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Abstract

We consider an alternative approach to investigate three-dimensional exterior mixed boundary value problems (BVP) for the
steady state oscillation equations of the elasticity theory for isotropic bodies. The unbounded domain occupied by an elastic
body, - [?] R 3, has a compact boundary surface S = [?] -, which is divided into two disjoint parts, the Dirichlet part S D
and the Neumann part S N, where the displacement vector (the Dirichlet type condition) and the stress vector (the Neumann
type condition) are prescribed respectively. Our new approach is based on the classical potential method and has several
essential advantages compared with the existing approaches. We look for a solution to the mixed boundary value problem
in the form of a linear combination of the single layer and double layer potentials with densities supported on the Dirichlet
and Neumann parts of the boundary respectively. This approach reduces the mixed BVP under consideration to a system of
boundary integral equations, which contain neither extensions of the Dirichlet or Neumann data nor the Steklov-Poincaré type
operator involving the inverse of a special boundary integral operator, which is not available explicitly for arbitrary boundary
surface. Moreover, the right-hand sides of the resulting boundary integral equations system are vector-functions coinciding with
the given Dirichlet and Neumann data of the problem in question. We show that the corresponding matrix integral operator
is bounded and coercive in the appropriate L 2 -based Bessel potential spaces. Consequently, the operator is invertible, which
implies unconditional unique solvability of the mixed BVP in the class of vector-functions belonging to the Sobolev space [ W
2 ,loc 1 ( -)] 3 and satisfying the Sommerfeld-Kupradze radiation conditions at infinity. We also show that the obtained
matrix boundary integral operator is invertible in the L p -based Besov spaces and prove that under appropriate boundary data
a solution to the mixed BVP possesses C o -Ho6lder continuity property in the closed domain - - with o« = 1 2 - € , where >0

is an arbitrarily small number.
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Abstract

We consider an alternative approach to investigate three-dimensional exterior mixed bound-
ary value problems (BVP) for the steady state oscillation equations of the elasticity theory for
isotropic bodies. The unbounded domain occupied by an elastic body, Q= C R3, has a compact
boundary surface S = 92~ , which is divided into two disjoint parts, the Dirichlet part Sp and
the Neumann part Sy, where the displacement vector (the Dirichlet type condition) and the
stress vector (the Neumann type condition) are prescribed respectively.

Our new approach is based on the classical potential method and has several essential ad-
vantages compared with the existing approaches. We look for a solution to the mixed boundary
value problem in the form of a linear combination of the single layer and double layer potentials
with densities supported on the Dirichlet and Neumann parts of the boundary respectively.
This approach reduces the mixed BVP under consideration to a system of boundary integral
equations, which contain neither extensions of the Dirichlet or Neumann data nor the Steklov-
Poincaré type operator involving the inverse of a special boundary integral operator, which is
not available explicitly for arbitrary boundary surface. Moreover, the right-hand sides of the
resulting boundary integral equations system are vector-functions coinciding with the given

Dirichlet and Neumann data of the problem in question. We show that the corresponding
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matrix integral operator is bounded and coercive in the appropriate Ls-based Bessel potential

spaces. Consequently, the operator is invertible, which implies unconditional unique solvability

of the mixed BVP in the class of vector-functions belonging to the Sobolev space [W21 1o ()3

and satisfying the Sommerfeld-Kupradze radiation conditions at infinity. We also show that
the obtained matrix boundary integral operator is invertible in the L,-based Besov spaces and
prove that under appropriate boundary data a solution to the mixed BVP possesses C*-Holder
continuity property in the closed domain Q~ with o = % — &, where € > 0 is an arbitrarily

small number.

2010 Mathematics Subject Classification: 31B10, 35A20, 35B65, 35C15, 35J05, 35J25,
35J57, 45F15, 47G40, 74H45.
Key words and phrases: Steady state elastic oscillations, potential method, mixed boundary

value problem, integral equations, regularity of solutions.

1 Introduction

We present a new approach for studying a three-dimensional mixed boundary value problem
(BVP) for the steady state oscillation equations of the elasticity theory. The unbounded domain
occupied by an isotropic elastic body, 2~ C R3, has a compact connected boundary surface
S = 0Q~, which is divided into two disjoint parts, the Dirichlet part Sp and the Neumann
part Sy, where the displacement vector (the Dirichlet type condition) and the stress vector (the
Neumann type condition) are prescribed respectively.

Investigations related to the Dirichlet and Neumann BVPs for the Helmholtz equation and
for the system of steady state elastic oscillations have a long history and detailed bibliographical
information can be found in the monographs [9], [10], [20].

In the references [32]-[33], the direct boundary integral equations method is applied to analyse
mixed BVPs for the scalar and vector Helmholtz equations in the Ls-based Sobolev and Bessel
potential spaces and with the help of the Wiener-Hopf method the asymptotic behaviour of so-
lutions is established at the collision curve, where the different boundary conditions collide. It
should be mentioned that in the case of the direct boundary integral equations method, which is
based on the use of the general integral representation formula of a solution vector-function via

its Cauchy data, the so-called third Green formula, the right-hand sides of the resulting system
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of integral equations contain potential type integrals with densities being extensions to the whole
boundary of the corresponding Dirichlet and Neumann data of the mixed problem that are orig-
inally given on disjoint adjacent proper parts of the boundary. Therefore, the solutions of the
system of integral equations essentially depend on the extension operator.

There is another approach for investigation of mixed BVPs, which is based on the standard
potential method and which requires extension of the Dirichlet or Neumann data to the whole
boundary. This approach uses a representation of solutions by either the single layer potential
or by a special combination of the single and double layer potentials with densities of complex
form containing the inverses of special boundary integral operators, which are not available ex-
plicitly for arbitrary surfaces, in general (see, e.g., [8], [26] and the references therein). In this
case, the resulting boundary integral equations contain the so-called Steklov-Poincaré type op-
erators, which in turn, involve the above mentioned inverses of the boundary integral operators.
The right-hand side vector-functions of the boundary integral equations again contain potential
type integral terms with the densities being extensions of the Dirichlet and Neumann data. Evi-
dently, when extensions of the Dirichlet or Neumann boundary data are used, then the resulting
pseudodifferential equations and the corresponding solutions essentially depend on the extension
operators. The similar approach is used in [4] for investigating of the mixed impedance problem
for the steady state elastic oscillation equations. In spite of the disadvantages described above,
this approach turned out to be very useful to derive theoretical qualitative properties related to
continuity and asymptotic behaviour of solutions to the mixed BVPs near the collision curve,
where the Dirichlet and Neumann boundary conditions collide.

In contrast to the above described direct and indirect boundary integral equations methods,
our alternative approach has several essential advantages from the practical point of view. We
prove that a solution to the mixed boundary value problem can be represented in the form of
a linear combination of the single layer and double layer potentials with sought for densities
supported on the Dirichlet and Neumann parts of the boundary respectively. Therefore, on the one
hand, our new approach does not require extension of the given Dirichlet or Neumann boundary
data to the whole boundary and, on the other hand, the representation of a solution and the
corresponding boundary integral equations contain neither the inverse of some boundary integral
operators nor the Steklov-Poincaré type operators. Moreover, the right-hand side vector-functions

of our boundary integral equations are vector-function coinciding with the original Dirichlet and
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Neumann boundary data of the mixed BVP under consideration. These facts will play an essential
role in creation of efficient and cheap algorithms for numerical solutions of the mixed BVPs.

It should be mentioned that similar approaches for interior and exterior mixed BVPs are used
in [28], [29] and [30] for the Laplace equation, the Helmholtz equation, and the Lamé system. In the
case of the steady state elastic oscillation equations, the arguments used in the above references are
not directly applicable and we need appropriate modifications to justify our alternative approach.

The paper is organized as follows. In Section 2, we introduce appropriate function spaces, for-
mulate the exterior mixed boundary value problem for the steady state elastic oscillation equations
and prove the corresponding uniqueness theorem. In Section 3, we describe mapping properties
of the layer potentials and the boundary integral operators generated by them in the Bessel po-
tential and Besov spaces. In Section 4, we show that the matrix integral operator obtained by
the alternative approach is bounded and coercive in the appropriate Lo-based Bessel potential
spaces. Consequently, the operator is invertible, which implies unconditional unique solvability
of the mixed BVP in the class of vector-functions belonging to the Sobolev space [Wy,,.(€7)]?
and satisfying the Sommerfeld-Kupradze radiation conditions at infinity. Section 5 is devoted
to the extension of the alternative potential method for the exterior mixed BVP to the space
of vector-functions belonging to the L,-based Besov spaces [B;’Q’ZOC(Q*)]3 with % <s < % + %,
p > 4, and satisfying the Sommerfeld-Kupradze radiation conditions at infinity. Here we derive
the almost best regularity results for solutions to the mixed BVPs. In particular, we prove that the
obtained matrix operator is invertible in the L,-based Besov spaces and show that under appro-
priate boundary data a solution to the mixed BVP possesses C'*-Holder continuity property in the
closed domain Q~ with o = % — g, where € > 0 is an arbitrarily small number. Finally, in Section
6, we justify our new approach for the mixed BVP in the space of vector-functions belonging to

the Bessel potential space [H ! (Q*)] ? with % < p < 4, and satisfying the Sommerfeld-Kupradze

p,loc
radiation conditions.
For the readers convenience, in Appendices 1, 2, and 3, we collect some auxiliary material

needed for our analysis in the main text.

2 Formulation of the mixed BVP and uniqueness theorem
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Let QT C R3 be a three-dimensional bounded domain with smooth connected boundary Q% =
S, and let Q~ = R3\QF be a connected unbounded complement. Further, let the boundary 9Q+ =
00~ = S be divided into two connected disjoint parts, Sp and Sy, SpUSy =S, Sp NSy = 3.
For simplicity, throughout the paper we assume that S € C* and ¢ = 0Sp = 0Sy € C* if not
otherwise stated. In particular, some of the results obtained in the article are valid when the S,
Sp, and S are Lipschitz surfaces, and these cases will always be singled out separately.

By Lpa Lp,lom Wpr7 W;; HS7 H? B and B?

Lo wiocr Bpgs D g.loc (with r >0, s e R, 1 < p < o0,

1 < ¢ < ) we denote the well-known Lebesgue, Sobolev-Slobodetskii, Bessel potential, and
Besov spaces of complex-valued functions of real variables, respectively (see, e.g., [5], [21], [34],
[35]). The following relations Hy = W3 = B5,, H5 = B3, , W} = B} ,, and Hf = W}, hold for

any r > 0, for any s € R, for any positive and non-integer ¢, and for any non-negative integer k.

Further, let us introduce the spaces:

HS(S1) = {f : f€H(S), supp f C Si},
B3 y(S1) :=={f : f € By, (S), supp f C i},
H3(S1) = {rg f + [ € HY(S)},

By (S1) == {rg [+ f€B;,(5)}

where S; € {Sp, Sy}, Ts, is the restriction operator onto S;. The norms in these spaces are

determined by the standard natural way:

ol sy = Nellzzesyr Ml sy = Ml
lullims(s,y = inf [ollss)s v € HS), rov=u,

lullBs s,y =inf [[vl[Bs (5), v EBpg(S), rgv=u.

Remark 2.1 Let a function f be defined on an open proper submanifold S1 of a closed manifold S
without boundary. Let f € B, ,(S1) and f be the extension of f by zero to S\ Sy. If the extension
preserves the space, that is, z'ffe Ei,q(&% then we write f € E;,q(Sl) instead of f € g, Ezvq(Sl),
when it does not lead to misunderstanding.

Note that E;’q(Sl) and B, ,(51) with % + % =1 and % + % =1 are dual spaces. Similarly,
Hp(S1) and H,*(S51) are dual spaces as well (for details see [23], [24], [34], [35]).
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Therefore, for functions f € B,%,(S1) and g € Elf,q(Sl) (resp., f € H,*(51) and g € ﬁ;(Sl))

the duality relation <f, g>51 is well defined and it generalizes the classical Lo-inner product,

<f7 g>51 = <97 f>31 = /f(l‘)g(l‘)dS1 for f,g€ LQ(Sl)v
S1

where the overbar denotes complex conjugation.

Now we formulate the exterior mixed boundary value problem for the steady state elastic
oscillation equation [20]: Find a vector-function u = (uy,u2,u3)’ € [HQ{ZOC(Q*)]3 satisfying

(i) the partial differential equation of steady state elastic oscillations
A0, w)u(z) := pAu(z) + (X + p)graddivu(z) + pw?u(z) =0 in Q; (2.1)

(ii) the mixed boundary conditions

rs,{u}” =f on Sp, (2.2)
rs, 1T(0,n)u}” =F on Sy (2.3)

with
f = fo f5)T € [HESD), F = (B, Fo, F)T € [Hy 2 (Sn)) (2.4)

(iii) the Sommerfeld-Kupradze radiation conditions at infinity, that is, u is representable as a
sum of two metaharmonic vectors (see [20]), the so called longitudinal u() = u(®) and transverse

parts u® = (%),

w=uM+u?® with Au® + k3 WM =0, Au® + k3 u? =0,

4% 0
k1 =k, =w,/ ko =k = =,
1 D w >\+2M7 2 w\/;

pw>0, 3A+2u>0,

and for sufficiently large r = |z|

ouM (z)
or

ou? (z)

— ik u(l)(l‘) =o(r ), 5
.

—ikeuP(2) =0 (r7Y); (2.5)

here u = (u1, ua, u;:,)T is a complex-valued displacement vector, A and u are the Lamé constants, o
is the density of the elastic material, and w € R is the frequency parameter, A(9,w) is the matrix

differential operator

A0, w) == A(9) + ow? I3,  A(9) := [u6; A + (A + )0k Oj)3x3, I3 = [0kjlaxs,
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while T'(0,n) and T'(9,n)u denote the stress operator and the stress vector respectively,
T(0,n) := [T1;(0,n)]|3x3, Tk;(0,n) = Any 0; + pun; O + (1 0x; On,
[T(0,n)uly = orjnj, okj = [NOk;divu + 2 per;(u)]ny, ep;(u) =271 (Opu; + djuy),

where A is the Laplace operator, I3 = [0y;] is the unit matrix, dy; is the Kronecker delta, d;, =
Oy, = 0/0x, denotes partial differentiation with respect to the variable z, n is the unit outward
normal vector to S and 0, = 0/0n denotes the normal derivative, e; = ex;(u) and op; = op;(u)
denote the strain and stress tensors, respectively.

Here and in what follows the summation over repeated indices is meant from 1 to 3, unless
stated otherwise, and the symbol U denotes the transpose of U. The symbols {-}* and {-}~
denote the interior and exterior one-sided limits on S = 9QF from QF respectively.

Note that the radiation conditions (2.5) automatically yield the following decay conditions at

infinity (for details see [20], [36])
WD) =00, ud(z)—ik %u@(g;) 02, =12 j=123.

Recall that for sufficiently regular vector-functions u, v € [C?(QT)] and C'®-smooth domains

we have the following Green formula [20]

/{Tu}+ Avytds = /A(O,w)u -vdx + /[E(u,v) —ow?u-vldz, (2.6)
Ot

where the central dot denotes the scalar product in C? and

3N+ 2
E(u,v) — % divudivo + £ 3" (@i + Ohuy) (Dy0 + Ohvy) +
P
7
+3 ;(@uk — Oju;) (Opvr — 05v;).

It is evident that E(u,u) > 0, with the equality holding only for a rigid displacement vectors,
that is, for vectors of the form y(z) = [a x x] + b, where a and b are constant three-dimensional
complex-valued vectors and the symbol x denotes the cross product (see, e.g., [20]).

By the standard limiting procedure, the above Green formula can be generalized to Lipschitz
domains and to vector-functions from the Sobolev-Slobodetskii, Bessel potential and Besov spaces.

In particular, we can extend Green’s formula (2.6) to vector-functions u € [W) (Q27)]? with A(9)u €
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[L,(Q1))? and v € [Wpl,(QJr)]?’ with 1/p+1/p' =1,1 < p < o0 (see, e.g., [2])

{Tu}t, (v} ")s = /A(a,w)u -vdx + /[E(u,v) —ow?u-v]dz, (2.7)
Qt Qt

1

where the symbol (-, -)s denotes duality brackets between the adjoint spaces [Bp 2 (S)]® and
1 1
(B p,(S)]3. Due to the embedding {v}* € (B (5)]3, this relation defines the generalized bound-
). _l k)
ary trace functional {Tu}* € [B,} (9)]® associated with the stress vector.

For a vector u € [W!, (Q7)]® with A(Q)u € [Lp10c(27)]? the generalized boundary trace

1p,loc

functional {Tu}~ € [B, 2 (S)]® of the stress vector is determined quite similarly by formula

{Tu}™ , {0} )s=— / A(Q,w)u - vdx — /[E(u,v) —ow?u-v)dx (2.8)

Q- Q-

with arbitrary v € [W;}',comp(g_)]g'

Equation (2.1) we understand in the weak sense. However, due to the strong ellipticity of
the matrix differential operator A(9,w), every solution of equation (2.1) is actually C°°—regular
in QF, in view of the interior regularity property, and consequently equation (2.1) is satisfied
pointwise (see, e.g., [14]).

The Dirichlet type boundary condition (2.2) is understood in the standard trace sense, while
for a weak solution u to equation (2.1) the Neumann type condition (2.3) is understood in the
functional sense defined with the help of Green’s generalized formula (2.8).

The space of solutions of equation (2.1) satisfying the Sommerfeld-Kupradze radiation condi-

tions (2.5) we denote by SK (7). We have the following uniqueness theorem.

Theorem 2.2 The mized boundary value problem (2.1)-(2.3) possesses at most one solution in

the space [HQ{ZOC(Q_)}?’ NSK(Q7).

Proof. The proof is much the same as that of Theorem 2.4 in [4]. [ |

3 Properties of layer potentials and boundary operators

To make the paper self-contained, here we describe basic mapping properties of the layer

potentials associated with the steady state elastic oscillation operator A(9,w).
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Denote by I'(x,w) and I'(z) the matrices of fundamental solutions of the differential operators

A(0,w) and A(0,0) = A(9),
A, w)T'(z,w) = I36(x), AQ)(x) = I3(x),

where §(z) is Dirac’s delta functional. The matrices I'(z,w) and I'(z), Kupradze’s matrix and
Kelvin’s matrix, are constructed explicitly in terms of elementary functions (see [20, Ch. 2, §1],

[22, Ch. VIII, §130])

etk ||

2
D(z,w) = Tgj(z,w)axs,  Tijla,w) =Y (Sgjon + B0k 0)) AER
=1

521 (_1)l+1 '
—_ — = — :\/—1
(87 47TM, Bl 47('@002’ ? )
Oi Ny xpx;
(@) = M@l D) = B 200
, A+3p , A+
Neoo_ 279K g ATH
8T (A+2u) 8w (A+2p)

The real-valued fundamental matrix of statics I'(x) is the principal singular homogeneous part of

the complex-valued fundamental matrix of oscillations I'(x,w) and the following relations hold:
L(z,w) =T(-z,w) = [[(z,w)]", T(z)=T(-z)=[()],
IThj(2,w)| < ex(As p) |1,

Tz, w) — Tgj(2)| < |wlea(A, p),
(3.1)

01T sj(#,w) — Al kj ()] < Jwl? es(A, ),
0m O T (2, w) — OO ki ()| < ca(A, pyw) ||,
|8m313qu](fv,w) - amalaqu‘](l‘ﬂ S 05(>\7N»W) |$’_2, kvjv lvm)q = ]-7 27 37

where ¢ (A, 1), ca(A, 1), es(A, 1), ca(A, p,w) and ¢5(\, p,w) are positive numbers depending upon
the material constants A and u, and upon the frequency parameter w.

Note that the functions 8,,0,04 [I'kj(z — y,w) — I';j(z — y)] with 2,y € S are singular kernels
satisfying the Tricomi condition and, consequently, the corresponding integral operators on S are
Calderon-Zygmund type singular integral operators, that is, pseudodifferential operators of zero
order [15].

The entries of the matrices I'(x,w) and I'(z) are analytic functions of real variables x =
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(w1, 22,23) in R3\ {0} and the columns of the matrix I'(x,w) satisfy the Sommerfeld-Kupradze
radiation conditions at infinity.

For a solution u € [WPI(QJF)]3 to the equation A(9,w)u = 0 in QT we have the following
integral representation formula (see [4], [20, Ch. 3, §2.1], [23])

u(x in QF,
We({u} F)(2) = Vo({Tu} ) (2) = )

in Q7
where V,, and W,, are the single and double layer potentials,
Vo(9)(z) := /F(x —y,w)g(y)dS,, zeR3\S, (3.2)
S
We(h)(z) := /[T(ay,n(y))F(x —y,w)]" h(y)dS,, zeR*\S, (3.3)
S

with densities g = (g1,92,93)" and h = (hy, ho, h3) .
Similar representation formula holds for a solution u € [W}!, (7] *ASK (©27) of the equation

p,loc
A, w)u = 0in Q~ (see [4], [20, Ch. 3, §2.4], [27))

0 in QF,
u(z) in Q.

~Wo{u} ") () + Vo({Tu}™)(z) =

Further, we introduce the boundary integral operators generated by the single and double

layer potentials:

(Mo g)(z) == / Pz —y,w)g(y)dS,, z€8,
S

(K35 0)() = / [T(@0,n(@)T(x — )] g(9)dS,, = €8,
S

T
(Kwh)(x) = / [T(0y,n(y))T(z —y,w)] h(y)dS,, =z¢€b,
S
+
(,th)(ﬂj) = {T(ax’n(x))ww(h)(x) } , TES.
The boundary operators H,, and L, are pseudodifferential operators of order —1 and 1, respec-
tively, while the operators K, and K are mutually adjoint singular integral operators, i.e., pseu-

dodifferential operators of order 0 (for details see [1], [2], [15], [18], [19], [20]). Actually, the

operator L, is a singular integro-differential operator (compare, [16], [17], [20]).

10
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The potentials constructed by the fundamental matrix I'(z — y) and the corresponding bound-
ary operators, we denote by the same symbols as above but equipped with the subscript 0, that
is, Vo(g) Wo(h), Hog, Kig, Koh, Loh.

The above introduced single and double layer potentials and the boundary integral operators
have the following mapping properties. Proofs can be found in the references [2], [7], [8], [11], [15],
[18], [19], [23], [25].

Theorem 3.1 Let S be C*—smooth and 1 < p <00, 1 < q< o0, and s € R. The operators

Vo o (B9 [H )] ([B3,(9)]° )P sk ).
Vet (B = (B @] ([Ba()]° = [, @) P nSK@)),
Wo ¢ [BL®)]F = [H T en]? <[B;,p(5)]3—> [HJOC(Q )P NSk ))

W o (B 9] o [Br @) ([Bi 9]~ [Bihh@)] nsK@),

are continuous.

If S is a Lipschitz surface, then the operators
Voo [H78) - [men] ([578))° 5 [H,.00)]° 0 SK©)),
W, : [HZ(9)] = [HA Q)] ([HE(S)]?’% [H},.(00) P SK @) ),

are continuous.

Theorem 3.2 Let S be C*°—smooth, 1 <p < oo, 1<q<o00, and

1 1

g€ B (9], he B (9],

Then
{Vi(g } ={Vu(9)} =Hug on S,
{T(d,n)V, )} [F3I3+K5]g on S,
(WohY = [+ +K,)h on S,
{T(@,nWw(h} ={T(0,n)Wy,(h)} =:L,h on 8.
The same relations hold true for a Lipschitz boundary S and forp=q=2.

Theorem 3.3 (i) Let S be C*°—smooth and 1 < p < 00, 1 < q < oo, s € R. The operators

Ho o [H()]) = [H;S)]" ([Byo(9) = [Bi5(S)]°).
30+ Ko £30+ K5 0 [H(9) = [H (9] ([Byg(9)] = [Byo(9)]"),
Lo: [HSH(S)} ﬂH;(S)]g ([B;#(S)J ﬂBz,qwﬂ?’),

p

)
)

11
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are continuous Fredholm operators with zero index for all w € R.

(ii) If S is Lipschitz, then the operators

o o [H3(9)]° > [H(9)]
i+ Ky 0 [Hy2(9)]) = [Hy 2(9)],
14Ky o [HP(S)] = [HZ(S)],

Lo [HES) = [H 2(9)],

are continuous Fredholm operators with zero index for all w € R.

(iii) The following operator equalities hold in appropriate function spaces:

Ko Ho = Ho K5, Lo Ky = K Lo,

LoHo=—2L+ K% HoLo= -1+ K]
Remark 3.4 The operators —Hg and Ly are strongly elliptic self-adjoint pseudodifferential op-
erators of order —1 and +1, respectively, having positive definite principal homogeneous symbol
matrices (for details see [8, Chapters 4 and 6], [11], [12], [15], [16], [17], [19], [26]).
The entries of the kernel matrices of the integral operators Ho, Ki, Ko, and Lo are real-valued
matriz functions. In particular, this implies that Ko and K§ are mutually adjoint integral operators.
Therefore, for complex-valued vector-functions 1,2 € [H;%(S)]3 and 1,9 € [HQ% (S)]3 the

following relations hold

(Hop1, 2)g = (@1, Hopz)g, (Lothr, tha) g = (Y1, Lota) s,

(3.4)
<IC8()017 1/)1>S = <§017 KZOQ;Z)1>37 <IC01/}17 ¢1>S = <¢1) K8¢1>S
Moreover, there are positive constants 01 and do such that the following inequalities hold
_1
(—Hop, ¢)g =0 llel? 4 forall pe[H,*(S)], (3.5)
H, 2 (5)
1
(Lo, ), > 02 |WI2,  forall ve [HF(S1)], (3.6)
H22 (Sl)

where S1 € {Sp, Sn}.

The above relations remain valid if S, Sp, and SNy are Lipschitz surfaces.

Theorem 8.1 stated in Appendix 2 and inequalities (3.5)-(3.6) lead to the following assertion for
the boundary operators Hgy and Ly.

12
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Theorem 3.5 Let S; € {Sp, Sn}, seR, 1 <p< oo, 1<q< o0, and—%<s—%<%.
Then the pseudodifferential operators
I7s— 3 s 3 s— 3 s 3
7’517‘[0: [Hp 1(51)] — [Hp(Sl)] s T‘SlHot [Bqul(Sl)] — [BM(Sl)] R
~s 3 s— 3 =s 3 s— 3
Tslﬁoi [Hp(Sl)] — [Hp 1(51)] s Tslﬁoi [prq(Sl)] — [BMl(Sl)] R

are invertible.

4 Existence results

We look for a solution to the above formulated mixed boundary value problem (2.1)-(2.3) in

the form of the linear combination of single and double layer potentials
u(z) = =Vy(p)(z) + W) (z) +icw V() (x), =€, (4.1)

with unknown densities

~ 1 3 3

pe[H 2 (5p)°.  we [Hisy)]) (4.2)

Here c is a real number different from zero and w € R is a frequency parameter.
Evidently, u € [C’OO(Q_)]g N [H%JOC(Q_)]S N SK(Q7) due to Theorem 3.1 and equation (2.1) is
automatically satisfied in the classical sense in 7.

In view of the jump relations of the layer potentials and inclusions (4.2), the mixed boundary
conditions (2.2) and (2.3) lead to the following integral equations with respect to the unknown

vector-functions ¢ and :

—Hop+ Ko +icwHyy =f on Sp,
~Kio+ Lo +icw (3I3+K5)v=F on Sy.

Let us introduce the notation:

re (=Hy) 1o (Ky+icwH,
AL sp ) g, ( ) ’ (4.4)

roy(<K2) 1o (Loticw(3 B+ K2)) »

® _ f
¥ F

6x1 6x1

13
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where 7 and 7y are the restriction operators onto Sp and Sy respectively.
The simultaneous equations (4.3) can be rewritten then in vector-matrix form
A, X =G. (4.5)
Further, let
iy = [y 3 (50))" x [} (5n)]", o = [ (S0))” = [} (5w)"

Obviously, ]ﬁlg and Hs are mutually adjoint spaces and they are equipped with the norms:

X2 = 2 + |lv|1 for X = ,¢T€]ﬁl,

1X1g, = lll (it 5]’ | H[flz%(sw)]B (s %) 2
T

IG5, = |\f\|2[H§(SD)]3 + HF||2[H2_%(SN)]3 for G=(f, F) €Ho.

In what follows, we show that equation (4.5) is solvable in the space ]ﬁ[g for arbitrary right-hand

side vector-function G € Hy. By Theorem 3.3, the operator A, has the mapping property
A, : Hy — Hy, . (4.6)
Let us prove that (4.6) is an isomorphism. Denote by Ag the operator defined by (4.4) for w = 0,

s, (=Ho) rg, (Ko)
Ag:=| P °p . (4.7)
Tsn (—K%) Tsn (‘CO) 66
Due to relations (3.1), H. — Ho is a pseudodifferential operators of order —3, K,, — Ky and
K — K are pseudodifferential operators of order —2, while £, — L is a pseudodifferential operator

of order —1. Therefore we have the following mapping properties for arbitrary w € R, s € R,

l1<p<oo,and 1 < ¢q < oc:
KW—IC():

| (

[ (
Ko - Ky [H 9P~ [H O] (B
Lo—Lo: | (

Consequently, the operator
—Ts, (Ho — Ho) Ts, (Kw — Ko +icwHy)

Aw a AO B * * ; 1 *
oy (K5 = K5) 7y (Lo Loticw(3 I +K2))

(4.12)

6x6

14
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possesses the mapping property
~ 3 3 % 3
A,—Ay: Hy, — [H2 (SD)] X [ 3 (SN)] C Ho,.

By the Rellich-Kondrashov compact embedding theorems (see [2], [3]), we infer that the inclusion
[HQ% (SD)]3 X [HQ% (SN)]3 C Hy is compact, which implies that the operator A, in (4.6) is a
compact perturbation of the operator Ay : ]ﬁlg — Hl.

Now we show that the matrix integral operator Ag generates a bounded and coercive sesquilin-
ear form. Indeed, let X' = (¢, 1/}’)T and X" = (¢”, 1/)”)T be arbitrary elements of the space Hy.
Then AgX’ € Hy and the following duality relation is well-defined

<A0X,7 X”>(H2,]ﬁlz) = < - /HOQOIa 90H>S <KO¢ SOH>SD - <IC 90/ ¢”> + <£0¢,7¢H>3N'

Here the symbol < , ->(H2 i) denotes the duality between the mutually adjoint spaces Hy and H.
With the help of Theorem 3.3, Remark 3.4, inequalities (3.5), (3.6), and relations (3.4), it can

be easily shown that the operator

AO : ]ﬁIQ — H2 (413)

generates a bounded and strongly coercive bilinear form. Indeed, for arbitrary X’ = ((,0', e )T

H, and X" = (¢, ¢" )T € H, the following relations hold:

(AoX', X", 5| < 01(||¢”H[ b 10 b
+ H@"H[ﬁ? k ¥/ ”[ 2(sw)]” o
+||<p’\|[ﬁ ik H‘Z’””[ i)’
1M 3 ) 19 1 ) ) <
< Co [ X g, 1 X" I, »

Re(A0X', X')y, 5| =Re[( = Hoe!, @), + Lot/ v')g +
+ (Ko, ¢')g, — (Ko 1), | =
—Re|(— Hog', @), + (Lot ')g, | 2

> 53] X2

15
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where C1, Cy, and 05 = min{d;, d2} > 0 are positive constants (see (3.5)-(3.6)). Here we employed

the equalities
<K:01//7 80/>SD = <K0¢/a (‘0/>S = <¢/7 ICS(P/>S = <¢/7 ICS(P/>SN = <IC890/7 ¢'>SN

which follow from relations (3.4) and embeddings ¢’ € [ﬁ;%(SD)]?) and ¢’ € [ﬁé (SN)]3.

By the well-known Lax-Milgram theorem operator (4.13) is invertible and consequently oper-
ator (4.6) is Fredholm with zero index for arbitrary w € R (see, e.g., [23, Ch. 2]).

Now, we show that the null space of operator (4.6) is trivial, which implies invertibility of the
operator for arbitrary frequency parameter w € R. We proceed as follows. Let a pair (¢,v) € }ﬁlg
be a solution to the homogeneous system (4.3) with f = 0 and F = 0. Then the function u
represented by formula (4.1) solves the homogeneous exterior mixed BVP (2.1)-(2.3). Due to the

uniqueness Theorem 2.2, u vanishes in 7,
u(z) = =Vy(p)(x) + W) (x) +icwVy,(¥)(x) =0, ze€Q . (4.14)

Let us extend the vector-function u(z) in Q% by the same representation formula (4.1). Using the

jump relations for the layer potentials we find
{u}™ —{u}y” =+, {Tu}™ —{Tu}” =¢p—icwy on S, (4.15)

whence by (4.14) we deduce
{u}" =¢ on S,
{Tu}t* =p—icwiy on S.

(4.16)

1
2

- 1
Since ¢ € [H, (S’D)]3 and ¢ € [H7 (SN)]S, from (4.16) we conclude that the vector-function u
solves the mixed interior BVP for the steady state oscillation equation in Q7 with the Dirichlet

type condition on Sp and the Winkler type condition on Sy,

AQ,w)u(z) =0 in QF,
{u}* =0 on Sp, (4.17)
{Tu}* +icw{u}™ =0 on Sy.

By Theorem 7.1 in Appendix 1, u(x) = 0 in QT. Therefore

V(o) (@) + W) (z) +icwV,(¥)(z) =0, z€Q UQh,

16
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which, along with (4.14) and (4.15), implies ¢ = 0 and ¢ = 0 on S, that is, the null space of the
Fredholm operator (4.6) is trivial and consequently it is invertible.

Thus, we have proved the following assertions.

Theorem 4.1 (i) Operator (4.6) is invertible for arbitrary frequency parameter w € R.
(ii) The system of integral equations (4.3) is uniquely solvable for arbitrary right-hand side vector-

functions satisfying inclusions (2.4) and the solution pair (p,1)) meets conditions (4.2).

From this theorem directly follows the existence theorem for the mixed BVP under consideration.

Theorem 4.2 Let f and F be arbitrary vector-functions satisfying inclusions (2.4). Then the
exterior mized BVP (2.1)-(2.3) is uniquely solvable in the space [HQ{ZOC(Q_)]?’ NSK(Q™) and the
solution can be represented as a lmear combination of single and double layer potentials by formula
(4.1), where the densities ¢ € [ (SD)] and i € [ﬁé(SN)]S are unique solutions to the system

of integral equations (4.3).

Remark 4.3 Theorem 4.1 and Theorem 4.2 remain valid if the surfaces S, Sp, and SN are
Lipschitz. The point is that, for Lipschitz case, the operator (4.13) is invertible again. In spite of
the fact that the high order smoothing relations (4.8)-(4.11) are not true for Lipschitz surfaces, in

general, it can be easily shown that the operator (4.6) is again a compact perturbation of (4.13).

5 Regularity results

Using the arguments employed in [30] with appropriate modifications, we can prove the follow-

ing regularity results for solutions to the mixed BVP of steady state elastic oscillation equations.
Theorem 5.1 Let the data of the mized boundary value problem (2.1)-(2.3) satisfy the conditions

fe[Bo(Sp))’, Fe[B35H(SN)]) with

DO | =

1 1
<s<-+- and p>4. (5.1)
2. p

(i) The system of integral equations (4.3) is uniquely solvable and the solution pair (p,1)) meets

the inclusions

e [B53'(50))° (B %SD} |7, %SD)]?’, 52)

b e [Ba(sw)]° < [B,
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Moreover,
2 1 2 1 1
pe[cUs)®  with t=s-—c [ ) (5.3)
(ii) The unique solution w to the mized boundary value problem (2.1)-(2.3) belongs to the class
s+

[H21 ZOC(Q*)]S N [BpﬁOC(Q*)]S NSK(Q™) and it can be represented as the linear combination of

the single and double layer potentials (4.1) with densities ¢ and 1 being solutions to the system
of integral equations (4.3) belonging to the spaces (5.2).

Moreover, the solution u possesses the following Hdélder continuity property

2 [1 2 1 1)
2 p’ 2 p/

uE[Ct(F)]?’ with t:s—ge (5.4)

Proof. Let conditions (5.1) be satisfied. In view of the embedding properties of the Besov spaces
we have (see Appendix 3)

B:, 3 B% 8 [H2(Sp)]°
fel ]C[Z,Q p)] [H3(Sp)]",
(B33 (53)]° € B3 (5w)]° = [H; (53],
R L
or s 9’ 8/p 9’ p

Therefore, by Theorem 4.1 system (4.3) is uniquely solvable and
~ 1 3 ~_1 3 1 3 ~1 3
¢ € [By3(Sp)]” = [Hy *(Sp)]", ¢ € [B3,(Sn)]" = [H (Sn)]" (5.5)
Rewrite system (4.3) in the form
—rg, Hop+rs, Koy =f+f on Sp, (5.6)
—rg Koo +rs Lob=F+FY on Sy, (5.7)
where

FO = —r [(Ho—Ho)o + (K — Ko)tb + i cwHutt],
FO = vy (Lo~ La)y+ (K3~ K§)p —icw (50 +K2w)]

Taking into account inclusions (5.5) and the mapping properties of the operators H,,, K,
Ko — Ko, K, = K§, Ho — Hw, and Lo — L,,, for the vector-functions f M and FM we conclude (see
Theorem 3.3 and (4.8)-(4.11)):
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In turn, (5.8) and (5.9) imply the following inclusions (see Appendix 3)

3 3
FM e [Hy (Sp)])* = [B3,(Sp)]” € [BL4(Sp))°, (5.10)
FO e [Hj (Sn)]” = [B3o(Sn)]” < [B5'(Sw)])”, (5.11)
2 1 3
for l<5+§, l<§, p>1

Since Bll)’z(SD) C B, 5(Sp) and le;Ql(SN) C B;El(SN) for s <! and p > 1, in view of (5.10)
and (5.11) for the right-hand side functions in (5.6) and (5.7) we deduce

F+ 1D e [Byy(Sp)]®, F+FY e B (Sh)),

if the following simultaneous inequalities are satisfied:

s<l, p>1,
2 1 3
I<—-+4+-, 1<—,
P + 2 2
2 1 1
sZ2—-——=, Ss2=—.
p 2 2
Rewrite equations (5.6) and (5.7) in matrix form
Ao X =, (5.12)
where Ay is given by (4.7), X = (go,d;)T, and
© = (f+ fO, F+FO) " € [B3,(Sp)]” x [BS5 (Sw)]”. (5.13)

In the reference [30, Theorem 5], it is proved that equation (5.12) is uniquely solvable for arbitrary

right-hand side vector-function ® satisfying condition (5.13) if the parameters s and p satisfy the

inequalities
1
alp) <s< -+ —
p
with 5 1
- —= for 1<p<2,
a(p) =14 ¥,
3 for p=>2,

and for the solution pair X = (¢, 1/J)T the following inclusions hold
s 3 ~ 3
pe [B5'(5p)]", e [Bs(sm)]” (5.14)

19
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Thus, the vector-functions ¢ and v satisfy inclusions (5.5) and (5.14) which proves the first
part of the item (i) of the theorem.
Further, with the help of Theorem 3.1 along with the representation (4.1) and inclusions (5.5)

and (5.14), for the solution u to the mixed BVP we get the following inclusion

@A [B D @)PnsK@)  (5.15)

p,2,loc

= V() + Wiy (1) + i cw V() € [H

2,loc

with a(p)<s<%+%, p>1.

Recall that for arbitrary domain Q C R? with smooth two-dimensional boundary 92, the following

embedding relations hold (see Appendix 3)

H5(Q) cCY(), Bj,(Q) cCl(), HJ(0Q) C C7(8Q), Bj ,(09) C CT(09),

3 2
l<p<oo, 1<qg<o0, t20, s>t+—, 720, r>7+ -, (5.16)
p p

since dimQ = 3 and dim9Q = 2. If ¢ (resp. 7) is not an integer, then in (5.16) one can take
s=1t+ % (resp. 7 =7+ %) Note that here C'(2) and C7(9Q) with ¢ > 0 and 7 > 0 denote
the Zygmund spaces, which for non-integers ¢ and 7 coincide with the Holder spaces C*(€2) and
C7(09Q), respectively.

Now, if p >4 and 3 < s < 5+ %, from (5.14) and (5.15) we deduce the following smoothness

properties
v e [Bya(5n)]  [CU9)],
w= V(g + Walw) +icw V() € [BI5P (@) ¢ [c'(@)°
with
el

This completes the proof.

[ |
With the help of Theorem 5.1 we can prove the following proposition.
Theorem 5.2 Let the boundary data of the mized BVP (2.1)-(2.3) satisfy the relations
1 3 1 3
fe[B2,(Sp)]",  Fe B %(Sn)] (5.17)

20
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Then the density function ¥ and the solution u to the mired BVP have the following Hélder

continuity properties

ve (N [CUs)’, we () [CUQ)]’.

t<3 t<j
Proof. First of all, we recall the well known embedding relations for the Besov spaces (see, e.g.,
[35, Sections 2.3.5, 3.3.1], [5, Theorem 6.2.4], [34, Section 4.6])
1 1 1 _1
B2, 2(Sp) C B;»(Sp), B, %5(Sy) C B,;(Sy) foral p>1. (5.18)
Therefore, the items (i) and (ii) of Theorem 5.1 hold for all p > 4 in view of (5.17) and (5.18).

Now, using the inclusions (5.3) and (5.4) we deduce

which completes the proof. |

6 Solvability and alternative representation of solutions

in [H},,(2)]°NSK(©Q)

Now we discuss the question: For which values of the parameter p can be applied the above

described alternative approach to the exterior mixed BVP in the spaces [HI} 10e(27)] N SK(Q27).

The answer to this question is given by the following assertion.

Theorem 6.1 Let the boundary data of the exterior mized BVP (2.1)-(2.3) meet the conditions:
1

1
1 1 4
Fe B (Sp)]% Fe[Bog(Sn)]® with S <p<d (6.1)

Then exterior mized BVP (2.1)-(2.3) possesses a unique solution u € [H;7ZOC(Q_)]3 NSK(Q),

which can be represented by the linear combination of the single and double layer potentials (4.1),
~—1 ~1-1
where ¢ € [Bpg (SD)]3 and Y € [Bp,pp(SN)]S are unique solutions to the system of integral

equations (4.3).

Proof. First we show that the operator

~—1 1 1

Ayt [Buf (S0)]* % (B (53] = [Bun? (S0)]* x [Byd (5" §<p<4, (6.2)
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where A, is defined in (4.4), is invertible. Note that continuity of the operator (6.2) follows from
Theorem 3.3. Due to Theorem 7(ii) in the reference [30], the operator

1 1 1

Ao+ (B (o))" x (B (5] = [Bry” (S0)) x [Bf (w))" § <p<d (63

where Ay is given by (4.7), is invertible. In view of Theorem 3.3 and the mapping properties

(4.8)-(4.11), the difference A,, — Ay is a smoothing operator (see (4.12))
1 3 11 3 9_1 3 1—1 3
Ay —Ag ¢ [Bpg (Sp)]” x [Bpp” (SN)]” = [Bpp” (Sp)]” X [Bpp” (Sn)]"
Therefore, by the Rellich-Kondrashov compact embedding theorems, the operator A, defined by
(6.2) is a compact perturbation of the invertible operator A defined by (6.3) and consequently
it is a Fredholm operator with zero index. Further, we show that the null space of the operator
Ay, is trivial. To this end, let us assume that a vector-function

1

X = (p)" € [Bpd (S0)]" x [Bo” (Sn)]°
is a solution to the homogeneous equation
A X =0.
This equation implies that the vector-function
u(z) = =Vy(p)(z) + W) (z) +icw V() (x), =€, (6.4)

solves the homogeneous mixed BVP (2.1)-(2.3). According to Theorem 3.1 we have the inclusion

u € [H)

p’loc(Q_)]3 NSK(Q7). Since 5 < p < 4, due to the uniqueness theorem for the exterior

mixed BVP under consideration (see [4, Theorem 3.3]) we conclude u(z) = 0 in Q7. If we extend
the vector-function u in the domain Q% by the same formula (6.4), with the help of the jump
relations for the layer potentials stated in Theorem 3.2 and using the same arguments as in Section

4, we easily find the relations:
{u}T=0 on Sp, {Tu}"+icw{u}™ =0 on Sy,

1—1 _1
which are understood in the sense of the spaces [By,” (Sp)] % and [Bp (Sn)] ? respectively. There-
fore, the vector-function u € [H;(QJF)] ? defined by (6.4) solves the homogeneous interior Dirichlet-

Winkler type mixed BVP (4.17) in QF. Since % < p < 4, by the uniqueness theorem for the interior
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mixed BVP (4.17) in the space [H;(Q+)]3 (see Theorem 7.2 in Appendix 7, [4, Theorem 3.6]) we
have u(z) = 0 in QF. Thus, the vector-function u(x) given by (6.4) vanishes in QT U Q~, which
in turn implies ¢ = 0 and 1) = 0 on S. Therefore the null space of the operator (6.2) is trivial and
consequently it is invertible.

In turn, the invertibility of the operator (6.2) implies that the system of integral equations
(4.3) is uniquely solvable in the space [Ep_ E (S D)]3 X [E;;%(S N)]3 for arbitrary right-hand side
vector-functions f and F' satisfying conditions (6.1).

From these results directly follows that the exterior mixed BVP (2.1)-(2.3) with boundary data
f and F, satisfying conditions (6.1), possesses a unique solution u € []'{;?ZOC(Q_)]3 NSK(Q),
which can be represented by the linear combination of the single and double layer potentials (4.1),

~-1 ~1-1
where the density vector-functions ¢ € [By} (S D)]3 and ¢ € [Bpp” (S Nﬂ3 are unique solutions

to the system of integral equations (4.3). This completes the proof. [ |

7 Appendix 1: Uniqueness theorem for the mixed Dirichlet-
Winkler type BVPs

For arbitrary solution u € [H;(Q*)]?’ to the homogeneous equation A(9,w)u(z) = 0 in QT we

have the general integral Somigliana type representation formulas (see [4], [20], [23])

N N w(z) in QF,
Wo({u} ") () = Vo({Tu}")(z) = (7.1)
0 in O,
where V,, and W, are the single and double layer potentials defined in (3.2) and (3.3).

Theorem 7.1 The homogeneous interior Dirichlet-Winkler type mized boundary value problem

(4.17) possesses only the trivial solution in the space [H21(9+)]3 = (W] (QJF)]3 for all w € R.

Proof. Let u € [H21(9+)]3 be a solution to the homogeneous Dirichlet-Winkler type mixed
boundary value problem (4.17). Since {u}* € [fIQ% (SN)]3 and {Tu}" +icw{u}™ =0 on Sy, from
Green’s formula (2.7) we get
/[E(u,u) — 0w? [ulY)dz + icw / {u}T|>dS = 0. (7.2)
Q+ SN
Keeping in mind that F(u,w) > 0, by separating the imaginary and real parts from (7.2) we find
{u}* =0on Sy, implying {u}" = 0on S for w # 0. If w = 0, then from (7.2) we have E(u,u) = 0
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in QF. Therefore u(x) = [a X 2] +b, where a and b are constant three-dimensional complex-valued
vectors, and due to the homogeneous Dirichlet type condition on Sp we infer u(z) = 0 in Q7.

Thus, {u}* =0on S for all w € R. Consequently, {Tu}" =0 on Sy and due to formula (7.1) we

have
w(z) = —Vo({Tu}")(z) = - / D(z — y,w){T(0y. n(y))u(y)} " dS,, = e€qr, (7.3)
Sp
and
—Vo({Tu} ) (z) = — / Iz — y,o.:){T(ay,n(y))u(y)}Jr dSy =0, z€Q" . (7.4)
Sp

Since the single layer potential V,,({Tu}") with the density {Tu}* € [I;TQ_%(SD)]3 is analytic
vector-function with respect to the real variable x in the connected domain R?\ Sp, from (7.4)
it follows that V,,({Tu}*)(x) = 0 in R?®\ Sp. Therefore, u(x) = 0 in Q* in view of (7.3) for all
w e R. |

There holds a more general theorem (see [4, Thorem 3.6]).

Theorem 7.2 The homogeneous interior Dirichlet-Winkler type mized boundary value problem

(4.17) possesses only the trivial solution in the space [H;(Q"’)]g with § < p < 4.

Remark 7.3 If the surfaces S, Sp, and Sy are Lipschitz, then the representation (7.1) and

Theorem 7.1 remain true.

8 Appendix 2: Some results from the theory of pseudodifferential

equations on manifolds with boundary

Here we present some results from the theory of strongly elliptic pseudodifferential equations
on manifolds with boundary in Bessel potential and Besov spaces which are the main tools for
proving existence theorems for mixed boundary, boundary-transmission and crack type problems
by the potential and boundary integral equations methods. They can be found in [6], [13], [31].

Let M € C* be a compact, n-dimensional, non-self-intersecting manifold with boundary

OM € C* and let A be a strongly elliptic NV x N matrix pseudodifferential operator of order
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v € R on M. Denote by o(z,£) the principal homogeneous symbol matrix of the operator A in
some local coordinate system (z € M, £ € R™\ {0}).

Let A\i(x), -+, An(x) be the eigenvalues of the matrix
[o(z,0,---,0,+1) ] [o(,0,---,0,-1)], =€ dIM,
and introduce the notation
dj(x) =Re [(271'1')_111&)\]-(:5)], j=1,--- N.

Here the branch in the logarithmic function In( is chosen with regard to the inequality —m <
arg ¢ < 7. Due to the strong ellipticity of A we have the strong inequality —1/2 < 0;(x) < 1/2 for
x € M, j =1, N. Note that the numbers d;(x) do not depend on the choice of the local coordinate

system. In the particular case, when o(x,&) is a positive definite matrix for every x € M and

¢ € R™\ {0}, we have 0j(x) =0 for j = 1,---, N, since all the eigenvalues A\j(z) (j = 1,N) are
positive numbers for any z € M.
The Fredholm properties of strongly elliptic pseudodifferential operators on manifolds with

boundary are characterized by the following theorem.

Theorem 8.1 Letse R, 1 <p< oo, 1<qg<oo, and let A be a strongly elliptic pseudodifferen-

tial operator of order v € R, that is, there is a positive constant co such that

Re [o(z,&)n - n] > c In|®

for x € M, € € R™ with |¢| =1, and n € CN.

Then the operators

I7s N s—v N s N s—v N
A )Y = o) (B00)Y - Broolt) s
are Fredholm with zero index if
L i) <s—Y<ii mf ) (8.2)
- — su i(r)<s——< - in i(z). .
p xeaM,1pgj§N ! 2 p  z€EdM,I<i<N J

Moreover, the null-spaces and indices of the operators (8.1) are the same (for all values of the

parameter q € [1,400]) provided p and s satisfy the inequality (8.2).
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9 Appendix 3: Embedding properties of the Bessel potential and

Besov spaces

For a sufficiently smooth m-dimensional manifold M (M € C, say), the following continuous
inclusions hold in the case of the Bessel potential and Besov spaces ([34, Section 4.6], [5, Theorem

6.2.4))

H3(M) € Hy(M), B}, (M) C By (M),

m m
l<pg<oo, 1<r<oo, —c0o<t<Ls<oo, s——2>t——;
p q

Hy(M) C B ,(M), By (M) C Hy(M),

1<pg<oo, —oc0o<t<s<oo, s—%}t—%;
By sninga.py (M) € Hy(M) € B g0y (M),
Byts(M)C By, (M)C By, (M)C B, 4, (M) C By (M) C By 5(M),
e>0, —co<s<oo, 1<p<oo, 1<q <qa< 0.

These inclusions hold true when M is replaced by a smooth bounded region 2 C R™.

Evidently, if M € {Sp, Sy}, then m = 2, and if

we have the inclusions
1 1 1 1 1
B; 5(Sp)CB34(Sp) = H3 (Sp), Bpy (Sn)CBy3 (Sn) = Hy *(Sn).

For a bounded domain 2 C R™ and for (m — 1)-dimensional manifold M (M = 912, say), the

following embedding relations hold (see, e.g., [34, Section 4.6))

H}(M)cC™ (M), By (M)CCT(M), H5(Q)cC(Q), Bj,(Q)cCH(Q), (9.1)

m—1 m
l<p<oo, 1<qg<Lo0, 720, r>74+——, t20, s>t+ —.
p D

If ¢ (resp. 7) is not an integer, then in (9.1) one can take s =t 47 (resp. r =7+ mT_l) Note that
here Ct(Q) and C™(M) with ¢ > 0 and 7 > 0 denote the Zygmund spaces, which for non-integers
t and 7 coincide with the Hélder spaces C'*(Q2) and C' (M) respectively (see, e.g., [34, Sections
45,4.6]).
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