and
defence applications where there is need to transport with the use of rotorcrafts equipment, ammunition
and various types of loads and supplies to remote and difficultly accessible sites. This problem is nontrivial
due to the complex nonlinear dynamics and underactuation of the integrated system which consists of the
cable-suspended load and of the drones that lift the load. So far there have been several attempts to treat
the nonlinear control problem of multi-UAV cooperative transportation of cable-suspended payloads. In
[1] the control problem of formations of UAVs for load transportation is treated. In [2] the problem of
synchronized UAVs motion in cooperative payload transportation is analyzed. In [3] and in [4] adaptive
control schemes are proposed for the synchronization of multiple UAVs which transport a load. In [5]
and in [6] Lyapunov theory-based controllers are used for a multi-UAV payload transportation systems.
In [7] the problem of precise flight path following is treated in load transfer by multiple UAVs. In [8]
a LQR-PID control scheme is proposed for the problem of the cooperative payload transportation by a
swarm of UAVs. In [9] an algorithm is developed for defining the control effort (power distribution) of the
UAVs in a dual-drone payload lifting and transfer system. In [10] and in [11] inverse dynamics controllers
are proposed for compensating the cable-induced drag forces acting on the UAVs that lift the load. In [12]
and in [13] task and path planning problems are managed aiming at synchronization of the drones that
participate in coordinated lifting and transfer of loads. In [14] and in [16] multi-loop control schemes using
the LQR technique are presented for the multi-UAV load transportation system. In [15] a PID controller-
based multi-loop control scheme is proposed for the problem of coordinated transportation of payloads by
multiple UAVs. In [17] the coordinated load transportation problem by multiple UAVs is treated within
a multi-loop scheme and with the use of Lyapunov stability theory. In [18] a first control loop is used for
positioning of the payload and a second control loop is applied for precise path following by the UAVs. In
[19] and in [20] Euler-Lagrance analysis is used to model the multi-UAV payload transportation system
and an inverse dynamics controller is proposed about it. In [21] a multi-loop control approach is developed
for multi-UAV cooperative lifting and transfer of payloads. In [22] the coordinated transportation problem
of a load by multiple UAVs is treated with the use of related kinematic models. In [23] cooperative payload
positioning by a swarm of UAVs is implemented using multiple loops of sliding-mode controllers. In [24]
dynamic modelling of the payload and the drones is performed and the precise positioning problem of the
load is managed using cooperating control loops. In [25] a method is developed for distributing to the
UAVs the lift forces needed for the payload’s transportation. Finally, in [26] and in [27] a multi-loop con-
trol scheme based on the LMI technique is used for the multi-UAV cooperative load transportation problem,

In this article a novel method is proposed for control of dual-UAV-based cooperative transportation of
payloads. This aerial load transportation system consists of a cart which is lifted by two cables while a
payload is suspended from the cart with the use of a third cable, In turn the free end of each cable is
pulled by a quadrotor UAV. The aim is to find forces of the cables which can move the payload to the
desirable final position, and to use the tensions of the cables to compute the control inputs that should
be applied to the UAVs for accomplishing the load’s transportation task. At a first stage the nonlinear
optimal control problem is solved for the cable-driven payload, which allows to compute the optimal forces
of the cables that can bring the payload to the targeted final position [28-30]. The dynamic model of the
cable-driven payload undergoes approximate linearization with the use of first-order Taylor series expansion
and through the computation of the associated Jacobian matrices [31-33]. The linearization takes place
at each sampling instance around the temporary operating point which is defined by the present value of
the state vector of the cable-suspended payload and by the value of the control inputs vector (the cables’
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tension vector) in the last sampling interval. For the approximately linearized model of the cable-driven
payload an H-infinity controller is designed. To find the feedback gains and to compute the control signals
of the H-infinity controller an algebraic Riccati equation is being solved in each sampling period. The
global stability properties of the H-infinity controller are proven through Lyapunov analysis, which comes
to ensure that if the optimal control inputs are applied to the cable-lifted payload then this load will be
successfully transported to any desirable final position [34-35].

At a second stage, the problem of controlling the transportation of the payload through the cables’ forces
is turned into the problem of precise flight-path tracking by the UAVs that pull the load with simultaneous
compensation of the cable-induced drag forces. To solve the problem of exact trajectory tracking of the
UAVs under cable-induced drag forces a multi-loop flatness-based control scheme is applied. Differential
flatness theory is currently one of the main research directions in the area of nonlinear control [36-40].
Briefly, a system is considered to be differentially flat if all its state variables and control inputs can be
expressed as differential functions of a subset of its state vector elements which are the flat outputs [41-44].
A common form of flatness-based controllers is based on transformations of the controlled system into the
canonical Brunovsky form through successive differentiations of its flat outputs [45- 49]. In the present
article’s approach, the state-space model of the 6-DOF autonomous quadropters is separated into two
subsystems, which are connected between them in cascading loops. By proving that differential flatness
properties hold for each one of these subsystems it is confirmed that a stabilizing feedback controller can
be designed for each one of them through inversion of their dynamics [50-55] . The state vector of the sub-
sequent (i+1-th) subsystem becomes virtual control input to the preceding (i-th) subsystem. Equivalently,
the virtual control input of the preceding (i-th) subsystem becomes setpoint for the subsequent (i+1-th)
subsystem. From the last subsystem one computes the real control inputs which should be applied to
this aerial drone by tracing backwards the virtual control inputs for all previous subsystems. The global
stability properties of the drones’ control scheme are proven through Lyapunov analysis. The method is
easy to implement since to stabilize the load-lifting UAV it suffices to define for each one of its subsystems
a positive diagonal gain matrix.

Through the article’s developments it is concluded that in aggregate the nonlinear optimal and multi-loop
flatness-based control scheme for dual UAV cooperative transportation of payloads ensures safe transfer
and precise final positioning of the payload at any point in the drones’ operating space. The quadrotors
may have different dynamic models while the lengths of the cables may also be uneven. The structure of
the paper is as follows: in Section 2 the dynamic model of the cable-driven payload is presented and the
associated state-space model is formulated. In Section 3 the dynamic model of the 6-DOF autonomous
quadrotors which lift the cable-suspended payload is analyzed and the associated state-space model is
formulated. In Section 4 a nonlinear optimal control method is developed for computing the cables’ forces
which can safely transport the payload to the targeted final position. The global stability properties of
the payload control scheme are proven through Lyapunov analysis. In Section 5 the tensions of the cables
which have been computed through the solution of the above-noted optimal control problem are considered
to be drag forces for the drones. A multi-loop flatness-based control method is developed for computing
the control inputs which enable precise flight-path tracking by the load-lifting UAVs and simultaneous
compensation of cable-induced drag forces. The global stability properties of the drones’ control scheme
are proven through Lyapunov analysis. In Section 6 Simulation experiments are performed to confirm that
the proposed nonlinear optimal and multi-loop flatness-based control method ensures the desirable perfor-
mance for the dual-UAV payload transportation system. The payload is shown to be precisely placed to
any targeted final position after computing the optimal cable tensions that should be applied on it, while
the two quadrotors are shown to follow precisely their flight trajectories with simultaneous rejection of the
cable-induced drag forces on the side of the load-lifting UAVs.
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2 Dynamic model of the cable-driven payload

2.1 State-space model of the cable-driven payload

The diagram of the dual-UAV cooperative load transportation system, consisting of the cable-suspended
payload which is lifted by two quadrotor UAVs is shown in Fig. 1. This load consists of a cart which is
moved on a 2D yz-plane with the use of two cables which in turned are pulled by two UAVs. Considering
motion of the cart only on the vertical yz plane results into a lower dimensionality and numerically simpler
control problem. In the 2D case, the position of the cart in the yz-plane is denoted as (yR, zR). The
position of the left UAV is denoted as (ya, za) while the position of the right UAV is described as (yb, zb).
The mass of the cart is M . The length of the cable that connects the cart with the left UAV is denoted as
L1, while the length of the cable which connects the cart with the right UAV is denoted as L2. Besides,
a load of mass m is suspended from the cart using an unactuated link of length L3. The angle which is
formed between the OY horizontal axis and the cable that connects the cart to the left UAV is denoted as
a1. The angle which is formed between the OY horizontal axis and the cable that connects the cart to the
right UAV is denoted as a2.

Figure 1: Diagram of the dual-UAV cooperative payload transportation system, consisting of the cable-
suspended payload which is lifted by two quadrotor UAVs

The dynamic model of the two UAVs is the one of 6-DOF quadrotors and is given in Section 3. The
cables are considered to be massless and inelastic. The link which connects the load of mass m to the cart
is not subject to deformation either. The parameters which describe the motion of the cable-suspended
payload constitute the parameters’ vector [yR, zR, θ]

T , while the control objective is to make this vector
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converge fast to the desirable value [yR,d, zR,d, θd]
T under lift forces which will be provided by the two UAVs.

Using trigonometric relations the following geometric constraints are given:

(ya − yR)
2 + (za − zR)

2 = L2
1

(yb − yR)
2 + (zb − zR)

2 = L2
2

(1)

To perform Euler-Lagrange analysis for the load its kinetic and dynamic energy are computed first. The
position of the cart is (yR, zR) thus the associated velocity is (ẏR, żR). The position of the payload is
(yR + L3sin(θ), zR − L3cos(θ)) and the associated velocity is (ẏR + L3cos(θ)θ̇, żR + L3sin(θ)θ̇).

The dynamic model of the system will be defined using Euler-Lagrange analysis [28].The kinetic energy of
the cart is

Kc =
1
2M(ẏ2R + ż2R) (2)

The kinetic energy of the load is

KL = 1
2m[((ẏR + L3cos(θ)θ̇)

2 + (żR + L3sin(θ)θ̇))
2] (3)

The aggregate kinetic energy of the crane is

K = Kc +KL⇒K = 1
2M(ẏ2R + ż2R)+

+ 1
2m[(ẏR + L3cos(θ)θ̇)

2 + (żR + L3sin(θ)θ̇)
2]

(4)

which after intermediate operations and regrouping of terms gives

K = 1
2 (M +m)ẏ2R + 1

2 (M +m)ż2R+

+mẏRL3cos(θ)θ̇ +mżRL3sin(θ)θ̇ +
1
2mL

2
3θ̇

2 (5)

By defining vector q = [yR, zR, θ]
T and vector q̇ = [ẏR, żR, θ̇]

T , the kinetic energy of the cable-suspended
payload can be written in matrix form as

K = 1
2 q̇M̃qT⇒K = 1

2

(

ẏR, żR, θ̇
)





(M +m) 0 mL3cos(θ)
0 (M +m) mL3sin(θ)

mL3cos(θ) mL3sin(θ) mL2
3









ẏR
żR
θ̇



 (6)

Next, the potential energy of the crane, consisting of the potential energy of the cart and the potential
energy of the payload, is found to be

P =MgzR +mg(zR − L3cos(θ)) (7)

The Lagrangian of the crane is given by

L = K − P⇒L = 1
2 (M +m)ẏ2R + 1

2 (M +m)ż2R+

+mẏRL3cos(θ)θ̇ +mżRL3sin(θ)θ̇ +
1
2mL

2
3θ̇

2−
−MgzR −mg(zR − L3cos(θ))

(8)

The forces which are exerted on the load are the tensions of the two string F1 and F2, while there is no
torque. By applying Euler-Lagrange analysis one obtains:

∂
∂t

∂L
∂q̇1

− ∂L
∂q1

= F1 (9)

∂
∂t

∂L
∂q̇2

− ∂L
∂q2

= F2 (10)
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∂
∂t

∂L
∂q̇3

− ∂L
∂q3

= 0 (11)

From Eq. (9) and after computing the related partial derivatives of the Lagrangrian one gets:

(M +m)ÿR −mL3sin(θ)θ̇
2 +mL3cos(θ)θ̈ = F1 (12)

(M +m)z̈R +mL3cos(θ)θ̇
2 +mL3sin(θ)θ̈ − (M +m)g = F2 (13)

mÿRL3cos(θ) +mz̈RL3sin(θ) +mL2
3θ̈ +mgL3sin(θ)−

−mẏRL3sin(θ)θ̇ +mżRL3cos(θ)θ̇ = 0
(14)

In Eq. (14) the terms which appear in the last row are zero, that is it holds−mẏRL3sin(θ)θ̇+mżRL3cos(θ)θ̇ =
0 or mL3θ̇[−ẏRsin(θ) + żRcos(θ)] = 0. Actually, it holds that −ẏRsin(θ) + żRcos(θ) = 0. This is obtained
after considering a body-fixed frame for expressing the velocity of the load and knowing that the velocity
of the load along the vertical axis of this frame is 0. Indeed, the transformation of the velocities vector of
the load from the inertial reference frame to the body-fixed frame gives

(

v1
0

)

=

(

cos(θ) sin(θ)
− sin(θ) cos(θ)

)(

ẏR + L3cos(θ)θ̇

żR + L3sin(θ)θ̇

)

(15)

out of which one obtains

−sin(θ)[ẏR + L3cos(θ)θ̇] + cos(θ)[żR + L3sin(θ)θ̇] = 0
⇒− ẏRsin(θ) + żRcos(θ) = 0

(16)

Consequently, from Euler-Lagrange analysis the equations of the system’s dynamics become

(M +m)ÿR + 0z̈R −mL3sin(θ)θ̇
2 +mL3cos(θ)θ̈ = F1 (17)

0ÿR + (M +m)z̈R +mL3cos(θ)θ̇
2 +mL3sin(θ)θ̈ − (M +m)g = F2 (18)

mÿRL3cos(θ) +mz̈RL3sin(θ) +mL2
3θ̈ +mgL3sin(θ) = 0 (19)

In matrix form the dynamic model of the two cable-driven 3-DOF load is written as:





(M +m) 0 (mL3cos(θ))
0 (M +m) (mL3sin(θ))

(mL3cos(θ)) (mL3sin(θ)) mL2
3









ÿ
z̈

θ̈



+





−(mL3sin(θ))θ̇
2

(mL3cos(θ))θ̇
2

0



+





0
0

mgL3cos(θ)



 =





F1

F̄2

0





(20)
where F̄2 = F2 + (M + m)g. Using that q = [yR, zR, θ]

T , this is a dynamic model of a rigid body that
performs a 3-DOF motion, with an inertia matrix M(q)∈R3×3, a Coriolis forces vector C(q, q̇)∈R3×1,
gravitational forces vector G(θ)∈R3×1, and external (control input) forces/torques vector τ∈R3×3. This
dynamic model can be written in the concise form

M(q)q̈ + C(q, q̇) +G(q) = τ (21)

The inverse of the inertia matrix M(q) is computed as follows:

M(q)−1 = 1
detM





M11 −M12 M13

−M21 M22 −M23

M31 −M32 M33



 (22)
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where the sub-determinants ofM(q) are: M11 = (M+m)mL2
3−(ML3sin(θ))

2,M12 = −(mL3)
2sin(θ)cos(θ),

M13 = −(M +m)(mL3cos(θ)), M21 = −(mL3)
2sin(θ)cos(θ), M22 = (M +m)mL2

3− (mL3cos(θ)
2), M23 =

(M +m)(mL3cos(θ)), M31 = −(M +m)(mL3cos(θ)), M32 = (M +m)(mL3sin(θ)) and M33 = (M +m)2

while the determinant of M(q) is detM = (M +m)M11 + (mL3cos(θ))M13.

The Coriolis forces vector is written as C = [C1, C2, 0]
T and the gravitational forces vector is written as

G[0, 0, G3]
T . Thus, after some intermediate operations the dynamic model of the payload is written as





ÿR
z̈R
θ̈



 = − 1
detM





M11 −M21 M31

−M12 M22 −M32

M13 −M23 M33









C1

C2

G3



+ 1
detM





M11 −M21 M31

−M12 M22 −M32

M13 −M23 M33









F1

F̄2

0



 (23)

which finally gives





ÿR
z̈R
θ̈



 =





−M11C1+M21C2−M31G3

detM
M12C1−M22C2+M32G3

detM
−M13C1+M23C2−M33G3

detM



+ 1
detM





M11

detM
− M21

detM

− M12

detM
M22

detM
M13

detM
− M23

detM





(

F1

F̄2

)

(24)

Next, the state vector of the load is defined as x = [x1, x2, x3, x4, x5, x6]
T or x = [yR, ẏR, zR, żR, θ, θ̇]

T , and
the control inputs vector is defined as u = [u1, u2]

T or u = [F1, F̄2]
T . Thus, the dynamic model of the

cable-suspended payload is written as

















ẋ1
ẋ2
ẋ3
ẋ4
ẋ5
ẋ6

















=

















x2
−M11C1+M21C2−M31G3

detM

x4
M12C1−M22C2+M32G3

detM

x6
−M13C1+M23C2−M33G3

detM

















+

















0 0
M11

detM
− M21

detM

0 0

− M12

detM
M22

detM

0 0
M13

detM
− M23

detM

















(

u1
u2

)

(25)

or equivalently the load’s dynamics can be written in the nonlinear affine-in-the-input state-space form

ẋ = f(x) + g(x)u (26)

x∈R6×1, f(x)∈R6×1, g(x)∈R6×1 and u∈R2×1. Nonlinear dynamics and underactuation make the solution
of the associated control problem be a nontrivial task.

2.2 Differential flatness properties of the cable-driven payload

It will be proven that the dynamic model of the two cable-driven 3-DOF payload is differentially flat, with
flat outputs vector Y = (yR, zR)

T . It holds that

x2 = ẋ1⇒x2 = h2(Y, Ẏ )

x4 = ẋ3⇒x4 = h4(Y, Ẏ )
(27)

which signifies that state variables x2, x4 are differential functions of the flat outputs of the system. Besides
from the condition of Eq. (16) it holds that

−sin(θ)ẏR + cos(θ)żR = 0⇒tan(θ) = żR
ẏR

⇒θ = tan−1( żR
ẏR

)

⇒x5 = tan−1( ẋ3

ẋ1
)⇒x5 = h5(Y, Ẏ )

x6 = ẋ5⇒x6 = h6(Y, Ẏ )

(28)

which signifies that state variables x5 and x6 are also differential functions of the flat outputs of the system.
Next, one uses Eq. (24) which in concise form is written as
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q̈ = F̃ (q, q̇) + G̃(q)u (29)

Using the Moore-Penrose matrix of G̃(q) one obtains

u = [G̃T (q)G̃(q)]−1G̃T (q)[q̈ − F̃ (q, q̇)] (30)

where q = [yR, zR, θ]
T . Thus, it is confirmed that the control inputs vector u = [u1, u2]

T is a differential
function of the flat outputs vector, or

u1 = hu1
(Y, Ẏ ) u2 = hu2

(Y, Ẏ ) (31)

The proof of differential flatness properties for the load’s model is an implicit proof of this system’s con-
trollability. Besides, it allows to treat the setpoints definition problem. One selects setpoints without
constraints for state variables x1 = yR and x3 = zR which are associated with the flat outputs of the
system. For state variable θ, setpoints can be chosen using the differential relation which connects this

variable with the flat output θd = tan−1(
żdR
ẏd
R

). At steady-state it holds θd = 0.

3 Dynamic model of the 6-DOF autonomous quadrotors

The considered problem is that of control of the quadrotor in a 6 degrees of freedom motion, with si-
multaneous compensation of the cable-induced drag forces. The first three degrees of freedom describe
translational motion of the quadrotor in the xyz cartesian space, along the x-axis, the y-axis and the z-
axis, as shown in Fig. 2. The rest three degrees of freedom describe rotational motion of the quadrotor
around the axes of the inertial reference frame. Considering as state variables (a) the x, y and z-axis
position of the UAV, (b) the rotation angles of the drone φ, θ and ψ around the axes of the inertial
reference frame, (c) the linear angular velocities of the UAV ẋ, ẏ and ż along the axes of inertial frame
and finally (d) the angular velocities of the UAV φ̇, θ̇, and ψ̇ around the axes of the inertial coordinates
system, the resulting state-space model is of dimension 12, while receiving only four control inputs. The
four control inputs of the quadrotor are a thrust force that can lift up the drone and torques generated by
the unequal turn speeds of its rotors that can change the position of the quadrotor’s center of gravity or
can change its orientation angles with respect to the axes of the inertial reference frame. The quadrotor’s
model is nonlinear and underactuated and the solution of the associated control problem is a nontrivial task.

The kinematic and dynamic model of the quadrotor can be described with the use of a body-fixed frame
and an inertial reference frame. The body-fixed frame is denoted as OXY Z and describes the position of
the quadrotor in the cartesian space ξ = [x, y, z]T , as well as the quadrotor’s attitude which is described
by the Euler angles vector η = [φ, θ, ψ]T (rotation angles around axes OX, OY and OZ respectively). The
body-fixed frame is denoted as OB1B2B3 and describes linear velocities VB = [u, v, w]T , as well as rotation
velocities ω = [p, q, r]T in this coordinates system [36], [28].

The linear velocities vector of the quadrotor in the inertial frame is denoted by VE = [ẋ, ẏ, ż]T and is
related with the velocities vector in the body-fixed frame VB = [u, v, w]T through the following equation
[36], [28]

VE = RVB (32)

where rotation matrix R is given by

R =





CψCθ CψSθSφ− SψCφ CψSθCφ+ SψSφ
SψCθ SψSθSφ+ CψCφ SψSθCφ− CψSφ
−Sθ CθSφ CθCφ



 (33)
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Figure 2: Inertial and body-fixed reference frames and forces due to tension of the cable at the i-th drone
when transporting the payload in the vertical OYZ plane

where C = cos(·) and S = sin(·). The angular velocities of the quadrotor in the inertial frame η̇ = [φ̇, θ̇, ψ̇]T

and the angular velocities in the body-fixed frame ω = [p, q, r]T are connected through the relation

η̇ =W−1ω (34)

that is [28],[36]





φ̇

θ̇

ψ̇



 =





1 sin(φ)tan(θ) cos(φ)tan(θ)
0 cos(φ) −sin(φ)
0 sin(φ)sec(θ) cos(φ)sec(θ)









p
q
r



 (35)

The Euler-Lagrange equation for the quadropter is formulated as follows

d
dt
( ∂L
∂q̇i

)− ∂L
∂qi

=

(

fξ
τη

)

(36)

where the Lagrangian is defined as L(q, q̇) = ECtr
+ECrot

−Ep, ECtr
is the kinetic energy of the quadrotor

due to translational motion, ECrot
is the kinetic energy of the quadrotor due to rotational motion and Ep

is the total potential energy of the quadrotor due to lift. The generalized state vector is q = [ξT , ηT ]T∈R6,
τη∈R

3 is the torques vector that causes rotation round the axes of the body-fixed reference frame, and

fξ = Rf̂ + αT is the translational forces vector applied to the quadropter due to the main control input
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U1, while αT = [Ax, Ay, Az]
T is the aerodynamic forces vector, defined along the axes of the inertial ref-

erence frame. Since the Lagrangian does not contain cross-coupling between the ξ̇ and the η̇ terms, the
Lagrange-Euler equations can be divided into translational and rotational dynamics. The parameters of
the dynamic model of the quadrotor which is obtained from Euler-Lagrange analysis are concisely given in
Table I.

Table I
Euler-Lagrange analysis for the quadrotors

Parameter Definition
L(q, q̇) = ECtr

+ ECrot
− Ep Lagrangian of the quadrotor

ECtr
kinetic energy due to translational motion

ECrot
kinetic energy due to rotational motion

Ep total potential energy due to lift
q = [ξT , ηT ]T∈R6 generalized state vector
ξ ∈R3 Cartesian coordinates vector
η ∈R3 rotation angles vector in inertial frame
τη ∈ R3 torques’ vector

fξ = Rf̂ + αT translational forces vector
αT = [Ax, Ay, Az ]

T aerodynamic forces vector

The translational dynamics of the quadropter is given by

mξ̈ +mge3 = fξ (37)

where e3 = [0, 0, 1]T is the unit vector along the z axis of the inertial reference frame. With reference to
Fig. 2 the tension of the cable that connects the load to the drone is F , and the cable’s angle with the
horizontal OY axis is α. Consequently additional drag forces are applied on each drone due to the cable’s
tension. These are given by Fy = −Fcos(a) and Fz = −Fsin(a), where for the first drone one has F = F1

while for the second drone of Fig. 1 it holds that F = F2. Thus, for each drone Eq. (37) can be written
using the following three equations [36], [28]:

ẍ = 1
m
(cos(ψ)sin(θ)cos(φ) + sin(ψ)sin(φ))U1 +

Ax

m

ÿ = 1
m
(sin(ψ)sin(θ)cos(φ) − cos(ψ)sin(φ))U1 +

Ay

m
− 1

m
Fcos(a)

z̈ = −g + 1
m
(cos(θ)cos(φ))U1 +

Az

m
− 1

m
Fsin(a)

(38)

where m is the quadropter’s mass and g is the gravitational acceleration. The rotational dynamics of the
quadropter is given by [36], [28]

M(η)η̈ + C(η, η̇)η̇ = τη (39)

where the inertia matrix M(η) is defined as

M(η) =





Ixx 0 −IxxSθ
0 IyyC

2φ+ IzzS
2φ (Iyy − Izz)CφSφCθ

−IxxSθ (Iyy − Izz)CφSφCθ IxxS
2θ + IyyS

2φC2θ + IzzC
2φC2θ



 (40)

and the Coriolis matrix is

C(η, η̇) =





c11 c12 c13
c21 c22 c23
c31 c32 c33



 (41)

where the elements of the matrix are
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c11 = 0

c12 = (Iyy − Izz)(θ̇CφSφ+ ψ̇S2φCθ) + (Izz − Iyy)ψ̇C
2φCθ

c13 = (Izz − Iyy)ψ̇CφSφC
2θ

c21 = (Izz − Iyy)(θ̇CφSφ+ ψ̇S2φCθ) + (Iyy − Izz)ψ̇C
2φCθ + Ixxψ̇Cθ

c22 = (Izz − Iyy)φ̇CφSφ

c23 = −Ixxψ̇SθCθ + Iyyψ̇S
2φCθSθ + Izzψ̇C

2φSθCθ

c31 = (Iyy − Izz)ψ̇C
2θSφCφ− Ixxθ̇Cθ

c32 = (Izz − Iyy)(θ̇CφSφSθ + φ̇S2φCθ) + (Iyy − Izz)φ̇C
2φCθ + Ixxψ̇SθCθ−

−Iyyψ̇S
2φSθCθ − Izzψ̇C

2φSθCθ

c33 = (Iyy − Izz)φ̇CφSφC
2θ − Iyy θ̇S

2φCθSθ−

−Izz θ̇C
2φCθSθ + Ixxθ̇CθSθ

(42)

Thus, the mathematical model that describes the quadrotor’s rotational motion is given by [36], [28]

η̈ = −C(η, η̇)η̇ +M(η)−1τη (43)

The following variables are also introduced: F̄y = 1
m
Fcos(a) and F̄z = 1

m
Fsin(a). Next, in the relations

describing the translational motion of the quadrotor, given in Eq. (38) one defines the following control
inputs:

v1 = 1
m
(cos(ψ)sin(θ)cos(φ) + sin(ψ)sin(φ))U1

v2 = −F̄y +
1
m
(sin(ψ)sin(θ)cos(φ) − cos(ψ)sin(φ))U1

v3 = −F̄z − g + 1
m
(cos(θ)cos(φ))U1

(44)

After intermediate algebraic operations one can confirm that the following relations hold

v21 + (v2 + F̄y)
2 + (v3 + F̄z + g)2 = 1

m
U2
1⇒U1 = m·

√

v21 + (v2 + F̄y)2 + (v3 + F̄z + g)2 (45)

Using the above definition of auxiliary control inputs, as well as the definition for aerodynamics coefficients
Ax = −Kxx, Ay = −Kyy, Az = −Kzz, the dynamics of the translational motion of the quadropter,
previously given in Eq. (38) are now written as

ẍ = −Kxx
m

+ v1
ÿ = −

Kyy

m
+ v2

z̈ = −Kzz
m

+ v3

(46)

or equivalently





ẍ
ÿ
z̈



 =





−Kx

m
0 0

0 −
Ky

m
0

0 0 −Kz

m









x
y
z



+





1 0 0
0 1 0
0 0 1









v1
v2
v3



 (47)

By denoting vectors xE = [x, y, z]T , vE = [ẋ, ẏ, ż]T , FE = [v1, v2, v3]
T , as well as by denoting matrices

KE = diag[−Kx

m
,−

Ky

m
,−Kz

m
], GE = I3×3 one has the following concise description for the translational

motion of the quadrotor

ẋE = VE
V̇E = KExE +GEFE

(48)

Moreover, in the equation about the rotational motion of the quadrotor which appears in Eq. (43) one
can use the vectors definition η̇ = ωE = [φ, θ, ψ]T , η̇ = [φ̇, θ̇, ψ̇]T , and can finally rewrite the rotational
dynamics of the UAV in the form
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η̇ = ωE
ω̇E = −C(η, η̇)η̇ +M(η)−1τη

(49)

Next, by merging Eq. (48) and Eq. (49) one obtains the complete dynamic model of each quadrotor in the
form

ẋE = VE
η̇ = ωE

V̇E = KExE +GEFE
ω̇E = −C(η, η̇)η̇ +M(η)−1τη

(50)

Next, the state-vector of each quadrotor is defined as

x = [xE , η, VE , ωE ]
T⇒

x = [x, y, z, φ, θ, ψ, ẋ, ẏ, ż, φ̇, θ̇, ψ̇]T⇒
x = [x1, x2, x3, x4, x5, x6, x7, x8, x9, x10, x11, x12]

T

(51)

and the control inputs vector of this UAV is defined as

u = [FE , τη]
T⇒u = [v1, v2, v3, τφ, τθ, τψ]

T

⇒u = [u1, u2, u3, u4, u5, u6]
T (52)

Additionally, the dynamic model of each quadrotor can be written in the form of two chained subsystems
after defining the state subvectors x1,6 = [x1, x2, x3, x4, x5, x6]

T and x7,12 = [x7, x8, x9, x10, x11, x12]
T as

well as the following subvectors and submatrices.

f1,6(x1,6) = 06×1 g1,6(x1,6) = I6×6 (53)

f7,12(x1,6, x7,12) =

(

KExE
−M−1(u)C((η, ωE)ωE

)

g7,12(x1,6, x7,12) =

(

GE 0
0 M−1(η)

)

(54)

Using the above, the dynamics of each quadrotor can be written in the form of two chained subsystems

ẋ1,6 = f1,6(x1,6) + g1,6(x1,6x7,12)x7,12 (55)

ẋ7,12 = f7,12(x1,6, x7,12) + g7,12(x1,6, x7,12)u (56)

The dynamic model of the quadrotor is differentially flat with flat output vector Y = [x1, x2, x3, x4, x5, x6]
T =

x1,3. Indeed from Eq. (55)

x7,12 = g1,6(x1,6)
−1[ẋ1,6 − f1,6(x1,6)]

⇒x7,12 = hx7,12
(Y, Ẏ )

(57)

This signifies that x7,12 is a differential function of the flat outputs of the system Y . Moreover, from Eq.
(56) one solves for the control inputs vector u. This gives

u = g−1
7,12(x1,6, x7,12)[ẋ7,12 − f7,12(x1,6, x7,12)]

⇒v = hv(Y, Ẏ )
(58)

which signifies that u is a differential function of the flat outputs vector. Consequently, the dynamic model
of each quadrotor is differentially flat.

12



4 Nonlinear optimal control for the cable-suspended payload

4.1 Approximate linearization of two cable-driven payload

The dynamic model of the two cable-driven 3-DOF payload of Eq. (25) undergoes approximate lineariza-
tion with the use of first-order Taylor series expansion and through the computation of the associated
Jacobian matrices. The linearization process takes place at each sampling instance around the temporary
operating point (x∗, u∗) where x∗ is the present value of the system’s state vector and u∗ is the last sampled
value of its control inputs vector (that is the tensions of the cables). The modelling error which is due to
the truncation of higher-order terms from the Taylor series expansion is considered to be a perturbation
which is asymptotically compensated by the robustness of the control method.

The initial nonlinear state-space model of the cable-suspended payload being in the form ẋ = f(x)+g(x)u,
after linearization comes into the form:

ẋ = Ax+Bu+ d̃ (59)

where matrices A, B are the Jacobian matrices of the system:

A = ∇x[f(x) + g(x)u] |(x∗,u∗) ⇒A = ∇xf(x) |(x∗,u∗) +
+∇xg1(x)u1 |(x∗,u∗) +∇xg2(x)u2 |(x∗,u∗)

(60)

B = ∇u[f(x) + g(x)u] |(x∗,u∗) ⇒B = g(x) |(x∗,u∗) (61)

where the cumulative vector od disturbances (x∗, u∗) comprises (i) modelling error due to truncation of
higher-order terms from the Taylor series expansion, (ii) external disturbances, (iii) sensor measurement
noise of any distribution. Because of linearizing at each sampling instance around the present position of
the crane’s state vector, the span of the Taylor series expansion is small and the modelling error is negligible.

Next, the Jacobian matrix ∇xf(x) |(x∗,u∗) is computed.

First row of the Jacobian matrix ∇xf(x) |(x∗,u∗):
∂f1
∂x1

= 0, ∂f1
∂x2

= 1, ∂f1
∂x3

= 0, ∂f1
∂x4

= 0, ∂f1
∂x5

= 0 and ∂f1
∂x6

= 0.

Second row of the Jacobian matrix ∇xf(x) |(x∗,u∗): It holds that

f2 =
f2,num

f2,den
= −M11C1+M21C2−M31G3

detM
(62)

It holds that for 1, 2, · · · , 6

∂f2
∂xi

=
∂f2,num

∂xi
detM−f2,num

∂detM
∂xi

detM2

(63)

where for 1, 2, · · · , 6

∂f2,num

∂xi
= −∂M11

∂xi
C1 −M11

∂C1

∂xi
+ ∂M11

∂xi
C2 +M21

∂C2

∂xi
− ∂M31

∂xi
G3 −M31

∂G3

∂xi
(64)

and also for 1, 2, · · · , 6

∂detM
∂xi

= (M +m)∂M11

∂xi
− (mL3sin(x5))M13 +mL3cos(x5)

∂M13

∂xi
(65)

Third row of the Jacobian matrix ∇xf(x) |(x∗,u∗):
∂f3
∂x1

= 0, ∂f3
∂x2

= 0, ∂f3
∂x3

= 0, ∂f3
∂x4

= 1, ∂f3
∂x5

= 0 and
∂f3
∂x6

= 0.

Fourth row of the Jacobian matrix ∇xf(x) |(x∗,u∗): It holds that
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f4 =
f4,num

f4,den
= M12C1−M22C2+M32G3

detM (66)

It holds that for 1, 2, · · · , 6

∂f4
∂xi

=
∂f4,num

∂xi
detM−f4,num

∂detM
∂xi

detM2

(67)

where for 1, 2, · · · , 6

∂f4,num

∂xi
= ∂M12

∂xi
C1 +M12

∂C1

∂xi
− ∂M22

∂xi
C2 −M22

∂C2

∂xi
+ ∂M32

∂xi
G3 +M32

∂G3

∂xi
(68)

Fifth row of the Jacobian matrix∇xf(x) |(x∗,u∗):
∂f5|
∂x1

= 0, ∂f5
∂x2

= 0, ∂f5
∂x3

= 0, ∂f5
∂x4

= 0, ∂f3
∂x5

= 0 and ∂f5
∂x6

= 1.

Sixth row of the Jacobian matrix ∇xf(x) |(x∗,u∗): It holds that

f6 =
f6,num

f6,den
= −M13C1+M23C2−M33G3

detM
(69)

It holds that for 1, 2, · · · , 6

∂f6
∂xi

=
∂f6,num

∂xi
detM−f6,num

∂detM
∂xi

detM2
(70)

where for 1, 2, · · · , 6

∂f6,num

∂xi
= −∂M13

∂xi
C1 −M13

∂C1

∂xi
+ ∂M23

∂xi
C2 +M23

∂C2

∂xi
− ∂M33

∂xi
G3 −M33

∂G3

∂xi
(71)

Next, the Jacobian matrix ∇xg1(x) |(x∗,u∗) is computed.

First row of the Jacobian matrix ∇xg1(x) |(x∗,u∗):
∂g11
∂xi

= 0. for i = 1, 2, · · · , 6.

Second row of the Jacobian matrix ∇xg1(x) |(x∗,u∗): It holds that for i = 1, 2, · · · , 6

∂g21
∂xi

=
∂M11

∂xi
detM−M11

∂detM
∂xi

detM2
(72)

Third row of the Jacobian matrix ∇xg1(x) |(x∗,u∗):
∂g31
∂xi

= 0. for i = 1, 2, · · · , 6.

Fourth row of the Jacobian matrix ∇xg1(x) |(x∗,u∗): It holds that for i = 1, 2, · · · , 6

∂g41
∂xi

=
−

∂M12

∂xi
detM+M12

∂detM
∂xi

detM2
(73)

Fifth row of the Jacobian matrix ∇xg1(x) |(x∗,u∗):
∂g51
∂xi

= 0. for i = 1, 2, · · · , 6.

Sixth row of the Jacobian matrix ∇xg1(x) |(x∗,u∗): It holds that for i = 1, 2, · · · , 6

∂g61
∂xi

=
∂M13

∂xi
detM−M13

∂detM
∂xi

detM2
(74)

Next, the Jacobian matrix ∇xg2(x) |(x∗,u∗) is computed.

First row of the Jacobian matrix ∇xg2(x) |(x∗,u∗):
∂g12
∂xi

= 0. for i = 1, 2, · · · , 6.

Second row of the Jacobian matrix ∇xg2(x) |(x∗,u∗): It holds that for i = 1, 2, · · · , 6

∂g22
∂xi

=
−

∂M12

∂xi
detM+M12

∂detM
∂xi

detM2
(75)
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Third row of the Jacobian matrix ∇xg2(x) |(x∗,u∗):
∂g32
∂xi

= 0. for i = 1, 2, · · · , 6.

Fourth row of the Jacobian matrix ∇xg2(x) |(x∗,u∗): It holds that for i = 1, 2, · · · , 6

∂g42
∂xi

=
∂M22

∂xi
detM−M22

∂detM
∂xi

detM2
(76)

Fifth row of the Jacobian matrix ∇xg2(x) |(x∗,u∗):
∂g52
∂xi

= 0. for i = 1, 2, · · · , 6.

Sixth row of the Jacobian matrix ∇xg2(x) |(x∗,u∗): It holds that for i = 1, 2, · · · , 6

∂g62
∂xi

=
−

∂M32

∂xi
detM+M32

∂detM
∂xi

detM2
(77)

Computation of the partial derivatives of the sub-determinants of the inertia matrix:

It holds that ∂M11

∂xi
= 0 for i = 1, 2, · · · , 6 and i 6=5 while ∂M11

∂x5

= −(ML3)
2sin(x5)cos(x5).

Additionally, it holds that ∂M12

∂xi
= 0 for i = 1, 2, · · · , 6 and i 6=5 while ∂M12

∂x5

= −(mL3)
2[cos(x5)

2−sin(x5)
2].

Moreover, it holds that ∂M13

∂xi
= 0 for i = 1, 2, · · · , 6 and i 6=5 while ∂M13

∂x5
= (M +m)(mL3)sin(x5).

Furthermore, one has that ∂M21

∂xi
= 0 for i = 1, 2, · · · , 6 and i 6=5 while ∂M21

∂x5

= −(mL3)
2[cos(x5)

2−sin(x5)
2].

Additionally, it holds that ∂M22

∂xi
= 0 for i = 1, 2, · · · , 6 and i 6=5 while ∂M22

∂x5

= 2(mL3)
2sin(x5)cos(x5).

Moreover, it holds that ∂M23

∂xi
= 0 for i = 1, 2, · · · , 6 and i 6=5 while ∂M23

∂x5

= (M +m)(mL3)cos(x5).

Furthermore, one has that ∂M31

∂xi
= 0 for i = 1, 2, · · · , 6 and i 6=5 while ∂M31

∂x5
= (M +m)(mL3)sin(x5).

Moreover, it holds that ∂M32

∂xi
= 0 for i = 1, 2, · · · , 6 and i 6=5 while ∂M32

∂x5

= (M +m)(mL3)cos(x5).

Finally, it holds that ∂M33

∂xi
= 0 for i = 1, 2, · · · , 6.

Computation of the partial derivatives of the non-zero elements of the Coriolis forces vector C(q, q̇):

It holds that ∂C1

∂x1
= 0, ∂C1

∂x2
= 0, ∂C1

∂x3
= 0, ∂C1

∂x4
= 0, ∂C1

∂x5
= −(mL3cos(x5))x

2
6, and

∂C1

∂x6
= −2(mL3sin(x5))x6.

Moreover, it holds that ∂C2

∂x1

= 0, ∂C2

∂x2

= 0, ∂C2

∂x3

= 0, ∂C2

∂x4

= 0, ∂C2

∂x5

= −(mL3sin(x5))x
2
6, and

∂C2

∂x6

=
2(mL3cos(x5))x6.

Computation of the partial derivatives of the non-zero elements of the gravitational forces vector G(q):

It holds that ∂G3

∂x1

= 0, ∂G3

∂x2

= 0, ∂G3

∂x3

= 0, ∂G3

∂x4

= 0, ∂G3

∂x5

= (mgL3cos(x5)), and
∂G3

∂x6

= 0.

Remark : It is noted that the linearization approach which has been followed for implementing the nonlinear
optimal control scheme results into a quite accurate model of the system’s dynamics. Consider for instance
the following affine-in-the-input state-space model

ẋ = f(x) + g(x)u⇒

ẋ = [f(x∗) +∇xf(x) |x∗ (x− x∗)] + [g(x∗) +∇xg(x) |x∗ (x − x∗)]u∗ + g(x∗)u∗ + g(x∗)(u − u∗) + d̃1⇒

ẋ = [∇xf(x) |x∗ +∇xg(x) |x∗ u∗]x+ g(x∗)u− [∇xf(x) |x∗ +∇xg(x) |x∗ u∗]x∗ + f(x∗) + g(x∗)u∗ + d̃1
(78)
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where d̃1 is the modelling error due to truncation of higher order terms in the Taylor series expansion of
f(x) and g(x). Next, by defining A = [∇xf(x) |x∗ +∇xg(x) |x∗ u∗], B = g(x∗) one obtains

ẋ = Ax+Bu−Ax∗ + f(x∗) + g(x∗)u∗ + d̃1 (79)

Moreover by denoting d̃ = −Ax∗ + f(x∗) + g(x∗)u∗ + d̃1 about the cumulative modelling error term in the
Taylor series expansion procedure one has

ẋ = Ax+Bu+ d̃ (80)

which is the approximately linearized model of the dynamics of the system of Eq. (59). The term
f(x∗) + g(x∗)u∗ is the derivative of the state vector at (x∗, u∗) which is almost annihilated by −Ax∗.

4.2 Equivalent linearized dynamics of the cable-driven payload

After linearization around its current operating point, the dynamic model for the two cable-driven 3-DOF
payload is written as

ẋ = Ax+Bu+ d1 (81)

Parameter d1 stands for the linearization error in the two cable-driven 3-DOF payload’s model that was
given previously in Eq. (81). The reference setpoints for the state vector of the aforementioned dynamic
model are denoted by xd = [xd1, · · · , x

d
6]. Tracking of this trajectory is achieved after applying the control

input u∗. At every time instant the control input u∗ is assumed to differ from the control input u appearing
in Eq. (81) by an amount equal to ∆u, that is u∗ = u+∆u

ẋd = Axd +Bu∗ + d2 (82)

The dynamics of the controlled system described in Eq. (81) can be also written as

ẋ = Ax+Bu+Bu∗ − Bu∗ + d1 (83)

and by denoting d3 = −Bu∗ + d1 as an aggregate disturbance term one obtains

ẋ = Ax+Bu+Bu∗ + d3 (84)

By subtracting Eq. (82) from Eq. (84) one has

ẋ− ẋd = A(x− xd) +Bu+ d3 − d2 (85)

By denoting the tracking error as e = x − xd and the aggregate disturbance term as Ld̃ = d3 − d2, the
tracking error dynamics becomes

ė = Ae+Bu+ Ld̃ (86)

where L is a disturbance inputs gain matrix. The above linearized form of the two cable-driven 3-DOF
payload’s model can be efficiently controlled after applying an H-infinity feedback control scheme.

16



4.3 The nonlinear H-infinity control

The initial nonlinear model of the two cable-driven 3-DOF payload is in the form

ẋ = f(x, u) x∈Rn, u∈Rm (87)

Linearization of the model of the two cable-driven 3-DOF payload is performed at each iteration of the
control algorithm around its present operating point (x∗, u∗) = (x(t), u(t− Ts)). The linearized equivalent
of the system is described by

ẋ = Ax+Bu + Ld̃ x∈Rn, u∈Rm, d̃∈Rq (88)

where matrices A and B are obtained from the computation of the previously defined Jacobians and vector
d̃ denotes disturbance terms due to linearization errors, while L is a disturbance inputs gain matrix. The
problem of disturbance rejection for the linearized model that is described by

ẋ = Ax+Bu+ Ld̃
y = Cx

(89)

where x∈Rn, u∈Rm, d̃∈Rq and y∈Rp, cannot be handled efficiently if the classical LQR control scheme
is applied. This is because of the existence of the perturbation term d̃. The disturbance term d̃ apart
from modeling (parametric) uncertainty and external perturbations can also represent noise terms of any
distribution.

In the H∞ control approach, a feedback control scheme is designed for trajectory tracking by the system’s
state vector and simultaneous disturbance rejection, considering that the disturbance affects the system
in the worst possible manner. The disturbances’ effects are incorporated in the following quadratic cost
function:

J(t) = 1
2

∫ T

0
[yT (t)y(t) + ruT (t)u(t)− ρ2d̃T (t)d̃(t)]dt, r, ρ > 0 (90)

The significance of the negative sign in the cost function’s term that is associated with the perturbation
variable d̃(t) is that the disturbance tries to maximize the cost function J(t) while the control signal u(t)
tries to minimize it. The physical meaning of the relation given above is that the control signal and the
disturbances compete to each other within a min-max differential game. This problem of min-max opti-
mization can be written as minumaxd̃J(u, d̃).

The objective of the optimization procedure is to compute a control signal u(t) which can compensate
for the worst possible disturbance, that is externally imposed to the two cable-driven 3-DOF payload.
However, the solution to the min-max optimization problem is directly related to the value of parameter
ρ. This means that there is an upper bound in the disturbances magnitude that can be annihilated by the
control signal.

4.4 Computation of the feedback control gains

For the linearized system given by Eq. (89) the cost function of Eq. (90) is defined, where coefficient
r determines the penalization of the control input and weight coefficient ρ determines the reward of the
disturbances’ effects. It is assumed that (i) The energy that is transferred from the disturbances signal d̃(t)
is bounded, that is

∫∞

0
d̃T (t)d̃(t)dt < ∞, (ii) matrices [A,B] and [A,L] are stabilizable, (iii) matrix [A,C]

is detectable. In the case of a tracking problem the optimal feedback control law is given by

u(t) = −Ke(t) (91)
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Figure 3: Control scheme and implementation stages for the two cable-driven 3-DOF payload

with e = x− xd to be the tracking error, and K = 1
r
BTP where P is a positive definite symmetric matrix.

As it will be proven in Section 4, matrix P is obtained from the solution of the Riccati equation

ATP + PA+Q− P (2
r
BBT − 1

ρ2
LLT )P = 0 (92)

where Q is a positive semi-definite symmetric matrix. The worst case disturbance is given by

d̃(t) = 1
ρ2
LTPe(t) (93)

The solution of the H-infinity feedback control problem for the two cable-driven 3-DOF payload and the
computation of the worst case disturbance that the related controller can sustain, comes from superposition
of Bellman’s optimality principle when considering that the two cable-driven 3-DOF payload is affected by
two separate inputs (i) the control input u (ii) the cumulative disturbance input d̃(t). Solving the optimal
control problem for u, that is for the minimum variation (optimal) control input that achieves elimination
of the state vector’s tracking error, gives u = − 1

r
BTPe. Equivalently, solving the optimal control problem

for d̃, that is for the worst case disturbance that the control loop can sustain gives d̃ = 1
ρ2
LTPe.

The diagram of the considered control loop for the two cable-driven payload is depicted in Fig. 3.

4.5 Stability proof for the optimally controlled payload

Through Lyapunov stability analysis it will be shown that the proposed nonlinear control scheme assures
H∞ tracking performance for the two cable-driven 3-DOF payload, and that in case of bounded disturbance
terms asymptotic convergence to the reference setpoints is achieved. The tracking error dynamics for the
two cable-driven 3-DOF payload is written in the form

ė = Ae+Bu+ Ld̃ (94)
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where in the two cable-driven 3-DOF payload’s case L = ∈R6×6 is the disturbance inputs gain matrix.
Variable d̃ denotes model uncertainties and external disturbances of the two cable-driven 3-DOF payload’s
model. The following Lyapunov equation is considered

V = 1
2e
TPe (95)

where e = x− xd is the tracking error. By differentiating with respect to time one obtains

V̇ = 1
2 ė
TPe+ 1

2e
TP ė⇒

V̇ = 1
2 [Ae +Bu+ Ld̃]TPe+ 1

2e
TP [Ae+Bu+ Ld̃]⇒

(96)

V̇ = 1
2 [e

TAT + uTBT + d̃TLT ]Pe+

+ 1
2e
TP [Ae+Bu + Ld̃]⇒

(97)

V̇ = 1
2e
TATPe+ 1

2u
TBTPe+ 1

2 d̃
TLTPe+

1
2e
TPAe+ 1

2e
TPBu+ 1

2e
TPLd̃

(98)

The previous equation is rewritten as

V̇ = 1
2e
T (ATP + PA)e+ (12u

TBTPe+ 1
2e
TPBu)+

+(12 d̃
TLTPe+ 1

2e
TPLd̃)

(99)

Assumption: For given positive definite matrix Q and coefficients r and ρ there exists a positive definite
matrix P , which is the solution of the following matrix equation

ATP + PA = −Q+ P (2
r
BBT − 1

ρ2
LLT )P (100)

Moreover, the following feedback control law is applied to the system

u = − 1
r
BTPe (101)

By substituting Eq. (100) and Eq. (101) one obtains

V̇ = 1
2e
T [−Q+ P (2

r
BBT − 1

ρ2
LLT )P ]e+

+eTPB(− 1
r
BTPe) + eTPLd̃⇒

(102)

V̇ = − 1
2e
TQe+ 1

r
eTPBBTPe− 1

2ρ2 e
TPLLTPe

− 1
r
eTPBBTPe+ eTPLd̃

(103)

which after intermediate operations gives

V̇ = − 1
2e
TQe− 1

2ρ2 e
TPLLTPe+ eTPLd̃ (104)

or, equivalently

V̇ = − 1
2e
TQe− 1

2ρ2 e
TPLLTPe+

+ 1
2e
TPLd̃+ 1

2 d̃
TLTPe

(105)

Lemma: The following inequality holds

1
2e
TLd̃+ 1

2 d̃L
TPe− 1

2ρ2 e
TPLLTPe≤1

2ρ
2d̃T d̃ (106)

Proof : The binomial (ρα− 1
ρ
b)2 is considered. Expanding the left part of the above inequality one gets

ρ2a2 + 1
ρ2
b2 − 2ab ≥ 0 ⇒ 1

2ρ
2a2 + 1

2ρ2 b
2 − ab ≥ 0 ⇒

ab− 1
2ρ2 b

2 ≤ 1
2ρ

2a2 ⇒ 1
2ab+

1
2ab−

1
2ρ2 b

2 ≤ 1
2ρ

2a2
(107)

19



The following substitutions are carried out: a = d̃ and b = eTPL and the previous relation becomes

1
2 d̃
TLTPe+ 1

2e
TPLd̃− 1

2ρ2 e
TPLLTPe≤1

2ρ
2d̃T d̃ (108)

Eq. (108) is substituted in Eq. (105) and the inequality is enforced, thus giving

V̇≤− 1
2e
TQe+ 1

2ρ
2d̃T d̃ (109)

Eq. (109) shows that the H∞ tracking performance criterion is satisfied. The integration of V̇ from 0 to
T gives

∫ T

0 V̇ (t)dt≤ − 1
2

∫ T

0 ||e||2Qdt+
1
2ρ

2
∫ T

0 ||d̃||2dt⇒

2V (T ) +
∫ T

0
||e||2Qdt≤2V (0) + ρ2

∫ T

0
||d̃||2dt

(110)

Moreover, if there exists a positive constant Md > 0 such that

∫∞

0
||d̃||2dt ≤Md (111)

then one gets

∫∞

0 ||e||2Qdt ≤ 2V (0) + ρ2Md (112)

Thus, the integral
∫∞

0
||e||2Qdt is bounded. Moreover, V (T ) is bounded and from the definition of the

Lyapunov function V in Eq. (95) it becomes clear that e(t) will be also bounded since e(t) ∈ Ωe =
{e|eTPe≤2V (0) + ρ2Md}. According to the above and with the use of Barbalat’s Lemma one obtains
limt→∞ e(t) = 0.

After following the stages of the stability proof one arrives at Eq. (109) which shows that the H-infinity
tracking performance criterion holds. By selecting the attenuation coefficient ρ to be sufficiently small and
in particular to satisfy ρ2 < ||e||2Q/||d̃||

2 one has that the first derivative of the Lyapunov function is upper
bounded by 0. This condition holds at each sampling instance and consequently global stability for the
control loop can be concluded.

5 Flatness-based control in successive loops for the quadrotors

It will be proven that each one of the subsystems of Eq. (55) and Eq. (56) of the dynamic model of
the quadrotors is differentially flat, and that stabilizing feedback control about them can be achieved by
applying a dynamics inversion technique which is commonly used in input-output linearized systems.

For the subsystem of Eq. (55) the flat outputs vector is taken to be Y1 = x1,6 while x7,12 is taken to
be a virtual control input, that is v̄1 = x7,12. Thus, solving Eq. (55) for v̄1 one obtains Eq. (57) which
signifies that v̄1 is a differential function of the flat outputs Y1. Consequently, Eq. (55) is a differentially
flat subsystem.

For the subsystem of Eq. (56) the flat outputs vector is taken to be Y2 = x7,12 while x1,6 is taken to be a
coefficients vector and u is the real control input. Thus, solving Eq. (56) for u one obtains Eq. (58) which
signifies that u is a differential function of the flat outputs Y2. Consequently, Eq. (56) is a differentially
flat subsystem.

In confirmation of the differential flatness properties of the subsystems of Eq. (55) and Eq. (56) one can
notice that these subsystems are in the input-output linearized form. Consequently, control and stabiliza-
tion about them can be achieved by applying common dynamics inversion techniques which have been used

20



for input-output linearized systems.

The setpoint for the subsystem of Eq. (55) is x∗1,6 and the stabilizing feedback control is taken to be

v̄1 = x∗7,12 = g1,6(x1,6)
−1[x∗1,6 − f(x1,6)−K1(x1,6 − x∗1,6)] (113)

where K1 is a diagonal matrix K1∈R
6×6 with diagonal elements K1,ii > 0, i = 1, 2, · · · , 6. For the

subsystem of Eq. (56) the stabilizing feedback control is taken to be

u = g7,12(x1,6, x7,12)
−1[x∗7,12 − f7,12(x1,6, x7,12)−K2(x7,12 − x∗7,12)] (114)

where K2 is a diagonal matrix K2∈R
6×6 with diagonal elements K2,ii > 0, i = 1, 2, · · · , 6.

By applying the control law of Eq. (113) into the subsystem of Eq. (55) and by defining the tracking error
variable e1,6 = x1,6 − x∗1,6 one obtains

ẋ1,6 = f1,6(x1,3) + g1,6(x1,6)g1,6(x1,6)
−1[x∗1,6 − f(x1,6)−K1(x1,6 − x∗1,6)]⇒

(ẋ1,6 − ẋ∗1,6) +K1(x1,6 − x∗1,6) = 0⇒ė1,6 +K1e1,6 = 0⇒
limt→∞e1,6(t) = 0⇒limt→∞x1,6(t) = x∗1,6

(115)

By applying the control law of Eq. (114) into the subsystem of Eq. (56) and by defining the tracking error
variable e7,12 = x7,12 − x∗7,12 one obtains

ẋ7,12 = f7,12(x1,6, x7,12) + g7,12(x1,6, x7,12)g7,12(x1,6, x7,12)
−1[x∗7,12 − f(x7,12)−K2(x7,12 − x∗7,12)]⇒

(ẋ7,12 − ẋ∗7,12) +K2(x7,12 − x∗7,12) = 0⇒ė7,12 +K2e7,12 = 0⇒
limt→∞e7,12(t) = 0⇒limt→∞x7,12(t) = x∗7,12

(116)
The global stability properties of the control method can be also proven through Lyapunov analysis. To
this end, the following Lyapunov function is defined

V = 1
2 [e

T
1,6e1,6 + eT7,12e7,12] (117)

It holds that V > 0 ∀ e1,6 6=0, e7,12 6=0 and V = 0 iff e1,6 = 0, e7,12 = 0. By differentiating in time the
Lyapunov function of Eq. (117) one obtains

V̇ = 1
2 [2e

T
1,6ė1,6 + 2eT7,12ė7,12] (118)

Moreover, by using the tracking error dynamics of Eq. (115) and Eq. (116) one obtains

V̇ = [eT1,6(−K2e1,6) + eT7,12(−K2e7,12)]⇒

V̇ = −eT1,6K1e1,6 − eT7,12K2e7,12⇒

V̇ < 0 ∀ e1,6 6=0, e7,12 6=0

(119)

Therefore, V is a strictly diminishing function which converges asymptotically to 0. Consequently, it holds
that limt→∞e1,6 = 0 and limt→∞e7,12 = 0.

An explicit demonstration of the exponential stabilization that is achieved by flatness-based control in
successive loops is given next. The Lyapunov function of the control loop is written as:

V = 1
2 [
∑6
i=1e

2
i +

∑12
j=7e

2
j ] (120)

where ei i = 1, · · · , 6 are the tracking errors for the state variables of the quadrotor associated with
translational motion and ej j = 7, · · · , 12 are the tracking errors for the state variables of the quadrotor
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associated with rotational motion. Equivalently, the first-order time-derivative of the Lyapunov function
is written as

V̇ = −[
∑6

i=1k1,ie
2
i +

∑12
j=7k2,je

2
j ] (121)

where k1,i > 0 i = 1, · · · , 6 are the diagonal elements of gain matrix K1 and k2,j > 0 j = 7, · · · , 12 are
the diagonal elements of gain matrix K2. By denoting the minimum of the above-noted elements of the
feedback gain matrices as kmin, that is

kmin = min{k1,i : i = 1, · · · , 6 and k2,j : j = 7, · · · , 12} (122)

and using Eq. (121) one obtains that

V̇≤− kmin[
∑6

i=1e
2
i +

∑12
j=7e

2
j ]

⇒V̇≤− 2kminV⇒V̇ + 2kminV≤0
(123)

From Eq. (123) one can demonstrate the exponential convergence of the Lyapunov function V to 0.

The feedback control scheme, which is followed for the cascading subsystems that constitute the dynamic
model of 6-DOF quadrotor and which is based on inversion of the subsystems’ dynamics of this aerial
drone, is equally robust to sliding-mode control in which the switching control term has been substi-
tuted by a saturation function. One can easily confirm this for the first-order i-th subsystem of the form
ẋi = fi(xi) + gi(xi)vi by defining the sliding surface si = ei = x1 − xdi and the associated sliding mode

controller vi = ĝi(x)
−1[ẋdi − f̂i(xi)−Kisgn(xi−x

d
i )] which after substituting the sgn(si) function with the

saturation sat(si) function becomes vi = ĝi(x)
−1[ẋdi − f̂i(xi) −Ki(xi − xdi )]. The latter relation coincides

with the flatness-based control in successive loops for the i-th subsystem under uncertainty (with use of

the estimated functions f̂i(x) and ĝi(x)) which is computed by the article’s control method. Therefore, the
proposed flatness-based control method in successive loops provides sufficient robustness margins which
enable the reliable and safe functioning of each one of the two 6-DOF quadrotor under reasonable levels of
model uncertainty or external perturbations.

6 Simulation tests

The simulation code was developed based on functional programming principles. There was a main() func-
tion which was executing sequentially inside a for-loop and at each sampling instance three other functions,
namely (i) function payload transport() which was performing the computation of the optimal control in-
puts for the transportation of the payload, (ii) function quadrotor UAV1() which was performing control
of the first UAV so as to achieve precise flight-path following and compensation of the force F1 at the first
cable, (iii) function quadrotor UAV2() which was performing control of the second UAV so as to achieve
precise flight-path following and compensation of the force F2 at the second cable. The sampling period
was Ts = 0.01 sec. To solve the algebraic Riccati equation of Eq. (100) so as to compute the optimal
control inputs (lift forces) for the payload Matlab’s function aresolv() was being executed at each sampling
period.

Indicative values about the parameters of the payload’s model have been: M = 10.0kg, m = 20.0kg,
L1 = 2.5m, L2 = 3.5m,‘ L3 = 1.0m and g = 10m/sec2. Indicative values about the parameters of the
6-DOF quadrotor UAVs which have been used in the simulation experiments are given below: m = 40kgr,
g = 10m/sec2, Kx = 1.1, Ky = 1.1, Kz = 1.1, Ixx = 10.6kgr·m2, Iyy = 10.6kgr·m2, Izz = 10.6kgr·m2,
Ixy = 0.6kgr·m2, Ixz = 0.6kgr·m2, Iyz = 0.6kgr·m2. The obtained results are depicted in Fig. 4 to Fig.
35. It can be noticed that in all test cases the proposed nonlinear optimal and multi-loop flatness-based
control method achieved fast and accurate tracking of the reference setpoints, for both the payload and
the two quadropters, under moderate variations of the control inputs. Therefore, it can be concluded that
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the proposed control scheme ensures safe transportation and precise final positioning of the payload at any
point in the drones’ operating space. The quadrotors may have different dynamic models while the lengths
of the cables may also be uneven.

Regarding the implementation of the nonlinear optimal control for the cable-driven payload, the main
parameters which affect the steaady-state and the transient performance of this control scheme are the
coefficients r, ρ and Q of the method’s algebraic Riccati equation. For relatively small values of r the state
vector’s tracking error is eliminated. For relatively large values of the diagonal elements of matrix Q the
speed of convergence to setpoints is increased. Finally, the smallest value of ρ for which one obtains a
valid solution of the method’s Riccati equation is the one that provides the control loop with maximum
robustness. Unlike Nonlinear Model Predictive Control (NMPC) the global stability properties are proven
and the convergence of the iterative search for the optimum of the new nonlinear optimal control method
does not depend on initialization and ad-hoc selection of the controller’s parameters. The nonlinear op-
timal control method minimizes the energy which is spent by the dual UAV transportation system for
moving the load to its final position. The method is particularly suitable for underactuated systems such
as the suspended payload, where the control inputs gain matrix is not in quadratic form and is not invertible.

Regarding the implementation of multi-loop flatness-based it can be noticed again, that under this control
scheme one achieves fast and precise tracking of reference setpoints for all state variables of the dynamic
model of the 6-DOF autonomous quadrotor. It is noteworthy, that through the stages of this method one
solves also the setpoints definition problem for all state variables of the quadrotor. Actually, the selec-
tion of setpoints for state variables x4 to x6, that is x∗4,6 = [φ∗, θ∗, ψ∗]T is unconstrained. Regarding the
selection of selection of setpoints for state variables x1 to x3, that is x∗1,3 = [x∗, y∗, z∗], x∗ is assigned a
constant value because the drones move on the yz plane, and y∗, z∗ for each drone satisfy the geometric
constraints y∗ = yR,d + Licos(ai,d), z

∗ = zR,d + Licos(ai,d) where Li is the length of the cable and ai,d
is the desirable angle between the OY axis and the cable. On the other side by defining state variables
x7 to x12 as virtual control inputs for the subsystem of state variables x1 to x6 one can find the setpoints
for x7 to x12, denoted as x∗7,12 as functions of the setpoints for x1 to x6. The speed of convergence of
the state variables of the 6-DOF autonomous quadrotor when using flatness-based control implemented in
successive loops is determined by the selection of values for the diagonal gain matricesK1∈R

6×6, K2∈R
6×6.

7 Conclusions

The article has proposed a joint nonlinear optimal control and multi-loop flatness-based control approach
for the control problem of the dual UAV cooperative load transportation. This dynamical system consisted
of a cart with a payload suspended from it being driven by two cables which in turn were pulled by two
quadrotors. The objective was to lift and transfer the payload to any desirable final position through
suitable selection of the control inputs of the two UAVs. To secure the transportation process, the pay-
load had to be stabilized at the vertical position while its oscillations around the vertical axis had to be
rapidly and effectively suppressed. The control problem was of high difficulty because of involving different
multi-DOF nonlinear dynamical systems, that is the cable-driven payload and the two drones, which were
all underactuated. First, to compute the cables’ forces which could stabilize the payload and could also
ensure its safe transfer to the targeted final position, the associated nonlinear optimal control problem
was solved. The dynamic model of the cable-suspended payload underwent an approximate linearization
procedure through first-order Taylor series expansion and through the computation of the associated Ja-
cobian matrices. The linearization was repeated at each sampling instance around a temporary operating
point which was defined by the present value of the state vector of the cable-driven payload and by the
last sampled value of the forces (tensions) of the cables which acted as control inputs to the payload. For
the approximately linearized model of the cable-suspended payload an H-infinity controller was designed.
To select the stabilizing feedback gains of the H-infinity controller an algebraic Riccati equation had to
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Figure 4: Tracking of setpoint 1 by the payload (a) trajectories in the OY Z plane followed by quadrotor 1
(red line) and quadrotor 2 (green line) and path followed by the cable-suspended payload (magenta line),
(b) convergence of the state variables of the cable-suspended payload x1, x3 and x5 to the associated
setpoints
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Figure 5: Tracking of setpoint 1 by the payload: (a) convergence to zero of the tracking error of state
variables x1, x3 and x5 of the cable-suspended payload (b) variation of control inputs u1, u2 applied to the
payload through the cables
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Figure 6: Tracking of setpoint 1 by the first UAV (a) convergence to setpoints (red line) for the state
variables x1 to x6 of quadrotor 1 (blue line), (b) control inputs u1 to u4 of quadrotor 1 (blue line)
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Figure 7: Tracking of setpoint 1 by the second UAV (a) convergence to setpoints (red line) for the state
variables x1 to x6 of quadrotor 2 (blue line), (b) control inputs u1 to u4 of quadrotor 2 (blue line)
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Figure 8: Tracking of setpoint 2 by the payload (a) trajectories in the OY Z plane followed by quadrotor 1
(red line) and quadrotor 2 (green line) and path followed by the cable-suspended payload (magenta line),
(b) convergence of the state variables of the cable-suspended payload x1, x3 and x5 to the associated
setpoints
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Figure 9: Tracking of setpoint 2 by the payload: (a) convergence to zero of the tracking error of state
variables x1, x3 and x5 of the cable-suspended payload (b) variation of control inputs u1, u2 applied to the
payload through the cables
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Figure 10: Tracking of setpoint 2 by the first UAV (a) convergence to setpoints (red line) for the state
variables x1 to x6 of quadrotor 1 (blue line), (b) control inputs u1 to u4 of quadrotor 1 (blue line)
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Figure 11: Tracking of setpoint 2 by the second UAV (a) convergence to setpoints (red line) for the state
variables x1 to x6 of quadrotor 2 (blue line), (b) control inputs u1 to u4 of quadrotor 2 (blue line)
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Figure 12: Tracking of setpoint 3 by the payload (a) trajectories in the OY Z plane followed by quadrotor
1 (red line) and quadrotor 2 (green line) and path followed by the cable-suspended payload (magenta line),
(b) convergence of the state variables of the cable-suspended payload x1, x3 and x5 to the associated
setpoints
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Figure 13: Tracking of setpoint 3 by the payload: (a) convergence to zero of the tracking error of state
variables x1, x3 and x5 of the cable-suspended payload (b) variation of control inputs u1, u2 applied to the
payload through the cables
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Figure 14: Tracking of setpoint 3 by the first UAV (a) convergence to setpoints (red line) for the state
variables x1 to x6 of quadrotor 1 (blue line), (b) control inputs u1 to u4 of quadrotor 1 (blue line)
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Figure 15: Tracking of setpoint 3 by the second UAV (a) convergence to setpoints (red line) for the state
variables x1 to x6 of quadrotor 2 (blue line), (b) control inputs u1 to u4 of quadrotor 2 (blue line)
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Figure 16: Tracking of setpoint 4 by the payload (a) trajectories in the OY Z plane followed by quadrotor
1 (red line) and quadrotor 2 (green line) and path followed by the cable-suspended payload (magenta line),
(b) convergence of the state variables of the cable-suspended payload x1, x3 and x5 to the associated
setpoints
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Figure 17: Tracking of setpoint 4 by the payload: (a) convergence to zero of the tracking error of state
variables x1, x3 and x5 of the cable-suspended payload (b) variation of control inputs u1, u2 applied to the
payload through the cables
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Figure 18: Tracking of setpoint 4 by the first UAV (a) convergence to setpoints (red line) for the state
variables x1 to x6 of quadrotor 1 (blue line), (b) control inputs u1 to u4 of quadrotor 1 (blue line)
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Figure 19: Tracking of setpoint 4 by the second UAV (a) convergence to setpoints (red line) for the state
variables x1 to x6 of quadrotor 2 (blue line), (b) control inputs u1 to u4 of quadrotor 2 (blue line)
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Figure 20: Tracking of setpoint 5 by the payload (a) trajectories in the OY Z plane followed by quadrotor
1 (red line) and quadrotor 2 (green line) and path followed by the cable-suspended payload (magenta line),
(b) convergence of the state variables of the cable-suspended payload x1, x3 and x5 to the associated
setpoints
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Figure 21: Tracking of setpoint 5 by the payload: (a) convergence to zero of the tracking error of state
variables x1, x3 and x5 of the cable-suspended payload (b) variation of control inputs u1, u2 applied to the
payload through the cables
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Figure 22: Tracking of setpoint 5 by the first UAV (a) convergence to setpoints (red line) for the state
variables x1 to x6 of quadrotor 1 (blue line), (b) control inputs u1 to u4 of quadrotor 1 (blue line)

0 5 10 15 20
1

1.1

1.2

time (sec)

x
1
 (

m
)

0 5 10 15 20
0

5

10

time (sec)

x
2
 (

m
)

0 5 10 15 20
0

10

20

time (sec)

x
3
 (

m
)

0 5 10 15 20
1

1.5

time (sec)

x
4
 (

ra
d

)

0 5 10 15 20
1

1.2

1.4

time (sec)

x
5
 (

ra
d

)

0 5 10 15 20
1

1.2

1.4

time (sec)

x
6
 (

ra
d

)

0 5 10 15 20
0

500

1000

1500

time (sec)

u
1
 (

N
t)

0 5 10 15 20
−20

−10

0

10

20

time (sec)

u
2
 (

N
t⋅
m

)

0 5 10 15 20
−20

−10

0

10

20

time (sec)

u
3
 (

N
t⋅
m

)

0 5 10 15 20
−20

−10

0

10

20

time (sec)

u
4
 (

N
t⋅
m

)

(a) (b)

Figure 23: Tracking of setpoint 5 by the second UAV (a) convergence to setpoints (red line) for the state
variables x1 to x6 of quadrotor 2 (blue line), (b) control inputs u1 to u4 of quadrotor 2 (blue line)
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Figure 24: Tracking of setpoint 6 by the payload (a) trajectories in the OY Z plane followed by quadrotor
1 (red line) and quadrotor 2 (green line) and path followed by the cable-suspended payload (magenta line),
(b) convergence of the state variables of the cable-suspended payload x1, x3 and x5 to the associated
setpoints
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Figure 25: Tracking of setpoint 6 by the payload: (a) convergence to zero of the tracking error of state
variables x1, x3 and x5 of the cable-suspended payload (b) variation of control inputs u1, u2 applied to the
payload through the cables
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Figure 26: Tracking of setpoint 6 by the first UAV (a) convergence to setpoints (red line) for the state
variables x1 to x6 of quadrotor 1 (blue line), (b) control inputs u1 to u4 of quadrotor 1 (blue line)
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Figure 27: Tracking of setpoint 6 by the second UAV (a) convergence to setpoints (red line) for the state
variables x1 to x6 of quadrotor 2 (blue line), (b) control inputs u1 to u4 of quadrotor 2 (blue line)
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Figure 28: Tracking of setpoint 7 by the payload (a) trajectories in the OY Z plane followed by quadrotor
1 (red line) and quadrotor 2 (green line) and path followed by the cable-suspended payload (magenta line),
(b) convergence of the state variables of the cable-suspended payload x1, x3 and x5 to the associated
setpoints
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Figure 29: Tracking of setpoint 7 by the payload: (a) convergence to zero of the tracking error of state
variables x1, x3 and x5 of the cable-suspended payload (b) variation of control inputs u1, u2 applied to the
payload through the cables
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Figure 30: Tracking of setpoint 7 by the first UAV (a) convergence to setpoints (red line) for the state
variables x1 to x6 of quadrotor 1 (blue line), (b) control inputs u1 to u4 of quadrotor 1 (blue line)
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Figure 31: Tracking of setpoint 7 by the second UAV (a) convergence to setpoints (red line) for the state
variables x1 to x6 of quadrotor 2 (blue line), (b) control inputs u1 to u4 of quadrotor 2 (blue line)
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Figure 33: Tracking of setpoint 8 by the payload: (a) convergence to zero of the tracking error of state
variables x1, x3 and x5 of the cable-suspended payload (b) variation of control inputs u1, u2 applied to the
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Figure 34: Tracking of setpoint 8 by the first UAV (a) convergence to setpoints (red line) for the state
variables x1 to x6 of quadrotor 1 (blue line), (b) control inputs u1 to u4 of quadrotor 1 (blue line)
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Figure 35: Tracking of setpoint 8 by the second UAV (a) convergence to setpoints (red line) for the state
variables x1 to x6 of quadrotor 2 (blue line), (b) control inputs u1 to u4 of quadrotor 2 (blue line)
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be repetitively solved at each time-step of the control algorithm. It was also proven through Lyapunov
analysis that the values of the cables’ forces which were computed through this procedure ensured global
asymptotically stability for the payload and its precise placement at the desirable final position.

At a second stage, the cables’ forces which were computed through the solution of the aforementioned opti-
mal control problem were included as drag forces in the dynamic model of the two quadropters. By solving
the stabilization and flight-path tracking problem for these UAVs under the cable-induced drag forces one
ensures that the payload is lifted and transported with cable-tensions that bring it to the desirable final
position. To control the quadrotors and to achieve compensation of the drag forces from the cables, a
multi-loop flatness-based control approach has been followed. In this flatness-based control in successive
loops the nonlinear dynamic model of each drone was separated into cascading subsystems which were
shown to satisfy differential flatness properties. For each subsystem of the state-space model of each drone
a virtual control input was defined, capable of inverting the UAV’s dynamics and of eliminating the associ-
ated tracking error. The control input which is actually applied to the initial nonlinear dynamic model of
each drone was obtained from the last row of its state-space description. This control input incorporated
in a recursive manner all virtual control inputs which were computed from the individual subsystems in-
cluded in the initial state-space equation. The global stability properties of the new control method for the
stablization and flight-path following by each drone have been analytically proven with the use Lyapunov
stability analysis, while exponential convergence has been also confirmed. The multi-loop flatness-based
control method achieved fast and accurate tracking of the desirable flight trajectories of each quadropter,
under moderate variations of the control inputs. The method can be extended to the multi-UAV case and
to 6-DOF payloads. In aggregate the nonlinear optimal and multi-loop flatness-based control scheme for
dual UAV cooperative transportation of payloads ensured safe transportation and precise final positioning
of the payload at any point in the drones’ operating space. The quadrotors may have different dynamic
models while the lengths of the cables may also be uneven.
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