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Abstract

In this work, a new extended shallow water wave equation in (3+1) dimensions is studied, which represents abundant physical
meaning in nonlinear shallow water wave. We discuss the interaction between lump wave and single solitary wave, which is an
inelastic collision. Further, the interaction between lump wave and two solitary waves, and the interaction between lump wave
and periodic wave are also studied. Finally, the interaction among lump, periodic and one solitary waves is investigated. The

dynamic properties of the obtained results are shown and analyzed by some three-dimensional images.
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Abstract In this work, a new extended shallow water wave equation in (3+1)
dimensions is studied, which represents abundant physical meaning in nonlin-
ear shallow water wave. We discuss the interaction between lump wave and
single solitary wave, which is an inelastic collision. Further, the interaction
between lump wave and two solitary waves, and the interaction between lump
wave and periodic wave are also studied. Finally, the interaction among lump,
periodic and one solitary waves is investigated. The dynamic properties of the
obtained results are shown and analyzed by some three-dimensional images.
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1 Introduction

Lump wave is a rational soliton with a large amplitude, which is localized
only in space and will not disappear due to time change. In 2015, an effective
algebraic method to obtain lump solutions of integrable systems was proposed
by Ma [1]. Subsequently, He also provided theoretical support for this method
and proved it [2], which made great progress in the solution of lump wave and
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attracted the attention of a large number of researchers, such as Tian [3-5],
Lii [6-8], He [9-11], Wen [12-14], Su [15-17], Lan [18-20], Chen [21-23] et al.

The shallow water wave equation is a hot topic in recent years. The
wave equation for shallow water is a model in which the depth of water is less
than the wavelength of the free surface disturbance. Examples of shallow water
wave equations are widely used in the field of oceanography and atmosphere
to simulate the dynamic behavior of water wave propagation. For example,
shallow water wave equation in (241) dimension:

Py — 3P, Dy — 30y Py + Py = 0, (1)
and
Dy — 4P, Pyy — 20y Pry + Prgay = 0, (2)
shallow water wave equation in (341) dimension:
By — By — 30, Byy — 3By Py + Dogy = 0. (3)

Recently, a new extended shallow water wave equation in (3+1) dimension
was proposed by Wazwaz as follow [24]

oDy + BPyy + YPyy + 0Dy, + Pyt — 3D, Py — 3Py Pyyy + Pywy =0, (4)

where @ = &(z,y, 2,t), a, 5, v and J are arbitrary constants. Wazwaz obtained
the multiple soliton and lump solutions. In addition, this equation has not been
studied in other literatures.

Under the transformation

&= —2(ng),, (5)
Eq. (4) has the following Hirota bilinear form

[DyDi + D3Dy + BD; + aD3 +~Dy Dy + 6Dy D¢ - € = —a&l — B,
+3€zy€zm - fyfmca: + 5 (Oégzm + 7513} + 5€yz + 5£yy + gmzzy + Eyt)
—&&y — vE€&y — 088y — 3Euuay = 0, (6)

where £ = &£(z,y, 2, 1).

The organization of this paper is as follows: Section 2 investigates the
interaction between lump wave and one soliton. Section 3 obtained the in-
teraction solutions between lump and two solitary waves. Section 4 studies
the interaction between lump and periodic wave; Section 5 discusses the in-
teraction among lump, periodic and one solitary waves. Section 6 makes this
conclusions.
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2 Lump-1-soliton solution

The lump solutions of Eq. (1) have been obtained by Wazwaz. On this basis,
we will further investigate the interaction between lump wave and one soliton.
for this reason, we assume

& = (Gat + Grz + Goy + G32) * + (Gst + Gsw + Goy + Gr2) °
+ gg + kleg13t+gloﬂf+g11y+g122’ (7)

where G;(i = 1,2,---,12) and k; are undetermined constants. Substituting
Eq. (7) into Eq. (6), we obtain

(1) Gs = o (G267 — 2G5G6G1 + G2G2) _ BG2 161+ Gy
§(G3+G3) ) ’
Gs = —[Gs (aQ§ + BGg +7G6Gs + 5g6g7) — aGsG? + 20G2G5Gy
+G3 (BGs + G5 + 0G7)]/(G3 + G2),
3(G? +G2) (G1Go + G5Gs) (G2 + G2)
; a (G205 — G1Gs) 2 ’
aGiy VG5 + G560

2
= — — — — (5 =
G13 o BG11 — Gio (v + Gio) — 6Gr2,Gi1 = @1 TRk

g \/g\/ag1g2+oég5g6+€1a\/g% +g52\/g%+gg

Gy =

G197 G1G2 Gs (G2 — BG3 —7G1G2 — GaGo)
1) G = S -
) =g G = =g 55" 5G:0> |
Ge — Gi (BG3 — aG2) — aGs + G2G2 (8G2 + g4)7g9 0.6 = $3g291207
G1G2Gs 2ce
2
Gi3 = 9% BG11 — Gio (v + Gi) — 6G12,G11 = i%~ 9)
G gs
G5G7 G1Go G1 (G2 (BG2 + vG1 + Ga) — aGE)
117 = — =— =
W) s = =2g e = =g 5.5 |
2
G = G1(vG1+Gs) ~Gs. Go = 0.Gs = ¥3929107
gs 20
2
Gz = _ %95 _ BG11 — Gio (v + G3) — 6G12,G11 = ig2g10~ (10)
G Gs

By substituting the results of formula (8)-(10) into the transformation (6), we
can get the following corresponding interaction solution

@ =—2(In¢),. (11)
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In order to understand the dynamic properties of the interaction solutions
between lump wave and one soliton, we take Eq. (8) as an example and select
special values of parameters (see Fig. 1) to obtain a special solution of the
equation as follow

@ = —576[73e 5 T2 (Tt — 162 + 92) + 192¢ 3 +3%) /[73¢ 5" T[2041¢2 + £(2560y
—2016z + 11342) + 9(162 — 92) + 1024y2] + 55296¢ 7 +37]. (12)

The dynamic properties of Eq. (12) are shown in Fig. 1. In Fig. 1(a), we
can observe that a soliton and a lump wave propagate forward respectively.
In Fig. 1(b), the soliton and the lump wave slowly close together, and the
amplitude of the lump wave begins to decrease. Until Fig. 1(c), the soliton
and the lump wave gradually converge, and the amplitude of the lump wave
becomes smaller. It can be seen that the interaction between soliton and lump
wave is an inelastic collision, and the energy is consumed.

(a) (b) (c)

1)

S0 S0 SN0

T =§
107 _4p

"5
107 _4p 107_4,

Fig. 1.Go=a=08=6d=7=1,G1=-4, k1 =6,G,=G12 =3,y =0,
glO:_17 (3)22_55 (b)ZZO, (C)ZZI

3 Lump-2-soliton solution

Next, we want to further consider the interaction between lump wave and
double solitons. Therefore, we assume

€= (Gat + Giz + Goy + Gs2) * + (Gst + G5z + Goy + Grz)
+ Go + ki cosh(Gist + Grox + Gy + Gi22). (13)

Substituting Eq. (14) into Eq. (6), we derive

() Gs— o (—=G2GF — 2G5G6G1 + G2G2) _ BG2+1G1+Gs
6 (93 +G3) § ’
Gs = —[Gs (Olgg + BGZ + vG6Gs + 5gﬁg7) — aGeG? + 20G2G5Gy
+G3 (BGs +7Gs + 0G7) /(93 + G3),
3 (QS + Qé) (4Q2Q:f +4G5G6G? + 4G2G2G1 + 4G3G6 + Q:fognk%)

Go = 40 (GoGs — G1Go) 2 !
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oG 9 VG2 + GEGio
= — — — (S = —_—
Gis G, BG11 — Gio (v + Giy) — 6G12,G11 = @1 RN

\/g\/a%gz + aGs0s + 6101\/g12 + gg\/gg + 33

Gio = €2 \/m (14)
~ G1Gr . _9192 . aG2 — G2G5 (BG2 +vG1 + Ga)
U) Gs =g 0o = =g =01 = 561G ’
Gri — igzgm G = Gt (BG5 — aG2) — aGy + GoG2 (8G2 + Ga)
Ggs ’ G1G2Gs ’
_ 20‘29120]@ _ 3g2g120
gg—mvgf)—? GV
2
Gi13 = —agglllo — BG11 — Gio (v + G1o) — 6G12. (15)
G507 G162 G1 (G2 (BG2 +vG1 + Ga) — aG2)
117 = — = — =
U Ga = =g 0o = =G = Gr 562Gy ’
G (vG1 +Ga) _ 202G3 k3 _ 3G2G3,
gS__ g5 _'yg57g9_ 4a2g%+9g§g%07g5_:f: 20 )
2
G = —agglllo — BG11 — Gio (v +Gio) — 0G12,G11 = nggg;O' (16)

By substituting the results of formula (14)-(16) into the transformation (6),
we can get the following corresponding interaction solution

&= —2(In¢),. (17)

In order to understand the dynamic properties of the interaction solutions
between lump wave and two solitons, we take Eq. (15) as an example and
select special values of parameters (see Fig. 2) to obtain a special solution of
the equation as follow

19¢ 2 72
@ = [96sinh (6 +x— gy - 3z> —25(7t + 8z — 152)]/[8[% + 3t + 2z +

15 17t — 722 + 64y + 1352)? 10t 2
—Tz]ﬂ( x2304y 2" 6cosh <6+x—§/—3z>]].(18)

The dynamic properties of Eq. (18) are described in Fig. 2. In Fig. 2(a), we
can see that the lump wave interacts with one of the solitons. In Fig. 2(b), the
lump wave begins to move to the middle and interact with another soliton. At
this time, the amplitude of the lump wave becomes larger. Until Fig. 2(c), the
lump wave shifts to another soliton and its amplitude decreases.

(a) (b) (c)
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Fig. 2. Go=a=0=6d=7=1,G1 =2,k = -6, G4 =G12 =3,y =0,
glO:_17 (3)22_43 (b)ZZO, (C)Z:4

4 Lump-periodic solution

In this section, we intend to investigate the interaction between lump and
periodic wave, we suppose

€ = (Gat + Grx + Goy + G32) 2 + (Gst + Gsx + Gey + Gr2) 2
+ Go + k1 cos(Gist + Grox + G11y + G122). (19)

Substituting Eq. (19) into Eq. (6), we give

G157 _ G616 o aG2 — G2Gs (8G2 + 761 + G4)
W) Gs="g =" 0= 56105 ’
G = 19290 o G? (BG3 — aG2) — aGt + G2G2 (8Gs + Ga)
g T G1G20s ’
_ 20°Giokt _ 36201
T B T A T
_ aGiy 2
Gz = — o BG11 — Gio (v + Giy) — 6G1a. (20)
1% G1G2 G1 (G2 (BG2 + vG1 + Ga) — aG2)
II = — =— =
U Gs=—mg o= g o 56205 /
G (vG1 +Ga) _ 202G3 k3 _ 3G2G3y
gS—_ g5 —’Yg5,g9——4a2g%+9g22 ilo’gs_:': 20 )
2
Gi3 = _ i _ BG11 — Gio (v + G1p) — 6G12,G11 = ig2g10~ (21)
g1 Gs

By substituting the results of formula (20)-(21) into the transformation (6),
we can get the following corresponding interaction solution

P = —2(In¢),. (22)

In order to understand the dynamic properties of the interaction solutions
between lump and periodic wave, we take Eq. (20) as an example and select
special values of parameters (see Fig. 3) to obtain a special solution of the
equation as follow

31t 2
@:{wgn(ﬁ—x—;W—&>—2an+8m—w@VBK&+2x+y—

152)24_(17t——72x—k64y—%1352)2__COS(Slt L )
4 2304
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The dynamic properties of Eq. (23) are described in Fig. 3. Different from the
previous two sections, the lump wave and periodic wave have been entangled
and propagated forward.

(@) (b) (c)

Yy=Gw=1,6G=2k=-1,G.=G12=3,y=0,
2=2.

5 Lump-periodic-1-soliton solutions

In order to investigate the interaction among lump, periodic and one solitary
wave, we suppose
& = (Gat + Gix + Gay + G32) 2y (Gst + Gsx + Gy + Gr2) 246G
+ ket TO1ae G5yt G167 | k) cos (Giat + Grox + Gy + Giez),  (24)

where G,;(i = 14,15,16,17) and ko are undetermined constants. Substituting
Eq. (24) into Eq. (6), we obtain

G197 G1G2 aG3 — G2Gs5 (BG2 +7G1 + Ga)
I = —_— = — =
(I) Gs G Ner G ,G7 5G1Gs ;
Gy = G2G10 Gy — G1 (BG3 — aG?) — aG2 + G2G2 (8G2 + Ga)
" Gs ° G1G2Gs ’
g _ 20{2g120k% g _ 3g2g%0
YT 40267 496261, 7° T 2a
2 2
G13 = _Oégglio — BG11 — Gio (v + Gio) — 0G12,G15 = _;lg_%:;,
¢ ——“g%‘*—ﬁg -G G1) — 0G16,G1a = £G 25
=g 15 1 (v +6%) 16, Y14 = £Y10. (25)
G167 G1G2 aG2 — G2Gs (BG2 +vG1 + Ga)
1 _ YT Go— NP2 g
( ) g3 g5 ) g6 g5 ) g7 5g1 g2 )
G = P90 o _ G1(8GE —aGl) — aGs + G2GE (5G2 +Ga)
g G1G205 '
Gg = 207Gkt G5 = __3929120’

402G? +9G2Gh) 20
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2 2
Giz = _ % _ BG11 = Gio (v + G1y) — 0G12,G15 = — ag?14’
G 3610
. Oég124 2 —
Gro = G~ 6015 = s (14 L) — 0016, G1a = G0 (20)

By substituting the results of formula (25)-(26) into the transformation (6),
we can get the following corresponding interaction solution

@ =—2(In¢),. (27)

In order to understand the dynamic properties of the interaction solutions
among lump, periodic and one solitary wave, we take Eq. (25) as an example
and select special values of parameters (see Fig. 4) to obtain a special solution
of the equation as follow

B 17t 3z 4y 3z 18t 4, 2u_o, Z
¢ = [2[3<48+2+3 16>+466 3 4(3t 2x+y+4)

31t 2 17t 3z 4y 3z\° ‘2
—sin(—x—y—3z>]]/[< +x+y_z> +detet T2

6 3 48 "2 T3 16
2 31t 2 2
+(3t—2x+y+§) —cos(ﬁ—x—é/—?)z)—%]. (28)

The dynamic properties of Eq. (28) are described in Fig. 4.
(a) (b) (c)

0y 50 /\N
A T s o 5
T

Fig. 4. Go=a=0=0=v=G10=1,G1=Gis=—-2, k1 =-1,y =0,
Gi=Gi2=3,ky=4,(a) v=-5,(b) =0, (c) z =5.

6 Conclusion

In this article, we investigate a new extended shallow water wave equation
in (3+1) dimensions based on the Hirota bilinear form and symbolic compu-
tation [25-29]. The interaction between lump wave and single solitary wave is
studied. The interaction between lump wave and two solitary waves, and the
interaction between lump wave and periodic wave are also discussed. Final-
ly, we obtain the interaction solutions among lump, periodic and one solitary
waves and discribe the dynamic properties of the obtained results in Figs. 1-4.



Title Suppressed Due to Excessive Length 9

Data Availability Statements

Data sharing not applicable to this article as no datasets were generated
or analysed during the current study.

Compliance with ethical standards

Conflict of interests The authors declare that there is no conflict of
interests regarding the publication of this article.

Ethical standard The authors state that this research complies with
ethical standards. This research does not involve either human participants or
animals.

References

1. W.X. Ma. Lump solutions to the Kadomtsev-Petviashvili equation. Phys. Lett. A, 2015,
379: 1975-1978.

2. W.X. Ma. Lump solutions to nonlinear partial differential equations via Hirota bilinear
forms. J. Differ. Equations, 2018, 264: 2633-2659.

3. Y. Sun, B. Tian, L. Liu, H.P. Chai, Y.Q. Yuan. Rogue Waves and Lump Solitons of
the (3+1)-Dimensional Generalized B-type Kadomtsev-Petviashvili Equation for Water
Waves. Chaos Soliton. Commun. Theor. Phys. 2017, 68: 693-700.

4. M. Wang, B, Tian, S.H. Liu, W.R. Shan, Y. Jiang. Soliton, multiple-lump and hybrid
solutions of a (241)-dimensional generalized Hirota-Satsuma-Ito equation for the water
waves. Eur. Phys. J. Plus, 2021, 136(6): 635.

5. H. Yin, B. Tian, X. Zhao, C.R. Zhang, C.C. Hu. Breather-like solitons, rogue waves,
quasi-periodic/chaotic states for the surface elevation of water waves. Nonlinear Dyn.
2019, 97: 21C31.

6. X. Lii, W.X. Ma, S.T. Chen, M.K. Chaudry. A note on rational solutions to a Hirota-
Satsuma-like equation. Appl. Math. Lett. 2016, 58: 13-18.

7. S.J. Chen, X. Lii, M.G. Li, F. Wang, F. Derivation and simulation of the M-lump solutions
to two (2+1)-dimensional nonlinear equations. Phys. Scr. 2021, 96(9): 095201.

8. X. Lii, S.J. Chen. Interaction solutions to nonlinear partial differential equations via
Hirota bilinear forms: one-lump-multi-stripe and one-lump-multi-soliton types. Nonlinear
Dyn. 2021, 103(1): 947-977.

9. J. Rao, K.W. Chow, D. Mihalache, J. He. Completely resonant collision of lumps and
line solitons in the Kadomtsev-Petviashvili I equation. Stud. Appl. Math. DOI: 10.1111/s-
apm.12417, 2021.

10. Y. Jiang, J. Rao, D. Mihalache, J. He, Y. Cheng. Rogue breathers and rogue lumps on
a background of dark line solitons for the Maccari system. Commun. Nonlin. Sci. Numer.
Simul. 2021, 102: 105943.

11. Y.L. Cao, Y. Cheng, J.S. He, Y.R. Chen, YR. High-order breather, M-kink lump and
semi-rational solutions of potential Kadomtsev-Petviashvili equation. Commun. Theor.
Phys. 73(3): 035004.

12. H.T. Wang, X.Y. Wen. Modulational instability and mixed breather-lump interaction
solutions in the (2+1)-dimensional KMN equation. Mod. Phys. Lett. B, 2020, 34(10):
2050092.

13. Y.Q. Liu, X.Y. Wen. Soliton, breather, lump and their interaction solutions of the
(2 +1)-dimensional asymmetrical Nizhnik-Novikov-Veselov equation. Adv. Differ. Equa.
2019, 1: 332.

14. Y.Q. Liu, X.Y. Wen, D.S. Wang. Novel interaction phenomena of localized waves in the
generalized (341)-dimensional KP equation. Comput. Math. Appl. 2019, 78(1): 1-19.



10 Jian-Guo Liu*, Wen-Hui Zhu

15. J.J. Su, S. Zhang. Nth-order rogue waves for the AB system via the determinants. Appl.
Math. Lett. 2021, 112: 06714.

16. J.J. Su, G.F. Deng. Quasi-periodic waves and irregular solitary waves of the AB system.
Waves in Random and Complex Media. 2020, DOI: 10.1080/17455030.2020.1804091.

17. J.J. Su, Y.T. Gao, G.F. Deng, T.T. Jia. Solitary waves, breathers, and rogue waves
modulated by long waves for a model of a baroclinic shear flow. Phys. Rev. E, 2019, 100:
042210.

18. R.F. Zhang, M.C. Li, M. Albishari, F.C. Zheng, Z.Z. Lan. Generalized lump solutions,
classical lump solutions and rogue waves of the (2+41)-dimensional Caudrey-Dodd-Gibbon-
Kotera-Sawada-like equation. 2021, 403: 126201.

19. Z.Z. Lan, J.J. Su. Solitary and rogue waves with controllable backgrounds for the non-
autonomous generalized AB system. Nonlinear Dyn. 2019, 96(4): 2535-2546.

20. Z.Z. Lan. Periodic, breather and rogue wave solutions for a generalized (3+1)-
dimensional variable-coefficient B-type Kadomtsev-Petviashvili equation in fluid dynam-
ics. Appl. Math. Lett. 2019, 94: 126-132.

21. Z.L. Zhao, Y. Chen, B. Han. Lump soliton, mixed lump stripe and periodic lump solu-
tions of a (2+41)-dimensional asymmetrical Nizhnik-Novikov-Veselov equation. Mod. Phys.
Lett. B, 2017, 31(14): 1750157.

22. Y.F. Yue, Y. Chen. Dynamics of localized waves in a (341)-dimensional nonlinear evo-
lution equation. Mod. Phys. Lett. B, 2019, 33(9): 1950101.

23. X.L. Tang, Y. Chen. Lumps, breathers, rogue waves and interaction solutions to a
(3+1)-dimensional Kudryashov-Sinelshchikov equation. Mod. Phys. Lett. B, 2020, 34(12):
2050117.

24. A.M. Wazwaz. New integrable (24+1)- and (3+41)- dimensional shallow water wave e-
quations: multiple soliton solutions and lump solutions. Int. J. Numer. Method. H. DOI:
10.1108/HFF-01-2021-0019.

25. A.M. Wazwaz. Higher-order Sasa-Satsuma equation: Bright and dark optical solitons.
Optik, 2021, 243: 167421.

26. A.M. Wazwaz. Two new Painlevé integrable KdV-Calogero-Bogoyavlenskii-Schiff (KdV-
CBS) equation and new negative-order KdV-CBS equation. Nonlinear Dyn. 2021, 104:
4311-4315.

27. Y.L. Ma, A.M. Wazwaz, B.Q. Li. New extended Kadomtsev-Petviashvili equation: mul-
tiple soliton solutions, breather, lump and interaction solutions. Nonlinear Dyn. 2021,104:
1581-1594.

28. A.M. Wazwaz, G.Q. Xu. Bright, dark and Gaussons optical solutions for fourth-order
Schrédinger equations with cubic-quintic and logarithmic nonlinearities. Optik, 2020, 202:
163564.

29. A.M. Wazwaz. Bright and dark optical solitons for (3+1)-dimensional Schrodinger e-
quation with cubic-quintic-septic nonlinearities. Optik, 2021, 225: 165752.



