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Abstract

In this paper, we study the initial-boundary value problem of three-dimensional viscous, compressible, and heat conductive
magnetohydrodynamic equations. Local existence and uniqueness of strong solutions is established with any such initial data
that the initial compatibility conditions do not be required. The analysis is based on some suitable prior estimates for the
strong coupling term u-[?] H and strong nonlinear term curl H x H . Our proof of the existence and uniqueness of solutions is

in the Lagrangian coordinates first and then transformed back to the Euler coordinates.
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1 | INTRODUCTION

Let QO C R3 be a bounded domain, the compressible and heat conductive magnetohydrodynamic flow viscous can be represented
by the following compressible MHD equations'.:

pr -+ div (pu) = 0,
pus + pu - Vu— pAu— (A + p) Vdivu + Vp = curlH x H,

cop O +1u-V0) +pdivu—r A0 =QVu)+v|curlH|’, (1.1)
H -H -Vu+u-VH+Hdivu=vAH,
divH =0,

where the unknowns p > 0, u € R3,0>0,H € R3, respectively, are the density, velocity, absolute temperature, and magnetic
field; p = Rp6, with positive constant R, is the pressure. And

Q (Vi) = 5 |Vu+ (Va [+ Adiv ) (1.2)
with (Vu)T being the transpose of Vu. The constant viscosity coefficients ;2 and ) satisfy the physical restrictions
>0, 2u+3X>0. (1.3)

Positive constants c,, s, and v are the heat capacity, the ratio of the heat conductivity coefficient over the heat capacity, and the
magnetic diffusive coefficient, respectively.

Abbreviations: MHD, magnetohydrodynamic; ODE,Oridinary differential equation.

Math Meth Appl Sci 2023;00:1-32 wileyonlinelibrary.com/journal/ © 2023 Copyright Holder Name 1



2 | ZHANG ET AL.

In this paper, we consider the initial-boundary value problem. The initial and boundary conditions read as:

(p’ H» pu7 p9)|1=0 = (pO»HO’ pOMO’ pOHO)’ (14)
ulpo =0, VO - n|a§2 =0,H - n|aQ =curl H X nlgn =0, (1.5)

where po, ug, Hy, 0y are given functions.

The Magnetohydrodynamic Equation is used to simulate the motion of conductive fluids under the action of electromagnetic
fields, and has wide applications in fields such as astrophysics and plasma®3“. It is a coupling model of the Navier-Stokes
equation of fluid dynamics and the Maxwell electromagnetic equation®7, Compared with the compressible Navier-Stokes
equations, the study of the well-posedness of the compressible MHD equations is quite complex due to the strong coupling
and interaction between fluid motion and magnetic field. Effective methods need to be found to handle strong coupling
and strong nonlinearity terms, whose unique characteristics make analytical research a huge challenge but also provide new
opportunities®1Y, There has been many works on the mathematical studies the compressible MHD equations in fluid dynamics.
Li, Xu, and Zhang studied the global existence of strong solutions for three-dimensional MHD equations under the condition of
low total energy of initial data under isentropic conditions’. By removing the cricial assumption that the initial total energy is
small, Hong et al. proved that as long as the adiabatic index approaches 1 and v is suitably large, the global classical strong
solutions holds"?. Fan and Yu studied the existence and uniqueness of local strong solutions for three-dimensional MHD
equations with vacuum under non isentropic conditions’?. Liu and Zhong proposed the global existence and uniqueness of
strong solutions for the Cauchy problem of a three-dimensional fully compressible MHD system with vacuum'#.

There are already many well-posedness results on compressible Navior-Stokes equations > U780 however, there are few
well-posedness results for compressible Navior-Stokes equations without initial compatibility conditions. The following are
some research results on the local well-posedness theory of Navier-Stokes equations without initial compatibility conditions. Li
established the local well-posedness theory for non-uniform incompressible Navier-Stokes equations without initial compatibility
conditions*!. Gong et al. established the local well-posedness for the isentropic compressible Navier-Stokes equation without any
initial compatibility conditions“2. Lai, Xu, and Zhang established the local well-posedness for full compressible Navier-Stokes
equations that satisfies partial compatibility conditions*®. Li and Zheng obtained the local existence and uniqueness of the
compressible Navier-Stokes equation under vacuum and no initial compatibility conditions?*. The well-posedness theory based
on initial compatibility conditions imposes additional limitations on the initial data and cannot fully meet physical requirements.
Inspired by the local well-posedness theory of compressible Navier-Stokes equations without any initial compatibility conditions,
this paper will further investigate the existence of local strong solutions for a class of three-dimensional compressible MHD
equations without initial compatibility conditions.

The strong solutions to be established in this paper are defined as follows.

Definition 1. Given a positive time 7' € (0, c0) and let g € (3, 6). Assume that 6 is no-negative, Lebesgue measurable, and
finitely valued a.e. in €2, and that
0<po€ WH(Q), ug€HyQ), +/pobo € L*(Q), Hy € H ().
(p,u, H, 0) is called a strong solution to system (1.1) in © x (0, T), subject to (1.4)-(1.5), if it has the regularities
0<peC(0,TEL*)NL® (0,T;W"), p, € L™ (0,T;L*), /pue C([0,T];L?),
ueL>®(0,T;Hy) NL* (0, T;H*) N L' (0,T; W), HeL>*(0,T;H')NL*(0,T;H*) N L' (0, T; W>),
Vpu € L (0,T; L), Vtue L™® (0,T;H*) NL* (0,T; W), tH € L™ (0,T; H*) N L* (0,T; W>9),
Viu, € L (0,T;Hy),  ViH, € L* (0,T;Hy), /pf € C([0,T;L?), 0<6¢€L’(0,T;Hy),
V0 € L* (0,T;Hy) N L* (0,T;H?),  ty/pb, € L* (0,T;L*), 10 € L* (0,T;W>®), 10, € L* (0,T; Hy),
and satisfies equations (1.1) with the initial condition (1.4) a.e. in Q x (0, T).
Our main result can be stated as follows.

Theorem 1. Let g € (3,6). Assume that 0y is non-negative, Lebesgue measurable, and finitely valued a.e. in §,

0<po€WH(Q), upecHyQ), +/pobo € L), Hye H ().
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and that py is not identically zero. Then, there exists a positive time Ty depending only on R, i, A, ¢y, q, and ®q, such that system
(1.1), subject to (1.4)-(1.5), has a unique strong solution in Q@ x (0, Ty), where ®¢ := || po|| . + ||Vp0||q + H (1 /0060, Vg, VHO) Hi

Remark 1. The arguments presented in this paper with slightly modifications work also for the Cauchy problem and similar
result as in Theorem 1 still holds, with the assumptions on ug and 6 replaced by (uo, \/pofo) € D(') N D2

Our method of proof builds up the framework developed by Li and Zheng for compressible Navier-Stokes equations in [24].
Considering the influence of magnetic fields, the key of proving the existence part of Theorem 1 is to carry out some suitable a
priori estimates of the following quantity.

T
(1) := / | (/s V2, V2H, Hy, v/sV s, /S H,, NV 0,/57/p6,,1/526) |5 ds
0

sup. (leloo +[Vpllg + || (v/50, Vu, VH, 1V, \/sV?u, \/sV?H) ||§) +1. (1.6)
EAS

for any approximate solution (p, u, H, 0) to system (1.1), subject to (1.4)-(1.5). Compared to [24], one of the main difficulties in
our study is to establish the estimates of the item « - VH and curlH x H.

The structure of the paper is the following. In the next section, we derive some a priori estimates for the strong solutions to
system (1.1), subject to (1.4)-(1.5). Section 3 is devoted to proving our main result Theorem 1 in the Lagrangian coordinates
first and then transformed back to the Euler coordinates. Finally, the specific proof process of the a preparing existence result
Proposition 11 will be provided in Appendix.

2 | A PRIORI ESTIMATES INDEPENDENT OF COMPATIBILITY CONDITIONS

The aim of this section is to derive some a priori estimates for the strong solutions to system (1.1), subject to (1.4)-(1.5). The a
priori estimates established in this section do not depend on initial compatibility conditions, which is crucial to finally establish
the existence of strong solutions without any compatibility conditions.

The following local existence and uniqueness of strong solutions system (1.1) with (1.4)-(1.5) has been established in [13],
where the compatibility conditions are required.

Lemma 1. Let g € (3, 6] and assume that (pg, ug, Hy, 6y) satisfies
0 < po € WH(Q), up € HY() NH*(), 0 < 0y € HY(Q) NH*(), Hy € HX(Q),
and the compatibility conditions

—1Aup — (1 + NV div ug + V (Rpoby) — curlHy x Hy = \/pogi,
K Afy + g Vo + (V) |* + A (div o) - vicurlHoP = \/poga,

Vupll2, |[V*Hol|2, V2602, |81
2, such that system (1.1), subject to (1.4)—(1.5), admits a unique strong solution (p,u, H,0) in Q0 x (0, T,), satisfying

for some g1, g, € L*(0). Then, there exists a positive time T, depending on R, 11, \, c,, g,
and ||g>

2,

peC(0,T.1; W), p €C(0,T.1;LY), (u, H,,0,) € L* (0,T.; Hy) ,
(v/pur, /pOr, Hy) € L® (0, T L), (u, H,0) € C ([0, T.]; Hy N H*) NL* (0, To; W>9) .

It will be shown in this section that the existence time 7', in the above proposition can be chosen depending only on R, u, A,
¢y, g, and the upper bound of

o := [|polloc + 1V 0l + 1| (v/Pobo Vo, VHo) |3

In particular, T, can be chosen independent of || V2ug 2, || VZHo||2, || V60|, ||g1]l2> and ||g2]|2- Let ® be the quantity given by
(1.6). The main issue of this section is to derive the local in time estimate of ® independent of ||V2uy||2, || V2Ho 2, || V2602,
|lg1ll2, and ||g2]|2, and therefore independent of the initial compatibility conditions. In the rest of this section, we assume that
(p,u, H,0) is a solution to system (1.1), subject to (1.4)—(1.5), in Q x (0, T), for some positive time 7 < 1, satisfying the
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regularities in Lemma 1 with 7', there replaced by T'. For simplicity, we use the conventions that C denote positive constants

depending only on R, p, A, ¢,, ¢, and the upper bound of .
Proposition 1. Denote My := [, podx > 0, then it holds that

191 < € (Vo813 + lell%. 1IVOI3)

for a positive constant C depending only on My and €.
The proof is similar to the proof of Proposition 2.1 in [24], and so we omit it.
Proposition 2. It holds that ,
/0 (Ivullo + (|92l ) ar < cT% @3 (7).
Proof. Applying the elliptic estimates to (1.1), yields

IV2ul|, < Clpurl, +1lp V) ull, + || VP, + [[curlH x H],).

Integrating (2.3) on [0, T'], we have

T T T T T
/ 1724 dtgc/ o dt+/ oG- V)l dt+/ VP dt+/ lcurlH x HI|| dr.
0 a 0 4 0 4 0 i 0 i

Based on Proposition 1, one finds that

64
2q
2

3g-6

T T 5¢-6 3q-6
[ ol a < [ 1pul 1l a
0 0

6-q
506 T g T 4q 6q
<o) ([ Ivaulier) ([ Ivivular) 1%
0 0

6q _ 706
<CT% & (T),

T T 1
[ oDl ar<c [l 19ul [

%
z'dt
5 r 2 % 1
<COH(T) </ HV2u||2dt> T+
0
<CT+9X(T),
T T 6 3¢-6
/O [VP|,dt gc/0 UVpll, + ol DUVPO N, + ol V01, + VOl || V26|, de

T 3
<CT®3(T) + CTOX(T) (/ Vo5 dt) T2
0

6-g 3g-6

T T T i
+ CTO(T) (/ ||V9||§dt> (/ Hﬁv%”im) T3
0 0

<CT:®3(T),
T T
/ leurlH x HI|, dr gc/ (I - H]|, + || VIHP]| )ds
0 0 !
T 1 3
<c / IVH|; [V2H]; ar
0
1 T 2 ' 1
<CT®*(T) (/ VHllzdt) T
0
<CT (7).

@2.1)

2.2)

(2.3)

(2.4)
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Inserting the above estimates into (2.4), one gets that
T
) 6q _ 746 1o 122 L
/ [V2ul|  dr < C(T% @5 (T) + T @*(T) + T2 @5(T) + T (7))
0
< CTH®3(T),
where 64%;1 < }1 forqg € (3,6), T < 1,and ®(T) > 1 are used. Thus

T
/ (IIWIIOo + HVzqu) dt < CT% &3 (7).
0

O

With the help of Proposition 2, one follows the similar argument in the proof of Proposition 2.3 in [24] to obtain the following

Proposition 3 and Corollary 1.
Proposition 3. It holds that

6q s
sup (1ol < lloollo exp {CT @ (D)}
0<i<T
6q 5 6q _ 5
sup_[lpllyn, < (1 + 75 @ yexp {cTF 031}
0<i<T
Corollary 1. There is a sufficiently small positive constant ¢y < 1 depending only on R, i, A\, ¢\, q, and ¢o, such that

sup |Iplloe < 21lpoll o »
0<1<T

Sup ”p”WLq S C’
0<t<T

as long as .
T O3 (T) < «.

Since ®(T) > 1, T < 1, and by the assumption (2.5) it is easy to check that the following relations hold:

3 a5 6, 1318 g
TONT) = (T% ®2(T))ST ™ <¢5 <1,

- - 4

TIONT) = (TH OIS T < ¢f <1,

T = (TR T)ITTH <6 <1,
13 64 _ 5 3, 49 E)

THI(T) =TT 3T < ¢ < 1.

2.5)

(2.6)
2.7)
(2.8)
(2.9)

Proposition 4. Let €y be the number stated in Corollary 1 and assume that (2.5) holds. Then, the following estimate holds

T
2
sup ||VH||§+/ (||H,||§+||V2H|‘2)dt§ C.
0<t<T 0

Proof. Using the Holder’s, Gagliardo-Nirenberg and Young inequalities to (1.1)4, we obtain
d
T |VH|3 + || H,||3 + HVZH\@ < c/ |H, — vAHPPdx
Q
= C/ |H - Vu—u- VH-Hdivu|” dx
Q

2 2 2 2
< C|[Vuly [IH]%, + € ulls | VAl
2
< C||Vully |VH|, | V*H]|,

1
< SIVZH]> + ClIVul3[| VA

(2.10)
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So,
d 1 2 4 2
&IIVHH% +||H, )5 + 3 [V2H||, < Cl[Vull; [IVH]; -
Integrating (2.11) over (0, T'), one has

T T
2
Oiugr\|vy||§+/ (H 2+ | V2H | Pde < c/ IVulld [VHI? & < CTONT) < ¢,
SIS 0 0

where in the last step (2.6) were used.

Proposition 5. Under the assumptions of Proposition 4, it holds that

T
sup [[v/6]3 + / IVolZ dr < c.
0<t<T 0

Proof. One multiplies (1.1); with 6 and integrates it over €2 to get

v d .
%$||\/ﬁo||§+n||V0||§=—/d1vuP9dx+/ Q(vu)edx+/ 1/|culH|20dx.
Q Q Q

By Proposition 1 and Corollary 1, terms on the right-hand side of (2.13) are estimated as

/divuPdegR/pIGIZIVuIdeCHVuHOOH\/MH%,
Q Q
[ ecvuwpas < cul} [Vl lvasla + Vol
Q
KR

< 2 IVOIE +C (Ilvebl3 + [ Vul3 [[V2ul|,) .
/ lcurl HI*0dx < / IVHPdx
Q Q

< C||V?H |2 || VH||3]|0l6

< CIVPH[3 VA (/e + 1 VO][2)
K
< ZIVOIz+C (Iveolls + I VHI [[V2H]|,) -

Thus,

d
cvg VPOl + K VOIlz < CC+ [[Vullo) [0l + ClIVul3 [ V2ull, + CIVH]3 [[V2H],

So, it is deduced from Proposition 2 and Corollary 1 that
T
sup a3+ [ 96 ar
0<i<T 0
T T
< (cv ||¢p*090\\§+c/0 [Vul3 |\v2u|\2+c/0 VH||§Hv2Hy|2dt> eC Jo (111 Vulloc e

Lo, c(1+r%q<1>%(T)>
<c (1 +THD (T)) e
SC9

where in the last step (2.5) and (2.7) were used.

Proposition 6. Under the assumptions of Proposition 4, it holds that

T
2
sup [Vl + [ (Ivpul+ |v2ul2) ar < c.
0<t<T 0

@2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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Proof. One deduces from Proposition 1 and Corollary 1 that
2
[V2ully < € (llow 3 + loGe - yul +1VPI3 + llcurl x H|j3)
2
<C (leloo I/pudlly + 1o I3 ullgIVulls + Vol 3 116116 + oI35 + HHH%HVHH%)
2
< € (Ivpull3+ I7ull [ V2ul, + IVHI [ V2H], + /5015 + V0113
1 2 2
< S I9%ully + € (I/pull3 + IFull + | VHIZ V2], + | V20153 + [ 76]3)
Thus,
2 2
IV2ully < € (1Al + 1Iulls + I HIE [V2H]], + VA3 + IV0113) (2.16)
Moreover, (1.1); implies
R
P, = — (Q(Vu) + vicurlHP + kAf — P divu — ¢, div(pu)) . (2.17)
cy
So, one integrates (2.17) to get
d
/ VPu; dx =— —/ Pdivudx+/ P; div udx
Q dr Jo Q
d R
=3 / Pdivudx+ = / divu (Q(Vu) + vicurlHP + kA0 — Pdivu—c, div(pu@)) dx
Q v JQ
d R R
— / Pdivude+ = / div uQ(Vuydx + 2= / div ulcurl Hidx
dt 9] v JQ v Q
kR . R . 2 .
-— [ Vdivu-VOdx— — [ P(divu) dx+R [ pOu-V divu dx.
Cy Q v JQ Q
Multiplying (1.1), with u,, integrating over €2, and using the above identity, one obtains that
d (p 2 BEAL ; 2
— | ZIVull3 + ——||divul5- [ Pdivudx— [ curlH x H-udx | +|\/pul|;
de \ 2 2 Q Q
R R R
_ / (- Vit -y dx— == / div uQ(Vuydx — 2= / div ulcurlH2dx + 22 / V divu - Vdx
Q S Ja S Ja G Jo
R
+ C—/ P(div u)? dx—R/ pOu -V divu dx—/(curlH x H); - u dx. (2.18)
v JQ Q Q

Each term on the right hand of (2.18) is estimated as follows

3 1
[ ot Vo < PVl [l
Q

1
< 3 IVl +n | V2ull; + €, | Va3

Cﬁ/divugvmdx < || vull} [|V2ul2
v JQ

< ||V2ulfs + C, [ Vull$,

Cy

R
el / div ulcurlHP dx| < € / IVull VHP dx
Q Q

< C||Vulls||VH|)3 || VH],

3 1
< |IV2ull2||VH||3 | V*H||3

2

< ||V2ul|, + CylIVH|B|IVH|,

’Z—R/ Vdivu-V&dx’ < C||Vul|, VO]l
v JQ
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<0 ||V2ull; + C, V0I5,

R .
R / P(div u)? dx| < C(|[y/p8])2 + [ VO]2)[| Vu
Q

Cy

%
5

< ||V2ulls + C, (1013 + VO[3 + IV ull$) .

V2ul;

‘R/ phu -V diva dy| < C|[Vul3 V22 |70l
Q

4
25

< ||V2ulf; + C, | Va3l /50

/(curleH),-udx < C/(H,-Vu-H+H-Vu-Ht+H-H,divu)dx
Q Q
< Cl[Vulls [|H,], [[H]l6
1 1
< Cl|Vull3 [ V2ull5 [1Hill, [IVH]2
2 4 2
<0 [[V2ully + CoIVull3 VA + [Hll),
where 7 is any fixed in (0, 1). Based on the above estimates and (2.18), one arrives at

d A 1
< ﬁ|\vuug+&||divu||§-/Pdivudx_/cuﬂHxH-udx = [ly/pu2 + 2203
dr \ 2 2 o o 2 2
4 2
< C (Iulls + 1/p015 + V013 + a3 IV HIS + 1#,13 + IVl /2011 )

Integrating (2.19) over (0, T) and using (2.6), Proposition 4 and Proposition 5, one deduces that

T
2
posup [ulie [ (Il + e |[Vul) a
0<i<T 0

1
<2 sup /Pdivudx +2 sup /H~VM-H—IHI2divudx’
0<i<t | J@ o<i<t |Jo 2
1
+c<||vuo||§+ /Podivuodx + /Ho-Vuo-Ho—ZIHolzdivuode
Q Q

T
+C [ (Il + 1013 + V0I5 + [Vl [VHIE+ 1115 + |Vl 701

<% sup [Vul3+Cl1+ sup (llplloollvA0l3) + sup [[VH[3+T2D))
0<1<T 0<t<T 0<t<T
<" sup |vul+c.

2 o<i<T

Proposition 7. Under the assumptions of Proposition 4, it holds that
, T
sup t|[H|+ [ IVivH[Rar < C.
0<I<T 0
Proof. Differentiating (1.1)4 with respect to ¢ yields

H;,-H,-Nu—H - -Vu,+u,- VH +u - VH,; + Hdivu + Hdivu, = vAH,.

Multiplying (2.22) with H, and integrating it over (0, T'), one gets that

1d

¥ |H, |3 +v ||VH, |3 = / (H,-Vu+H-Vu,—u; - VH —u - VH, — Hdivu — Hdivu,) - H; dx.
Q

According to Corollary 1 and Proposition 4, one finds that

(2.19)

(2.20)

2.21)

(2.22)

(2.23)
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1 t
3 s i+ [ IVivA
0<r<

1 T
S/ t-/ (H,-Vu+H-Vu,—ut'VH—M-VH,—H,diVu—HdiVu[)-H, dxdt+§/ ||H[H%dt
0 Q 0

T T
<cac [ ol Ivul: e c [
0 0

T T T
+C/ |ulle||V Hil|2||Hyl|3dz + C/ 1 Hillo||Vull2||Hil[sdt + C | [[HI|o|| Vs 2]| H, || 3de
0 0 0
T T
1 3 1 1 1 1
<cr' / IVAVH, |3 |Hi|)3 || Vull2de + CT / IV H| V15| |[H |3 [|V/7V H, |3 de
0 0

T 1 1
vt / Ma NN AHNAZ A Ee
0

<CTi®3(T)+C
<C.

Proposition 8. Under the conditions of Proposition 4, it holds that

0<t<T

Proof. By Corollary 1 and Proposition 1, it follows from(1.1); that
1926113 <C (110613 + llote - 99013+ || div uP |3 + | (V) |3 + [vicurlH] )

2
<C (IlﬂHoo VPOl + ol IO + oI 11IEN Vel + Vel + IIVHHZ‘)
<C (VP03 + IVl R VOl V20l + [ Vull2|V2ull3 + | VH] 2| V2H]3)
+C (V012 + 1 VOI13) IVl Vull2

1 3
§5||V29||§ +C [H\/ﬁ@r\li + ([ Vull3 VO[3 + ([ Vull2 | V2ul|, + IVH2|[VZHI|3
+ (Ive0l5 + IV0]15) [ Vull 2| V2ull2] -

Thus,

2
120]13 < € (I/30015 + IVl V013 + [ VulaIV2ull3 + [V H L F2H]3 + (/5013 + [ 9013Vl [ V2l )

Multiplying (1.1); with 6,, we arrive at
3 dt||V9||2 +c, ||f9t||2/ [~cvp(u - )00, — P div ub, + Q(Vu), + vicurl HI6,] dx

Due to Proposition 1, Corollary 1, Proposition 4 and Proposition 5, one gets that

P V00, dx) < Clloll3 I Vull; [V2ull3 11VOl2]lv/p: 12

gva9er+CIIWH 2| V2ull2 [ VO3,

| paivus, x| < Clallyaslla+ [90) a3 Iv/7bil,

¢y
< gH\/ﬁ@zH% + C[[Vull2 | V2ul» (II\/59||§ +[vol3) .

T
tl|Hllg 1 Vurll2 || H, [ 3dz + C/ w6l VHI|2 || Hy||3de
0

s || (VEVO. Vi ViTu i) [+ [ (Vi ViTeViv) [ dr <
0

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)
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d
/ (Vi dr < 3 / Q(Vuyldx + CI| V3| Vit |20 (2.30)
Q Q
d 1 1
< 3 [ avwnses vl 9l 9l vl + (901,
Q

d
/ vicurlHP6, dx = — / vicurlHP0dx — [ lcurlHI?0dx
Q dr Jg Q

d
< $/ vicurlHP0dx + C||VH||3||VH|[2]16]/s (2.31)
Q
d 1 1
< 5/ vicurlHP0dx + C||VH||; [|V2H||; [ VH[|2(ll /o8| + [ VO]
Q

Inserting (2.28)-(2.31) into (2.27) and adding the resultant with (2.26), multiplying with a small positive number ¢,, one obtains
that

d :
o (;HV@H%—/QQ(Vu)de—/QulcurlHIZde> +%||\/pe,||§+ez\|v29u§

<C[IwulIVOIE + (A1 + V013 [Vl V2], + 9l [ V2al3 + VA [ V2H]

1 1 1 L
+ (Iul3 12l 1Vl + [HIZIVHIZ IV ) (/02 + [ 96])] (2.32)
Multiplying the above inequality with ¢, yields that
d E||\/ive||’§‘—z/ Q(Vu)@dx—t/ylcurlHIZde Y NNk

+e|[VIV3|5 + / O(Vu)bdx + / Vicurl H*0dx
Q Q
< CUIVOIS + I Vul3lIVIVOIl3 + (IvPoll3 + V1VOI3) [ Vull2|| Va2

+(IVally ||Vl Vil + [VHI [V2H]; [VETH ) /6]2 + [ Vi6]2)
VI Vulla |[V2u]|) [1VeT2ulla] + VA VH, | V2H [ViV2H] 1. (2.33)

Moreover,
3 1
t/ Q(Viyfdx < CT+ || Vul|3 |[ViV2ul3 (/o0 ]2 + [V1V6]12)
Q
1 1
< C[12D]* (Vo + ViV |ViV2ul3
<mn sup HﬁV@H% +C, ( sup H\ﬁv2u||2 + 1) , (2.34)
0<i<T 0<i<T
z/ vicurlHP0dx < Ct/ IVHPI0Idx < Ct||VH|2||VH||360]/6
Q Q

< CT+|[VAH|; [VIV2H; (/b2 + | ViVO]2)
< C[TOM)* (Vb2 + IVIVOIL) | Viv2H]|;

<mn sup H\/fVHH% +C, < sup H\/EVZHHZ + 1) , (2.35)
0<t<T 0<t<T
hold for any fixed n € (0, 1). Integrating (2.33) over (0, T), using (2.34) and (2.35), one deduces from Proposition 5 that
T
Sup IV2V0|[5 + / (@ |IVey/pbi|15 + e||ViV20|[3)ds
<t<T 0

T
< sup (t/ O(Vu)fdx) + sup (t/ VlcurlHIZde)+C/ [IVO]3 + || Vull3 VvV
Q Q 0

0<t<T 0<t<T
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+ (Vo013 + VIV O13) [ Vull2 [ V2ullo + V1l Val o[V 2ul 3| V1V ul 2
1 1
+VIIVH LIV H BNV H o + Va3V 2ull ViV 2 /P8l + [[VEV6)]|2)
1 1
+ | VH|S IV H 5 VIVH (| p02 + ViV )1dr
<n sup |ViVO|2+C, (1 + T%@%(T)) sup [[vViV2ul)
0<i<T 0<i<T
+C, (1 + T%¢%(T)) sup [|VIV2H]|, + C, (TcI>3(T) +TEOXT) + THO3(T) + 1) ,
0<t<T
for any 7 > 0. Choosing 7 sufficiently small, one gets from (2.16)—(2.19) that
T
sup |[V1V|3 +/ ([[V1/p0:]3 + |[VIV0|3) dt < C ( sup |[ViViuly+ sup ||[ViViH|, + 1) : (2.36)
0<I<T 0 0<i<T 0<i<T
Differentiating (1.1), with respect to ¢, yields that
p Uy +u-NVug)+ puy - Vu+ p, (g +u - Vu) — pAu, — (u+ AV divu, + VP, = (curlH X H),.
It follows from (2.17) that
R
/ VPu, dx =— / P, divu, dx = — / div u; (-Q(Vu) - vicurlHI> — kA6 + P civ u + ¢, div(put)) dx. (2.37)
Q Q & Ja
Multiplying (2.37) by u, and utilizing the above equality, one finds that
1d 2 2 . 2
5 g IWPully + [Vl + (o + ) [[div e
R
=— [ divu, (Q(Vu) + vicurlHP? + kA - Pdivu—c, div(pu@)) dx (2.38)
Cv Jo
+/ div(pu) (u; + (u - Vu) - u; dx—/ pu - Vu - u dx+/(curlH X H); - u, dt
Q Q Q
Multiplying the above identity with ¢ and integrating over (0, T'), implies that
1 2 ! 2
5 Sup IVty/pus]|5 + o V1V u|5dr
0<t<T 0
e 2 ! 2 ! 2
<= | IWpulrdi+C [ t | |Vu|IVuPdxdi+C [ ¢ | |VH,|IVHPdxds
2 /o 0 Q 0 Q
R [T R [T T
+ — / t/ div u,ABdxdr — — / t/ div u,Pdivudxdr —R/ t/ div u,div(puf)dxdt
¢ Jo Q ¢ Jo Q 0 Q
T T T
—/ t/ pu - Vlu,lzdxdt—/ t/ pu-V((u-Vu- u,)dxdt—/ t/ p(u; - Vu - udxdt
0 Q 0 Q 0 Q
T 10
+ / t / (H,-Vu, - H+H - Vu, - H,+ H - Hdivu)dxdt = > G;. (2.39)
0 Q

i=1

Each term on the right hand of (2.39) as follows:
G <C,

T
G <C / ViV Vu
0

1 1
2 |VeV2ulo || V2u| 3 dr < CTEO(T) sup [|ViV2ulla,
0<t<T

1

T T | |
Gy<C / (|VH, o VH|3dr < © / VAV L[ VHI [VA2H | V2H]  dr
0 0
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< CT®(T) sup [[VIVH]:,

%/ ||\/Vut||2dt+C/ IViv26)3 dr,
Gs<C / (Iv/a01+ VO] Va3 |Vl ViV lodi < CTH@3 (D),
0
T
Gs < C / E1Vurlly (19l oo 16116 + |0l oo | Vall3 16115 + 1]l oo lells| V61]5) di
T 1 1
<€ [ VALVl [9ull 71 + [ VEv e
0
r 1 1 3
+C / VeV 2| Vulla||V7V 015 [|VEV30 3 de < CTH 03 (T),
0
T 3 1 3 1.3
Gr <€ [ alpl L IVulalynl [Vl o < crledm,
0
T
Gs < C / elloo (leellel Sl 1l + 112 || 5]y el + Nl 11 el (| ]) i
T
< c/ VAVl [Vu]|, ViV ade < CTH@2(T),
0
T 3 1 3
Go<C / ol lIVulla Ily/pull3 [ Vull3 de < CTH®3(T),
0
2 T i i
Go < [ sl Vil ode < € [ o IVH T ol
0 0
r 1 1
<cC / 4|13 VAV H 3 ViV ||| VH 2 < CT5 3 (T),
0
So, it follows from (2.7)—(2.9), and (2.36) that
T
sup Vivpul+n [ IVivul? ar
0<t<T 0
T
<CT1<1>(T)(sup [V1V2ul|, + sup ||\ﬂV2H||2) +C/ II\ﬂvzaugdHc(l+T%<I>%(T)+T%<1>2(T))
0<i<T 0<i<T 0
T
<C < sup ||\/V2u||2+ sup H\/V2H||2+/ V1V?0|3dt + 1)

0<t<T

<c ( sup [ViVul+ sy [VIVHs+ 1)

0<t<T

That is,
T
sup [[V/ey/pu3 + 1 / IVivu | di < € ( sup |[ViVuls+ sup |ViV2H]|, + 1) . (2.40)
0<1<T 0 0<1<T 0<1<T
Recalling (2.16), one obtains from (2.36), (2.40) and (2.6) that

1
sup ViV < € sup (Vi + [ Vul + o013 + [ VEVOIE + 1 [VHI ViV )
EAS SIS

< € sup (IVev/pusl 3 + V1V 0|5 + || VIVH |2 + 1)
<i<T

<C ( sup [|[ViV2ull2 + |ViIV2H|, + 1) : (2.41)
0<t<T
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Applying the elliptic estimates to (1.1)4, one gets that

IV2H|I3 < CIH 3 + [|H - Vull3 + [lu - VHI||3 + | Hdivu|3)
< (13 + 1HIEIull3 + [ul IV
< CUIHZ + IVHIB]Vull2|[V2all2 + [Vl 3| VA V2H]12)

So,

sup [[VIVPH|3 < C sup (| Hil3 + [|V1V2ullo + [[VIVZH|2 + 1)

0<<T 0<i<T

< C sup ([ViV2uly + |[VIVPH| + 1). (2.42)
0<i<T
It follows from (2.41) and (2.42) that
sup [[ViViul3+ sup |[ViVPH||3
0<t<T

0<t<T
<C( sup ||\ﬁV2u||2 + ||\ﬂV2HH2 +1)
0<1<T

1
<3Csup [[VIVRulB + |[ViVHI) + C.
0<t<T

Obviously sup ||v/7V2ulj3+ sup ||[VIV2H|3 < C. O
0<i<T 0<i<T

As a direct result of Corollary 1 and Proposition 4-Propositions 8, we have the following corollary.

Corollary 2. Under the assumptions of Proposition 4, it holds that
BT+ sup ||(ViV2u, ViVAH, Viy/pu) ||, < C,
0<t<T
that is

sup (Il ¥l + | (V78 Y, VHL V0,V VIV H, Vi) )

0<<
T
+ / | (v/tes VP, V2H, Hy, /1N, NIV Hy, V0,716, /IV26) |2 de < C. (2.43)
0
Proposition 9. Under the assumptions of Proposition 4, it holds that
T
2
s | (pr. V20, 1/06,) ||, +/ (V0,13 + [1V20]5 + IVIV2ul|} + |VIVPH|?) df < C. (2.44)
AAS 0

Proof. 1t follows from (1.1); and Corollary 2 that
iy < llellIVolls + [ Vull2llplloe < € (IVolls + llolloo) [|Vull2 < C. (2.45)
Differentiating (1.1); with respect to ¢, yields that
cyp Oy +u-NVO)+cop (6, +u-VO)+c,pu, - VO - kAO; + P, divu + Pdiv u, = 4uDu : Du; + 2A div u div u; + vl curl Hltz.

Multiplying the above equality with 6, and integrating over €2, one gets that

c, d 2 2
S I+ k1963

:—cv/ p,}@,}zdx—c‘,/ p,u~V99,dx—cv/ put-VHG,dx—/P,divuﬁ,dx
Q Q Q Q

- / Pdivu,b; dx + / (4uDu : Du, + 2\ div udiv u,) 6, dx + / vlcurl HI,ZHI (2.46)
Q Q Q
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Now, we estimates each terms on the right-hand side of (2.46) as follows

: : b v,
¢ / oo 0" ax| < Clloll&lVaullz (11va0ul, 1961, + 120115 196113 )

K 2 2
< ¢ VOl + Cllvebill

cv/szwW@zdx < Cllpllsolull oI Vulls VOl 164l + Nullg [|V26]], 16l

+ 12190l 1611
R 2 2 2
< SN0+ € (VA3 + [[Vull, V013 + VI3 + [ 20113)

CV/QPMz - VO0,dx| < Cliplld Ivpulls [IVurll; 1Vl (I1v/p0:, + 1V6,)
K
< SIVO3 + VPOl + | vpull Va2 VO 1),

| prdivusias| < € (1Bl + 1961 [Full + 1o+ 1701 19605 (1781, + 196,12

K
< S IVOIE+C[Ilvaoil5 + (1 +1V613) [V2ul3]

/QPdivuﬁzdx < Cllpll& Vol + V0] [Vl (100, + 1VO:],)
KR
< S IVOI+C[Iva8iI5 + (1 +1IVOI3) [Vl
I/(4,uDu : Du+2X div udiv u,y) dxl < C|[Vull3 || V2ul]; [IVudll2 (1001, + [ V61,)
Q

< S 19015+ (R85 + [ V2], V)

/mcuﬂm%a gc/ IVH| |V, 6] dx < CIVH]|s [VH |, [0,
Q Q

< C|IVH|; [V2H]; IV H 2 (18], + 16)
KR
< 219613+ € (I1aoil; + [V2H ], IVHIE)

So, one deduces from (2.46) that

o d

K
2 IO+ S 1905 <C [Vl + (1+ IV2ul) (1+19013) + 92013 + |yl | Vo | V0 ]

+C (1+ VO3 + || V2ull,) IVull; + C || V2H||, [ VH]]3 .

Multiplying the above inequality by #*> and using Corollary 2, one obtains that

od

K
2 /015 + SIV6B < C (IViVp B+ IVIV20I3 + |[ViVul3 + VAV 3+ 1) @47)

Integrating (2.47) over (0, T) and using Corollary 2, one gets that

T
sup ||t\/59,|\§+/ 16,2 dr < C. (2.48)
0<i<T 0
Recalling (2.26), one deduces from (2.48) and Corollary 2 that

2
sup [[920]; <C sup (/2815 + 1] ulHVAVOIE + Vil Vull|ViVul + Vi V(o |[ViVEH]S)
SIS SIS

+C sup (|01 + VEIVIVOIR) [Vula] Viv2ull,
0<t<T

<c. (2.49)
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Applying the elliptic estimates to (1.1),, one obtains from Proposition 1 and Corollary 2 that

[V2ul, < € (llpwl, + 1ot Dyl + VP, + lcurlt x H],)
< C (llpllsc lluells + llollsc llulloo [ Vulls + [V llgl10ll o + llplloclVOle + [[Hloc | VHl6)
< (14 Iull, + [ 92l + V0] + [ 920]], + | V2H],) -

Thus,
T T
/IIWV%II?(NSC/ (1+ ViV 5 + [ViV2ul3 (| V2ull3 + [ViV2ul3|V2H]3) de
0 0

T
wC [ (19013 + IVivolR) a
0

<C.

Applying the elliptic estimates to (1.1)4 and using Corollary 2, one obtains that

||V2H||q < C([Hllg + |1H - Vullg + [|u- VH||, + [|[Hdivu| ;)
< C([Hill6 + [[H |l oo | Vulls + lulloc [ VH 6 + [[H || o0 | Vll6)
< C(||VH||2 + [[V*H|2[[Vul)2).

So,
T t
[ Wit < ¢ [QVivHI+ [HEIVV
0 0
<C.
Finally, one applies the elliptic estimates to (1.1); and deduces from Corollary 2 that

9261 < € (I1p6u1 + 1ot - 81 + o6 vl + | Q¥+ wicurltiR )
< ClpIR 16013 + 1 Nl [ V012 + 1RO IVl + Ve T + [ VI V)
< C [IvAIE + 19003 + 2], (IV013 + IV2013) + (1-+ 1 V61B) [ 7ul]
+C V2l V2l + | 2HIE| V2]

Hence, it follows from (2.48), (2.50), (2.51) and Corollary 2 that
T T
2
w20l ar<c [ (Vi + 169813+ (1 [VAo3) IViviul?] a
T
+ C/ [IViV2ullz (IVIVOII3 + [[V1V20l3) + IViv2ul3|vViv2ulg] dr
0

T
e / |ViV2HR | VAv2H| i
0

<C.

Combining (2.45) with (2.48)-(2.53), the desire result (2.44) is obtained.

(2.50)

2.51)

(2.52)

(2.53)

O

Next we prove that the existence time 7 depends only on R, i, A, ¢, g, and the upper bound of @, but is independent of the

quantities ||Vuq|2, [ V2Hol|2, [[V*60||2. [|g1]|2. and [|g2]|> stated in Lemma 1.

Proposition 10. Let g € (3,6) and assume that (pg, ug, Hy, 0y) satisfies

p < po € WH(Q), uy € Hy() NH*(Y), 0 < 0y € Hy(Q) NH*(Q), Hy € H*(Q)
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for some positive number p. Then, there exist two positive constants Ty and C depending only on R, p, A, ¢, q, and the upper
bound of @y, such that system (1.1), subject to (1.4)-(1.5), admits a unique solution (p,u, H, 0), in Q x (0, Ty), satisfying

sup(llpllo +llpllwss + | (o1 /29, T, VH) )
0<t<T
T
* / (90, V2 P H [} dr <
0
and

To
sup ||(V1V0,1/p0,, 1?0, v/1\/pus, V1V u, IV H)||3 + / (IVeV2ull; + (|1V20]§)dr
0

0<t<Ty

To
+/ ||(\ﬂ\/59t, \/ivzg, V0, V1V u,, \ﬂVH;)H% dr < C.
0

Proof. By Lemma 1, there is a unique local strong solution (p, u, H, 8) on £ x (0, T) satisfying the regularities stated in Lemma
1. By Lemma 1, one extends the local solution uniquely to the maximal time of existence Ty,ax. Then, the following holds

1

sup (] ol i+ Ul 1 ) = o (2.54)
T, <t<Tmax P oo

(p, u, H, 0) satisfies the regularities in Lemma 1 with T replaced by T for any T € (0, Tp,ax)- Let €y be the constant stated in

Corollary 1, ® be the function given by (1.8), and set

Ty = sup {T € (0, Topay) | T5 ®3(T) < 60} .

Claim: T < Tyax.
Assume that Ty = Ty, .x. Then, by definition

THNT) <o (VT € (0, Tomax))- (2.55)

4.
Since ®(T) > 1, it follows from (2.55) that T\, < 68"1. Thanks to (2.55), one deduces from Corollary 2 and Proposition 9 that

O(T) + sup ||(VIV2u, VIVPH,(V?0)|3 < C (VT € (0, Tmax))
0<t<T

holds for some positive constant C, where C independent of 7 € (0, Tryax). Following the arguments in Proposition 3, one
deduces from Proposition 2 and (2.55) that

Ginf p > pe It > €0 (YT € (0, Trna)

for some positive constant C independent of T € (0, Thax)- So,

1
sup =1l + llpllwra + lullgz + [[Hllg + 110]l52 ) < C,
Ty <t<Tmax Pllso

which contradicts to (2.54). This contradiction proves the claim. Since Ty < Ty,ax and noticing that ®(7) is continuous on
[0, Trhax), one gets from the definition of T that

T," @2 (Tp) = €. (2.56)
49

Recalling that ®(T) > 1, it follows from Corollary 2 that Ty < 65’7 and ® (7)) < C for a positive constant Cy depending only

4q
5
on R, u, A, ¢, g, and the upper bound of ®(. Therefore, it follows from (2.56) that T, > (%) . The corresponding estimates
CZ
follow from Corollary 2 and Proposition 9. ’ O
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3 | PROOF OF THEOREM 1.1

In order to prove Theorem 1, we take similar argument in [24]. At first, a preparing existence result (see Proposition 11) is given.
The proof of Proposition 11 is proved by similar argument of Proposition 3.1 in [24], and the specific proof process is postponed
in the “Appendix”.

Proposition 11. Assume that all the conditions of Theorem 1 hold. Denote

@0 := poll.o + [V 0ll, + || (vE000. Vo, Vo) |3

(i) Then, there exists a positive time Ty depending only on R, p, )\, ¢y, q, and ®, such that system (1.1), subject to (1.4)-(1.5),
in Q x (0, Ty), admits a solution (p, u, H, ), which satisfies all the properties stated in Definition I except that the regularities
/P, \/59 ecC ([0, To] ;Lz) are replaced by pu € C ([0, To] ;L2) and pd € C, ([0, To] ;LZ), where C,, represents the weak
continuity.

(ii) Moreover, for any t € (0, Ty), it holds that

I/pull3@) < [Iv/pouoll; + €t [1/pO150) < [1v/Poboll5 + CV1.

Based on this result, the well-posedness of the strong solutions is first proven in Lagrangian coordinates, and finally transformed
back into Euler coordinates.

31 | Lagrangian Coordinates and some lemmas

Given a velocity field u € L! (0, To; C 1(Q)) satisfying ulpq = 0. Let x = ¢(y, #) be the corresponding coordinates transform,
governed by the velocity field u, between the Euler coordinates (x, f) and the Lagrangian coordinates (y, t), that is,

{ Orp(y, 1) = u(p(y,0),1), vt €[0,To], 3.1

©(,0) =y.

By the classical theory for ODEs, ¢ is well-defined and ¢ : Q x [0, Ty] — €. Moreover, by the unique solvability of ODEs, for
each t € [0, Tyl, ¢(-, 1) : Q — Q is bijective. Denote by y = ¥(x, t) the inverse mapping of x = ¢(y, ) with respect to y, which
satisfies

8tw(x7 t) + (M()C, t) : V)w(x’ t) = O»
3.2
{ P(x, 0’;:0 =x. (3.2)
Set
A, D) = (a3, D) 5, 5> @50 1) = Obj(x, Dlempiyny» (3.3)
J,1) =det A(y, 1) = det Vp(x, Dle=py) (3.4)
B0 = (bi(,1) 5,5-  bij(y:1) = Bispj(y, ). (3.5)
Then, one can check that
{ alA(y7 t) = —VM(W(Y’ t)7 t)A(y7 t)v (3 6)
AGD =1, '
and
{ 0;B(y, t) = B(y, ) Vu(p(y, 1), 1), 3.7
B, =1, '
here Vu = (8i“1')3x 3 Recalling the definition of J, one derives from (3.6) that
OJ(y, 1) = —div u(ep(y, 1), I (v, 1),
3.8
{ Jo.0| =1 ©8)
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Lemma 2. Li and Zheng. 24 Given u € L™ (0, To; Hé) NnL! (0, To; Wz'q), with g € (3,6), and let p,1, A, B, and J be defined as
before. Then, J > 0 on Q x (0, Ty) and the following hold:

sup (H (I,J,A,B) H + (T A B, + I(VJ, VA,VB)||q> <C, (3.9)
0<i<Ty J -
Vgl Dl[wre = [[Vgllwia = [VIEWE, N|lwra, Vo € [1,4], (3.10)
Vgl lla = [[Vglla = [VIg@W(C |las Vo € [1,00], (3.11)
g Nlla = [1glla = lg@WC, Do, Vo € [1,00], (3.12)

or any function g such that all the relevant quantities are finite, here we denote Q1 ~ Q, means & < 0, < CO for a positive
y g q < p
constant C depending only on 2, v, q, To, and. |[ull L (0 11 )zt (0.70:w2a(0)-

Lemma 3. Li and Zheng.”* Under the assumptions as in Proposition 11, the following hold:
(i) h(p(,0,0) € C([0,Tol;L*) if he C([0,To];L%);
(ii) h(eC, 0,0 € Cy ([0, Tol;L*) if he Cy([0,To];L%).

3.2 | Regularities and Reduced System in the Lagrangian Coordinates

Let initial data (po, ug, Ho, 0p) satisfy the assumptions in Theorem 1. Let (p, u, H, #) be the solution established in Proposition 11
and ¢ be the corresponding mapping defined by (3.1). Set

o(y, 1) = p(p(y, 1), 1),
v(y, 1) = u(p(y, 1), 1),
9, 1) = 0(p(y, 1), 1),
h(y, 1) = H(p(y, 1), 1).

Recalling the regularities of (p, u, H, 6) in Proposition 11, one gets from Lemma 2 and Lemma 3 that

(3.13)

0 € L™ (0,To; W), \/ou) € L= (0,To; L) ,9 € L* (0,Tp; H'),

v e L>(0,To; H') N L2 (0, To; H*) N L' (0, To; W29)

h e L> (0,To; H') N L* (0, To; H*) N L' (0, To; W27)

Vive L= (0,To; H*) N L* (0, Tp; W) , (3.14)
Vih € L> (0, To; H*) N L* (0, To; W9) ,

V9 € L7 (0, To; H') N L* (0, To; H?)

oveC ([0, Tol ;Lz) ,o0 € C, ([0, Tol ;Lz) .

Obviously,

010(y, 1) = (Op +u - Vp) (p(y,1),1),
Ov(y, 1) = [Ou + (u - V)ul (p(y, 1), 1),
090, 1) = (00 + u - VO) (p(y, 1), 1),
Oth(y,t) = (O;H +u - VH) (p(,1),1).

Recalling the regularities of (p, u, H, 8) stated in Proposition 11, one deduces from Lemma 2 that

i ||Qz||2<C sup. (IIP:||2+|IMH6||VP||3)
<t<

<cCs S (Ilpr||2+ IVull2l|Vellg) < €

2
[ el ar<c / (Il + el 9] a
/ (1Al + [Vul392l) de < .
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TO TU
/ 1| Vvil3 dt§C/ 1V B+ (- Vw5 de
0 0
Ty
2
< [T e (19wl e [ 92 + 9l o
0
To ) 5 3
<c| t(||Vu,||2+ V|, ||V u||2> dr < C.
Similarly,
To 2 To )
/ tlly/at|? dr < c/ v/, + /pu - VO dr
0 0
<C " 0,3 2|ve|3) d
sC) VPO + [[plloollullsl VO3 ) dt
To
2
<c / e (Ivaoil + Va3Vl [ v26],) d < c.
0
fo 2 2 fo 2 2 2 =202 2 2
PV, de<C | 1 V6, |+ lul® V20| + IVulPIVOP ) dx dt,
0 0 Q
To
2 2
< c/ 2 (19613 + [l [ 72|, | 6] ar
0
To
2
+c/0 2|V2ul> (IV612 + [ V6] V20]],) ds < C.,
|l a= [0 + e Dl eo.0.0f3 a
0 0
To
<c [ @+ Dml; a
0
fo 2 2 2
< [ (Il + 1l R) s
< c/o (1 + 19l 98], ) 0t < c.
To 2 To 5
/ V| dt=/ LIV [OH + - VD] (0,002 di
0 0
< c/ LIV OH + - VB2 di
0
To
<c / C(IVH + [Vl VHIE + el | VH]3) dr
To ) 1 1 3 3
<c| (VIVH 3 + (|| Vul 3| VA Va3 [ VH] 3
+[|Vull2 || V2ull2 | V*H|l2)ds < C,
Therefore,
0 € L (0,To; L*), \Jovi € L* (0,To; L),  /tv, € L* (0, To; H'),
Viye, € L2 (0,To; L?), 19, € L* (0,To; H') (3.15)

h, € L (0,To; L*),  +/th, € L* (0, To; H') .

Based on the above discussion, we get the following Proposition 12 and Proposition 13.

Proposition 12. Given initial data (py, ug, Hy, 0y) satisfying the assumptions in Theorem 1. Let (p,u, H, ) be the solution
established in Proposition 11 and p be the corresponding mapping defined by (3.1). Then, (o, v, h,¥) defined by (3.13) satisfies

(3.14) and (3.15).

Let A be defined as before in the previous subsection and denote

Vif :=AVS, divavi=A:(Vn!, Vv= (3ivj)

s culah = (AV) x .
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Then we can derive from (1.1);—(1.1)5 and (3.6)—(3.8) that

o; +divavp =0, (3.16)
1

Jpov; — pdiva (Vav) = (u+ A)Va (diva v) + RV (Jpod) = h - Vah — fVAIhlz (3.17)
e pots + RIpyd divy v — k diva (V49) = fIVAv + (V) 2+ X (diva v)* + v (curly h)?, (3.18)

—h-Vav+v-Vah+hdivau = z/dlvA(VAh), 3.19)
divah =0, (3.20)
A+ VA =0, (3.21)
Ji+diva v =0. (3.22)

System (3.16)-(3.22) are satisfied a.e. in 2 x (0, Tp) . Here in (3.17) and (3.18) we have used the fact that

2 _pPo
S0 3.23
J D po ( )

to replace o with Jpo, as 0 (%) = ( guaranteed by (3.16) and (3.22).
The initial-boundary conditions read as

(ov, 09,1, A, )| _, = (potto, pobo, Ho, 1, 1), (3.24)
Vo =0, Vi -n|,,=0, h-n|,,=0. (3.25)

Since ov € C ([0, To] ;LZ) and pv € C,, ([O, To] ;Lz), heC ([0, To] ;LZ), one deduces from (3.14), and A,J € C ([0, 7] ;Lz),
one deduces from Lemma 2, the initial condition (3.24) is well-defined. Finally, we state the continuities of v/pov and \/;7019,
whose proof is similar to the proof of proposition 4.4 in [24]. For simplify, we omit the proof of Proposition 13.

Proposition 13. Under the same assumptions in Proposition 12, it holds that
pov, v/pov) € C ([0, Tol;L?)

(\/;)T)v, Mﬁ) — (\/pT)MO, \/pioﬁo) inl®> ast— 0.

33 | Proof of Theorem 1

Now, it is ready to give the proof of Theorem 1.

Proof of TheoremE] (i) Existence. By virtue of Proposition 11, it remains to show that,/pu, \/50 e C ([O, To] ;Lz). Let
(0, v, h,¥) be given by (3.13). Then, it follows from Proposition 13 that ,/pov, \/pT)ﬁ eC ([0, Tol ;Lz). Recalling that o = Jpg
and noticing thatJ € C ([O Tol; C(Q)) guaranteed by Lemma 2, one gets /ov, /00 € C ( [0, To]; L2) Then, similarly to the
proof of (ii) of Lemma 3 (smce 1/1 has the same properties as those of ¢ ), one can then show that ,/pu, \f 0eC ([0 To] L2)

(i) Unlqueness Let (v, 19 h,A ,J) in Q x (0, Ty), with the same initial data (po, uo, 0o, Hy). Let (@, 0, 9,V, 9, h,A ,J) and
(&, 1/), 0,7, 19, h,A, J) be the corresponding quantities defined as before and denote

0, 9,A,0) = (3,9,A,7) - @,9,A, ).

Then, (v, 19, izA, ]) and (¥, J,A, J) have the regularities (3.14) and (3.15), satisfy system (3.17)—(3.22) a.e. in 2 x (0, T), and
fulfill the initial-boundary conditions (3.23)—(3.24). One can check by direct calculations that (v, 9, h, A, J) satisfies

podvi — divy (VAV) —(u+ AV, (div;1 v) = —poJV; + ppdivy (Vab) + ppdivy (VAD)
+(u+ NV (diva ) + (e + MV (divy 7) =RV (poJ 9 + poJ) — RV 4 (poJ )
+h-Vv+h-Vav+h- V- %vAv}nm - %VAIhIIizI - %wma (3.26)
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cvpo]ﬁt - kdivy (Vﬁﬁ) = —cvpoh?, + kdivy (V,u?) + rdivy (V;ﬁ)

—Rpo (]19 diviv+ Jo divya v+ Jv divy v+ J9 divy T})
+ % (VZ\A/] + V{;‘fh + V%\V/J + VJAf/Z) (ngj + ng,- + Vi‘flj + VQ\E)
+ A (divA V+divy \7) (divA v+ divy f/)
+v (I curly hl+1 curly izl) (curl/; h+ curly iz) s

h—vdivy (Vih) =h-Viv+h-Vao+h-Vip— @ Vih+0-Vah+v- Vih)
—(h-divyv+h-divav+h - divy 9) +vdivg (Vah) +vdiva (Vih),

div; h+divah =0,
A+ V304 + VivA + V494 = 0,

Jy +divy 9J + divy vJ + diva 97 = 0.

For any vector field W and function f such that either W| o =0or f ’ 90 = 0, one has that
1 1.
TVAf . Wdy = Ta”@lfWidy
alJ ol

aj 1, /1 )
=— 6 = "Vl‘+7iaWi d =- Td AWd
/Q(I<J> 5 G0 )fy 74V 'fdy

Step 1. Energy inequalities. Multiplying (3.26) with % and using (3.30), one gets that

2

+(pu+A)
2

2
1d

2dr

Vv divyv

Vi

1
=—/ poﬁz,z dy—/ = [MVAV s Vav+ (u+ A divy vdivy v] dy
Q J ol

2
Ivpeovll5 + 1

LY

2

+ / % [diva (V39) v+ (u+ MV (divy ) -v] dy—R / Va (n39) 3 dy
Q Q

N . div; « .
+R/ (00T + poJ ) “fAde+/ ! [ v+ b Vav b V5] v dy
Q J oJ

7
dy = ZN,

i=1

! MRS AR
2 Q

<l <

By Lemma 2, it follows

1
sup
0<1<Ty ( J

Then terms N;,i = 1,2,---,7, are estimated as follows:

0,7, A) o +1|(VA, v7)|3) <c

(oo}

Ni < CV 12 [lpovills [[vle
2

<ﬁ Vv
-8

NG +C [ v/povill, 1IV9 1, 11113,

2
2

Ny S% Vav

+C|[ VoS llAll2

2
2

< + ClIV23[GlIALL.

EVAV
S\ﬁz

N3 < c/ Al (1A1| V25| + IVAIVII) idy
Q

(3.27)

(3.28)
(3.29)
(3.30)
(3.31)

(3.32)

(3.33)
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2

p||Vav .
<&l | +cIvEzialg,
Vil
Na < CllAlL (I9polly 190 + [ 9311 loc +1V95) [I¥]
2
Viv . .
< o[ == +ca+ vVl
Vil
p+ A ||divyv 2
Ns < IVaoI1 + 19126 153
R R (S
Al di :
/J+ 1V; vV 2 b 23 2
<A ¢ (Ivaodll3 + 1+ 3l 23], IV15) .
2

N /Hh Viv+h Vav+h V0| vy

<C / (|h||A||Vh|+|h||A||vh|+|h||A||vh|) lvidy
Q

< C (sl VAl + WallsIA | Vil + [l 1711 ) 1 sdy

2 2
pol| Viv oo [ Vih 212121 A 112
<S == +IVAB3 || == +IVAlZIVAl3]All,
L RVA Vi |,
N, < / [IAIIVhIIhI + IANAIV AL + ANV AR + AN B+ IAIIVhIIhI] lvidy
Q
< € (NGBl s + 1, Bl Zhl> + AT [ V]l 7l
2 2
wl| Vv ~ || Viah 21272 2
<< == +IVaDlz || == +IVARIVA3[A].
811 V7|, Vi,

Substituting these estimates into (3.33) yields

2

<ClIVpodll5 + € (Iv/povilly V3l + (1 + [ VIVl + [IV27]17) (1A, )3
2

d 2
” [vpovll; + p

2
+ ||V (h, B)||3]| V23] A3 (3.34)
2

+C||V(h, )3

Vih
Vi
Multiplying (3.27) with % and using (3.32), one gets that

2

N
IIMﬁII +K
2dt 2 \[J ,

- - -
=—CV/ pod V= dy—/»e/ Va /divA (V;ﬁ) = dy
Q J Q Q J

—R/ Po (]ﬁdiv;\v+]1§divA\7+]19div;\\3+J1§div;‘ 13) ? dy
Q

/’[’ i - P - - i 19
+§/Q (VAvj+V]Av,-+VI’;ivJ-+VJAV,-) (V VJ+V vl+VAvJ+V v,) 5 dy
+)\/Q (divy ¥+ divy ¥) (divy v+ divy ) f dy
. ) N ’
+ I//Q (I curly Al +1curly hl) (CurlAh+curlA h) 7 dy =: ZO,: (3.35)

Similar to Ny, N, , and N3, the terms Oy, O, and O5 are estimates as follows
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K V*ﬂ < 12 <
or < 2|2\ +c (vl + |lva: VI913,
8 \/} ) ’ 2 2
2
Vig?

\
0|
S

+ClIVIII3 Al
2

c(l

2

<
b
53

o=
S

<12 «
L +HIVIIZ) Al

Moreover,
(N §C/ polIl (|1§||diVA vl + IWIAINV + 9V + IJII@IIV\?I) dy
Q

<C (I9lloe + 1911 ) 1¥1loc 1200, (Al + 17112

+Cl[0] o Iv/podl, + ClIV¥]|oo [1v/P0? 1

VAV

Vi,

Os + 0¢ <C / (V9 +1V3l) (IV 391 + 1AV 191dy
Q

2 2
Y

Vi

0, <C / (IVhl +IVhl) (IVAhI+IAI|VhI) 191 dy
Q

VAV

Vi

—8

HW%meMa.

c (II\/KTOﬁII§+ V@, )3

2 2

<C||V(h, h)lls 191l

2

K Ay
<3 +MWMMMMM>-

V;ih
(le/f7m9||2+ IV, b3 \/5

2
Thus,

2
N

Vi

<C (VAo + Iv/ad Vi) 115 + CIV @, D3

d 2
o Lol
! 2
2

+ C||V(h, )}
2

2
V;h

Vi,
Iv/po? |,
2

VAV
Vi

+C (19912, + 92013 + V26,94 + 192G i) 4) I + €l

- 2 - 3 3
+C (14 9)a0) Iv/A0015 + CITHe (1901 + 1o ) /7001, (AL + 1] (336)
Next multplying (3.28) with % and using (3.32), one gets that

2
d Vih
—\|h 2+ AT
3 1hll2 =

o —

2
(h Viv+h -Viy—v-Vih-v- Vih- h- divgv—h-divy V) - hdy

Li

D
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1 }
) 5(Vih: Vaidy

24
1 . . . - A
+ =(h-Vav-h=V-Vah-h—h-divav-h)dy-v

oJ

1 .
+V/ = divy (VAh) - hdy
olJ
<C([|Alloo [IVVI21[Rl2 + IVlls IV Als N2l + [1ll2[[ V¥ oo [[1]2 + [P0 [[ V|2l All2

+ allsIAll2 1V 5ll6llalls + 1916 ANV Alls | 2ll6 + 4112 VAl oo Al VA2
2

+[[Allco VAo ALl V2]12)
2
AV - . . v||Vih R
<n|—= +C(||hH<2>o+||V2h||z+IIVVIIOO)IIhII§+§ 1+ Cpllso I3
) Vi,
+ VRV VIBIAL + ([ VRIEIV2AIB (AL + VA2 [AL).
So,
2 - 2
v R B § R
A+ CURIZ + VRl + Voo + [19]lso) 113
(3.37)

V;h

Vi

Step 2. Growth estimates. We proceed to consider the growth estimates of A and J. Multiplying (3.30) and (3.31), respectively,

o

Vi,
+ C(||Vh|3IIV9|3 + || VI3[ V23 + |V A] 2O A3

2

d
—||n|j3 +
gl +v

(3.38)

with A and J, and summing the resultants up, one obtains that

d .
3 (AR +1V13) < ClIVE, Dllso (1113 + I712) + CUVYIRA]L + 1]12)-
(3.39)

d .
g VAR + 1715 < CIVE Do/ AL + V115 + €IV V2.

Thus,
Since »,v € L' (0, Tp; W29) N L> (0, To; H') and W' < L> for g € (3,6), one has ||V (9, V)||oc € L' ((0,Ty)) and || Vv||> €
(3.40)

L*> ((0, Tp)). It follows from (3.35) that

t
VIAIB+[1]3 < ce o valmdS/ [Vvl2ds < Cr (1 € (0, Tp)).
0

Recalling
Vpovr € L* (0,To; L*), vty € L* (0,To;H'), 0 € L* (0, To; H')
Vi € L2 (0,To; H?), Vv € L2 (0, To; W>9),  hyh € L (0, To; H') N L* (0, To; H?) ,

one gets that
wi(t) =1 (IlﬁﬁrI\zllvszIz + L+ [ VOV + V203 + |V (R, 71)||§HV2/3||§) e L' (0, Tv)).

Since /po¥, /pov € C ([0, To] ;L2) (guaranteed by Proposition 13), va‘z:O =0and | V|, € L* ((0, Ty)), one integrates

Vi

(3.34) with respect to ¢ and uses (3.40) arrive at
2 1 12
ds < Ct+ Ct/ wy ds+C/ VA5 ds < Ct, (vt € (0, Tp)).
) 0 0

Vv
2
AV () + / i
0

(3.41)

Combining this with (3.40) leads to
t
(1Alls+ W+ IVAI) + [ 90l < cr, o e .7,
0

sup
0<1<To
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Step 3. Singular 7-weighted energy inequalities. Multiplying (3.38) by r3, yields that

d /A2 ||J 3 /1AlIZ |13
4 (1A, WIBY, 3 (1415, 1715
dr \ g P 2\ ¢ 2

. A J Vv A J
<civ ol (4B WY, oIl (Wl , 1)
2

N\»

t4 r4 t4
S;<|f:§||%+||f||2>+ % Y Clvw”w<||f:;||2+|f~%).
So, 2
i(H?Z”%*-HZE"%) < CIIV@ )| 0o (Hi”z+”jz”%> +$ ?/Ajv 2. (3.42)
Multiplying (4.34) with % and recalling the definition of w () one arrives at
d (llveovlzY , Ilveovls | » vl 1 ||A||2 WY, < v
i (M) e 7, <c(Grom) (vl TR )+ v R
Denote

wy () = 12 (H\//701§t||§ + ||J,707§t||2||V?§z||2> . wn() = V|V, )3
win(®) = VIV B3, wa) =12 (|VI|2, + [ V2DI3 + | V26 9)]13) .
wis@®) = VIO|P,  wae® =1+ [|V¥llaer  war(t) = 13| V5]| oo || (D, D) o

Recalling the regularities of (v, 1§, iz) and (v, 5, iz), we have

w () < (||\/¢,70ﬁ,||2+ IV1x/00 12169, 2 ) € L' ((0,To)),

wn(t) < CIIVE W) |2l[VIVAE, 9|2 € L (0. To))

wxs(t) < C||V(h, B2 |1V (h, )2 € L ((0, Tp))

was(t) < C(L+ [ VO|)|[VIV3D|> € L' ((0,Tp)),  was(t) = 1 +[|V¥[|oe € L' (0, Tp)),

A Ao L
wyr (D) < CIVIV2||,(1+ V@, DIDIVIV@, D)3 € L' ((0,Tp)).
For w4, one gets from Lemma 2 and Gagliardo-Nirenberg inequality that

way(t) <Cr* (| VI3, + [ V203) + OV V26, ) 3IIVEVA(©. ) 13
+ CVH|V2(h, ) |3V 1V (h, )| 3
<C (V1|2 + |Viv2D]2)
eL' ((0,Ty)).

|| + CVHIVZG. 5, B)|3|VIVA 0, v, h)|3

For terms wy;, i = 1,2,---,7, one gets from (3.37) that

2
19 ”J”z wa (1) wo3 () VAh || ||
IWPoﬂII 4 r|| Va2 <C ! i
’ f \/l: J 2 \/.}
1 V 2\ 2
v ,
+Cy/ws(t) | — || —2= lv/Po?||2 + Cwas(®) ||\/po? |5
Vi \ﬁ )

A
+CWQ7(I) (”\/719”2 || §||2 + |t22) .
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Noting that w3 € L™ ((0, Tp)) , one gets

2
v,

W

d
e Vo003 + 5

2

||AH2 17113
<C (was(t) + 1) + Cw27(t) + Cun(1) ( [lv/pod I3 + t;
<& >+ Cuntt (II\Fﬂll ”A3”2 B, G4
\/ ] 2 t2 12
where
w(t) 1= W (1) + waa(t) + was (1) + wae(t) + war(£) € L' ((0, Tp)) .
Denote

w31(t) = (1Al + V2R ll2 + V5] oo + [[7]]oc),
win(r) = (|| VA[3I[V29]13 + [ VOI3IIV2AII3 + [ VAII3)

Recalling the regularities of (v, iz) and (v, h), one gets that

w31 (1) < (| VAl V2h]lz + VA2 + V7]l oo + [P]]00) € L' (0, To)),
wip(t) < (|VAIBIVIVZ3 + | VO[5]VEV2h|5 + [[VIVA|Z) € L' ((0,To)).

Multiplying (3.37) with % arrives at

2 2
V;‘h V;\V
Vi Vi

Multiplying (3.43) with a small positive number ¢, adding the resultants with (3.45) and taking 1 = “C , one obtains that

Y

2

@Al I3, v

n 1213 A3
< C H—=+C H—=. 3.45
@i T + Cw31(?) + Cwso (1) 3 (3.45)

Vi

2

2
S

2

§ [, IViE] , v |9

alvi v T
1 ||A||2 17113 ||h||%>

<C|—=+wi(H+ 1)+ t 0 + .

< <\/i wi (1) + w31 (1) + wan( )) (H\/» I3+ 3 t% NG

Multiplying (3.42) and (3.44) with a small positive number (; and adding the resultants with (3.46), one gets that

(3.46)

2

v
= || +AC
2

2
V,h

0TI I o (VA 1 v
i | MR (R vavmig) |+ 327 |2

2
<C (\% + wi (1) + wa (1) + w31 (1) + w3 (1) + ||V(9,v)||oo> (||\F19||2+ ”A%Hz ||j!‘2 + V\l/”;) .

By Proposition 13 and recalling (3.41), it follows that

h||? z A
lim | ||2+CH\/FTO"||2 e (II ||2 ||J||2
\ﬁ \/i t tz

By the Gronwall inequality, one gets that

IAs | A, W3, ) o [ (L
(W 1 v+ P o [

V0

Vi

2
+LC

2

2

I

t—0

relvaolE) | o =o

2 2 2

1

VAV
TV

V|,

V;h

Vi

V0

Vi

dr =0,

~
(NI

2 2
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which implies A =J =v =19 = h=0. ¥(y, 1), one has ¢ = ¢ and further that 1/3 = ). Then, it follows

(e, 1) = D((x, 1), 1) = V((x, 1), 1) = i, 1),

that is # = . Similarly, one has H=H,0=0and p = p. This proves the uniqueness. O
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APPENDIX

In this "Appendix", we give the prove of Proposition 11.
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Proof of Proposition 11. (i) The proof of statement (i) is divided into the following steps.
Step 1. Construction of the initial data. Choose {uo,,} y € H} N H? such that ug, — uo in H' as n — oo, {Ho, }oo; C H?
such that Hy, — Hp in H' as n — oo. Set Pon = Po + rTZ' Then, it is clear that

1
1oonl o + IV poull, + [ Vat0nl15 < ll0ll, + V0], + [Vt |3 + 3 (4.1)
for large n. Put
- O,xe{xEQIpo(x)<l}
Oon(x) = n
0n() {GQ,xE{xEQIpo(x)zi}
and take 6, > 0 such that |
[100n — Oon]|2 < ~ “4.2)

Note that such 6y, exists. For example, one can take 6, = ]En * 90,, for sufﬁc1ent]y small positive €,, where j., is the standard
mollifier and 90,, is the zero extension of f, on R3 , that is, 0y, = 0o, on Q and 90n = 0 on R3\Q). We want to show

2 2 2
l[Ponll o + 11V poull, + [[Vttonl[5 + [[VHoull3 + [|v/Ponbon|[; < Po+1, (4.3)
for large n, and
/ Ponbonxdx — / poboxdx asn— co, Yy € L*). 4.4)
Q Q

we can get

_ / 1 - Oon
VPonbon =1/ po o (9On Oon) + 1/ o+ EGOn < (xﬁ+ ) ’90n_90n’ ++/poto + L

Recalling (4.2), one gets
160nl

n

11\ 1
It < (Il + 1) 3 + VAt +

With the aid of the above and noticing that

1 1

1Bonll2 = / 05dx S\/ﬁ/ pof3dx
QN {xpox)>1} QN {xlpo>1}

2

1
2
< vi ([ mohax) = Vil vl 3)
Q
one obtains N |
Oonll, < D) a1 — Bl . 4.6
ol < (Inlks 1) 2+ (14 ) vl 6)
This implies |
||.ﬁp0neo,1\|§g||¢p7)90||§+E for large n. (4.7)

Combining (4.1) with (4.7) leads to (4.3). It follows (4.2) and (4.5) that

‘/ POnQOnXdX—/ poboxdx
Q Q

= ‘/Q [Pon (001 = 00a) + (pon = P0) Bon + po (Bon — o) ] xdx

_ 1
< lponll o || Gon —90nH2 x> + = HHOnHZ lIxIl2 +/ pobolxldx
QN {xlpo(x)<t }

<Ll (o ) o L gl + X2 1 mal,

for any x € L*(2) holds, which implies (4.4).
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Step 2. Approximate solutions and convergence. Thanks to (4.3) and Proposition 10, there are two positive constants T and
C independent of n such that system (1.1), subject to (1.4)-(1.5), admits a unique solution (p,, i, 6,,, H,), in £ x (0, Ty), and the

following a priori estimates hold

OTO H (V@n, mar”n»vzun’atHn’Van) Hidt <G 2
OS<1:£T (”PnHoo + HanWl,q + || (5',pn, m@n’vun, VH,,) H2) <cC,

0 (1 Br0i0s NIV 20 VTN Dyt VIV OHD|S + ||V 1V, ]|2) dr < C,
To 2
2 (V08,13 + [ 926,;) dr < €,

Sup H (\/ivan’ t\/[T”atan’ tvzam \ﬂ\/matun’ \ﬁvzun, \/i\/matum \ﬁVan) ||§ S C,

0<i<T

(4.8)

for large n. By the Banach-Alaoglu theorem and using the Cantor’s diagonal arguments, there is a subsequence, still denoted by

(Ons Un> Hy, 0,), and (p, u, H, 0) satisfying

peL>®(0,To; W), p, €L (0,To;L*), 0 € L* (0, To; Hy)

u € L (0,To; Hy) NL* (0, To; H*) , H € L™ (0, To; H') NL* (0, Ty; H?)
VIVO,ViIVPu,/IVPH € L* (0,To; L), tV?0 € L™ (0,T; L*) N L* (0, To; L),
VIV?0 € I* (0,To; L), 1V, € L* (0, To; L?),

ViVu, ViIVH, € L* (0,To; L*) . ViV?u, VIV?H € L* (0, To; LY),

such that

pn = p, in L (0, To; W),
Opn = pro in L™ (0, Tp; L?)
uy = u, in L (0,To; Hy) ,
U, —u, in I’ (0, TO;HZ) s
Oty — wy, in L* (8, To; Hy)
0, = 0, in L™ (5, To; Hy) ,
0, — 0, in L* (5, Tp; W*°),
00, — 0, in L* (6, To; Hy) ,
H, > H, inL> (0,T; H'),
H, —u, inL*(0,To;H?),
OH, — H,, inL* (6, To;H') ,

(4.9)
(4.10)
4.11)
(4.12)
(4.13)

(4.14)
(4.15)
(4.16)
4.17)
(4.18)
(4.19)
(4.20)
4.21)
(4.22)
(4.23)
(4.24)

for any § € (0, Ty). Moreover, since W' for g € (3,6), and H> << H' << L2, it follows from the Aubin-Lions lemma and

(4.14)-(4.24) that

pn— p,  in C ([0, T]; C(Q)),

uy — u, in C ([6, Tol; L* () NL* (8, To; Hy()
0, — 0, in C ([6,Tol; L*() N L* (8, To; Hy (V) -
H, —H, inC([6,Tol; LX) N L* (6, To; H'()),

Due to the convergence (4.18)(4.21)and (4.25)-(4.28), one has the following convergence of the nonlinear terms

(,Dl‘lul’H \/anunv p119n7 \/FTnen) — (pu7 \/ﬁua p07 \/ﬁa) in C ([57 TO] 7L2) ’
(Pnarun» V/ PnOsttn; 0n 010, maten) - (,OMz, \/ pr, pOy, \/ﬁ@) in L? (9 % (8, T)).
pn (- Nty = p(tt -ty p (- V) 0y = plu- V)0, in L' (9 x (6, Tp))

(4.25)
(4.26)
4.27)
(4.28)

(4.29)
(4.30)
431
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pnbn divu, — pfdivu, Q(Vu,) — Q(Vu), inL'(Q x (6,Tp)), (4.32)
curlH, x H, — curlH x H, lcurlH,*> — IcurlH*, inL'(Q x (6, Tp)), (4.33)
H, - Vu, — H-Vu,u, - VH, — u- VH, H,divu, — Hdivu, in L' (Q x (8, Tp)), (4.34)

for any & € (0, Tp). By the weakly lower semi-continuity of norms, it follows from (4.8), (4.29) and (4.30) that

To To
[ (Il + IVivaog)ar < 1w [ (Iv/moul +IVivamos ) ar < c.
) n—oo J§
VB0l = Tim [[y6 2 < €

for any 4, t € (0, Tj) and some positive constant C independent of § and 7. Therefore,
VPO € L (0,To; L), /pur, Vt/p0; € L* (0, To; L?) (4.35)

The regularity u € L' (O, To; W4 ) can be proved in the same as in Proposition 3.

Step 3. The existence. Thanks to the convergence (4.14)-(4.34), one can take the limit as n — oo to the equations of
(pn»> un, Hy, 0,,) to show that (p, u, H, 6) satisfies equations (1.1) in the sense of distribution. Due to the regularities (4.9)-(4.13),
one can further show that (p, u, H, 9) satisfies (1.1), a.e. in Q x (0, Ty). The initial condition p 0 = P0 is guaranteed by (4.29) by
recalling that p,|,_, = po+ nl—z To complete the proof of (i), one still needs to show the regularities pu € C ([O, Tl ;Lz) and pf €
Cy ([0, To1;L?), as well as the initial condition (pu, p6)| o = (potto, potho). To this end, noticing that pu, pf € C ((0,To]; L?)
guaranteed by (4.35), it suffices to show

pu— poug  inL?,  ast—0 (4.36)
p — poby inL> ast— 0. (4.37)

We first verify (4.36). By (4.8), one gets that
fo 2 fo 2 2
| 10l ar <2 [ (10 + o0 )

To
2 2 2
< [ (10l e+ Nl I/ )
To
< [T IVl [ Vuaar+ 0 < € @3%)
0
for large n. Thanks to this, it follows from the Newton-Leibnitz formula, the Minkowski and Holder inequalities that

| pu(-, 1) — pouto|| ,

< ||pu - pnun||2 »+ ”pnun - POnMOnHZ 0+ ”p()n’/l()n - POnMOHQ + HPOnMO - P0M0||2

'
C
< ||PM—/)nMn||2(f)+/ 19: (onttn) I A7 + [| pon (tt0n = o)l + ~ [
0
C
< llpu = pattally ) + CV+ [lponll o 10n = w0l + — lluoll (4.39)

for large n, from which, recalling (4.29) and u, — uy in H' as n — 0o, one gets taking n — oo that || pu — pou||2(¢) < Cv/1,
proving (4.36). Then, we verify (4.37). Since pf € L™ (0, To; Lz) and C°(Q) is dense in L2, it suffices to verify

(/ p9¢dx> ) — / pobogdx as t—0, V¢e C () (4.40)
Q Q
Rewrite the equation for 6, as

¢y [0; (0p0,) + div (0,011 + R0, div u, — kAB, = Q (Vuy,) + viculH, .
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Multiplying the above equation with ¢ € C2°(€2) and integrating over £ x (0, 1) yield

. [( / pnanasdx) () / P0n90n¢dx]
Q Q

t t t

=cv/ /an,lun~V¢dxdT+f<a/ /AQn(bdxdT—R/ /pnendivu,,gbdxdﬁ'
0 Q 0 Q 0 Q
t t 5

+ / / Q(Vu)pdxdr + / / viculH,* pdxdr =:ZMi.

0 JQ 0 JQ =1

Terms on the right-hand side are estimated as follows:
t
1
M| < Cv/o 1onll 3 1v/Pubnlly llunllg [V lsdT < Ct,
t 1 %
M| < n/ / IVO,IVpldxdr < C </ V9n||§d7') Vi< OV,
0 Ja 0
t
1
3] < € [ ol 1Pl [t i < .
t t
|M,| < c/ / Vi, | Ipldxdr < c/ Vi3 6]l codr < Ct,
0 Ja 0
t t
|Ms| < c/ / |VH,|* 1gldxdT < c/ IVH, |3 |¢]lscdr < Ct,
0 Jo 0
for large n. Therefore, one gets for large n that

‘( /Q pnenqsdx) (- /Q oo

for any ¢ € C2°(2) and for a positive constant C independent of n. Thanks to this and recalling (4.4) and (4.29), one gets by
taking n — oo that

<CVt (Vte(0,Ty)

‘(/ p@qbdx) (l)—/ 0090¢dx‘ < CVi, Ve (0,Ty), Yo e CR,
Q Q

verifying (4.37).
(i) Now we prove the statement (ii). Multiplying equation (1.1), for (p,, u,, H,, 8,) with u,, and integrating over {2, one gets
that

d

— &|un‘2 dx+,u/ ’Vun’2 dx+(u+)\)/ |divun’2 dx—/P,,divundx
dr Jo 2 Q Q Q

= / curlH, x H, - u,dx. “4.41)
Q

Integrating the above with respect to ¢, one deduces for large n that

t t
|/ Patta[5 (1) < ||.ﬁp0nuo,l||§+2/ /P,, divundxd7'+2/ /curlHn X Hy - updx
0 Q 0 Q
t t
2 3
< ||/Portion]? + 2R / loulle lIy/Bblly Vit a7 +2 / IV, | Vi, dr

< ||\/Poutton|l5 + Ct (V1 € (0, Tp))

for a positive constant C independent of n. Thanks to the above, recalling (4.29) and noticing that \/po, o, — +/potto in L* as
n — oo, one takes n — oo to get that

v/pul[3() < ||\/pouol|3 + Ct, V't € (0, Tp) (4.41)
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Multiplying equation (1.1) for (p,, u,, H,, 8,) with 6, and integrating over €2, one gets from (4.8) that

c, d 2 2
S IVblB + w70

=— | divu,P,0,dx+ [ Q(Vu,)b0,dx+ | Q(Vu,)0,dx+v / lcurlH,, 16, dx
Q Q Q Q

1
<C (Ilonll & 1/P0nll 1900 s + [Vl [ Vit s + [V [V ) 64l

<E V6|2 + € (1+ || Vu,

<3 L+ 1IV*Hall,)

for large n. Integrating the above inequality with respect to ¢ and using (4.8), one obtains that
t
2 2
VAR ® < [Vt 3 +C [ (14 [V, + [ V8,],) ar

< |lv/Ponbonlls + CV (V1 € (0, Tp)).

Thanks to this and recalling (4.6) and (4.29), one can take n — oo to arrive at

VP13 < |lv/pobolls + CV1, Vi e (0,Tp)

Combining this with (4.41), the conclusion follows. O]



	Local existence of compressible MHD equations without initial compatibility conditions
	Abstract
	Introduction
	A Priori Estimates Independent of Compatibility Conditions
	Proof of Theorem 1.1
	 Lagrangian Coordinates and some lemmas
	Regularities and Reduced System in the Lagrangian Coordinates
	Proof of Theorem 1

	REFERENCES
	APPENDIX


