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Abstract

In this paper, we study the initial-boundary value problem of three-dimensional viscous, compressible, and heat conductive

magnetohydrodynamic equations. Local existence and uniqueness of strong solutions is established with any such initial data

that the initial compatibility conditions do not be required. The analysis is based on some suitable prior estimates for the

strong coupling term u·[?] H and strong nonlinear term curl H x H . Our proof of the existence and uniqueness of solutions is

in the Lagrangian coordinates first and then transformed back to the Euler coordinates.
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Abstract
In this paper, we study the initial-boundary value problem of three-dimensional viscous, compressible, and
heat conductive magnetohydrodynamic equations. Local existence and uniqueness of strong solutions is
established with any such initial data that the initial compatibility conditions do not be required. The analysis
is based on some suitable prior estimates for the strong coupling term u · ∇H and strong nonlinear term
curlH × H. Our proof of the existence and uniqueness of solutions is in the Lagrangian coordinates first and
then transformed back to the Euler coordinates.
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1 INTRODUCTION

Let Ω ⊂ R3 be a bounded domain, the compressible and heat conductive magnetohydrodynamic flow viscous can be represented
by the following compressible MHD equations1.:

ρt + div (ρu) = 0,
ρut + ρu · ∇u – µ∆u – (λ + µ)∇divu +∇p = curlH × H,
cvρ (θt + u · ∇θ) + p div u – κ4 θ = Q(∇u) + ν

∣∣curlH
∣∣2 ,

Ht – H · ∇u + u · ∇H + H div u = ν∆H,
divH = 0,

(1.1)

where the unknowns ρ ≥ 0, u ∈ R3, θ ≥ 0, H ∈ R3, respectively, are the density, velocity, absolute temperature, and magnetic
field; p = Rρθ, with positive constant R, is the pressure. And

Q (∇u) =
µ

2

∣∣∇u + (∇u)T ∣∣2 + λ (div u)2 , (1.2)

with (∇u)T being the transpose of∇u. The constant viscosity coefficients µ and λ satisfy the physical restrictions

µ > 0, 2µ + 3λ ≥ 0. (1.3)

Positive constants cν , κ, and ν are the heat capacity, the ratio of the heat conductivity coefficient over the heat capacity, and the
magnetic diffusive coefficient, respectively.

Abbreviations: MHD, magnetohydrodynamic; ODE,Oridinary differential equation.
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In this paper, we consider the initial-boundary value problem. The initial and boundary conditions read as:

(ρ, H, ρu, ρθ)|t=0 = (ρ0, H0, ρ0u0, ρ0θ0), (1.4)

u|∂Ω = 0, ∇θ · n
∣∣
∂Ω

= 0, H · n
∣∣
∂Ω

= curl H × n|∂Ω = 0, (1.5)

where ρ0, u0, H0, θ0 are given functions.
The Magnetohydrodynamic Equation is used to simulate the motion of conductive fluids under the action of electromagnetic

fields, and has wide applications in fields such as astrophysics and plasma2,3,4. It is a coupling model of the Navier-Stokes
equation of fluid dynamics and the Maxwell electromagnetic equation5,6,7. Compared with the compressible Navier-Stokes
equations, the study of the well-posedness of the compressible MHD equations is quite complex due to the strong coupling
and interaction between fluid motion and magnetic field. Effective methods need to be found to handle strong coupling
and strong nonlinearity terms, whose unique characteristics make analytical research a huge challenge but also provide new
opportunities8,9,10. There has been many works on the mathematical studies the compressible MHD equations in fluid dynamics.
Li, Xu, and Zhang studied the global existence of strong solutions for three-dimensional MHD equations under the condition of
low total energy of initial data under isentropic conditions11. By removing the cricial assumption that the initial total energy is
small, Hong et al. proved that as long as the adiabatic index approaches 1 and ν is suitably large, the global classical strong
solutions holds12. Fan and Yu studied the existence and uniqueness of local strong solutions for three-dimensional MHD
equations with vacuum under non isentropic conditions13. Liu and Zhong proposed the global existence and uniqueness of
strong solutions for the Cauchy problem of a three-dimensional fully compressible MHD system with vacuum14.

There are already many well-posedness results on compressible Navior-Stokes equations15,16,17,18,19,20, however, there are few
well-posedness results for compressible Navior-Stokes equations without initial compatibility conditions. The following are
some research results on the local well-posedness theory of Navier-Stokes equations without initial compatibility conditions. Li
established the local well-posedness theory for non-uniform incompressible Navier-Stokes equations without initial compatibility
conditions21. Gong et al. established the local well-posedness for the isentropic compressible Navier-Stokes equation without any
initial compatibility conditions22. Lai, Xu, and Zhang established the local well-posedness for full compressible Navier-Stokes
equations that satisfies partial compatibility conditions23. Li and Zheng obtained the local existence and uniqueness of the
compressible Navier-Stokes equation under vacuum and no initial compatibility conditions24. The well-posedness theory based
on initial compatibility conditions imposes additional limitations on the initial data and cannot fully meet physical requirements.
Inspired by the local well-posedness theory of compressible Navier-Stokes equations without any initial compatibility conditions,
this paper will further investigate the existence of local strong solutions for a class of three-dimensional compressible MHD
equations without initial compatibility conditions.

The strong solutions to be established in this paper are defined as follows.

Definition 1. Given a positive time T ∈ (0,∞) and let q ∈ (3, 6). Assume that θ0 is no-negative, Lebesgue measurable, and
finitely valued a.e. in Ω, and that

0 ≤ ρ0 ∈ W1,q(Ω), u0 ∈ H1
0(Ω),

√
ρ0θ0 ∈ L2(Ω), H0 ∈ H2(Ω).

(ρ, u, H, θ) is called a strong solution to system (1.1) in Ω× (0, T), subject to (1.4)-(1.5), if it has the regularities

0 ≤ ρ ∈ C
(
[0, T]; L2) ∩ L∞

(
0, T; W1,q) , ρt ∈ L∞

(
0, T; L2) ,

√
ρu ∈ C

(
[0, T]; L2) ,

u ∈ L∞
(
0, T; H1

0

)
∩ L2 (0, T; H2) ∩ L1 (0, T; W2,q) , H ∈ L∞

(
0, T; H1) ∩ L2 (0, T; H2) ∩ L1 (0, T; W2,q) ,

√
ρut ∈ L2 (0, T; L2) ,

√
tu ∈ L∞

(
0, T; H2) ∩ L2 (0, T; W2,q) ,

√
tH ∈ L∞

(
0, T; H2) ∩ L2 (0, T; W2,q) ,

√
tut ∈ L2 (0, T; H1

0

)
,
√

tHt ∈ L2 (0, T; H1
0

)
,
√
ρθ ∈ C

(
[0, T]; L2) , 0 ≤ θ ∈ L2 (0, T; H1

0

)
,

√
tθ ∈ L∞

(
0, T; H1

0

)
∩ L2 (0, T; H2) ,

√
t
√
ρθt ∈ L2 (0, T; L2) , tθ ∈ L2 (0, T; W2,6) , tθt ∈ L2 (0, T; H1

0

)
,

and satisfies equations (1.1) with the initial condition (1.4) a.e. in Ω× (0, T).

Our main result can be stated as follows.

Theorem 1. Let q ∈ (3, 6). Assume that θ0 is non-negative, Lebesgue measurable, and finitely valued a.e. in Ω,

0 ≤ ρ0 ∈ W1,q(Ω), u0 ∈ H1
0(Ω),

√
ρ0θ0 ∈ L2(Ω), H0 ∈ H2(Ω).
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and that ρ0 is not identically zero. Then, there exists a positive time T0 depending only on R, µ, λ, cv, q, and Φ0, such that system
(1.1), subject to (1.4)-(1.5), has a unique strong solution in Ω× (0, T0), where Φ0 := ‖ρ0‖∞ + ‖∇ρ0‖q +

∥∥(√ρ0θ0,∇u0,∇H0
)∥∥2

2.

Remark 1. The arguments presented in this paper with slightly modifications work also for the Cauchy problem and similar
result as in Theorem 1 still holds, with the assumptions on u0 and θ0 replaced by (u0,

√
ρ0θ0) ∈ D1

0 ∩ D2.

Our method of proof builds up the framework developed by Li and Zheng for compressible Navier-Stokes equations in [24].
Considering the influence of magnetic fields, the key of proving the existence part of Theorem 1 is to carry out some suitable a
priori estimates of the following quantity.

Φ(t) :=
∫ T

0

∥∥(√ρut,∇2u,∇2H, Ht,
√

s∇ut,
√

s∇Ht,∇θ,
√

s
√
ρθt,
√

s∇2θ
)∥∥2

2 ds

sup
0≤t≤T

(
‖ρ‖∞ + ‖∇ρ‖q +

∥∥(√ρθ,∇u,∇H,
√

t∇θ,
√

s∇2u,
√

s∇2H
)∥∥2

2

)
+ 1. (1.6)

for any approximate solution (ρ, u, H, θ) to system (1.1), subject to (1.4)-(1.5). Compared to [24], one of the main difficulties in
our study is to establish the estimates of the item u · ∇H and curlH × H.

The structure of the paper is the following. In the next section, we derive some a priori estimates for the strong solutions to
system (1.1), subject to (1.4)-(1.5). Section 3 is devoted to proving our main result Theorem 1 in the Lagrangian coordinates
first and then transformed back to the Euler coordinates. Finally, the specific proof process of the a preparing existence result
Proposition 11 will be provided in Appendix.

2 A PRIORI ESTIMATES INDEPENDENT OF COMPATIBILITY CONDITIONS

The aim of this section is to derive some a priori estimates for the strong solutions to system (1.1), subject to (1.4)-(1.5). The a
priori estimates established in this section do not depend on initial compatibility conditions, which is crucial to finally establish
the existence of strong solutions without any compatibility conditions.

The following local existence and uniqueness of strong solutions system (1.1) with (1.4)-(1.5) has been established in [13],
where the compatibility conditions are required.

Lemma 1. Let q ∈ (3, 6] and assume that (ρ0, u0, H0, θ0) satisfies

0 ≤ ρ0 ∈ W1,q(Ω), u0 ∈ H1
0(Ω) ∩ H2(Ω), 0 ≤ θ0 ∈ H1

0(Ω) ∩ H2(Ω), H0 ∈ H2(Ω),

and the compatibility conditions

–µ∆u0 – (µ + λ)∇div u0 +∇ (Rρ0θ0) – curlH0 × H0 =
√
ρ0g1,

κ∆θ0 +
µ

2

∣∣∇u0 + (∇u0)T ∣∣2 + λ (div u0)2 – ν |curlH0|2 =
√
ρ0g2,

for some g1, g2 ∈ L2(Ω). Then, there exists a positive time T∗ depending on R, µ, λ, cv, q, ‖∇2u0‖2, ‖∇2H0‖2, ‖∇2θ0‖2, ‖g1‖2,
and ‖g2‖2, such that system (1.1), subject to (1.4)–(1.5), admits a unique strong solution (ρ, u, H, θ) in Ω× (0, T∗), satisfying

ρ ∈ C
(
[0, T∗] ; W1,q) , ρt ∈ C ([0, T∗] ; Lq) , (ut, Ht, θt) ∈ L2 (0, T∗; H1

0

)
,(√

ρut,
√
ρθt, Ht

)
∈ L∞

(
0, T∗; L2) , (u, H, θ) ∈ C

(
[0, T∗] ; H1

0 ∩ H2) ∩ L2 (0, T∗; W2,q) .

It will be shown in this section that the existence time T∗ in the above proposition can be chosen depending only on R, µ, λ,
cv, q, and the upper bound of

Φ0 := ‖ρ0‖∞ + ‖∇ρ0‖q + ‖
(√
ρ0θ0,∇u0,∇H0

)
‖2

2.

In particular, T∗ can be chosen independent of ‖∇2u0‖2, ‖∇2H0‖2, ‖∇2θ0‖2, ‖g1‖2, and ‖g2‖2. Let Φ be the quantity given by
(1.6). The main issue of this section is to derive the local in time estimate of Φ independent of ‖∇2u0‖2, ‖∇2H0‖2, ‖∇2θ0‖2,
‖g1‖2, and ‖g2‖2, and therefore independent of the initial compatibility conditions. In the rest of this section, we assume that
(ρ, u, H, θ) is a solution to system (1.1), subject to (1.4)–(1.5), in Ω × (0, T), for some positive time T ≤ 1, satisfying the
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regularities in Lemma 1 with T∗ there replaced by T . For simplicity, we use the conventions that C denote positive constants
depending only on R, µ, λ, cv, q, and the upper bound of Φ0.

Proposition 1. Denote M0 :=
∫

Ω
ρ0dx > 0, then it holds that

‖θ‖2
2 ≤ C

(
‖√ρθ‖2

2 + ‖ρ‖2
∞ ‖∇θ‖

2
2

)
(2.1)

for a positive constant C depending only on M0 and Ω.

The proof is similar to the proof of Proposition 2.1 in [24], and so we omit it.

Proposition 2. It holds that ∫ T

0

(
‖∇u‖∞ +

∥∥∇2u
∥∥

q

)
dt ≤ CT

6–q
4q Φ

5
2 (T) . (2.2)

Proof. Applying the elliptic estimates to (1.1)2 yields∥∥∇2u
∥∥

q ≤ C(‖ρut‖q + ‖ρ (u.∇) u‖q + ‖∇P‖q + ‖curlH × H‖q). (2.3)

Integrating (2.3) on [0, T], we have∫ T

0

∥∥∇2u
∥∥

q dt ≤ C
∫ T

0
‖ρut‖q dt +

∫ T

0
‖ρ (u · ∇) u‖q dt +

∫ T

0
‖∇P‖q dt +

∫ T

0
‖curlH × H‖q dt. (2.4)

Based on Proposition 1, one finds that∫ T

0
‖ρut‖q dt ≤C

∫ T

0
‖ρ‖

5q–6
4q
∞ ‖√ρut‖

6–q
2q

2 ‖
√
ρut‖

3q–6
2q

6 dt

≤CΦ
5q–6

4q (T)
(∫ T

0
‖√ρut‖2

2 dt
) 6–q

4q
(∫ T

0
‖
√

t∇ut‖2
2dt
) 3q–6

4q

T
6–q
4q

≤CT
6–q
4q Φ

7q–6
4q (T),∫ T

0
‖ρ (u · ∇) u‖q dt ≤C

∫ T

0
‖ρ‖∞ ‖∇u‖

1
2
2

∥∥∇2u
∥∥ 3

2

2 dt

≤CΦ
5
4 (T)

(∫ T

0

∥∥∇2u
∥∥2

2 dt
) 3

4

T
1
4

≤CT
1
4 Φ2(T),∫ T

0
‖∇P‖q dt ≤C

∫ T

0
(‖∇ρ‖q + ‖ρ‖∞)(‖√ρθ‖2 + ‖ρ‖∞ ‖∇θ‖2 + ‖∇θ‖

6–q
2q

2

∥∥∇2θ
∥∥ 3q–6

2q

2 )dt

≤CTΦ
3
2 (T) + CTΦ2(T)

(∫ T

0
‖∇θ‖2

2 dt
) 1

2

T
1
2

+ CTΦ(T)
(∫ T

0
‖∇θ‖2

2 dt
) 6–q

4q
(∫ T

0

∥∥√t∇2θ
∥∥2

2 dt
) 3q–6

4q

T
1
2

≤CT
1
2 Φ

2
5 (T),∫ T

0
‖curlH × H‖q dt ≤C

∫ T

0
(‖(H · ∇)H‖q +

∥∥∇|H|2
∥∥

q)dt

≤C
∫ T

0
‖∇H‖

1
2
2

∥∥∇2H
∥∥ 3

2

2 dt

≤CTΦ
1
4 (T)

(∫ T

0
‖∇H‖2

2 dt
) 3

4

T
1
4

≤CT
1
4 Φ(T).
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Inserting the above estimates into (2.4), one gets that∫ T

0

∥∥∇2u
∥∥

q dt ≤ C(T
6–q
4q Φ

7q–6
4q (T) + T

1
4 Φ2(T) + T

1
2 Φ

2
5 (T) + T

1
4 Φ(T))

≤ CT
6–q
4q Φ

5
2 (T),

where 6–q
4q ≤

1
4 for q ∈ (3, 6), T ≤ 1, and Φ(T) ≥ 1 are used. Thus∫ T

0

(
‖∇u‖∞ +

∥∥∇2u
∥∥

q

)
dt ≤ CT

6–q
4q Φ

5
2 (T) .

With the help of Proposition 2, one follows the similar argument in the proof of Proposition 2.3 in [24] to obtain the following
Proposition 3 and Corollary 1.

Proposition 3. It holds that

sup
0≤t≤T

‖ρ‖∞ ≤ ‖ρ0‖∞ exp
{

CT
6–q
4q Φ

5
2 (T)

}
,

sup
0≤t≤T

‖ρ‖W1,q ≤ (1 + T
6–q
4q Φ

5
2 (T))exp

{
CT

6–q
4q Φ

5
2 (T)

}
.

Corollary 1. There is a sufficiently small positive constant ε0 ≤ 1 depending only on R,µ,λ, cv, q, and φ0, such that

sup
0≤t≤T

‖ρ‖∞ ≤ 2 ‖ρ0‖∞ ,

sup
0≤t≤T

‖ρ‖W1,q ≤ C,

as long as
T

6–q
4q Φ

5
2 (T) ≤ ε0. (2.5)

Since Φ(T) ≥ 1, T ≤ 1, and by the assumption (2.5) it is easy to check that the following relations hold:

TΦ3(T) = (T
6–q
4q Φ

5
2 (T))

6
5 T

13q–18
10q ≤ ε

6
5
0 ≤ 1, (2.6)

T
1
2 Φ2(T) = (T

6–q
4q Φ

5
2 (T))

4
5 T

7q–12
10q ≤ ε

4
5
0 ≤ 1, (2.7)

T
1
4 Φ(T) = (T

6–q
4q Φ

5
2 (T))

2
5 T

11q–6
10q ≤ ε

2
5
0 ≤ 1, (2.8)

T
1
4 Φ

3
2 (T) = (T

6–q
4q Φ

5
2 (T))

3
5 T

4q–9
10q ≤ ε

3
5
0 ≤ 1. (2.9)

Proposition 4. Let ε0 be the number stated in Corollary 1 and assume that (2.5) holds. Then, the following estimate holds

sup
0≤t≤T

‖∇H‖2
2 +
∫ T

0
(‖Ht‖2

2 +
∥∥∇2H

∥∥2
2)dt ≤ C. (2.10)

Proof. Using the Hölder’s, Gagliardo-Nirenberg and Young inequalities to (1.1)4, we obtain

d
dt
‖∇H‖2

2 + ‖Ht‖2
2 +
∥∥∇2H

∥∥2
2 ≤ C

∫
Ω

|Ht – ν∆H|2dx

= C
∫

Ω

∣∣H · ∇u – u · ∇H – Hdivu
∣∣2 dx

≤ C ‖∇u‖2
2 ‖H‖

2
∞ + C ‖u‖2

6 ‖∇H‖2
3

≤ C ‖∇u‖2
2 ‖∇H‖2

∥∥∇2H
∥∥

2

≤ 1
2
‖∇2H‖2 + C‖∇u‖4

2‖∇H‖2
2.
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So,
d
dt
‖∇H‖2

2 + ‖Ht‖2
2 +

1
2

∥∥∇2H
∥∥2

2 ≤ C ‖∇u‖4
2 ‖∇H‖2

2 . (2.11)

Integrating (2.11) over (0, T), one has

sup
0≤t≤T

‖∇H‖2
2 +
∫ T

0
(‖Ht‖2

2 +
∥∥∇2H

∥∥2
2)dt ≤ C

∫ T

0
‖∇u‖4

2 ‖∇H‖2
2 dt ≤ CTΦ3(T) ≤ C,

where in the last step (2.6) were used.

Proposition 5. Under the assumptions of Proposition 4, it holds that

sup
0≤t≤T

‖√ρθ‖2
2 +
∫ T

0
‖∇θ‖2

2 dt ≤ C. (2.12)

Proof. One multiplies (1.1)3 with θ and integrates it over Ω to get

cv

2
d
dt
‖√ρθ‖2

2 + κ‖∇θ‖2
2 = –

∫
Ω

divuPθdx +
∫

Ω

Q(∇u)θdx +
∫

Ω

ν
∣∣culH

∣∣2 θdx. (2.13)

By Proposition 1 and Corollary 1, terms on the right-hand side of (2.13) are estimated as∫
Ω

div uPθdx ≤ R
∫

Ω

ρ|θ|2|∇u|dx ≤ C‖∇u‖∞‖
√
ρθ‖2

2,∫
Ω

Q(∇u)θdx ≤ C‖∇u‖
3
2
2

∥∥∇2u
∥∥ 1

2

2 (‖√ρθ‖2 + ‖∇θ‖2)

≤ κ

4
‖∇θ‖2

2 + C
(
‖√ρθ‖2

2 + ‖∇u‖3
2

∥∥∇2u
∥∥

2

)
,∫

Ω

|curlH|2θdx ≤
∫

Ω

|∇H|2θdx

≤ C‖∇2H‖2‖∇H‖3‖θ‖6

≤ C‖∇2H‖
3
2
2 ‖∇H‖

1
2
2 (‖√ρθ‖2 + ‖∇θ‖2)

≤ κ

4
‖∇θ‖2

2 + C
(
‖√ρθ‖2

2 + ‖∇H‖3
2

∥∥∇2H
∥∥

2

)
.

Thus,

cv
d
dt
‖√ρθ‖2

2 + κ‖∇θ‖2
2 ≤ C(1 + ‖∇u‖∞)‖√ρθ‖2

2 + C‖∇u‖3
2

∥∥∇2u
∥∥

2 + C‖∇H‖3
2

∥∥∇2H
∥∥

2 . (2.14)

So, it is deduced from Proposition 2 and Corollary 1 that

sup
0≤t≤T

cv‖
√
ρθ‖2

2 + κ
∫ T

0
‖∇θ‖2

2 dt

≤
(

cv ‖
√
ρ0θ0‖2

2 + C
∫ T

0
‖∇u‖3

2

∥∥∇2u
∥∥

2 + C
∫ T

0
‖∇H‖3

2

∥∥∇2H
∥∥

2 dt
)

eC
∫ T

0 (1+‖∇u‖∞)dt

≤C
(

1 + T
1
2 Φ2(T)

)
e

C
(

1+T
6–q
4q Φ

5
2 (T)

)

≤C,

where in the last step (2.5) and (2.7) were used.

Proposition 6. Under the assumptions of Proposition 4, it holds that

sup
0≤t≤T

‖∇u‖2
2 +
∫ T

0

(
‖√ρut‖2

2 +
∥∥∇2u

∥∥2
2

)
dt ≤ C. (2.15)
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Proof. One deduces from Proposition 1 and Corollary 1 that∥∥∇2u
∥∥2

2 ≤ C
(
‖ρut‖2

2 + ‖ρ(u · ∇)u‖2
2 + ‖∇P‖2

2 + ‖curlH × H‖2
2

)
≤ C

(
‖ρ‖∞ ‖

√
ρut‖2

2 + ‖ρ‖2
∞‖u‖2

6‖∇u‖2
3 + ‖∇ρ‖2

3‖θ‖2
6 + ‖ρ‖2

∞‖∇θ‖2
2 + ‖H‖2

6‖∇H‖2
3

)
≤ C

(
‖√ρut‖2

2 + ‖∇u‖3
2

∥∥∇2u
∥∥

2 + ‖∇H‖3
2

∥∥∇2H
∥∥

2 + ‖√ρθ‖2
2 + ‖∇θ‖2

2

)
≤ 1

2

∥∥∇2u
∥∥2

2 + C
(
‖√ρut‖2

2 + ‖∇u‖6
2 + ‖∇H‖3

2

∥∥∇2H
∥∥

2 + ‖√ρθ‖2
2 + ‖∇θ‖2

2

)
.

Thus, ∥∥∇2u
∥∥2

2 ≤ C
(
‖√ρut‖2

2 + ‖∇u‖6
2 + ‖∇H‖3

2

∥∥∇2H
∥∥

2 + ‖√ρθ‖2
2 + ‖∇θ‖2

2

)
. (2.16)

Moreover, (1.1)3 implies

Pt =
R
cv

(
Q(∇u) + ν |curlH|2 + κ∆θ – P div u – cv div(ρuθ)

)
. (2.17)

So, one integrates (2.17) to get∫
Ω

∇Put dx = –
d
dt

∫
Ω

P div udx +
∫

Ω

Pt div udx

= –
d
dt

∫
Ω

P div u dx +
R
cv

∫
Ω

div u
(
Q(∇u) + ν |curlH|2 + κ∆θ – P div u – cv div(ρuθ)

)
dx

= –
d
dt

∫
Ω

P div u dx +
R
cv

∫
Ω

div uQ(∇u)dx +
νR
cv

∫
Ω

div u|curlH|2dx

–
κR
cv

∫
Ω

∇div u · ∇θdx –
R
cv

∫
Ω

P(div u)2 dx + R
∫

Ω

ρθu · ∇ div u dx.

Multiplying (1.1)2 with ut, integrating over Ω, and using the above identity, one obtains that

d
dt

(
µ

2
‖∇u‖2

2 +
µ + λ

2
‖div u‖2

2 –
∫

Ω

P div u dx –
∫

Ω

curlH × H · u dx
)

+ ‖√ρut‖2
2

= –
∫

Ω

ρ(u · ∇)u · ut dx –
R
cv

∫
Ω

div uQ(∇u)dx –
νR
cv

∫
Ω

div u|curlH|2dx +
κR
cv

∫
Ω

∇ div u · ∇θdx

+
R
cv

∫
Ω

P(div u)2 dx – R
∫

Ω

ρθu · ∇ div u dx –
∫

Ω

(curlH × H)t · u dx. (2.18)

Each term on the right hand of (2.18) is estimated as follows∣∣∣∣∫
Ω

ρ(u · ∇)u · ut dx
∣∣∣∣ ≤ C‖∇u‖

3
2
2

∥∥∇2u
∥∥ 1

2

2 ‖
√
ρut‖2

≤ 1
8
‖√ρut‖2

2 + η
∥∥∇2u

∥∥2
2 + Cη‖∇u‖6

2,∣∣∣∣ R
cv

∫
Ω

div uQ(∇u)dx
∣∣∣∣ ≤ C‖∇u‖

3
2
2

∥∥∇2u
∥∥ 3

2

2

≤ η
∥∥∇2u

∥∥2
2 + Cη‖∇u‖6

2,∣∣∣∣νR
cv

∫
Ω

div u|curlH|2 dx
∣∣∣∣ ≤ C

∫
Ω

|∇u||∇H|2 dx

≤ C‖∇u‖6‖∇H‖3 ‖∇H‖2

≤ ‖∇2u‖2‖∇H‖
3
2
2 ‖∇

2H‖
1
2
2

≤ η
∥∥∇2u

∥∥2
2 + Cη‖∇H‖3

2‖∇2H‖2,∣∣∣∣κR
cv

∫
Ω

∇ div u · ∇θdx
∣∣∣∣ ≤ C

∥∥∇2u
∥∥

2 ‖∇θ‖2
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≤ η
∥∥∇2u

∥∥2
2 + Cη‖∇θ‖2

2,∣∣∣∣ R
cv

∫
Ω

P(div u)2 dx
∣∣∣∣ ≤ C(‖√ρθ‖2 + ‖∇θ‖2)‖∇u‖

3
2
2

∥∥∇2u
∥∥ 1

2

2

≤ η
∥∥∇2u

∥∥2
2 + Cη

(
‖√ρθ‖2

2 + ‖∇θ‖2
2 + ‖∇u‖6

2

)
,∣∣∣∣R∫

Ω

ρθu · ∇ div u dx
∣∣∣∣ ≤ C‖∇u‖

1
2
2

∥∥∇2u
∥∥ 3

2

2 ‖
√
ρθ‖2

≤ η
∥∥∇2u

∥∥2
2 + Cη‖∇u‖2

2‖
√
ρθ‖4

2,∣∣∣∣∫
Ω

(curlH × H)t · u dx
∣∣∣∣ ≤ C

∫
Ω

(Ht · ∇u · H + H · ∇u · Ht + H · Htdivu) dx

≤ C‖∇u‖3 ‖Ht‖2 ‖H‖6

≤ C‖∇u‖
1
2
2

∥∥∇2u
∥∥ 1

2

2 ‖Ht‖2 ‖∇H‖2

≤ η
∥∥∇2u

∥∥2
2 + Cη(‖∇u‖2

2 ‖∇H‖4
2 + ‖Ht‖2

2),

where η is any fixed in (0, 1). Based on the above estimates and (2.18), one arrives at

d
dt

(
µ

2
‖∇u‖2

2 +
µ + λ

2
‖div u‖2

2 –
∫

Ω

P div u dx –
∫

Ω

curlH × H · u dx
)

+
1
2
‖√ρut‖2

2 +
ε1

2
‖∇2u‖2

2

≤ C
(
‖∇u‖6

2 + ‖√ρθ‖2
2 + ‖∇θ‖2

2 + ‖∇u‖2
2 ‖∇H‖4

2 + ‖Ht‖2
2 + ‖∇u‖2

2‖
√
ρθ‖4

2

)
. (2.19)

Integrating (2.19) over (0, T) and using (2.6), Proposition 4 and Proposition 5, one deduces that

µ sup
0≤t≤T

‖∇u‖2
2 +
∫ T

0

(
‖√ρut‖2

2 + ε1
∥∥∇2u

∥∥2
2

)
dt

≤2 sup
0≤t≤T

∣∣∣∣∫
Ω

P div u dx
∣∣∣∣ + 2 sup

0≤t≤T

∣∣∣∣∫
Ω

H · ∇u · H –
1
2

|H|2divu dx
∣∣∣∣

+ C
(
‖∇u0‖2

2 +
∣∣∣∣∫

Ω

P0 div u0 dx
∣∣∣∣ +
∣∣∣∣∫

Ω

H0 · ∇u0 · H0 –
1
2

|H0|2divu0 dx
∣∣∣∣)

+ C
∫ T

0

(
‖∇u‖6

2 + ‖√ρθ‖2
2 + ‖∇θ‖2

2 + ‖∇u‖2
2 ‖∇H‖4

2 + ‖Ht‖2
2 + ‖∇u‖2

2‖
√
ρθ‖4

2

)
≤µ

2
sup

0≤t≤T
‖∇u‖2

2 + C[1 + sup
0≤t≤T

(
‖ρ‖∞‖

√
ρθ‖2

2

)
+ sup

0≤t≤T
‖∇H‖2

2 + TΦ3(T)]

≤µ
2

sup
0≤t≤T

‖∇u‖2
2 + C, (2.20)

Proposition 7. Under the assumptions of Proposition 4, it holds that

sup
0≤t≤T

t ‖Ht‖2
2 +
∫ T

0
‖
√

t∇Ht‖2
2dt ≤ C. (2.21)

Proof. Differentiating (1.1)4 with respect to t yields

Htt – Ht · ∇u – H · ∇ut + ut · ∇H + u · ∇Ht + Htdivu + Hdivut = v∆Ht. (2.22)

Multiplying (2.22) with Ht and integrating it over (0, T), one gets that

1
2

d
dt
‖Ht‖2

2 + ν ‖∇Ht‖2
2 =
∫

Ω

(Ht · ∇u + H · ∇ut – ut · ∇H – u · ∇Ht – Htdivu – Hdivut) · Ht dx. (2.23)

According to Corollary 1 and Proposition 4, one finds that
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1
2

sup
0≤t≤T

t‖Ht‖2
2 + ν

∫ t

0
‖
√

t∇Ht‖2
2dt

≤
∫ T

0
t
∫

Ω

(Ht · ∇u + H · ∇ut – ut · ∇H – u · ∇Ht – Htdivu – Hdivut) · Ht dxdt +
1
2

∫ T

0
‖Ht‖2

2dt

≤C + C
∫ T

0
t ‖Ht‖6 ‖∇u‖2 ‖Ht‖3 dt + C

∫ T

0
t ‖H‖6 ‖∇ut‖2‖Ht‖3dt + C

∫ T

0
t‖ut‖6‖∇H‖2‖Ht‖3dt

+ C
∫ T

0
t‖u‖6‖∇Ht‖2‖Ht‖3dt + C

∫ T

0
t‖Ht‖6‖∇u‖2‖Ht‖3dt + C

∫ T

0
‖H‖6‖∇ut‖2‖Ht‖3dt

≤CT
1
4

∫ T

0
‖
√

t∇Ht‖
3
2
2 ‖Ht‖

1
2
2 ‖∇u‖2dt + CT

1
4

∫ T

0
‖∇H‖2‖

√
t∇ut‖2‖‖Ht‖

1
2
2 ‖
√

t∇Ht‖
1
2
2 dt

+ CT
1
4

∫ T

0
‖
√

t∇ut‖2‖∇H‖2‖Ht‖
1
2
2 ‖
√

t∇Ht‖
1
2
2 dt + C

≤CT
1
4 Φ

3
2 (T) + C

≤C. (2.24)

Proposition 8. Under the conditions of Proposition 4, it holds that

sup
0≤t≤T

∥∥(√t∇θ,
√

t
√
ρut,
√

t∇2u,
√

t∇2H
)∥∥2

2 +
∫ T

0

∥∥(√t
√
ρθt,
√

t∇2θ,
√

t∇ut
)∥∥2

2 dt ≤ C. (2.25)

Proof. By Corollary 1 and Proposition 1, it follows from(1.1)3 that

‖∇2θ‖2
2 ≤C

(
‖ρθt‖2

2 + ‖ρ(u · ∇)θ‖2
2 + ‖div uP‖2

2 + ‖Q(∇u)‖2
2 + ‖ν |curlH|‖2

)
≤C

(
‖ρ‖∞ ‖

√
ρθt‖2

2 + ‖ρ‖2
∞‖u‖2

6‖∇θ‖2
3 + ‖ρ‖2

∞‖θ‖2
6‖∇u‖2

3 + ‖∇u‖4
4 + ‖∇H‖4

4

)
≤C

(
‖√ρθt‖2

2 + ‖∇u‖2
2‖∇θ‖2‖∇2θ‖2 + ‖∇u‖2‖∇2u‖3

2 + ‖∇H‖2‖∇2H‖3
2

)
+ C

(
‖√ρθ‖2

2 + ‖∇θ‖2
2

)
‖∇u‖2‖∇2u‖2

≤1
2
‖∇2θ‖2

2 + C
[
‖√ρθt‖2

2 + ‖∇u‖4
2‖∇θ‖2

2 + ‖∇u‖2
∥∥∇2u

∥∥3
2 + ‖∇H‖2‖∇2H‖3

2

+
(
‖√ρθ‖2

2 + ‖∇θ‖2
2

)
‖∇u‖2‖∇2u‖2

]
.

Thus,∥∥∇2θ
∥∥2

2 ≤ C
(
‖√ρθt‖2

2 + ‖∇u‖4
2‖∇θ‖2

2 + ‖∇u‖2‖∇2u‖3
2 + ‖∇H‖2‖∇2H‖3

2 + (‖√ρθ‖2
2 + ‖∇θ‖2

2)‖∇u‖2‖∇2u‖2

)
. (2.26)

Multiplying (1.1)3 with θt, we arrive at

κ

2
d
dt
‖∇θ‖2

2 + cv ‖
√
ρθt‖2

2

∫
Ω

[
–cvρ(u · ∇)θθt – P div uθt +Q(∇u)θt + ν |curlH|2θt

]
dx. (2.27)

Due to Proposition 1, Corollary 1, Proposition 4 and Proposition 5, one gets that∣∣∣∣∫
Ω

ρ(u · ∇)θθt dx
∣∣∣∣ ≤ C‖ρ‖

1
2∞‖∇u‖

1
2
2 ‖∇

2u‖
1
2
2 ‖∇θ‖2‖

√
ρθt‖2

≤ cv

8
‖√ρθt‖2

2 + C‖∇u‖2‖∇2u‖2‖∇θ‖2
2, (2.28)∣∣∣∣∫

Ω

P div uθt dx
∣∣∣∣ ≤ C‖ρ‖

1
2∞(‖√ρθ‖2 + ‖∇θ‖2)‖∇u‖

1
2
2

∥∥∇2u
∥∥ 1

2

2 ‖
√
ρθt‖2

≤ cv

8
‖√ρθt‖2

2 + C‖∇u‖2‖∇2u‖2
(
‖√ρθ‖2

2 + ‖∇θ‖2
2

)
, (2.29)
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∫
Ω

Q(∇u)θt dx ≤ d
dt

∫
Ω

Q(∇u)θdx + C‖∇u‖3‖∇ut‖2‖θ‖6 (2.30)

≤ d
dt

∫
Ω

Q(∇u)θdx + C‖∇u‖
1
2
2 ‖∇

2u‖
1
2
2 ‖∇ut‖2(‖√ρθ‖2 + ‖∇θ‖2),∫

Ω

ν |curlH|2θt dx =
d
dt

∫
Ω

ν |curlH|2θdx –
∫

Ω

|curlH|2t θdx

≤ d
dt

∫
Ω

ν |curlH|2θdx + C‖∇H‖3‖∇Ht‖2‖θ‖6 (2.31)

≤ d
dt

∫
Ω

ν |curlH|2θdx + C‖∇H‖
1
2
2 ‖∇

2H‖
1
2
2 ‖∇Ht‖2(‖√ρθ‖2 + ‖∇θ‖2).

Inserting (2.28)-(2.31) into (2.27) and adding the resultant with (2.26), multiplying with a small positive number ε2, one obtains
that

d
dt

(
κ

2
‖∇θ‖2

2 –
∫

Ω

Q(∇u)θdx –
∫

Ω

ν |curlH|2θdx
)

+
cv

2
‖√ρθt‖2

2 + ε2
∥∥∇2θ

∥∥2
2

≤C
[
‖∇u‖4

2‖∇θ‖2
2 +
(
‖√ρθ‖2

2 + ‖∇θ‖2
2

)
‖∇u‖2

∥∥∇2u
∥∥

2 + ‖∇u‖2
∥∥∇2u

∥∥3
2 + ‖∇H‖2

∥∥∇2H
∥∥3

2

+
(
‖∇u‖

1
2
2 ‖∇

2u‖
1
2
2 ‖∇ut‖2 + ‖∇H‖

1
2
2 ‖∇

2H‖
1
2
2 ‖∇Ht‖2

)
(‖√ρθ‖2 + ‖∇θ‖2)

]
. (2.32)

Multiplying the above inequality with t, yields that

d
dt

(
κ

2
‖
√

t∇θ‖2
2 – t

∫
Ω

Q(∇u)θdx – t
∫

Ω

ν |curlH|2θdx
)

+
cv

2
‖
√

t
√
ρθt‖2

2

+ ε2‖
√

t∇2θ‖2
2 +
∫

Ω

Q(∇u)θdx +
∫

Ω

ν |curlH|2θdx

≤ C[‖∇θ‖2
2 + ‖∇u‖4

2‖
√

t∇θ‖2
2 +
(
‖√ρθ‖2

2 + ‖
√

t∇θ‖2
2

)
‖∇u‖2‖∇2u‖2

+ (‖∇u‖
1
2
2

∥∥∇2u
∥∥ 1

2

2 ‖
√

t∇ut‖2 + ‖∇H‖
1
2
2

∥∥∇2H
∥∥ 1

2

2 ‖
√

t∇Ht‖2)(‖√ρθ‖2 + ‖
√

t∇θ‖2)

+
√

t‖∇u‖2
∥∥∇2u

∥∥2
2 ‖
√

t∇2u‖2] +
√

t‖∇H‖2
∥∥∇2H

∥∥2
2 ‖
√

t∇2H‖2]. (2.33)

Moreover,

t
∫

Ω

Q(∇u)θdx ≤ CT
1
4 ‖∇u‖

3
2
2 ‖
√

t∇2u‖
1
2
2 (‖√ρθ‖2 + ‖

√
t∇θ‖2)

≤ C
[
TΦ3(T)

] 1
4 (‖√ρθ‖2 + ‖

√
t∇θ‖2)‖

√
t∇2u‖

1
2
2

≤ η sup
0≤t≤T

‖
√

t∇θ‖2
2 + Cη

(
sup

0≤t≤T
‖
√

t∇2u‖2 + 1
)

, (2.34)

t
∫

Ω

ν |curlH|2θdx ≤ Ct
∫

Ω

|∇H|2|θ|dx ≤ Ct‖∇H‖2‖∇H‖3‖θ‖6

≤ CT
1
4 ‖∇H‖

3
2
2 ‖
√

t∇2H‖
1
2
2 (‖√ρθ‖2 + ‖

√
t∇θ‖2)

≤ C
[
TΦ3(T)

] 1
4 (‖√ρθ‖2 + ‖

√
t∇θ‖2)‖

√
t∇2H‖

1
2
2

≤ η sup
0≤t≤T

‖
√

t∇θ‖2
2 + Cη

(
sup

0≤t≤T
‖
√

t∇2H‖2 + 1
)

, (2.35)

hold for any fixed η ∈ (0, 1). Integrating (2.33) over (0, T), using (2.34) and (2.35), one deduces from Proposition 5 that

sup
0≤t≤T

‖
√

t∇θ‖2
2 +
∫ T

0
(cv‖
√

t
√
ρθt‖2

2 + ε2‖
√

t∇2θ‖2
2)dt

≤ sup
0≤t≤T

(t
∫

Ω

Q(∇u)θdx) + sup
0≤t≤T

(t
∫

Ω

ν |curlH|2θdx) + C
∫ T

0
[‖∇θ‖2

2 + ‖∇u‖4
2‖
√

t∇θ‖2
2
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+
(
‖√ρθ‖2

2 + ‖
√

t∇θ‖2
2

)
‖∇u‖2‖∇2u‖2 +

√
t‖∇u‖2‖∇2u‖2

2‖
√

t∇2u‖2

+
√

t‖∇H‖2‖∇2H‖2
2‖
√

t∇2H‖2 + ‖∇u‖
1
2
2 ‖∇

2u‖
1
2
2 ‖
√

t∇ut‖2(‖√ρθ‖2 + ‖
√

t∇θ‖2)

+ ‖∇H‖
1
2
2 ‖∇

2H‖
1
2
2 ‖
√

t∇Ht‖2(‖√ρθ‖2 + ‖
√

t∇θ‖2)]dt

≤η sup
0≤t≤T

‖
√

t∇θ‖2
2 + Cη

(
1 + T

1
2 Φ

3
2 (T)

)
sup

0≤t≤T
‖
√

t∇2u‖2

+ Cη
(

1 + T
1
2 Φ

3
2 (T)

)
sup

0≤t≤T
‖
√

t∇2H‖2 + Cη
(

TΦ3(T) + T
1
2 Φ2(T) + T

1
4 Φ

3
2 (T) + 1

)
,

for any η > 0. Choosing η sufficiently small, one gets from (2.16)–(2.19) that

sup
0≤t≤T

‖
√

t∇θ‖2
2 +
∫ T

0

(
‖
√

t
√
ρθt‖2

2 + ‖
√

t∇2θ‖2
2

)
dt ≤ C

(
sup

0≤t≤T
‖
√

t∇2u‖2 + sup
0≤t≤T

‖
√

t∇2H‖2 + 1
)

. (2.36)

Differentiating (1.1)2 with respect to t, yields that

ρ (utt + u · ∇ut) + ρut · ∇u + ρt (ut + u · ∇u) – µ∆ut – (µ + λ)∇div ut +∇Pt = (curlH × H)t.

It follows from (2.17) that∫
Ω

∇Ptut dx = –
∫

Ω

Pt div ut dx =
R
cv

∫
Ω

div ut
(
–Q(∇u) – ν |curlH|2 – κ∆θ + P civ u + cv div(ρuθ)

)
dx. (2.37)

Multiplying (2.37) by ut and utilizing the above equality, one finds that

1
2

d
dt
‖√ρut‖2

2 + µ ‖∇ut‖2
2 + (µ + λ) ‖div ut‖2

2

=
R
cv

∫
Ω

div ut
(
Q(∇u) + ν |curlH|2 + κ∆θ – P div u – cv div(ρuθ)

)
dx (2.38)

+
∫

Ω

div(ρu) (ut + (u · ∇)u) · ut dx –
∫

Ω

ρ (ut · ∇) u · ut dx +
∫

Ω

(curlH × H)t · ut dt

Multiplying the above identity with t and integrating over (0, T), implies that

1
2

sup
0≤t≤T

‖
√

t
√
ρut‖2

2 + µ
∫ T

0
‖
√

t∇ut‖2
2dt

≤1
2

∫ T

0
‖√ρut‖2

2dt + C
∫ T

0
t
∫

Ω

∣∣∇ut
∣∣ |∇u|2dxdt + C

∫ T

0
t
∫

Ω

∣∣∇Ht
∣∣ |∇H|2dxdt

+
κR
cv

∫ T

0
t
∫

Ω

div ut∆θdxdt –
R
cv

∫ T

0
t
∫

Ω

div utPdivudxdt – R
∫ T

0
t
∫

Ω

div utdiv(ρuθ)dxdt

–
∫ T

0
t
∫

Ω

ρu · ∇|ut |2dxdt –
∫ T

0
t
∫

Ω

ρu · ∇((u · ∇)u · ut)dxdt –
∫ T

0
t
∫

Ω

ρ(ut · ∇)u · utdxdt

+
∫ T

0
t
∫

Ω

(Ht · ∇ut · H + H · ∇ut · Ht + H · Htdivut)dxdt =
10∑
i=1

Gi. (2.39)

Each term on the right hand of (2.39) as follows:

G1 ≤ C,

G2 ≤ C
∫ T

0
‖
√

t∇ut‖2‖∇u‖
1
2
2 ‖
√

t∇2u‖2‖∇2u‖
1
2
2 dt ≤ CT

1
4 Φ(T) sup

0≤t≤T
‖
√

t∇2u‖2,

G3 ≤ C
∫ T

0
t‖∇Ht‖2‖∇H‖2

4dt ≤ C
∫ T

0
‖
√

t∇Ht‖2‖∇H‖
1
2
2 ‖
√

t∇2H‖2‖∇2H‖
1
2
2 dt
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≤ CT
1
4 Φ(T) sup

0≤t≤T
‖
√

t∇2H‖2,

G4 ≤
µ

2

∫ T

0
‖
√

t∇ut‖2
2 dt + C

∫ T

0
‖
√

t∇2θ‖2
2 dt,

G5 ≤ C
∫ T

0
(‖√ρθ‖2 + ‖

√
t∇θ‖2)‖∇u‖

1
2
2 ‖∇

2u‖
1
2
2 ‖
√

t∇ut‖2dt ≤ CT
1
4 Φ

3
2 (T),

G6 ≤ C
∫ T

0
t ‖∇ut‖2

(
‖∇ρ‖3‖u‖∞‖θ‖6 + ‖ρ‖∞‖∇u‖3‖θ‖6 + ‖ρ‖∞‖u‖6‖∇θ‖3

)
dt

≤ C
∫ T

0
‖
√

t∇ut‖2‖∇u‖
1
2
2

∥∥∇2u
∥∥ 1

2

2 (‖√ρθ‖2 + ‖
√

t∇θ‖2)dt

+ C
∫ T

0
‖
√

t∇ut‖2‖∇u‖2‖
√

t∇θ‖
1
2
2 ‖
√

t∇2θ‖
1
2
2 dt ≤ CT

1
4 Φ

3
2 (T),

G7 ≤ C
∫ T

0
t‖ρ‖

3
4∞‖∇u‖2‖

√
ρut‖

1
2
2 ‖∇ut‖

3
2
2 dt ≤ CT

1
4 Φ

3
2 (T),

G8 ≤ C
∫ T

0
‖t‖∞

(
‖u‖6‖∇u‖2

3 ‖ut‖6 + ‖u‖2
6

∥∥∇2u
∥∥

2 ‖ut‖6 + ‖u‖2
6‖∇u‖6 ‖∇ut‖2

)
dt

≤ C
∫ T

0

√
t‖∇u‖2

2

∥∥∇2u
∥∥

2 ‖
√

t∇ut‖2dt ≤ CT
1
2 Φ2(T),

G9 ≤ C
∫ T

0
t‖ρ‖

3
4∞‖∇u‖2 ‖

√
ρut‖

1
2
2 ‖∇ut‖

3
2
2 dt ≤ CT

1
4 Φ

3
2 (T),

G10 ≤ C
∫ 2

0
t‖Ht‖3‖∇ut‖2‖H‖6dt ≤ C

∫ T

0
t‖Ht‖

1
2
2 ‖∇Ht‖

1
2
2 ‖∇ut‖2‖∇H‖2dt

≤ C
∫ T

0
t

1
4 ‖Ht‖

1
2
2 ‖
√

t∇Ht‖
1
2
2 ‖
√

t∇ut‖2‖∇H‖2dt ≤ CT
1
4 Φ

3
2 (T).

So, it follows from (2.7)–(2.9), and (2.36) that

sup
0≤t≤T

‖
√

t
√
ρut‖2

2 + µ
∫ T

0
‖
√

t∇ut‖2
2 dt

≤CT
1
4 Φ(T)

(
sup

0≤t≤T
‖
√

t∇2u‖2 + sup
0≤t≤T

‖
√

t∇2H‖2

)
+ C

∫ T

0
‖
√

t∇2θ‖2
2dt + C

(
1 + T

1
4 Φ

3
2 (T) + T

1
2 Φ2(T)

)
≤C

(
sup

0≤t≤T
‖
√

t∇2u‖2 + sup
0≤t≤T

‖
√

t∇2H‖2 +
∫ T

0
‖
√

t∇2θ‖2
2dt + 1

)
≤C

(
sup

0≤t≤T
‖
√

t∇2u‖2 + sup
0≤t≤T

‖
√

t∇2H‖2 + 1
)

.

That is,

sup
0≤t≤T

‖
√

t
√
ρut‖2

2 + µ
∫ T

0
‖
√

t∇ut‖2
2 dt ≤ C

(
sup

0≤t≤T
‖
√

t∇2u‖2 + sup
0≤t≤T

‖
√

t∇2H‖2 + 1
)

. (2.40)

Recalling (2.16), one obtains from (2.36), (2.40) and (2.6) that

sup
0≤t≤T

‖
√

t∇2u‖2
2 ≤ C sup

0≤t≤T

(
‖
√

t
√
ρut‖2

2 + t‖∇u‖6
2 + t‖√ρθ‖2

2 + ‖
√

t∇θ‖2
2 + t

1
2 ‖∇H‖3

2‖
√

t∇2H‖2

)
≤ C sup

0≤t≤T

(
‖
√

t
√
ρut‖2

2 + ‖
√

t∇θ‖2
2 + ‖
√

t∇2H‖2 + 1
)

≤ C
(

sup
0≤t≤T

‖
√

t∇2u‖2 + ‖
√

t∇2H‖2 + 1
)

. (2.41)
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Applying the elliptic estimates to (1.1)4, one gets that

‖∇2H‖2
2 ≤ C(‖Ht‖2

2 + ‖H · ∇u‖2
2 + ‖u · ∇H‖2

2 + ‖Hdivu‖2
2)

≤ (‖Ht‖2
2 + ‖H‖2

6‖∇u‖2
3 + ‖u‖2

6‖∇H‖2
3)

≤ C(‖Ht‖2
2 + ‖∇H‖2

2‖∇u‖2‖∇2u‖2 + ‖∇u‖2
2‖∇H‖2‖∇2H‖2)

So,

sup
0≤t≤T

‖
√

t∇2H‖2
2 ≤ C sup

0≤t≤T
(t‖Ht‖2

2 + ‖
√

t∇2u‖2 + ‖
√

t∇2H‖2 + 1)

≤ C sup
0≤t≤T

(‖
√

t∇2u‖2 + ‖
√

t∇2H‖2 + 1). (2.42)

It follows from (2.41) and (2.42) that

sup
0≤t≤T

‖
√

t∇2u‖2
2 + sup

0≤t≤T
‖
√

t∇2H‖2
2

≤C( sup
0≤t≤T

‖
√

t∇2u‖2 + ‖
√

t∇2H‖2 + 1)

≤1
2

( sup
0≤t≤T

‖
√

t∇2u‖2
2 + ‖
√

t∇2H‖2) + C.

Obviously sup
0≤t≤T

‖
√

t∇2u‖2
2 + sup

0≤t≤T
‖
√

t∇2H‖2
2 ≤ C.

As a direct result of Corollary 1 and Proposition 4-Propositions 8, we have the following corollary.

Corollary 2. Under the assumptions of Proposition 4, it holds that

Φ(T) + sup
0≤t≤T

∥∥(√t∇2u,
√

t∇2H,
√

t
√
ρut
)∥∥2

2 ≤ C,

that is

sup
0≤t≤T

(
‖ρ‖∞ + ‖∇ρ‖q +

∥∥(√ρθ,∇u,∇H,
√

t∇θ,
√

t∇2u,
√

t∇2H,
√

t
√
ρut
)∥∥2

2

)
+
∫ T

0

∥∥(√ρut,∇2u,∇2H, Ht,
√

t∇ut,
√

t∇Ht,∇θ,
√

t
√
ρθt,
√

t∇2θ
)∥∥2

2 dt ≤ C. (2.43)

Proposition 9. Under the assumptions of Proposition 4, it holds that

sup
0≤t≤T

∥∥(ρt, t∇2θ, t
√
ρθt
)∥∥2

2 +
∫ T

0

(
‖t∇θt‖2

2 + ‖t∇2θ‖2
6 + ‖
√

t∇2u‖2
q + ‖
√

t∇2H‖2
q

)
dt ≤ C. (2.44)

Proof. It follows from (1.1)1 and Corollary 2 that

‖ρt‖2 ≤ ‖u‖6‖∇ρ‖3 + ‖∇u‖2‖ρ‖∞ ≤ C
(
‖∇ρ‖3 + ‖ρ‖∞

)
‖∇u‖2 ≤ C. (2.45)

Differentiating (1.1)3 with respect to t, yields that

cvρ (θtt +u · ∇θt) + cvρt (θt + u · ∇θ) + cvρut · ∇θ – κ∆θt + Pt div u + P div ut = 4µDu : Dut + 2λ div u div ut + ν | curl H|2t .

Multiplying the above equality with θt and integrating over Ω, one gets that

cv

2
d
dt
‖√ρθt‖2

2 + κ ‖∇θt‖2
2

= – cv

∫
Ω

ρt
∣∣θt
∣∣2 dx – cv

∫
Ω

ρtu · ∇θθtdx – cv

∫
Ω

ρut · ∇θθtdx –
∫

Ω

Pt div uθtdx

–
∫

Ω

P div utθt dx +
∫

Ω

(4µDu : Dut + 2λ div u div ut) θt dx +
∫

Ω

ν | curl H|2t θt (2.46)
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Now, we estimates each terms on the right-hand side of (2.46) as follows∣∣∣∣cv

∫
Ω

ρt
∣∣θt
∣∣2 dx

∣∣∣∣ ≤ C‖ρ‖
3
4∞‖∇u‖2

(
‖√ρθt‖2 ‖∇θt‖2 + ‖√ρθt‖

1
2
2 ‖∇θt‖

3
2
2

)
≤ κ

8
‖∇θt‖2

2 + C ‖√ρθt‖2
2∣∣∣∣cv

∫
Ω

ρtu · ∇θθtdx
∣∣∣∣ ≤ C‖ρ‖∞(‖u‖∞‖∇u‖3‖∇θ‖2 ‖θt‖6 + ‖u‖2

6

∥∥∇2θ
∥∥

2 ‖θt‖6

+ ‖u‖2
6‖∇θ‖6 ‖∇θt‖2)

≤ κ

8
‖∇θt‖2

2 + C
(
‖√ρθt‖2

2 +
∥∥∇2u

∥∥2
2 ‖∇θ‖

2
2 + ‖∇θ‖2

2 + ‖∇2θ‖2
2

)
,∣∣∣∣cv

∫
Ω

ρut · ∇θθtdx
∣∣∣∣ ≤ C‖ρ‖

3
4∞ ‖
√
ρut‖

1
2
2 ‖∇ut‖

1
2
2 ‖∇θ‖2

(
‖√ρθt‖2 + ‖∇θt‖2

)
≤ κ

8
‖∇θt‖2

2 + C(‖√ρθt‖2
2 + ‖√ρut‖2‖∇ut‖2‖∇θ‖2),∣∣∣∣∫

Ω

Pt div uθtdx
∣∣∣∣ ≤ C

[
(‖√ρθ‖2 + ‖∇θ‖2)

∥∥∇2u
∥∥

2 + ‖√ρθt‖2 + ‖√ρθt‖
1
2
2 ‖∇θt‖

1
2
2

] (
‖√ρθt‖2 + ‖∇θt‖2

)
≤ κ

8
‖∇θt‖2

2 + C
[
‖√ρθt‖2

2 +
(
1 + ‖∇θ‖2

2

)
‖∇2u‖2

2

]
,∣∣∣∣∫

Ω

P div utθt dx
∣∣∣∣ ≤ C‖ρ‖

3
4∞(‖√ρθ‖2 + ‖∇θ‖2) ‖∇ut‖2

(
‖√ρθt‖2 + ‖∇θt‖2

)
≤ κ

8
‖∇θt‖2

2 + C
[
‖√ρθt‖2

2 +
(
1 + ‖∇θ‖2

2

)
‖∇ut‖2

2

]
,

|
∫

Ω

(4µDu : Dut+2λ div u div utθt) dx| ≤ C‖∇u‖
1
2
2

∥∥∇2u
∥∥ 1

2

2 ‖∇ut‖2
(
‖√ρθt‖2 + ‖∇θt‖2

)
≤ κ

8
‖∇θt‖2

2 + C
(
‖√ρθt‖2

2 +
∥∥∇2u

∥∥
2 ‖∇ut‖2

2

)
,∣∣∣∣∫

Ω

ν | curl H|2t θt

∣∣∣∣ ≤ C
∫

Ω

∣∣∇H
∣∣ ∣∣∇Ht

∣∣ ∣∣θt
∣∣ dx ≤ C‖∇H‖3 ‖∇Ht‖2 ‖θt‖6

≤ C‖∇H‖
1
2
2

∥∥∇2H
∥∥ 1

2

2 ‖∇Ht‖2
(
‖√ρθt‖2 + ‖∇θt‖2

)
≤ κ

8
‖∇θt‖2

2 + C
(
‖√ρθt‖2

2 +
∥∥∇2H

∥∥
2 ‖∇Ht‖2

2

)
,

So, one deduces from (2.46) that

cv

2
d
dt
‖√ρθt‖2

2 +
κ

8
‖∇θt‖2

2 ≤C
[
‖√ρθt‖2

2 +
(
1 + ‖∇2u‖2

2

) (
1 + ‖∇θ‖2

2

)
+ ‖∇2θ‖2

2 + ‖√ρut‖2‖∇ut‖2‖∇θ‖2
2

]
+ C

(
1 + ‖∇θ‖2

2 +
∥∥∇2u

∥∥
2

)
‖∇ut‖2

2 + C
∥∥∇2H

∥∥
2 ‖∇Ht‖2

2 .

Multiplying the above inequality by t2 and using Corollary 2, one obtains that

cv

2
d
dt
‖t√ρθt‖2

2 +
κ

8
‖t∇θt‖2

2 ≤ C
(
‖
√

t
√
ρθt‖2

2 + ‖
√

t∇2θ‖2
2 + ‖
√

t∇ut‖2
2 + ‖
√

t∇Ht‖2
2 + 1

)
. (2.47)

Integrating (2.47) over (0, T) and using Corollary 2, one gets that

sup
0≤t≤T

‖t√ρθt‖2
2 +
∫ T

0
‖t∇θt‖2

2 dt ≤ C. (2.48)

Recalling (2.26), one deduces from (2.48) and Corollary 2 that

sup
0≤t≤T

∥∥t∇2θ
∥∥2

2 ≤C sup
0≤t≤T

(
‖t√ρθt‖2

2 + t‖∇u‖4
2‖
√

t∇θ‖2
2 +
√

t‖∇u‖2‖
√

t∇2u‖3
2 +
√

t‖∇H‖2‖
√

t∇2H‖3
2

)
+ C sup

0≤t≤T

(
t

3
2 ‖√ρθ‖2

2 +
√

t‖
√

t∇θ‖2
2

)
‖∇u‖2‖

√
t∇2u‖2

≤C. (2.49)
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Applying the elliptic estimates to (1.1)2, one obtains from Proposition 1 and Corollary 2 that∥∥∇2u
∥∥

q ≤ C
(
‖ρut‖q + ‖ρ(u · ∇)u‖q + ‖∇P‖q + ‖curlH × H‖q

)
≤ C

(
‖ρ‖∞ ‖ut‖6 + ‖ρ‖∞‖u‖∞‖∇u‖6 + ‖∇ρ‖q‖θ‖∞ + ‖ρ‖∞‖∇θ‖6 + ‖H‖∞‖∇H‖6

)
≤ C

(
1 + ‖∇ut‖2 +

∥∥∇2u
∥∥2

2 + ‖∇θ‖2 +
∥∥∇2θ

∥∥
2 +
∥∥∇2H

∥∥
2

)
.

Thus, ∫ T

0
‖
√

t∇2u‖2
q dt ≤C

∫ T

0

(
1 + ‖

√
t∇ut‖2

2 + ‖
√

t∇2u‖2
2‖∇2u‖2

2 + ‖
√

t∇2u‖2
2‖∇2H‖2

2

)
dt

+ C
∫ T

0

(
‖∇θ‖2

2 + ‖
√

t∇2θ‖2
2

)
dt

≤C. (2.50)

Applying the elliptic estimates to (1.1)4 and using Corollary 2, one obtains that

‖∇2H‖q ≤ C(‖Ht‖q + ‖H · ∇u‖q + ‖u · ∇H‖q + ‖Hdivu‖q)

≤ C(‖Ht‖6 + ‖H‖∞‖∇u‖6 + ‖u‖∞‖∇H‖6 + ‖H‖∞‖∇u‖6)

≤ C(‖∇Ht‖2 + ‖∇2H‖2‖∇2u‖2).

So, ∫ T

0
‖
√

t∇2H‖2
qdt ≤ C

∫ t

0
(‖
√

t∇Ht‖2
2 + ‖∇2H‖2‖

√
t∇2u‖2

2)dt

≤ C. (2.51)

Finally, one applies the elliptic estimates to (1.1)3 and deduces from Corollary 2 that∥∥∇2θ
∥∥2

6 ≤ C
(
‖ρθt‖2

6 + ‖ρ(u · ∇)θ‖2
6 + ‖ρθ div u‖2

6 + ‖Q(∇u)‖2
6 + ‖ν |curlH|2‖2

6

)
≤ C(‖ρ‖2

∞ ‖θt‖2
6 + ‖ρ‖2

∞‖u‖2
∞‖∇θ‖2

6 + ‖ρ‖2
∞‖θ‖2

6‖∇u‖2
∞ + ‖∇u‖2

∞‖∇u‖2
6 + ‖∇H‖2

∞‖∇H‖2
6)

≤ C
[
‖√ρθt‖2

2 + ‖∇θt‖2
2 +
∥∥∇2u

∥∥
2

(
‖∇θ‖2

2 + ‖∇2θ‖2
2

)
+
(
1 + ‖∇θ‖2

2

)
‖∇2u‖2

q

]
+ C

[
‖∇2u‖2

2‖∇2u‖2
q + ‖∇2H‖2

2‖∇2H‖2
q

]
. (2.52)

Hence, it follows from (2.48), (2.50), (2.51) and Corollary 2 that∫ T

0

∥∥t∇2θ
∥∥2

6 dt ≤C
∫ T

0

[
‖
√

t
√
ρθt‖2

2 + ‖t∇θt‖2
2 +
(
1 + ‖

√
t∇θ‖2

2

)
‖
√

t∇2u‖2
q

]
dt

+ C
∫ T

0

[
‖
√

t∇2u‖2
(
‖
√

t∇θ‖2
2 + ‖
√

t∇2θ‖2
2

)
+ ‖
√

t∇2u‖2
2‖
√

t∇2u‖2
q

]
dt

+ C
∫ T

0
‖
√

t∇2H‖2
2‖
√

t∇2H‖2
qdt

≤C. (2.53)

Combining (2.45) with (2.48)-(2.53), the desire result (2.44) is obtained.

Next we prove that the existence time T0 depends only on R, µ, λ, cv, q, and the upper bound of Φ0, but is independent of the
quantities ‖∇2u0‖2, ‖∇2H0‖2, ‖∇2θ0‖2, ‖g1‖2, and ‖g2‖2 stated in Lemma 1.

Proposition 10. Let q ∈ (3, 6) and assume that (ρ0, u0, H0, θ0) satisfies

ρ ≤ ρ0 ∈ W1,q(Ω), u0 ∈ H1
0(Ω) ∩ H2(Ω), 0 ≤ θ0 ∈ H1

0(Ω) ∩ H2(Ω), H0 ∈ H2(Ω)
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for some positive number ρ. Then, there exist two positive constants T0 and C depending only on R, µ, λ, cv, q, and the upper
bound of Φ0, such that system (1.1), subject to (1.4)-(1.5), admits a unique solution (ρ, u, H, θ), in Ω× (0, T0), satisfying

sup
0≤t≤T0

(
‖ρ‖∞ + ‖ρ‖W1,q +

∥∥(ρt,
√
ρθ,∇u,∇H

)∥∥2
2

)
+
∫ T0

0

∥∥(∇θ,
√
ρut,∇2u,∇2H, Ht

)∥∥2
2 dt ≤ C,

and

sup
0≤t≤T0

‖(
√

t∇θ, t
√
ρθt, t∇2θ,

√
t
√
ρut,
√

t∇2u,
√

t∇2H)‖2
2 +
∫ T0

0
(‖
√

t∇2u‖2
q + ‖t∇2θ‖2

6)dt

+
∫ T0

0
‖(
√

t
√
ρθt,
√

t∇2θ, t∇θt,
√

t∇ut,
√

t∇Ht)‖2
2 dt ≤ C.

Proof. By Lemma 1, there is a unique local strong solution (ρ, u, H, θ) on Ω× (0, T∗) satisfying the regularities stated in Lemma
1. By Lemma 1, one extends the local solution uniquely to the maximal time of existence Tmax. Then, the following holds

sup
T∗≤t<Tmax

(∥∥∥∥1
ρ

∥∥∥∥
∞

+ ‖ρ‖W1,q + ‖u‖H2 + ‖θ‖H2 + ‖H‖H2

)
=∞. (2.54)

(ρ, u, H, θ) satisfies the regularities in Lemma 1 with T∗ replaced by T for any T ∈ (0, Tmax). Let ε0 be the constant stated in
Corollary 1, Φ be the function given by (1.8), and set

T0 = sup
{

T ∈ (0, Tmax) | T
6–q
4q Φ

5
2 (T) ≤ ε0

}
.

Claim: T0 < Tmax.
Assume that T0 = Tmax. Then, by definition

T
6–q
4q Φ

5
2 (T) ≤ ε0 (∀T ∈ (0, Tmax)). (2.55)

Since Φ(T) ≥ 1, it follows from (2.55) that Tmax ≤ ε
4q
6–q
0 . Thanks to (2.55), one deduces from Corollary 2 and Proposition 9 that

Φ(T) + sup
0≤t≤T

‖(
√

t∇2u,
√

t∇2H, t∇2θ)‖2
2 ≤ C (∀T ∈ (0, Tmax))

holds for some positive constant C, where C independent of T ∈ (0, Tmax). Following the arguments in Proposition 3, one
deduces from Proposition 2 and (2.55) that

inf
Ω×(0,T)

ρ ≥ ρe–
∫ T

0 ‖ div u‖∞dt ≥ ρe–Cε0 (∀T ∈ (0, Tmax))

for some positive constant C independent of T ∈ (0, Tmax). So,

sup
T∗≤t<Tmax

(∥∥∥∥1
ρ

∥∥∥∥
∞

+ ‖ρ‖W1,q + ‖u‖H2 + ‖H‖H2 + ‖θ‖H2

)
≤ C,

which contradicts to (2.54). This contradiction proves the claim. Since T0 < Tmax and noticing that Φ(T) is continuous on
[0, Tmax), one gets from the definition of T0 that

T
6–q
4q

0 Φ
5
2 (T0) = ε0. (2.56)

Recalling that Φ(T) ≥ 1, it follows from Corollary 2 that T0 ≤ ε
4q
6–q
0 and Φ (T0) ≤ C0 for a positive constant C0 depending only

on R, µ, λ, cv, q, and the upper bound of Φ0. Therefore, it follows from (2.56) that T0 ≥

(
ε0

C
5
2

0

) 4q
6–q

. The corresponding estimates

follow from Corollary 2 and Proposition 9.
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3 PROOF OF THEOREM 1.1

In order to prove Theorem 1, we take similar argument in [24]. At first, a preparing existence result (see Proposition 11) is given.
The proof of Proposition 11 is proved by similar argument of Proposition 3.1 in [24], and the specific proof process is postponed
in the “Appendix”.

Proposition 11. Assume that all the conditions of Theorem 1 hold. Denote

Φ0 := ‖ρ0‖∞ + ‖∇ρ0‖q +
∥∥(√ρ0θ0,∇u0,∇H0

)∥∥2
2 .

(i) Then, there exists a positive time T0 depending only on R, µ, λ, cv, q, and Φ0, such that system (1.1), subject to (1.4)-(1.5),
in Ω× (0, T0), admits a solution (ρ, u, H, θ), which satisfies all the properties stated in Definition 1 except that the regularities√
ρu,
√
ρθ ∈ C

(
[0, T0] ; L2

)
are replaced by ρu ∈ C

(
[0, T0] ; L2

)
and ρθ ∈ Cw

(
[0, T0] ; L2

)
, where Cw represents the weak

continuity.
(ii) Moreover, for any t ∈ (0, T0), it holds that

‖√ρu‖2
2(t) ≤ ‖√ρ0u0‖2

2 + Ct, ‖√ρθ‖2
2(t) ≤ ‖√ρ0θ0‖2

2 + C
√

t.

Based on this result, the well-posedness of the strong solutions is first proven in Lagrangian coordinates, and finally transformed
back into Euler coordinates.

3.1 Lagrangian Coordinates and some lemmas

Given a velocity field u ∈ L1
(
0, T0; C1(Ω̄)

)
satisfying u|∂Ω = 0. Let x = ϕ(y, t) be the corresponding coordinates transform,

governed by the velocity field u, between the Euler coordinates (x, t) and the Lagrangian coordinates (y, t), that is,{
∂tϕ(y, t) = u(ϕ(y, t), t), ∀t ∈ [0, T0] ,
ϕ(y, 0) = y.

(3.1)

By the classical theory for ODEs, ϕ is well-defined and ϕ : Ω× [0, T0]→ Ω. Moreover, by the unique solvability of ODEs, for
each t ∈ [0, T0], ϕ(·, t) : Ω→ Ω is bijective. Denote by y = ψ(x, t) the inverse mapping of x = ϕ(y, t) with respect to y, which
satisfies {

∂tψ(x, t) + (u(x, t) · ∇)ψ(x, t) = 0,
ψ(x, t)

∣∣
t=0 = x.

(3.2)

Set
A(y, t) =

(
aij(y, t)

)
3×3 , aij(y, t) = ∂iψj(x, t)|x=ϕ(y,t), (3.3)

J(y, t) = det A(y, t) = det∇ψ(x, t)|x=ϕ(y,t), (3.4)

B(y, t) =
(
bij(y, t)

)
3×3 , bij(y, t) = ∂iϕj(y, t). (3.5)

Then, one can check that {
∂tA(y, t) = –∇u(ϕ(y, t), t)A(y, t),
A(y, t)

∣∣
t=0 = I,

(3.6)

and {
∂tB(y, t) = B(y, t)∇u(ϕ(y, t), t),
B(y, t)

∣∣
t=0 = I,

(3.7)

here∇u =
(
∂iuj
)

3×3. Recalling the definition of J, one derives from (3.6) that{
∂tJ(y, t) = – div u(ϕ(y, t), t)J(y, t),
J(y, t)

∣∣
t=0 = 1.

(3.8)
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Lemma 2. Li and Zheng.24 Given u ∈ L∞
(
0, T0; H1

0

)
∩ L1

(
0, T0; W2,q

)
, with q ∈ (3, 6), and let ϕ,ψ, A, B, and J be defined as

before. Then, J > 0 on Ω× (0, T0) and the following hold:

sup
0≤t≤T0

(∥∥∥∥(1
J

, J, A, B
)∥∥∥∥
∞

+ ‖(Jt, At, Bt)‖2 + ‖(∇J,∇A,∇B)‖q

)
≤ C, (3.9)

‖∇[g(ϕ(·, t))]‖W1,α ' ‖∇g‖W1,α ' ‖∇[g(ψ(·, t))]‖W1,α , ∀α ∈ [1, q], (3.10)

‖∇[g(ϕ(·, t))]‖α ' ‖∇g‖α ' ‖∇[g(ψ(·, t))]‖α, ∀α ∈ [1,∞], (3.11)

‖g(ϕ(·, t))‖α ' ‖g‖α ' ‖g(ψ(·, t))‖α, ∀α ∈ [1,∞], (3.12)

for any function g such that all the relevant quantities are finite, here we denote Q1 ' Q2 means Q1
C̄ ≤ Q2 ≤ C̄Q1 for a positive

constant C̄ depending only on Ω,α, q, T0, and ‖u‖L∞(0,T0;H1(Ω))∩L1(0,T0;W2,q(Ω)).

Lemma 3. Li and Zheng.24 Under the assumptions as in Proposition 11, the following hold:
(i) h(ϕ(·, t), t) ∈ C

(
[0, T0] ; L2

)
if h ∈ C

(
[0, T0] ; L2

)
;

(ii) h(ϕ(·, t), t) ∈ Cw
(
[0, T0] ; L2

)
if h ∈ Cw

(
[0, T0] ; L2

)
.

3.2 Regularities and Reduced System in the Lagrangian Coordinates

Let initial data (ρ0, u0, H0, θ0) satisfy the assumptions in Theorem 1. Let (ρ, u, H, θ) be the solution established in Proposition 11
and ϕ be the corresponding mapping defined by (3.1). Set

%(y, t) = ρ(ϕ(y, t), t),
v(y, t) = u(ϕ(y, t), t),
ϑ(y, t) = θ(ϕ(y, t), t),
h(y, t) = H(ϕ(y, t), t).

(3.13)

Recalling the regularities of (ρ, u, H, θ) in Proposition 11, one gets from Lemma 2 and Lemma 3 that

% ∈ L∞
(
0, T0; W1,q

)
,
√
%ϑ ∈ L∞

(
0, T0; L2

)
,ϑ ∈ L2

(
0, T0; H1

)
,

v ∈ L∞
(
0, T0; H1

)
∩ L2

(
0, T0; H2

)
∩ L1

(
0, T0; W2,q

)
,

h ∈ L∞
(
0, T0; H1

)
∩ L2

(
0, T0; H2

)
∩ L1

(
0, T0; W2,q

)
,√

tv ∈ L∞
(
0, T0; H2

)
∩ L2

(
0, T0; W2,q

)
,√

th ∈ L∞
(
0, T0; H2

)
∩ L2

(
0, T0; W2,q

)
,√

tϑ ∈ L∞
(
0, T0; H1

)
∩ L2

(
0, T0; H2

)
,

%v ∈ C
(
[0, T0] ; L2

)
, %ϑ ∈ Cw

(
[0, T0] ; L2

)
.

(3.14)

Obviously,

∂t%(y, t) = (∂tρ + u · ∇ρ) (ϕ(y, t), t),

∂tv(y, t) = [∂tu + (u · ∇)u] (ϕ(y, t), t),

∂tϑ(y, t) = (∂tθ + u · ∇θ) (ϕ(y, t), t),

∂th(y, t) = (∂tH + u · ∇H) (ϕ(y, t), t).

Recalling the regularities of (ρ, u, H, θ) stated in Proposition 11, one deduces from Lemma 2 that

sup
0≤t≤T0

‖%t‖2 ≤ C sup
0≤t≤T0

(
‖ρt‖2 + ‖u‖6‖∇ρ‖3

)
≤ C sup

0≤t≤T0

(
‖ρt‖2 + ‖∇u‖2‖∇ρ‖q

)
≤ C,∫ T0

0
‖√%vt‖2

2 dt ≤ C
∫ T0

0

(
‖√ρut‖2

2 + ‖u‖2
6‖∇u‖2

3

)
dt

≤ C
∫ T0

0

(
‖√ρut‖2

2 + ‖∇u‖3
2‖∇2u‖2

)
dt ≤ C,
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0
t ‖∇vt‖2

2 dt ≤ C
∫ T0

0
t ‖∇ (∂tu + (u · ∇)u)‖2

2 dt

≤ C
∫ T0

0
t
(
‖∇ut‖2

2 + ‖u‖2
∞
∥∥∇2u

∥∥2
2 + ‖∇u‖4

4

)
dt

≤ C
∫ T0

0
t
(
‖∇ut‖2

2 + ‖∇u‖2
∥∥∇2u

∥∥3
2

)
dt ≤ C.

Similarly, ∫ T0

0
t ‖√%ϑt‖2

2 dt ≤ C
∫ T0

0
t ‖√ρθt +

√
ρu · ∇θ‖2

2 dt

≤ C
∫ T0

0
t
(
‖√ρθt‖2

2 + ‖ρ‖∞‖u‖2
6‖∇θ‖2

3

)
dt

≤ C
∫ T0

0
t
(
‖√ρθt‖2

2 + ‖∇u‖2
2‖∇θ‖2

∥∥∇2θ
∥∥

2

)
dt ≤ C,∫ T0

0
t2 ‖∇ϑt‖2

2 dt ≤ C
∫ T0

0
t2
∫

Ω

(∣∣∇θt
∣∣2 + |u|2

∣∣∇2θ
∣∣2 + |∇u|2|∇θ|2

)
dx dt,

≤ C
∫ T0

0
t2
(
‖∇θt‖2

2 + ‖∇u‖2
∥∥∇2u

∥∥
2

∥∥∇2θ
∥∥2

2

)
dt

+ C
∫ T0

0
t2
∥∥∇2u

∥∥2
2

(
‖∇θ‖2

2 + ‖∇θ‖2‖∇2θ‖2
)

dt ≤ C,∫ T0

0
‖ht‖2

2 dt =
∫ T0

0
‖[(∂tH + (u · ∇)H)] (ϕ(y, t), t)‖2

2 dt

≤ C
∫ T0

0
‖(∂tH + (u · ∇)H)‖2

2 dt

≤ C
∫ T0

0

(
‖Ht‖2

2 + ‖u‖2
6‖∇H‖2

3

)
dt

≤ C
∫ T0

0

(
‖Ht‖2

2 + ‖∇u‖3
2

∥∥∇2H
∥∥

2

)
dt ≤ C.∫ T0

0
t ‖∇ht‖2

2 dt =
∫ T0

0
t ‖∇ [(∂tH + (u · ∇)H)] (ϕ(y, t), t)‖2

2 dt

≤ C
∫ T0

0
t ‖∇ (∂tH + (u · ∇)H)‖2

2 dt

≤ C
∫ T0

0
t
(
‖∇Ht‖2

2 + ‖∇u‖2
4‖∇H‖2

4 + ‖u‖2
∞‖∇2H‖2

2

)
dt

≤ C
∫ T0

0
(‖
√

t∇Ht‖2
2 + t(‖∇u‖

1
2
2 ‖∇H‖

1
2
2 ‖∇u‖

3
2
2 ‖∇H‖

3
2
2

+ ‖∇u‖2‖∇2u‖2‖∇2H‖2))dt ≤ C,

Therefore,
%t ∈ L∞

(
0, T0; L2

)
,
√
%vt ∈ L2

(
0, T0; L2

)
,
√

tvt ∈ L2
(
0, T0; H1

)
,√

t
√
%ϑt ∈ L2

(
0, T0; L2

)
, tϑt ∈ L2

(
0, T0; H1

)
,

ht ∈ L∞
(
0, T0; L2

)
,
√

tht ∈ L2
(
0, T0; H1

)
.

 (3.15)

Based on the above discussion, we get the following Proposition 12 and Proposition 13.

Proposition 12. Given initial data (ρ0, u0, H0, θ0) satisfying the assumptions in Theorem 1. Let (ρ, u, H, θ) be the solution
established in Proposition 11 and ϕ be the corresponding mapping defined by (3.1). Then, (%, v, h,ϑ) defined by (3.13) satisfies
(3.14) and (3.15).

Let A be defined as before in the previous subsection and denote

∇Af := A∇f , divA v := A : (∇v)T , ∇v =
(
∂ivj
)

3×3 culAh = (A∇)× h.
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Then we can derive from (1.1)1–(1.1)5 and (3.6)–(3.8) that

%t + divA v% = 0, (3.16)

Jρ0vt – µdivA (∇Av) – (µ + λ)∇A (divA v) + R∇A (Jρ0ϑ) = h · ∇Ah –
1
2
∇A|h|2, (3.17)

cvJρ0ϑt + RJρ0ϑ divA v – κdivA (∇Aϑ) =
µ

2
|∇Av + (∇Av)T |2 + λ (divA v)2 + ν (curlA h)2 , (3.18)

ht – h · ∇Av + v · ∇Ah + hdivAu = νdivA(∇Ah), (3.19)

divAh = 0, (3.20)

At +∇AvA = 0, (3.21)

Jt + divA vJ = 0. (3.22)

System (3.16)-(3.22) are satisfied a.e. in Ω× (0, T0) . Here in (3.17) and (3.18) we have used the fact that

%

J
=
ρ0

J0
= ρ0 (3.23)

to replace % with Jρ0, as ∂t
(
%
J

)
= 0 guaranteed by (3.16) and (3.22).

The initial-boundary conditions read as

(%v, %ϑ, h, A, J)
∣∣
t=0 = (ρ0u0, ρ0θ0, H0, I, 1) , (3.24)

v|∂Ω = 0, ∇ϑ · n
∣∣
∂Ω

= 0, h · n
∣∣
∂Ω

= 0. (3.25)

Since %v ∈ C
(
[0, T0] ; L2

)
and %ϑ ∈ Cw

(
[0, T0] ; L2

)
, h ∈ C

(
[0, T0] ; L2

)
, one deduces from (3.14), and A, J ∈ C

(
[0, T0] ; L2

)
,

one deduces from Lemma 2, the initial condition (3.24) is well-defined. Finally, we state the continuities of
√
ρ0v and

√
ρ0ϑ,

whose proof is similar to the proof of proposition 4.4 in [24]. For simplify, we omit the proof of Proposition 13.

Proposition 13. Under the same assumptions in Proposition 12, it holds that

√
ρ0v,
√
ρ0ϑ ∈ C

(
[0, T0] ; L2) ,(√

ρ0v,
√
ρ0ϑ
)
→
(√
ρ0u0,

√
ρ0θ0

)
in L2 as t→ 0.

3.3 Proof of Theorem 1

Now, it is ready to give the proof of Theorem 1.

Proof of Theorem 1. (i) Existence. By virtue of Proposition 11, it remains to show that
√
ρu,
√
ρθ ∈ C

(
[0, T0] ; L2

)
. Let

(%, v, h,ϑ) be given by (3.13). Then, it follows from Proposition 13 that
√
ρ0v,
√
ρ0ϑ ∈ C

(
[0, T0] ; L2

)
. Recalling that % = Jρ0

and noticing that J ∈ C
(
[0, T0] ; C(Ω̄)

)
guaranteed by Lemma 2, one gets

√
%v,
√
%ϑ ∈ C

(
[0, T0] ; L2

)
. Then, similarly to the

proof of (ii) of Lemma 3 (since ψ has the same properties as those of ϕ ), one can then show that
√
ρu,
√
ρθ ∈ C

(
[0, T0] ; L2

)
.

(ii) Uniqueness. Let (v̂, ϑ̂, ĥ, Â, Ĵ) in Ω × (0, T0), with the same initial data (ρ0, u0, θ0, H0). Let (ϕ̂, ψ̂, %̂, v̂, ϑ̂, ĥ, Â, Ĵ) and
(ϕ̌, ψ̌, %̌, v̌, ϑ̌, ȟ, Ǎ, J̌) be the corresponding quantities defined as before and denote

(v,ϑ, A, J) = (v̂, ϑ̂, Â, Ĵ) – (v̌, ϑ̌, Ǎ, J̌).

Then, (v̂, ϑ̂, ĥ, Â, Ĵ) and (v̌, ϑ̌, Ǎ, J̌) have the regularities (3.14) and (3.15), satisfy system (3.17)–(3.22) a.e. in Ω× (0, T0), and
fulfill the initial-boundary conditions (3.23)–(3.24). One can check by direct calculations that (v,ϑ, h, A, J) satisfies

ρ0Ĵvt – µdivÂ

(
∇Âv

)
– (µ + λ)∇Â

(
divÂ v

)
= –ρ0Jv̌t + µdivÂ (∇Av̌) + µdivA

(
∇Ǎv̌

)
+ (µ + λ)∇Â (divA v̌) + (µ + λ)∇A

(
divǍ v̌

)
– R∇Â

(
ρ0Ĵϑ + ρ0Jϑ̌

)
– R∇A

(
ρ0J̌ϑ̌

)
+ ĥ · ∇Âv + ĥ · ∇Av̌ + h · ∇Ǎv̌ –

1
2
∇Â|ĥ||h| –

1
2
∇Â|h||ȟ| –

1
2
∇A|ȟ|2, (3.26)
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cvρ0Ĵϑt – κdivÂ

(
∇Âϑ

)
= –cvρ0Jϑ̌t + κdivÂ

(
∇Aϑ̌

)
+ κdivA

(
∇Ǎϑ̌

)
– Rρ0

(
Ĵϑ̂ divÂ v + Ĵϑ̂ divA v̌ + ĴϑdivǍ v̌ + Jϑ̌ divǍ v̌

)
+
µ

2

(
∇i

Âv̂j +∇j
Â
v̂i +∇i

Ǎv̌j +∇j
Ǎ
v̌i

)(
∇i

Âvj +∇j
Â
vi +∇i

Av̌j +∇j
Av̌i

)
+ λ
(
divÂ v̂ + divǍ v̌

) (
divÂ v + divA v̌

)
+ ν
(

| curlÂ ĥ| + | curlǍ ȟ|
) (

curlÂ h + curlA ȟ
)

, (3.27)

ht – ν divÂ

(
∇Âh

)
= ĥ · ∇Âv + ĥ · ∇Av̌ + h · ∇Ǎv̌ – (v̂ · ∇Âh + v̂ · ∇Aȟ + v · ∇Ǎȟ)

– (ĥ · divÂ v + ĥ · divA v̌ + h · divǍ v̌) + ν divÂ

(
∇Aȟ

)
+ ν divA

(
∇Ǎȟ

)
, (3.28)

divÂ h + divA ȟ = 0, (3.29)

At +∇Âv̂A +∇ÂvǍ +∇Av̌Ǎ = 0, (3.30)

Jt + divÂ v̂J + divÂ vJ̌ + divA v̌J̌ = 0. (3.31)

For any vector field W and function f such that either W
∣∣
∂Ω

= 0 or f
∣∣
∂Ω

= 0, one has that∫
Ω

1
Ĵ
∇Âf ·Wdy =

∫
Ω

1
Ĵ

âil∂lfWidy

= –
∫

Ω

(
∂l

(
âil

Ĵ

)
Wi +

1
Ĵ

âil∂lWi

)
fdy = –

∫
Ω

1
Ĵ

divÂ Wfdy. (3.32)

Step 1. Energy inequalities. Multiplying (3.26) with v
Ĵ

and using (3.30), one gets that

1
2

d
dt
‖√ρ0v‖2

2 + µ

∥∥∥∥∥∇Âv√
Ĵ

∥∥∥∥∥
2

2

+ (µ + λ)

∥∥∥∥∥divÂ v√
Ĵ

∥∥∥∥∥
2

2

= –
∫

Ω

ρ0Jv̌t
v
Ĵ

dy –
∫

Ω

1
Ĵ

[
µ∇Av̌ : ∇Âv + (µ + λ) divA v̌ divÂ v

]
dy

+
∫

Ω

1
Ĵ

[
µdivA

(
∇Ǎv̌

)
· v + (µ + λ)∇A

(
divĂ v̌

)
· v
]

dy – R
∫

Ω

∇A
(
ρ0J̌ϑ̌

) v
Ĵ

dy

+ R
∫

Ω

(
ρ0Ĵϑ + ρ0Jϑ̌

) divÂ v

Ĵ
dy +

∫
Ω

1
Ĵ

[
ĥ · ∇Âv + ĥ · ∇Av̌ + h · ∇Ǎv̌

]
· v dy

–
1
2

∫
Ω

[
∇Â|ĥ||h| +∇Â|h||ȟ| +∇A|ȟ|2

] v
Ĵ

dy =:
7∑

i=1

Ni. (3.33)

By Lemma 2, it follows

sup
0≤t≤T0

(∥∥∥∥1
Ĵ

∥∥∥∥
∞

+ ‖(Ĵ, J̌, Â)‖∞ + ‖(∇Ǎ,∇J̌)‖3

)
≤ C.

Then terms Ni, i = 1, 2, · · · , 7, are estimated as follows:

N1 ≤ C‖J‖2 ‖ρ0v̌t‖3 ‖v‖6

≤ µ

8

∥∥∥∥∥∇Âv√
Ĵ

∥∥∥∥∥
2

2

+ C ‖√ρ0v̆t‖2 ‖∇v̆t‖2 ‖J‖
2
2,

N2 ≤
µ

8

∥∥∥∥∥∇Âv√
Ĵ

∥∥∥∥∥
2

2

+ C‖∇v̌‖2
∞‖A‖2

2

≤ µ

8

∥∥∥∥∥∇Âv√
Ĵ

∥∥∥∥∥
2

2

+ C‖∇2v̌‖2
q‖A‖2

2,

N3 ≤ C
∫

Ω

|A|
(
|Ǎ|
∣∣∇2v̌

∣∣ + |∇Ǎ||∇v̌|
)

|v|dy
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≤ µ

8

∥∥∥∥∥∇Âv√
Ĵ

∥∥∥∥∥
2

2

+ C‖∇2v̌‖2
q‖A‖2

2,

N4 ≤ C‖A‖2
(
‖∇ρ0‖3 ‖ϑ̌‖∞ + ‖∇J̌‖3‖ϑ̌‖∞ + ‖∇ϑ̌‖3

)
‖v‖6

≤ µ

8

∥∥∥∥∥∇Âv√
Ĵ

∥∥∥∥∥
2

2

+ C(1 + ‖∇ϑ̌‖2)‖∇2ϑ̌‖2‖A‖2
2,

N5 ≤
µ + λ

4

∥∥∥∥∥divÂ v√
Ĵ

∥∥∥∥∥
2

2

+ C
(
‖√ρ0ϑ‖2

2 + ‖ϑ̌‖2
∞‖J‖2

2

)

≤ µ + λ
4

∥∥∥∥∥divÂ v√
Ĵ

∥∥∥∥∥
2

2

+ C
(
‖√ρ0ϑ‖2

2 + (1 + ‖∇ϑ̌‖2)
∥∥∇2ϑ̌

∥∥
2 ‖J‖

2
2

)
,

N6 =
∫

Ω

1
Ĵ

[
ĥ · ∇Âv + ĥ · ∇Av̌ + h · ∇Ǎv̌

]
· v dy

≤ C
∫

Ω

(
|ĥ||Â||∇h| + |ĥ||A||∇ȟ| + |h||Ǎ||∇ȟ|

)
|v|dy

≤ C
(
‖ĥ‖6‖∇h‖2 + ‖ĥ‖6‖A‖2‖∇ȟ‖6 + ‖h‖6‖‖∇ȟ‖2

)
‖v‖6dy

≤ µ

8

∥∥∥∥∥∇Âv√
Ĵ

∥∥∥∥∥
2

2

+ ‖∇(ĥ, ȟ)‖2
2

∥∥∥∥∥∇Âh√
Ĵ

∥∥∥∥∥
2

2

+ ‖∇ĥ‖2
2‖∇2ȟ‖2

2‖A‖2
2,

N7 ≤
∫

Ω

[
|Â||∇ĥ||h| + |Â||ĥ||∇h| + |Â||∇h||ȟ| + |Â||h||∇ȟ| + |A||∇ȟ||ȟ|

]
|v|dy

≤ C
(
‖∇(ĥ, ȟ)‖2‖h‖6 + ‖ĥ, ȟ‖6‖∇h‖2 + ‖A‖2‖∇ȟ‖6‖ȟ‖6

)
≤ µ

8

∥∥∥∥∥∇Âv√
Ĵ

∥∥∥∥∥
2

2

+ ‖∇(ĥ, ȟ)‖2
2

∥∥∥∥∥∇Âh√
Ĵ

∥∥∥∥∥
2

2

+ ‖∇ȟ‖2
2‖∇2ȟ‖2

2‖A‖2
2.

Substituting these estimates into (3.33) yields

d
dt
‖√ρ0v‖2

2 + µ

∥∥∥∥∥∇Âv√
Ĵ

∥∥∥∥∥
2

2

≤C ‖√ρ0ϑ‖2
2 + C

(
‖√ρ0v̌t‖2 ‖∇v̌t‖2 + (1 + ‖∇ϑ̌‖2)‖∇2ϑ̌‖2 + ‖∇2v̌‖2

q

)
‖(A, J)‖2

2

+ C‖∇(ĥ, ȟ)‖2
2

∥∥∥∥∥∇Âh√
Ĵ

∥∥∥∥∥
2

2

+ ‖∇(ĥ, ȟ)‖2
2‖∇2ȟ‖2

2‖A‖2
2. (3.34)

Multiplying (3.27) with ϑ
Ĵ

and using (3.32), one gets that

cv

2
d
dt
‖√ρ0ϑ‖2

2 + κ

∥∥∥∥∥∇Âϑ√
Ĵ

∥∥∥∥∥
2

2

= – cv

∫
Ω

ρ0Jϑ̌t
ϑ

Ĵ
dy – κ

∫
Ω

∇Aϑ̌ ·
∇Âϑ

Ĵ
dy + κ

∫
Ω

divA
(
∇Ǎϑ̌

) ϑ
Ĵ

dy

– R
∫

Ω

ρ0

(
Ĵϑ̂ divÂ v + Ĵϑ̂divA v̌ + Ĵϑ divǍ v̌ + Jϑ̆ divǍ v̌

) ϑ
Ĵ

dy

+
µ

2

∫
Ω

(
∇i

Âv̂j +∇j
Â
v̂i +∇i

Ǎv̌j +∇j
Ǎ
v̌i

)(
∇i

Âvj +∇j
Â
vi +∇i

Av̌j +∇j
Av̌i

) ϑ
Ĵ

dy

+ λ
∫

Ω

(
divÂ v̂ + divǍ v̌

) (
divÂ v + divA v̌

) ϑ
Ĵ

dy

+ ν
∫

Ω

(
| curlÂ ĥ| + | curlǍ ȟ|

) (
curlÂ h + curlA ȟ

) ϑ
Ĵ

dy =:
7∑

i=1

Oi. (3.35)

Similar to N1, N2 , and N3, the terms O1, O2 and O3 are estimates as follows
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O1 ≤
κ

8

∥∥∥∥∥∇Âϑ√
Ĵ

∥∥∥∥∥
2

2

+ C
(∥∥√ρ0ϑ̌t

∥∥2
2 +
∥∥√ρ0ϑ̌t

∥∥
2

∥∥∇ϑ̌t
∥∥

2

)
‖J‖2

2,

O2 ≤
κ

8

∥∥∥∥∥∇Âϑϑ√
Ĵ

∥∥∥∥∥
2

2

+ C‖∇ϑ̌‖2
∞‖A‖2

2,

O3 ≤
κ

8

∥∥∥∥∥∇Âϑ√
Ĵ

∥∥∥∥∥
2

2

+ C
(∥∥∇2ϑ̌

∥∥2
3 + ‖∇ϑ̌‖2

∞

)
‖A‖2

2.

Moreover,

O4 ≤C
∫

Ω

ρ0|ϑ|
(

|ϑ̂|| divÂ v| + |ϑ̂||A||∇v̌| + |ϑ||∇v̌| + |J||ϑ̌||∇v̌|
)

dy

≤C
(
‖ϑ̂‖∞ + ‖ϑ̌‖∞

)
‖∇v̌‖∞ ‖

√
ρ0ϑ‖2 (‖A‖2 + ‖J‖2)

+ C‖ϑ̂‖∞

∥∥∥∥∥∇Âv√
Ĵ

∥∥∥∥∥
2

‖√ρ0ϑ‖2 + C‖∇v̌‖∞ ‖
√
ρ0ϑ‖2

2 ,

O5 + O6 ≤C
∫

Ω

(|∇v̂| + |∇v̌|)
(
|∇Âv| + |A||∇v̌|

)
|ϑ|dy

≤κ
8

∥∥∥∥∥∇Âϑ√
Ĵ

∥∥∥∥∥
2

2

+ C

‖√ρ0ϑ‖2
2 + ‖∇(v̂, v̌)‖2

3

∥∥∥∥∥∇Âv√
Ĵ

∥∥∥∥∥
2

2

+
∥∥∇2(v̂, v̌)

∥∥4
2 ‖A‖

2
2

 .

O7 ≤C
∫

Ω

(|∇ĥ| + |∇ȟ|)
(
|∇Âh| + |A||∇ȟ|

)
|ϑ| dy

≤C‖∇(ĥ, ȟ)‖3

∥∥∥∥∥∇Âh√
Ĵ

∥∥∥∥∥
2

‖ϑ‖6 + C‖∇(ĥ, ȟ)‖2
6‖A‖2‖ϑ‖6

≤κ
8

∥∥∥∥∥∇Âϑ√
Ĵ

∥∥∥∥∥
2

2

+ C

‖√ρ0ϑ‖2
2 + ‖∇(ĥ, ȟ)‖2

3

∥∥∥∥∥∇Âh√
Ĵ

∥∥∥∥∥
2

2

+ ‖∇2(ĥ, ȟ)‖4
2‖A‖2

2

 .

Thus,

cv
d
dt
‖√ρ0ϑ‖2

2 + κ

∥∥∥∥∥∇Âϑ√
Ĵ

∥∥∥∥∥
2

2

≤C
(∥∥√ρ0ϑ̌t

∥∥2
2 + ‖√ρ0ϑ̆t‖2‖∇ϑ̌t‖2

)
‖J‖2

2 + C‖∇(v̂, v̌)‖2
3

∥∥∥∥∥∇Âv√
Ĵ

∥∥∥∥∥
2

2

+ C‖∇(ĥ, ȟ)‖2
3

∥∥∥∥∥∇Âh√
Ĵ

∥∥∥∥∥
2

2

+ C
(
‖∇ϑ̌‖2

∞ + ‖∇2ϑ̌‖2
3 + ‖∇2(v̂, v̌)‖4

2 + ‖∇2(ĥ, ȟ)‖4
2

)
‖A‖2

2 + C‖ϑ̂‖∞

∥∥∥∥∥∇Âv√
Ĵ

∥∥∥∥∥
2

‖√ρ0ϑ‖2

+ C
(
1 + ‖∇v̌‖∞

)
‖√ρ0ϑ‖2

2 + C‖∇v̌‖∞
(
‖ϑ̂‖∞ + ‖ϑ̌‖∞

)
‖√ρ0ϑ‖2 (‖A‖2 + ‖J‖2). (3.36)

Next multplying (3.28) with h
Ĵ

and using (3.32), one gets that

1
Ĵ

d
dt
‖h‖2

2 + ν

∥∥∥∥∥∇Âh√
Ĵ

∥∥∥∥∥
2

2

=
∫

Ω

1
Ĵ

(ĥ · ∇Âv + h · ∇Ǎv̌ – v̂ · ∇Âh – v · ∇Ǎȟ – ĥ · divÂ v – h · divǍ v̌) · hdy
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+
∫

Ω

1
Ĵ

(ĥ · ∇Av̌ · h – v̂ · ∇Aȟ · h – ĥ · divA v̌ · h)dy – ν
∫

Ω

1
Ĵ

(∇Âh : ∇Aȟ)dy

+ ν
∫

Ω

1
Ĵ

divA
(
∇Ǎȟ

)
· hdy

≤C(‖ĥ‖∞‖∇v‖2‖h‖2 + ‖v‖6‖∇ȟ‖6‖h‖2 + ‖h‖2‖∇v̌‖∞‖h‖2 + ‖v̂‖∞‖∇h‖2‖h‖2

+ ‖ĥ‖6‖A‖2‖∇v̌‖6‖h‖6 + ‖v̂‖6‖A‖2‖∇ȟ‖6‖h‖6 + ‖A‖2‖∇ȟ‖∞‖Â‖∞‖∇h‖2

+ ‖Ǎ‖∞‖∇ȟ‖∞‖A‖2‖∇h‖2)

≤η

∥∥∥∥∥∇Âv√
Ĵ

∥∥∥∥∥
2

2

+ C(‖ĥ‖2
∞ + ‖∇2ȟ‖2 + ‖∇v̌‖∞)‖h‖2

2 +
ν

2

∥∥∥∥∥∇Âh√
Ĵ

∥∥∥∥∥
2

2

+ C(‖v̂‖∞‖h‖2
2

+ ‖∇ĥ‖2
2‖∇2v̌‖2

2‖A‖2
2 + ‖∇v̂‖2

2‖∇2ĥ‖2
2‖A‖2

2 + ‖∇ȟ‖2
∞‖A‖2

2).

So,

d
dt
‖h‖2

2 + ν

∥∥∥∥∥∇Âh√
Ĵ

∥∥∥∥∥
2

2

≤η

∥∥∥∥∥∇Âv√
Ĵ

∥∥∥∥∥
2

2

+ C(‖ĥ‖2
∞ + ‖∇2ȟ‖2 + ‖∇v̌‖∞ + ‖v̂‖∞)‖h‖2

2

+ C(‖∇ĥ‖2
2‖∇2v̌‖2

2 + ‖∇v̂‖2
2‖∇2ĥ‖2

2 + ‖∇ȟ‖2
∞)‖A‖2

2 (3.37)

Step 2. Growth estimates. We proceed to consider the growth estimates of A and J. Multiplying (3.30) and (3.31), respectively,
with A and J, and summing the resultants up, one obtains that

d
dt

(
‖A‖2

2 + ‖J‖2
2

)
≤ C‖∇(v̂, v̌)‖∞

(
‖A‖2

2 + ‖J‖2
2

)
+ C‖∇v‖2(‖A‖2 + ‖J‖2). (3.38)

Thus,
d
dt

√
‖A‖2

2 + ‖J‖2
2 ≤ C‖∇(v̂, v̌)‖∞

√
‖A‖2

2 + ‖J‖2
2 + C‖∇v‖2. (3.39)

Since v̂, v̌ ∈ L1
(
0, T0; W2,q

)
∩ L∞

(
0, T0; H1

)
and W1,q ↪→ L∞ for q ∈ (3, 6), one has ‖∇(v̂, v̆)‖∞ ∈ L1 ((0, T0)) and ‖∇v‖2 ∈

L∞ ((0, T0)). It follows from (3.35) that√
‖A‖2

2 + ‖J‖2
2 ≤ CeC

∫ t
0 ‖∇(̂v,̌v)‖∞ds

∫ t

0
‖∇v‖2ds ≤ Ct (∀t ∈ (0, T0)). (3.40)

Recalling

√
ρ0v̌t ∈ L2 (0, T0; L2) ,

√
tv̌t ∈ L2 (0, T0; H1) , ϑ̌ ∈ L2 (0, T0; H1) ,

√
tϑ̌ ∈ L2 (0, T0; H2) ,

√
tv̌ ∈ L2 (0, T0; W2,q) , ĥ, ȟ ∈ L∞

(
0, T0; H1) ∩ L2 (0, T0; H2) ,

one gets that

ω1(t) = t
(
‖√ρ0v̌t‖2‖∇v̌t‖2 + (1 + ‖∇ϑ̌‖2)‖∇2ϑ̌‖2 + ‖∇2v̌‖2

q + ‖∇(ĥ, ȟ)‖2
2‖∇2ȟ‖2

2

)
∈ L1 ((0, T0)) .

Since
√
ρ0ϑ,

√
ρ0v ∈ C

(
[0, T0] ; L2

)
(guaranteed by Proposition 13),

√
ρ0v
∣∣
t=0 = 0 and ‖∇h‖2 ∈ L∞ ((0, T0)), one integrates

(3.34) with respect to t and uses (3.40) arrive at

‖√ρ0v‖2
2 (t) + µ

∫ t

0

∥∥∥∥∥∇Âv√
Ĵ

∥∥∥∥∥
2

2

ds ≤ Ct + Ct
∫ t

0
ω1 ds + C

∫ t

0
‖∇h‖2

2 ds ≤ Ct, (∀t ∈ (0, T0)).

Combining this with (3.40) leads to

sup
0≤t≤T0

(
‖A‖2 + ‖J‖2 + ‖√ρ0v‖2

2

)
+
∫ t

0
‖∇v‖2

2ds ≤ Ct, (∀t ∈ (0, T0)). (3.41)
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Step 3. Singular t-weighted energy inequalities. Multiplying (3.38) by t– 3
2 , yields that

d
dt

(
‖A‖2

2

t
3
2

+
‖J‖2

2

t
3
2

)
+

3
2

(
‖A‖2

2

t
5
2

+
‖J‖2

2

t
5
2

)
≤C‖∇(v̂, v̌)‖∞

(
‖A‖2

2

t
3
2

+
‖J‖2

2

t
3
2

)
+ C
‖∇v‖2

t
1
4

(
‖A‖2

t
5
4

+
‖J‖2

t
5
4

)
≤1

2

(
‖A‖2

2

t
5
2

+
‖J‖2

2

t
5
2

)
+

C√
t

∥∥∥∥∥∇Âv√
Ĵ

∥∥∥∥∥
2

2

+ C‖∇(v̂, v̌)‖∞
(
‖A‖2

2

t
3
2

+
‖J‖2

2

t
3
2

)
.

So,
d
dt

(
‖A‖2

2

t
3
2

+
‖J‖2

2

t
3
2

)
≤ C‖∇(v̂, v̌)‖∞

(
‖A‖2

2

t
3
2

+
‖J‖2

2

t
3
2

)
+

C√
t

∥∥∥∥∥∇Âv√
Ĵ

∥∥∥∥∥
2

2

. (3.42)

Multiplying (4.34) with 1√
t and recalling the definition of ω1(t) one arrives at

d
dt

(
‖√ρ0v‖2

2√
t

)
+
‖√ρ0v‖2

2

2t
3
2

+
µ√

t

∥∥∥∥∥∇Âv√
Ĵ

∥∥∥∥∥
2

2

≤ C
(

1√
t

+ ω1(t)
)(
‖√ρ0ϑ‖2

2 +
‖A‖2

2

t
3
2

+
‖J‖2

2

t
3
2

)
+

C√
t

∥∥∥∥∥∇Âh√
Ĵ

∥∥∥∥∥
2

2

. (3.43)

Denote

ω21(t) = t
3
2

(
‖√ρ0ϑ̌t‖2

2 + ‖√ρ0ϑ̆t‖2‖∇ϑ̌t‖2

)
, ω22(t) =

√
t‖∇(v̂, v̌)‖2

3,

ω23(t) =
√

t‖∇(ĥ, ȟ)‖2
3, ω24(t) = t

3
2
(
‖∇ϑ̌‖2

∞ + ‖∇2ϑ̌‖2
3 + ‖∇2(v̂, v̆)‖4

2

)
,

ω25(t) =
√

t‖ϑ̂‖2
∞, ω26(t) = 1 + ‖∇v̌‖∞, ω27(t) = t

3
4 ‖∇v̌‖∞‖(ϑ̂, ϑ̌)‖∞.

Recalling the regularities of (v̂, ϑ̂, ĥ) and (v̌, ϑ̆, ȟ), we have

ω21(t) ≤
(
‖
√

t
√
ρ0ϑ̌t‖2

2 + ‖
√

t
√
ρ0ϑ̌t‖2‖t∇ϑ̌t‖2

)
∈ L1 ((0, T0)) ,

ω22(t) ≤ C‖∇(v̂, v̌)‖2‖
√

t∇2(v̂, v̌)‖2 ∈ L∞ ((0, T0)) ,

ω23(t) ≤ C‖∇(ĥ, ȟ)‖2‖
√

t∇2(ĥ, ȟ)‖2 ∈ L∞ ((0, T0)) ,

ω25(t) ≤ C(1 + ‖∇ϑ̂‖2)‖
√

t∇2ϑ̂‖2 ∈ L1 ((0, T0)) , ω26(t) = 1 + ‖∇v̌‖∞ ∈ L1 ((0, T0)) ,

ω27(t) ≤ C‖
√

t∇2v̌‖q(1 + ‖∇(ϑ̂, ϑ̌)‖
1
2
2 )‖
√

t∇2(ϑ̂, ϑ̌)‖
1
2
2 ∈ L1 ((0, T0)) .

For ω24, one gets from Lemma 2 and Gagliardo-Nirenberg inequality that

ω24(t) ≤Ct
3
2
(
‖∇ϑ̌‖2

∞ + ‖∇2ϑ̌‖2
3

)
+ C
√

t‖∇2(v̂, v̌)‖2
2‖
√

t∇2(v̂, v̌)‖2
2

+ C
√

t‖∇2(ĥ, ȟ)‖2
2‖
√

t∇2(ĥ, ȟ)‖2
2

≤C
(
‖
√

t∇ϑ̌‖2 + ‖
√

t∇2ϑ̌‖2
) ∥∥t∇2ϑ̌

∥∥
6 + C

√
t‖∇2(v̂, ĥ, v̌, ȟ)‖2

2‖
√

t∇2(v̂, ĥ, v̌, ȟ)‖2
2

∈L1 ((0, T0)) .

For terms ω2i, i = 1, 2, · · · , 7, one gets from (3.37) that

cv
d
dt
‖√ρ0ϑ‖2

2 + κ

∥∥∥∥∥∇Âϑ√
Ĵ

∥∥∥∥∥
2

2

≤ C

ω21(t)
‖J‖2

2

t
3
2

+
ω22(t)√

t

∥∥∥∥∥∇Âv√
Ĵ

∥∥∥∥∥
2

2

+
ω23(t)√

t

∥∥∥∥∥∇Âh√
Ĵ

∥∥∥∥∥
2

2

+ ω24(t)
‖A‖2

2

t
3
2


+ C
√
ω25(t)

 1√
t

∥∥∥∥∥∇Âv√
Ĵ

∥∥∥∥∥
2

2

 1
2

‖√ρ0ϑ‖2 + Cω26(t) ‖√ρ0ϑ‖2
2

+ Cω27(t)
(
‖√ρ0ϑ‖2

2 +
‖A‖2

2

t
3
2

+
‖J‖2

2

t
3
2

)
.
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Noting that ω23 ∈ L∞ ((0, T0)) , one gets

cv
d
dt
‖√ρ0ϑ‖2

2 + κ

∥∥∥∥∥∇Âϑ√
Ĵ

∥∥∥∥∥
2

2

≤C (ω23(t) + 1)
1√

t

∥∥∥∥∥∇Âv√
Ĵ

∥∥∥∥∥
2

2

+ Cω27(t)
1√

t

∥∥∥∥∥∇Âh√
Ĵ

∥∥∥∥∥
2

2

+ Cω2(t)
(
‖√ρ0ϑ‖2

2 +
‖A‖2

2

t
3
2

+
‖J‖2

2

t
3
2

)

≤ C√
t
(

∥∥∥∥∥∇Âv√
Ĵ

∥∥∥∥∥
2

2

+

∥∥∥∥∥∇Âh√
Ĵ

∥∥∥∥∥
2

2

) + Cω2(t)
(
‖√ρ0ϑ‖2

2 +
‖A‖2

2

t
3
2

+
‖J‖2

2

t
3
2

)
, (3.44)

where
ω2(t) := ω21(t) + ω24(t) + ω25(t) + ω26(t) + ω27(t) ∈ L1 ((0, T0)) .

Denote

ω31(t) = (‖ĥ‖2
∞ + ‖∇2ȟ‖2 + ‖∇v̌‖∞ + ‖v̂‖∞),

ω32(t) = t(‖∇ĥ‖2
2‖∇2v̌‖2

2 + ‖∇v̂‖2
2‖∇2ĥ‖2

2 + ‖∇ȟ‖2
∞).

Recalling the regularities of (v̂, ĥ) and (v̌, ȟ), one gets that

ω31(t) ≤ (‖∇ĥ‖2‖∇2ĥ‖2 + ‖∇2ȟ‖2 + ‖∇v̌‖∞ + ‖v̂‖∞) ∈ L1 ((0, T0)) ,

ω32(t) ≤ (‖∇ĥ‖2
2‖
√

t∇2v̌‖2
2 + ‖∇v̂‖2

2‖
√

t∇2ĥ‖2
2 + ‖
√

t∇ȟ‖2
q) ∈ L1 ((0, T0)) .

Multiplying (3.37) with 1√
t arrives at

d
dt
‖h‖2

2√
t

+
‖h‖2

2

2t
2
3

+
ν√

t

∥∥∥∥∥∇Âh√
Ĵ

∥∥∥∥∥
2

2
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t

∥∥∥∥∥∇Âv√
Ĵ

∥∥∥∥∥
2

2

+ Cω31(t)
‖h‖2

2√
t

+ Cω32(t)
‖A‖2

2

t
3
2

. (3.45)

Multiplying (3.43) with a small positive number ζ, adding the resultants with (3.45) and taking η = µζ
2 , one obtains that

d
dt

[
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2√
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2√
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]
+
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2
√

t
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Ĵ
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2
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2
√
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Ĵ
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2

2
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1√
t

+ ω1(t) + ω31(t) + ω32(t)
)(
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2 +
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2

t
3
2
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‖J‖2

2

t
3
2

+
‖h‖2

2√
t

)
. (3.46)

Multiplying (3.42) and (3.44) with a small positive number ζ1 and adding the resultants with (3.46), one gets that

d
dt

[
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2
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2
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√
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√

t
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Ĵ
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2
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√
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Ĵ
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2

2
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Ĵ
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2

2
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1√
t
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)(
‖√ρ0ϑ‖2
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2
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2

t
3
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)
.

By Proposition 13 and recalling (3.41), it follows that

lim
t→0

[
‖h‖2

2√
t

+ ζ
‖√ρ0v‖2
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t

+ ζ1

(
‖A‖2

2

t
3
2
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‖J‖2

2

t
3
2

+ cv‖
√
ρ0ϑ‖2

2

)]
(t) = 0.

By the Grönwall inequality, one gets that(
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t

)
(t) +

∫ t

0

 1√
t

∥∥∥∥∥∇Âv√
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∥∥∥∥∥
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2

+
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t

∥∥∥∥∥∇Âh√
Ĵ

∥∥∥∥∥
2

2

+

∥∥∥∥∥∇Âϑ√
Ĵ

∥∥∥∥∥
2

2

 dτ = 0,
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which implies A = J = v = ϑ = h = 0. v̌(y, t), one has ϕ̂ = ϕ̌ and further that ψ̂ = ψ̌. Then, it follows

û(x, t) = v̂(ψ̂(x, t), t) = v̌(ψ̌(x, t), t) = ǔ(x, t),

that is û ≡ ǔ. Similarly, one has Ĥ ≡ Ȟ, θ̂ ≡ θ̌ and ρ̂ ≡ ρ̌. This proves the uniqueness.
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APPENDIX

In this "Appendix", we give the prove of Proposition 11.
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Proof of Proposition 11. (i) The proof of statement (i) is divided into the following steps.
Step 1. Construction of the initial data. Choose {u0n}∞n=1 ⊆ H1

0 ∩ H2 such that u0n → u0 in H1 as n→∞, {H0n}∞n=1 ⊆ H2

such that H0n → H0 in H1 as n→∞. Set ρ0n = ρ0 + 1
n2 . Then, it is clear that

‖ρ0n‖∞ + ‖∇ρ0n‖q + ‖∇u0n‖2
2 ≤ ‖ρ0‖∞ + ‖∇ρ0‖q + ‖∇u0‖2

2 +
1
2

(4.1)

for large n. Put

θ̄0n(x) =
{

0, x ∈
{

x ∈ Ω | ρ0(x) < 1
n

}
θ0, x ∈

{
x ∈ Ω | ρ0(x) ≥ 1

n

}
and take θ0n ≥ 0 such that

‖θ0n – θ̄0n‖2 ≤
1
n

. (4.2)

Note that such θ0n exists. For example, one can take θ0n = jεn ∗ θ̃0n for sufficiently small positive εn, where jεn is the standard
mollifier and θ̃0n is the zero extension of θ̄0n on R3 , that is, θ̃0n = θ̄0n on Ω and θ̃0n = 0 on R3\Ω. We want to show

‖ρ0n‖∞ + ‖∇ρ0n‖q + ‖∇u0n‖2
2 + ‖∇H0n‖2

2 + ‖√ρ0nθ0n‖2
2 ≤ Φ0 + 1, (4.3)

for large n, and ∫
Ω

ρ0nθ0nχdx→
∫

Ω

ρ0θ0χdx as n→∞, ∀χ ∈ L2(Ω). (4.4)

we can get

√
ρ0nθ0n =

√
ρ0 +

1
n2

(
θ0n – θ̄0n

)
+

√
ρ0 +

1
n2 θ̄0n ≤

(
√
ρ0 +

1
n

) ∣∣θ0n – θ̄0n
∣∣ +
√
ρ0θ0 +

θ̄0n

n
.

Recalling (4.2), one gets

‖√ρ0nθ0n‖ ≤
(
‖ρ0‖

1
2
∞ +

1
n

)
1
n

+ ‖√ρ0θ0‖2 +

∥∥θ̄0n
∥∥

2

n
.

With the aid of the above and noticing that

‖θ̄0n‖2 =

(∫
Ω∩{x|ρ0(x)≥ 1

n }
θ2

0dx

) 1
2

≤
√

n

(∫
Ω∩{x|ρ0≥ 1

n }
ρ0θ

2
0dx

) 1
2

≤
√

n
(∫

Ω

ρ0θ
2
0dx
) 1

2

=
√

n ‖√ρ0θ0‖2 , (4.5)

one obtains
‖√ρ0nθ0n‖2 ≤

(
‖ρ0‖

1
2
∞ +

1
n

)
1
n

+
(

1 +
1√
n

)
‖√ρ0θ0‖2 . (4.6)

This implies

‖√ρ0nθ0n‖2
2 ≤ ‖

√
ρ0θ0‖2

2 +
1
2

for large n. (4.7)

Combining (4.1) with (4.7) leads to (4.3). It follows (4.2) and (4.5) that∣∣∣∣∫
Ω

ρ0nθ0nχdx –
∫

Ω

ρ0θ0χdx
∣∣∣∣ =
∣∣∣∣∫

Ω

[
ρ0n
(
θ0n – θ̄0n

)
+ (ρ0n – ρ0) θ̄0n + ρ0

(
θ̄0n – θ0

)]
χdx
∣∣∣∣

≤‖ρ0n‖∞
∥∥θ0n – θ̄0n

∥∥
2 ‖χ‖2 +

1
n2

∥∥θ̄0n
∥∥

2 ‖χ‖2 +
∫

Ω∩{x|ρ0(x)< 1
n }
ρ0θ0|χ|dx

≤‖χ‖2

n

(
‖ρ0‖∞ +

1
n2

)
+
‖χ‖2

n
3
2
‖√ρ0θ0‖2 +

‖χ‖2√
n
‖√ρ0θ0‖2 ,

for any χ ∈ L2(Ω) holds, which implies (4.4).
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Step 2. Approximate solutions and convergence. Thanks to (4.3) and Proposition 10, there are two positive constants T0 and
C independent of n such that system (1.1), subject to (1.4)-(1.5), admits a unique solution (ρn, un, θn, Hn), in Ω× (0, T0), and the
following a priori estimates hold∫ T0

0

∥∥(∇θn,
√
ρn∂tun,∇2un, ∂tHn,∇2Hn

)∥∥2
2 dt ≤ C,

sup
0≤t≤T

(
‖ρn‖∞ + ‖ρn‖W1,q +

∥∥(∂tρn,
√
ρnθn,∇un,∇Hn

)∥∥2
2

)
≤ C,∫ T0

0

(
‖(
√

t
√
ρn∂tθn,

√
t∇2θn,

√
t∇∂tun,

√
t∇∂tHn)‖2

2 + ‖
√

t∇2un‖2
q

)
dt ≤ C,∫ T0

0 t2
(
‖∇∂tθn‖2

2 +
∥∥∇2θn

∥∥2
6

)
dt ≤ C,

sup
0≤t≤T

∥∥(√t∇θn, t
√
ρn∂tθn, t∇2θn,

√
t
√
ρn∂tun,

√
t∇2un,

√
t
√
ρn∂tun,

√
t∇2Hn

)∥∥2
2 ≤ C,


(4.8)

for large n. By the Banach-Alaoglu theorem and using the Cantor’s diagonal arguments, there is a subsequence, still denoted by
(ρn, un, Hn, θn), and (ρ, u, H, θ) satisfying

ρ ∈ L∞
(
0, T0; W1,q) , ρt ∈ L∞

(
0, T0; L2) , θ ∈ L2 (0, T0; H1

0

)
, (4.9)

u ∈ L∞
(
0, T0; H1

0

)
∩ L2 (0, T0; H2) , H ∈ L∞

(
0, T0; H1) ∩ L2 (0, T0; H2) (4.10)

√
t∇θ,

√
t∇2u,

√
t∇2H ∈ L∞

(
0, T0; L2) , t∇2θ ∈ L∞

(
0, T0; L2) ∩ L2 (0, T0; L6) , (4.11)

√
t∇2θ ∈ L2 (0, T0; L2) , t∇θt ∈ L2 (0, T0; L2) , (4.12)
√

t∇ut,
√

t∇Ht ∈ L2 (0, T0; L2) ,
√

t∇2u,
√

t∇2H ∈ L2 (0, T0; Lq) , (4.13)

such that

ρn
∗
⇀ ρ, in L∞

(
0, T0; W1,q) , (4.14)

∂tρn
∗
⇀ ρt, in L∞

(
0, T0; L2) , (4.15)

un
∗
⇀ u, in L∞

(
0, T0; H1

0

)
, (4.16)

un ⇀ u, in L2 (0, T0; H2) , (4.17)

∂tun ⇀ ut, in L2 (δ, T0; H1
0

)
, (4.18)

θn
∗
⇀ θ, in L∞

(
δ, T0; H1

0

)
, (4.19)

θn ⇀ θ, in L2 (δ, T0; W2,6) , (4.20)

∂tθn ⇀ θt, in L2 (δ, T0; H1
0

)
, (4.21)

Hn
∗
⇀ H, in L∞

(
0, T0; H1) , (4.22)

Hn ⇀ u, in L2 (0, T0; H2) , (4.23)

∂tHn ⇀ Ht, in L2 (δ, T0; H1) , (4.24)

for any δ ∈ (0, T0). Moreover, since W1,q for q ∈ (3, 6), and H2 ↪→↪→ H1 ↪→↪→ L2, it follows from the Aubin-Lions lemma and
(4.14)-(4.24) that

ρn → ρ, in C
(
[0, T0] ; C(Ω̄)

)
, (4.25)

un → u, in C
(
[δ, T0] ; L2(Ω)

)
∩ L2 (δ, T0; H1

0(Ω)
)

, (4.26)

θn → θ, in C
(
[δ, T0] ; L2(Ω)

)
∩ L2 (δ, T0; H1

0(Ω)
)

. (4.27)

Hn → H, in C
(
[δ, T0] ; L2(Ω)

)
∩ L2 (δ, T0; H1(Ω)

)
, (4.28)

Due to the convergence (4.18)(4.21)and (4.25)-(4.28), one has the following convergence of the nonlinear terms(
ρnun,

√
ρnun, ρnθn,

√
ρnθn

)
→ (ρu,

√
ρu, ρθ,

√
ρθ) in C

(
[δ, T0] ; L2) , (4.29)(

ρn∂tun,
√
ρn∂tun, ρn∂tθn,

√
ρn∂tθn

)
→
(
ρut,
√
ρut, ρθt,

√
ρθt
)

in L2 (Ω× (δ, T0)) , (4.30)

ρn (un · ∇) un → ρ(u · ∇)u, ρn (un · ∇) θn → ρ(u · ∇)θ, in L1 (Ω× (δ, T0)) , (4.31)
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ρnθn div un → ρθ div u, Q (∇un)→ Q(∇u), in L1 (Ω× (δ, T0)) , (4.32)

curlHn × Hn → curlH × H, |curlHn|2 → |curlH|2, in L1 (Ω× (δ, T0)) , (4.33)

Hn · ∇un → H · ∇u, un · ∇Hn → u · ∇H, Hndivun → Hdivu, in L1 (Ω× (δ, T0)) , (4.34)

for any δ ∈ (0, T0). By the weakly lower semi-continuity of norms, it follows from (4.8), (4.29) and (4.30) that∫ T0

δ

(
‖√ρut‖2

2 + ‖
√

t
√
ρθt‖2

2

)
dt ≤ lim

n→∞

∫ T0

δ

(
‖√ρn∂tun‖2

2 + ‖
√

t
√
ρn∂tθn‖2

2

)
dt ≤ C,

‖√ρθ‖2(t) = lim
n→∞

‖√ρnθn‖2 ≤ C

for any δ, t ∈ (0, T0) and some positive constant C independent of δ and t. Therefore,

√
ρθ ∈ L∞

(
0, T0; L2) ,

√
ρut,
√

t
√
ρθt ∈ L2 (0, T0; L2) , (4.35)

The regularity u ∈ L1
(
0, T0; W2,q

)
can be proved in the same as in Proposition 3.

Step 3. The existence. Thanks to the convergence (4.14)-(4.34), one can take the limit as n → ∞ to the equations of
(ρn, un, Hn, θn) to show that (ρ, u, H, θ) satisfies equations (1.1) in the sense of distribution. Due to the regularities (4.9)-(4.13),
one can further show that (ρ, u, H, θ) satisfies (1.1), a.e. in Ω× (0, T0). The initial condition ρ

∣∣
t=0 = ρ0 is guaranteed by (4.29) by

recalling that ρn
∣∣
t=0 = ρ0 + 1

n2 . To complete the proof of (i), one still needs to show the regularities ρu ∈ C
(
[0, T0] ; L2

)
and ρθ ∈

Cw
(
[0, T0] ; L2

)
, as well as the initial condition (ρu, ρθ)

∣∣
t=0 = (ρ0u0, ρ0θ0). To this end, noticing that ρu, ρθ ∈ C

(
(0, T0] ; L2

)
guaranteed by (4.35), it suffices to show

ρu→ ρ0u0 in L2, as t→ 0 (4.36)

ρθ → ρ0θ0 in L2 as t→ 0. (4.37)

We first verify (4.36). By (4.8), one gets that∫ T0

0
‖∂t (ρnun)‖2

2 dt ≤ 2
∫ T0

0

(
‖∂tρnun‖2

2 + ‖ρn∂tun‖2
2

)
dt

≤ C
∫ T0

0

(
‖∂tρn‖2

2 ‖un‖2
∞ + ‖ρn‖∞ ‖

√
ρn∂tun‖2

2

)
dt

≤ C
∫ T0

0
‖∇un‖2 ‖∇

2un‖2dt + C ≤ C (4.38)

for large n. Thanks to this, it follows from the Newton-Leibnitz formula, the Minkowski and Hölder inequalities that

‖ρu(·, t) – ρ0u0‖2

≤‖ρu – ρnun‖2 (t) + ‖ρnun – ρ0nu0n‖2 (t) + ‖ρ0nu0n – ρ0nu0‖2 + ‖ρ0nu0 – ρ0u0‖2

≤‖ρu – ρnun‖2 (t) +
∫ t

0
‖∂t (ρnun)‖2 dτ + ‖ρ0n (u0n – u0)‖2 +

C
n2 ‖u0‖2

≤‖ρu – ρnun‖2 (t) + C
√

t + ‖ρ0n‖∞ ‖u0n – u0‖2 +
C
n2 ‖u0‖2 (4.39)

for large n, from which, recalling (4.29) and u0n → u0 in H1 as n→∞, one gets taking n→∞ that ‖ρu – ρ0u0‖2(t) ≤ C
√

t,
proving (4.36). Then, we verify (4.37). Since ρθ ∈ L∞

(
0, T0; L2

)
and C∞c (Ω) is dense in L2, it suffices to verify(∫

Ω

ρθφdx
)

(t)→
∫

Ω

ρ0θ0φdx as t→ 0, ∀φ ∈ C∞c (Ω) (4.40)

Rewrite the equation for θn as

cv [∂t (ρnθn) + div (ρnθnun)] + Rρnθn div un – κ∆θn = Q (∇un) + ν |culHn|2.
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Multiplying the above equation with φ ∈ C∞c (Ω) and integrating over Ω× (0, t) yield

cv

[(∫
Ω

ρnθnφdx
)

(t) –
∫

Ω

ρ0nθ0nφdx
]

=cv

∫ t

0

∫
Ω

ρnθnun · ∇φdxdτ + κ
∫ t

0

∫
Ω

∆θnφdxdτ – R
∫ t

0

∫
Ω

ρnθn div unφdxdτ

+
∫ t

0

∫
Ω

Q(∇u)φdxdτ +
∫ t

0

∫
Ω

ν |culHn|2φdxdτ =:
5∑

i=1

Mi.

Terms on the right-hand side are estimated as follows:∣∣M1
∣∣ ≤ cv

∫ t

0
‖ρn‖

1
2
∞ ‖
√
ρnθn‖2 ‖un‖6 ‖∇φ‖3dτ ≤ Ct,

∣∣M2
∣∣ ≤ κ∫ t

0

∫
Ω

|∇θn||∇φ|dxdτ ≤ C
(∫ t

0
‖∇θn‖2

2 dτ
) 1

2 √
t ≤ C

√
t,

∣∣M3
∣∣ ≤ C

∫ t

0
‖ρn‖

1
2
∞ ‖
√
ρθn‖2 ‖∇un‖2 ‖φ‖∞dτ ≤ Ct,∣∣M4

∣∣ ≤ C
∫ t

0

∫
Ω

∣∣∇un
∣∣2 |φ|dxdτ ≤ C

∫ t

0
‖∇un‖2

2 ‖φ‖∞dτ ≤ Ct,∣∣M5
∣∣ ≤ C

∫ t

0

∫
Ω

∣∣∇Hn
∣∣2 |φ|dxdτ ≤ C

∫ t

0
‖∇Hn‖2

2 ‖φ‖∞dτ ≤ Ct,

for large n. Therefore, one gets for large n that∣∣∣∣(∫
Ω

ρnθnφdx
)

(t) –
∫

Ω

ρ0nθ0nφdx
∣∣∣∣ < C

√
t (∀t ∈ (0, T0))

for any φ ∈ C∞c (Ω) and for a positive constant C independent of n. Thanks to this and recalling (4.4) and (4.29), one gets by
taking n→∞ that ∣∣∣∣(∫

Ω

ρθφdx
)

(t) –
∫

Ω

ρ0θ0φdx
∣∣∣∣ ≤ C

√
t, ∀t ∈ (0, T0) , ∀φ ∈ C∞c (Ω),

verifying (4.37).
(ii) Now we prove the statement (ii). Multiplying equation (1.1)2 for (ρn, un, Hn, θn) with un and integrating over Ω, one gets

that

d
dt

∫
Ω

ρn

2

∣∣un
∣∣2 dx + µ

∫
Ω

∣∣∇un
∣∣2 dx+(µ + λ)

∫
Ω

∣∣div un
∣∣2 dx –

∫
Ω

Pn div un dx

=
∫

Ω

curlHn × Hn · undx. (4.41)

Integrating the above with respect to t, one deduces for large n that

‖√ρnun‖2
2 (t) ≤ ‖√ρ0nu0n‖2

2 + 2
∫ t

0

∫
Ω

Pn div un dx dτ + 2
∫ t

0

∫
Ω

curlHn × Hn · undx

≤ ‖√ρ0nu0n‖2
2 + 2R

∫ t

0
‖ρn‖

1
2
∞ ‖
√
ρnθn‖2 ‖∇un‖2 dτ + 2

∫ t

0
‖∇Hn‖2 ‖∇un‖2 dτ

≤ ‖√ρ0nu0n‖2
2 + Ct (∀t ∈ (0, T0))

for a positive constant C independent of n. Thanks to the above, recalling (4.29) and noticing that
√
ρ0nu0n →

√
ρ0u0 in L2 as

n→∞, one takes n→∞ to get that

‖√ρu‖2
2(t) ≤ ‖√ρ0u0‖2

2 + Ct, ∀t ∈ (0, T0) (4.41)
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Multiplying equation (1.1)3 for (ρn, un, Hn, θn) with θn and integrating over Ω, one gets from (4.8) that

cv

2
d
dt
‖√ρnθn‖2

2 + κ ‖∇θn‖2
2

= –
∫

Ω

div unPnθn dx +
∫

Ω

Q (∇un) θn dx +
∫

Ω

Q (∇un) θn dx + ν
∫

Ω

|curlHn|2θn dx

≤C
(
‖ρn‖

1
2
∞ ‖
√
ρnθn‖2 ‖∇un‖3 + ‖∇un‖2 ‖∇un‖3 + ‖∇Hn‖2 ‖∇Hn‖3

)
‖θn‖6

≤κ
2
‖∇θn‖2

2 + C
(
1 +
∥∥∇2un

∥∥
2 +
∥∥∇2Hn

∥∥
2

)
,

for large n. Integrating the above inequality with respect to t and using (4.8), one obtains that

‖√ρnθn‖2
2 (t) ≤ ‖√ρ0nθ0n‖2

2 + C
∫ t

0

(
1 +
∥∥∇2un

∥∥
2 +
∥∥∇2Hn

∥∥
2

)
dτ

≤ ‖√ρ0nθ0n‖2
2 + C

√
t (∀t ∈ (0, T0)).

Thanks to this and recalling (4.6) and (4.29), one can take n→∞ to arrive at

‖√ρθ‖2
2(t) ≤ ‖√ρ0θ0‖2

2 + C
√

t, ∀t ∈ (0, T0)

Combining this with (4.41), the conclusion follows.
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