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Abstract

In this paper, we consider the following fractional Schrodinger equatione 2s (-[?] ) su+V (x)u=P(x)f(u)+ Q(x)
|u|2s*-2uin R N, where €>0 is a parameter, s[?](0,1),2s*=2NN-2s, N>2s, (-[?] ) sis the fractional Lapalacian
and f is a superlinear and subcritical nonlinearity. Under a local condition imposed on the potential function, combining the
penalization method and the concentration-compactness principle, we prove the existence of a positive solution for the above

equations.
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1 Introduction

We consider the following fractional Schrodinger equation

{523(—A)8u +V(z)u = P(x)f(u) + Q(z)|u[*2u, = € RN,

P
u € HSRY), u(z) >0 r € RV, (F)

2N
N—2s
exponent, the function f is a superlinear and subcritical nonlinearity. Here the factional

Sobolev space H*(RY) is defined by

HY(RY) = {u e L2(RV) : /R (w(x) = wW)? ) o) oo} ,

2N ‘l’ — y\N“S

where ¢ > 0 is a small parameter, s € (0,1), 2¥ := is the fractional critical

equipped with the norm

2 1/2
|| s myy = u(x 2da:+/ (u(z) = u(y)) dxd> .
e R I
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(—A)* stands for the usual fractional Laplacian, (—A)* of a smooth function u : RY —
R is defined by

F((=A)*(u)(€) = [E[* F(u)(€), € € RY,
where F denotes the Fourier transform, that is,

F(w)(€) = goys [, ¢ wlade.

for function w in the Schwartz class. Also, (—A)®u can be equivalently represented as

s Cns u(r +y) +ulr —y) — 2u(z
cayem-Gpe [ Clrrpseeop o), gy
RN

where C'y s > 0 is the normalizing constant, defined by

1 —cosé !
Crs = </RN |§|T+251d£> £= (6,6 6.
We have from [9] that
s Cn.s Ju(z) — u(y)?
—A 2dr = ’ .
/RN]( )2u(zx)|“dx 5 /Rw T — g dxdy
And by taking derivative of the above equality, for any u,v € C§°(RY) we obtain

/RQN (u(z) — u(y))(v(z) — v<y))dxdy = CN,s/ (_A)%“@)(_A)

|z — y[N+2e RN

N|o

v(x)de.  (1.1)

Moreover, for any u,v € C§°(RY) we have

NI

(=A)2 (uv) = u(—A)3v + v(=A)2u — 215 (u, v), (1.2)

where [ is defined in the principal value sense, as follows

(ux) — u(@) 0(x) ~v(w)

|I‘ _ y|N+s

Is (u,v)(z) = P.V./
RN
Problem describes the so called standing waves of the nonlinear, time-dependent
fractional Schrodinger equation of the form
. Oy

S = )Y+ V(@) — f (). (13)

Solutions of for sufficiently small € > 0 are called semiclassical states. Recently
great attention has been devoted to the study of semiclassical states, see for example
[TH4L 7, 12), 13), 15 18, 19] and the references therein and most of them assume that
the potential satisfies the following global condition

(V) Ve C(RY,R) and 0 < inf V(z) < liminf V(z) =V, < +o0,

z€RN || =00
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which is first introduced by Rabinowtz in [I7] in the study of a nonlinear Schrodinger
equation with the nonlinear subcritical growth. There are some results for problem
(P-) when V (z) satisfies the following local condition

(V1) V e C(RY,R) and there is constant V > 0 such that V; := inf V(z);

zeRN

(V3) there is a bounded open set Q2 C RY such that Vy < Ilélsi]n V,and M :={z € Q:
V(z) =Vo} # 0.

Some authors have studied the existence and concentration phenomena for potentials
verifying local condition (V;) and (V3), see for example [2H4] [7, [13], T5] and the references
therein. As far as we know, all of them concentrate on the problems with autonomous
nonlinearities. Particularly, in [13] the authors consider the following equation

¥ (=AY u+V(z)u= f(u) +u*" zecRY (1.4)

under the conditions (V;) and (V5) and obtain the existence and concentration of mul-
tiple solutions, which concentrate on the minima of V(x) as ¢ — 0. Our aim is to
study the existence and concentration of positive solutions for problem by com-
bining a local assumption on V', and show that the penalization method introduced
by del Pino and Felmer in [8] can be also applied to a general class of problems with
nonautonomous nonlinearities.

Below we give some assumptions. Since we are interested in positive solutions, we
assume that f € C'(R,R) vanishes in (—o0,0) and satisfies the following conditions.

(f1) f(t)=o(t) ast — 0F.

(f2) There exist constants q,0 € (2,2%), sufficiently large Cy > 0 such that f(t) >
Cot?! for all t > 0, and tlim
—00

[ =o.

to-T —

(f3) There exists a constant 6 € (2,2%) such that for all t > 0, 0 < 0F(t) :=
0 [, f(r)dr < tf(t).

(f1) The function @ is increasing on interval (0, o).

The potential V' (x) satisfies (V), P(x) and Q(z) are assumed to satisfy the following
conditions.

(P) P e L*(RY) is continuous and there is a constant o > 0 such that P(z) > « for
all z € RV,

(Q) Q € L>*(R") is continuous and there is a constant 3 > 0 such that Q(z) > 3 for
all z € RY.

(Q2) There is a bounded, nonempty domain Q2 C RY such that



(Q) there is zp, € Q such that V() = Vo < Halgi)n V, P(Zmin) = Po = sup P
]RN
and Q(xmzn) = QO = sup Qa
RN
or
(o) there is T4 € Q such that P(x,,4.) = Po > max P, Q(Tmaz) = Qo > I%%XQ
and V(Zaz) = Vo.

The main result of this paper is stated as follows:

Theorem 1.1. Assume that (V1),(P),(Q), (2) and (f1)—(fs) hold. Then there exists
go > 0 for any € € (0,e9), problem has a positive solution u.. Furthermore, if
n. € RN denotes its global mazimum point, then

C€N+2s
uc(r) < eN+2s 4 |p — nE|N+2s'

Remark 1.2. To our best knowledge, the existence and qualitative properties of so-
lutions for problem have been extensively studied when V' (z) satisfies the global
condition (V). There are few results for problem (P.) when V' (x) satisfies a local con-
dition as above, even in the P = () = 1 case. Under a local condition imposed on V,
it is necessary to create a penalization function. If P # 1,() # 1, the construction of
penalization function is more complicated. Especially after adding the critical nonlin-
earities, the problem is more difficult, so far, no one has studied this aspect. Motivated
by the penalization approach used in [8], we will investigate the existence of positive
solution for problem by supposing that V' satisfies a local assumption as above.
Hence, our results can be seen as an improvement and supplement to [2-H4], [7, 13} [15].

Remark 1.3. Compared with the previous works, the main difficulty lies in the nonau-
tonomous nonlinearity with the critical Sobolev growth and the potential V' with a local
assumption, which makes it more complicated to recover the compactness. So we focus
on the essential difficulty of the problem under the assumption that f € C*(RM R).
We note that if f € C'(RY,R), Theorem [1.1|also holds true by using the method of [20]
under the condition of this paper. The related specific proof can be found in [13], 21].

To establish the existence of positive solution, we will use the penalization method
introduced by Del Pino and Felmer [§]. First, we need to fix some notations.

Let K,L > 0, 22 + % < min{i, 2}, and a > 0 such that f(a) = 32a and

a*~1 =Yg, where 6 and V; are introduced in (f3) and (V4) respectively. We set
. f(t), ift<a B %71 ift<a
yodZ Ht>a -, Ut >a
and

g(w,1) = xa(@)(P(2) f(t) + Q(@)t* ™) + (1 = xa())(P(2) f(1) + Q(x)g(t))  (1.5)

where xg is the charateristic function of the set Q. Form (f;) — (f4), it is easy to check
that ¢ satisfies the following properties,



(g1) limy o+ 2 (ﬁ’t) = 0 uniformly in z € RV.
(92) g(z,t) < Pof(t) + Qot% 1 for all z € RY, ¢ > 0.

(g93) There is 6 € (2,2%) such that
t

0 < 0G(x,t) == 9/ g(z,8)ds < g(z,t)t for Vo € Qand V ¢ > 0
0

and

0 < 2G(x,t) < g(z, )t < (% + %) V(2)t? for Vo € R¥\Q, and ¥V ¢ > 0.

(g94) For each z € 2, the function t — @ is increasing in interval (0, 00) and for

each z € RV\Q, the function ¢ — g(xT’t) is increasing in (0, a).

Now we study the modified problem

(PX)

€

e (—=A)u+V(z)u=g(z,u), v€RY
u € H(RY), u(z) >0, r e RN

Note that the positive solution of (P)) with u(x) < a for each x € RM\Q is also the

positive solution of .
In view of the presence of potential V(z), we introduce the following fractional

Sobolev space
H. = {u c H*(RY) : / V(z)u*dr < oo} ,
RN
endowed with the norm

Jull2 = [ (-85 + V(op)do.
RN
Consider the energy functional J. : H. — R associated to (P given by
828 s 1o 1 )
J-(u) = — |(—A)z2ul“de + = V(z)u“dr — G(z,u)dz,
2 RN 2 RN RN

and its Nehari manifold is defined by

N :={u e H\{0} : (J.(u),u) = 0}.

2 Proof of the main result

We only discuss the case that V, P, @ satisfy (€;), and when V| P, Q) satisfy ({22)
the proof of the conclusion is similar to that of the case (£2;).



2.1 The autonomous problem (P,
We start by considering the autonomous problem associated to , namely,

(=A)u+ Vou = Pyf (1) + Qolul* 2u. (Py,)

The solutions of problem ({Py,|) are precisely the positive critical points of the functional
defined by

1 S *
Jo(u) = 3 /RN<I<—A>2u|2 + Vou*)da - /R PP (u)de — 2 /R [ul** d,

and its Nehari manifold is defined by
No = {u € Ho\{0} : (Jj(u),u) = 0}.

where Hy := {u € H*(R") : [n Vouldz < oo},

The functional J; satisfies the mountain pass geometry, the proof is standard,
and hence, it is omitted. By using a version of the mountain pass theorem with-
out (PS) condition [22], it follows that there exists a sequence {u,} C Hy such
that Jo(u,) — co and Jj(u,) — 0, and ¢y := inf,er, maxyepq) Jo(v(t)) > 0, where
Ly :={y € C([0,1], Hp) : v(0) = 0 and Jo(y(1)) < 0}. Similarly to the arguments in
[T7], by (f1), the equivalent characterization of ¢q is given by

co= Inf supdJy(tu) = inf Jy(u).
0 u€Hp\{0} tZ%)) 0( ) u€Np 0( )

The following lemma gives the estimate of the critical value cy.

Lemma 2.1. Suppose that (f1) — (f4) hold, then

S N
0< Cco < WS*QS,
NQO 2s

where S, is the best Sobolev constant

S* — lnf f]RN |(—A)§U|2?ZE
uEHS(]RN)\{O} (fRN |'LL 2’;‘dx)ﬁ

Proof. We define

i (x) = P(x)U.(2), v € RY,
where U.(z) = 5‘%u*(§), u*(z) = %*jf?), where @(z) = k(p? + |z — 1’0|2)_N;2S7
with k € R\ {0}, > 0, and 7y € RY, and ¢ € C5°(RY) such that 0 < ¢ <1 in RY,

Y(z) = 1 in B,(0), and ¢ = 0 in RY\B,,(0). Define v.(z) = %, from [13], we

have the following estimates:
/ |(=A)20(2)Pdx < S, + O(N%), (2.1)
RN
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and

O(e*), N > 4s
/ ve(2)Pdz = { O In 1), N =45, (2.2)
N
. O(eN-29), N < 4s
/ o (2)|7dz > O™, (2.3)
RN
By the definition of v. and (f2), we have
t? s QO x
Jo(tve) = — [(—A)2v.|*dx —|— — V0|v€\ dx — PyF (tv.)dx —
2 RN RN s
t2 El QO
< — [(—A)z0,|? dx—i—— V0|va| dx—C’OPth |v6|qu—
2 RN 28
We consider the function
t? .
o) =5 [ (b + 5 [ iloldo—conen [ jopas- L o
RN

It is clear that g(t) > 0 for ¢ > 0 small enough, and g(t) - —oo as t — +oo. Hence
there exists . > 0 such that max;>q g(t) = g(t.), and

0=yt =t ([ 1Cayebes [ Vilopdo - gcone? [ udis - Q).
RN RN RN

Therefore,

/ ](—A)§v6|2dx+/ Volve[*de = quPotZ‘z/ |ve|9dx + Qot2 2,
RN RN RN

which implies
1 %2
0<t. < : (/ |(—A)§v€|2d:€—|—/ Volve| da:> .
Qé§72 RN RN

It is easy to verifies that J, satisfies the mountain-pass geometry conditions, and we

get
t2 s N
0<0< Jo(teve) < = [(—A)2v.|*dw + Volve|“dz | .
2 RN RN

Hence we have a lower bound and a upper bound for ¢., independent of ¢, let

t? s 2 2 QO 2
RN RN s

then t. = f(fRN [(—A)2v >+ V0|v‘5|2dx)2§%2 is the maximum point of g(¢). Hence,
Q S

by (2.1))-(2.3)), and the elementary inequality (a + b)? < a? + p(a + b)P~'b for a,b > 0

and p > 1, we obtain

mmzmm—%%g/hwm
]RN




1 . L
<g 1 (/ (|(_A)§U6|2 + V0|U6|2)d93)2§1_2 - CbPOzfg/ |U€|qu
ng‘ﬁ RN RN

’ o
s—i%g(/reAﬁmwm+/ %Mﬁm) — Gyl
%

< % (S* + O(&tN*zS) —|—/ V0|vs|2d:1:) — COC’|v€]Z

NQO 2s RN

N

< — S 4 O(N) + Clu. 2 — CoClu.L.

NQ[) 2s

Next we distinguish the following cases.
(i) If N > 4s, then 2= < 2, we have ¢ > 25, by (2.2) and (2.3) we get

).

2N —(N—2s)q
2

sup g(t) < ———- 52 + O(N2) + 0(e2) — Ofe
t>0 NQO 2s

since w < 2s < N — 2s, we get the conclusion for ¢ sufficiently small.
(i) If N =4s, then 2 < ¢ < 2¥ =4, by (2.2)) and (2.3)) we obtain

2 1
sup g(t) < %st + O(EN_2S) + 0(828 In _) o O(€4s—sq)
t>0 NQO 55 c

25 1
S %Sé\g + O<€23<1 -+ ln _>) _ O<€4sfsq>
NQy> £

S N
2
< —F5= O

NQO 2s

Since .
gds—sq

m - = 4o,
=0+ €2(1 4 1In 1)

we get the conclusion for ¢ sufficiently small.
(iii) If 2s < N < 4s and 75; < ¢ < 2%, by (2.2) and ({2.3) we have

).

2N—(N—-2s)q
2

N
sup g(t) < ——-SZ + 0(N2) = O(e
t>0 NQOT

In view of w{%)q < N — 2s, we get the conclusion for ¢ sufficiently small.

(iv) If 25 < N < 4s and 2 < ¢ < +2—, from (2.2) and (2.3) we obtain

2N —(N—2s)q

sup g(t) < — 57 + 0(N2) = GO (T EF,

t>0 NQO 2s
and for Cy = 7% with 6 > w, we also get the conclusion. Hence, ¢y <
N
— == 98 O
NQ, =



N
Lemma 2.2. Assume that {u,} C Hy is a (PS). sequence for Jy with ¢ < —s—=S&
NQ, %
and such that u, — 0. Then, one of the following alternatives occurs:
(a) u, — 0 in Hy, or

(b) There exists a sequence {z,} C RY and constants R,n > 0 such that

lim inf |u, [*dx > n > 0.

oo BRr(zn)

Proof. Suppose (b) is not satisfied. Then for any R > 0, we have

lim sup/ |u, |*dz = 0.
N0 2eRN J Bg(z2)

Since {u,, } is bounded, from [I1], it follows that u,, — 0 in LP(RY), ¥p € (2,2*). Hence,

f(up)uydx = / F(uy)dz = o0,(1).

RN RN

Moreover, from Jo(u,) — ¢ > 0 and (J)(uy,), u,) — 0, we have that

1 s .
—/ (|(—A)5un|2 + Vb|un|2)dx — @/ [un, %dr — ¢, (2.5)
2 RN 2: RN
and
/ ((=A)3unl? + Vilun|?)dz = QO/ (2 + on(1). (2.6)
RN RN

Since {u,} is bounded, up to a subsequence, we get
/ (J(=A) 2w, > + Vlu,|*)dz — 1 > 0.
RN

If I >0, by (2.5) and (2.6, we obtain ¢ = +;/. On the other hand,

22)2/2;
2% )

[ > / [(—A)2u,|*de > S, (|un
RN

N
taking the limit as n — oo, it follows that { > ——=52". Hence,

QO 2s
s s N
c=ylz—5=57,
NQO 2s
which is a contradiction. Therefore, [ = 0. It implies that u,, — 0 in H,. O

Lemma 2.3. Suppose that (f1) — (f1) hold, then problem (Py,) has a positive ground
state solution.



Proof. Assume {u,} C Hyis a (PS)., sequence, from the condition of nonlinearity f,
we can easily check that {u,} is bounded in Hy. Thus, up to a subsequence, u, — u
weakly in Hy. Moreover, u is a critical point of Jy. If u # 0, it remains to show that
Jo(u) = ¢g. By Fatou’s Lemma, we have that

o < Jo(w) = 5w, )
~(5-5) [ 0208 4 Vo

+%AN%umm—&mwmx+(g—%)AN@m

.. 1 1 s 2 2
< hg)g}lf { <§ - 5) IR(|(=A)2u,|* + Vouy )dz

% dy

Z:dx}

4% /RN Po(f(up)u, — 0F (uy,))dz + <% — 2%) . Qolun

_mmm<%mg—5%w@%0

n—o0

= Cp.

Hence, we proved that Jy(u) = .

Now, we consider the case v = 0. In fact, u, - 0 in Hy. If u, — 0 in H,, we
have Jo(u,) — 0, this is contradicts to ¢y > 0. By Lemma [2.2] there exists a sequence
{z,} C RY and constants R,n > 0 such that

n—oo

lim inf/ un|*dz > n > 0.
BR(Zn)

Set wy,(z) = uy(z+2,), again {w, } is a (P.S),, sequence of Jy. Thus {w,} is bounded in
Hy, and there exists w € H, such that w, — w in Hy with w # 0, then the conclusion
follows as in the first case.

Using —u~ as a test function, we have

0= ((Jo(u),—u") = /RN(I(—A)E’UI2 + Volu[*)da.

This implies that u~ = 0. Noting that u # 0, we claim that v > 0 in RY. In fact, if
u(xg) = 0 for some 2y € RY, then (—A)*u(zy) = 0 and by the representation formula

(—A)SU(ZE) _ _012\/,3 /RN U(QJ + y) +’z|(]§+;3y> — 2u(x) dy,

we obtain that, at x,

[ Metd) i),
- |y N2
yielding u = 0, which leads a contradiction.The proof is completed. O
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2.2 The modified problem (P

In this section, we shall prove the existence of positive solution for the modified
problem (P7)).

Similar to section 2.1, by the condition of nonlinearity g, we can easily prove that
the functional J, verifies the mountain pass geometry. Thus there exists a sequence
{un} C H. such that J.(u,) = c. and J.(u,) — 0, where ¢, := inf cp. maxycpo 1) Jo(7(1)) >
0, where I'. := {y € C([0,1], H.) : v(0) = 0 and J.(y(1)) < 0}. As in the previous
section 2.1, we have the equivalent characterization of c.

c. = inf supJ.(tu) = inf J.(u).

u€HA\{0} >0 u€EN:

The main feature of the modified functional is that it satisfies the local compact-
ness condition, which can be stated in the following results.

Lemma 2.4. Let ¢ > 0 and {u,} be a (PS). sequence for J., then {u,} is bounded.

Proof. Assume that {u,} isa (PS). sequence for J., then J.(u,) — ¢, and J.(u,) — 0.
Therefore, we have

1
§<J5(un)v Up)

::<%—-3>A¥@$K—Aﬁud2+quub¢r
+ 1/ l9(@, up)un, — 0G (2, uy)]dz

c+0,(1) = Jo(u,) —

RN
-2 1
> S ol ot = 06
o 62 P Q
> 2 L0, X0 2
Z 59 H unl|Z = ETR RN\Q (K + 7 ) V(x)u,dz

6-2, e— Qo
>_ = 2 _ -9 Y 2

(28 e

From 6 > 2 and £ + %2 < min{}, -2} we have that {u,} is bounded. O

Lemma 2.5. ([7])]) Let {u,} be a bounded (PS). sequence for J., then for each ¢ > 0,
there is a number R = R(¢) > 0 such that

. |un () — un(y)|® 2
lim sup / (528 / dy + V(z)|u,|” | de < C.
n—oo  JRN\Br(0) gy |z — gV ()]

To establish the local compactness results for .J., we need an extension of a con-
centration compactness result proposed by Lions.

11



Lemma 2.6. ([16]) Let Q@ C RY be an open subset and let {u,} be a sequence in H*(S)
weakly converging to u as n — oo and such that

[(=A)2up, (2)|2de = p, |un ()| de = voin M(RY).

Then, either w, — u in LIQEC(RN) or there exists a (at most countable) set of distinct
points {z;}ic; C Q and positive numbers {v;},c; such that

e+ v, (2.7)

jeJ

v = |u(z)

Moreover, if Q is bounded, then there exists a positive measure i € M(RY) with spt
fi C Q and positive numbers {1;};c; such that

s ~ 2/2%
p= (=AY () Pde + i+ Y pde,, S <y (2.8)
jed
Lemma 2.7. The functional J. satisfies the Palais-Smale condition at any level ¢ <
N

N FiR
€ ]%723 *S(>0<2S

N
Proof. Let {u,} C H. be such that J.(u,) — ¢ < e¥—5—552, and J.(u,) — 0.
NQ 2s
Then from Lemma 2.4, we have that {u,} is bounded in HOE. Since (J.(uy),un) — 0,

we get

ol = [ o un)uade + 0,02 (29

Up to a subsquence, we may assume that

Up — U weakly in H,,
Uy —> U strongly in L3, (RY) for any s € [1.2%), (2.10)
un(z) = u(x) for a.e. v € RV,

Hence it is standard to check that for any ¢ € C§°(RY) C H.,
/ e (—A)3u, (—A) 2 pdr — B (=A)2u(—A)3 pde,
RN RN

/RN V(z)u,pdr — V(z)updz, (2.11)

RN

/ g(x, u,)pdr — g(x,u)pdr.
RN RN

By (2.11]), the density of C§°(RY) in H., and J!(u,) — 0, we obtain that the weak
limit « is a critical point of .J., then

2 = / 9(x, u)udz. (2.12)
RN

12



Next, we will prove two claims.
Claim 1 lim,, o [on 9(%, tun)unde = [pn g(z, u)udz.

this claim, and imply that ||u,||> = |Jul|?, which yields that u, — u
in H..

To prove this claim, from Lemma 2.5 we know that: for each ¢ > 0, there exists
R = R(¢) > 0 such that

hmsup/ (628/ d + V(z)|u,|” ) dz < C. 2.13
n—oo JRN\BR(0) RN |$ - |N+25 () ( )

By (2.13 - g2), (f1), (f2) and the Sobolev embedding, for n large enough, we get that
/ gz, up)uyde < Cl/ (u2 +u)dxw
RN \BR(0) RN\ BR(0)
< Cy(C+C577). (2.14)

On the other hand, choosing R large enough, we may assume that

/ g(x,u)udr < (.
RN\BR(0)

Therefore, from the last inequality and (2.14)), we have
lim g(x, uy)upde :/ g(x,u)udz. (2.15)
"7 JRN\BR(0) RN\BR(0)

By the definition of g, we obtain that

Since the set Br(0)N(RY\Q) is bounded, we can use the above estimates, (g1), (g2),(2.11])
and Lebesgue’s theorem to conclude that

lim g(x, up ) upde = / g(x,u)udx. (2.16)

"0 BR(ONERN\Q) Br(0)N(RN\Q)

Claim 2 u,, — u in L% (Q). If Claim 2 holds, by (g2), (f1), (f2), (2.11)) and Lebesgue’s
theorem, we can obtain that

lim g(x, up ) upde = / g(x,u)udx.

N2 JBRr(0)NQ Bgr(0)NQ

Hence, Claim 1 follows from the above expression, and -
It remains to prove Claim 2. By Phrokorovs theorem (see Bogachev [6], Theorem
8.6.2) we may suppose that there are positive measures p, v such that

(=A)2up, () Pde =, |up(2)|* de = v. (2.17)

13



Hence, by Lemmawe have an at most countable index set of distinct points {z;} e,
{1;}ier{vi}tjes C (0,00), and positive measures i with support contained in €2 such
that

p=|(=A)2u(z)|?dx + ji + Zujéxj, v = |u(z)|*dx + Z V0., and S*y;/zz < u;,

jed jed

(2.18)

for all j € J, where ,, is the Dirac mass at z; € RY.

It suffices to show that {z;};c; N Q = 0. If not, suppose that x; € Q for some
j € J. For p > 0, define the function ¢,(x) := @Z)p(x_pxj) where 1 € C°(RV, [0, 1]) is
such that ¢ =1 on B;(0),4 = 0 on RN\ B;(0). We assume that p is chosen in such
way that the support of 9, is contained in €.

Since {u,,} is bounded, (J.(uy,), un1,) = 0,(1), we have
/ 828(—A)
RN

Using the fact that 1, has compact support and f has subcritical growth, we have

(NI

%ap,dz 4 0,(1).
(2.19)

R

POf(un)unwpdx + / Q0|Un
N RN

lim lim Po f (un)untp,dx = lin%/ Pof(u)u),dz = 0.
=0 JRN

p—0 n—ro0 RN

And, by (1.1) and (|1.2), we can write

/RN 2 (—A)2up (—A) 2u, i da
- [ Fu@ A @A) [ )@ e)ds

_Qﬁgg%_AﬁW@»ANWdﬂ—udwmmwwxﬂ—udw%@Dme

[ NI

|z —y|NF
(2.20)
Now, we show that
i i | [ 0)(=8) (o) (=) ()| = 0 221
and
g i | (<) [ Sl) =m0 nlIl) 0 1,
(2.22)

If (2.21) and (2.22)) hold, we can use (2.17)), , and take limits as n — oo and
p — 0in (2.20) to obtain that Qov; > €* ;. The proof of (2.21) and (2.22)) is standard

which can found in [5, Lemma 2.8 and Lemma 2.9], and we omit it. Then from the

14



N
L-52, and hence we can use (g3), (f2), (f3),
OS

last statement in (2.18)), we get v; >
(P), (Q) and (£2;) to obtain

%(J;(un),un> +ou(1) (2.23)

_ /R . (%g(m,un)un - G(x,un)) d
+ /Q P(x) (%f(un)un — F(un) dx + % /Q Q(x)u*dx + 0,(1)
a/Q (% — %) I (up)undz + % /(Q(x) — Qo)u*dx + % / Qousdx + 0,(1)

Za(%—E)Co/uqd:U——/ Q- Qe+ % [ Quiids + 0,1

N Ja

c=J(u,) —

v

Since Q € L*(RY),Qy = supQ and {u,} is bounded, then the last inequality holds
RN

for sufficiently large Cy. In [13], although it is not stated in the condition (f3) that the
Cy used is also sufficiently large. Taking the limit and from (2.18]) one has

S S N
c> NQ > Wolay)vy = ~ o Y. oy sE (2.25)

{jeJ:x;€Q} {jeJ:z;€Q} NQO 2

which yields a contradiction. Hence, Claim 2 holds true and the lemma is proved. [

Lemma 2.8. The functional J. possesses a positive critical point u. € H. such that
J-(us) = c. for e small.

Proof. Let xy € Q be such that V(zg) = Vi. By Lemma , we know that problem
(Py,)) has a positive ground state solution. Let w € Hj be a least energy solution of
problem (Py,)), then,

co = Jo(w) = iInf qutu—lan
0= Jofw) weH\(0) 1) oltu) olw)

Set w(x) := w (2=22). Then ¢. < sup J:(tw) = J.(tow) for some to > 0. We have

£

J:(tow) = ¢ [7;0 / (|[(=A)2w|? + V(zo + ex)w?)dz — / G(zo + ez, tow)dx
RN RN

t2
=l |:J[)(t0w) + 50 / (V(zo + ex) — Vo)w?dx + / PyF(tyw)dz
RN RN

gf / |t0w

% da —/ G(zo —|—593,t0w)da:} :
RN

15



From the Lebesgue’s theorem we have [oy(V(xo+ex) —Vo)w*dz — 0 as e — 0. From
(f1), (f2) and (g2) we have G(z,tow) < Cilw|* + Colw|*. Again, by the Lebesgue’s
theorem the following convergence holds

G(zo + ez, tow)dx — PyF(tyw) + —/
RN RN

as ¢ — 07. Hence

c. < J.(tow) = e (Jo(tow) + o(1)) < e¥(co + o(1)). (2.26)

N
By Lemma we get ¢. < eV —25—--S52 for ¢ small enough. Since J. satisfies the

NO. 25
mountain-pass geometry conditiogg. Thus there exists a sequence {u,} C Hy such
that J.(u,) — c. and J.(u,) — 0. From Lemma [2.7, we obtain J. satisfies the Palais-
Smale condition at level c.. Then, the functional J. possesses a nontrivial critical point
ue € H. such that J.(u.) = c., similar to the proof of Lemma , we get u. € H, is a
positive critical point such that J.(u.) = c.. O

2.3 Proof of theorem 1.1

Next we shall prove our main result. The idea is to show that the solution obtained
in Lemma satisfy the estimate u. < a, Va € € for € small enough. This fact implies
that the solution is indeed solution of the original problem .

Lemma 2.9. There is C > 0 such that
/ (528|(—A)§u5|2 + V(a:)|u5|2)d:13 < CeN.
RN
Proof. Indeed, we have (J!(u.),u.) = 0, that is,
| (P 4 V@lyds = [ gouuds
RN RN
By (Z28) and (gs), we have
]. S
5 [P + V@l
2 Jon
= J-(ue) —I—/ G(z,u.)dz
RN

< eN(co +o(1)) + %/Qg(x U )u.dr + = 5 <K Cio) - V(2)|u.*dx

1 1/P  Q .
§06N+(—+—(—0+—)>/ e2(=A)2u.|? + V(z)|ue|?)dx
e (g (B R)) [ Elemtl v
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Therefore, we have

(G-7-3(2+%) [1-005P + vy < o=

Moreover %—%—% (% + %) = % (% (K + QO)) > (0 and the proofis completed. [

Lemma 2.10. If ¢, — 0% and {x,} C Q are such that u. (x,) > v > 0, then
lim V(z,) = V.

n—oo

Proof. Assume by contradiction, passing to a subsequence, that z, — # € Q and
V(z) > Vy. Let vy(x) := ue, (x, + €,2). Obviously, v, € H. satisfy the following
equation

(—=A)*v, + V(zn + €02)vn = g(Tn + 0z, v,) in RY, (2.27)

The associated energy functional is given by

AOEE / ((-a)5up

From Lemma , we have that {v,} is bounded in H. and therefore v, — v in H,
for some v € H.. From (f;)—(f3), it is easy to get that Jy(tv,) > 0 for ¢ > 0 small
enough and Jy(tv,) — —oo as t — oo. Thus, there exists ¢, > 0 such that Jy(t,v,) =
max Jo(tvn). Set 0, := t,v,, therefore, ¢y < Jo(0,). Since {v,} satisfy equation (2.27),

we have I (V) = maxy>o Jp(tv,,), thus

(enz + 1p)u?)dz — G(en + Ty, u)dx.
RN

co < Toliin) = %/RNO(—A);%I”W?%)‘“_/RN F@ )dx_%/w ~

s

< %/R (|(=A)20,|* + V(epz + x,)0%)dx —/ P(enx + @) F(0n)dx

% de

N RN
1
— —/ Qenx + ,)|0
2% Jrn
12 s
<z (|[(=A)2v,|* + V(enz + 2)02)dw — / G(en + Ty, tyv,)dx
2 RN RN

which implies lim,, .. Jo(0y,) 0, where the last inequality is from . Moreover,

{0,,} is bounded and v,, — 0. W Clalm that {7, } satisfies the followmg hm1ts
Jo(0n) = co and J)(0y,) — 0.

In fact, using Ekeland’s variational Principle in [I0], there exists a sequence {v,,} C N
satisfying v, = 0, + 0,(1), Jo(vn) — co and J)(vn) — X\ @' (V) = 0n(1), where A, is a
real number and ®(v,,) = (J{(vn), V). Thus, by the definition of ®(v,) and {v,,} C N,
we have that

@) = [P = FOln)ie = (25=2) [ Q

17



< [ Rl = )P 229

Since {v,,} is bounded and v,, /4 0, Lemma [2.2] guarantees the existence of a sequence
{yn} C RY such that 7, = Vn(-+yn) is a bounded sequence in Hy and 7, — v for some
7 # 0. Hence, there exists a subset A C RY having positive measure, such that 7 > 0
a.e. in A. Assume by contradiction that lim sup,, , (P’ (Z/n) Vn> = 0. Then, taking into
account (2.28)), (f4) and Fatou’s Lemma, we get 0 > [, (f(#)7 — f'()|7|*) > 0 which
gives a contradiction. Hence limsup,,_, . (®'(v,), ) < 0, 1mply1ng that A\, = o0,(1),
thus Jo(vn) — co, J{(vn) — 0. Without loss of generalization, we may assume that
Jo(0n) — co, J\(0,) — 0. Thus, J(0) = 0, by Fatou’s Lemma we get

= lim inf (Jo(ﬁn) —
n—oo
Then, lim [ov([(=A)20,]% + Vo02)da = [on ([(—A)20[
n—oo
Hs(RY).
Taking into account that V(z) > Vg, P(z) < Py, Q(Z) < Qo, 0, — ¥ and Fatou’s
Lemma, we obtain

+ Vo0?)dz. Hence, ¥, — ¥ in

1 s
co = Jo(0) < liminf {5 /N(|(—A)2f1n|2 + Vi(epx + xn)ﬁi)dx
R

n—oo

B OSSR
RN

o

n—o0

¢ s
< lim inf {—” / (|[(=A)2v, |2 + V(enx + 2002 )d2
2 RN

— G(enx + zy, tnvn)d:c}

RN
= liminf J, (¢t,v,) < liminf J,(v,) = liminf e, VJ. (u.,) < o+ o(1),
n—oo n—oo n—oo
which yields a contradiction. Thus the proof is completed. O

Lemma 2.11. There holds lim m, = 0, where m, := max u,.
e—0+ o0
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Proof. Assume by contradiction that m. - 0. Let z. € 9Q C Q be such that u.(x.) =
me. Therefore, up to a subsequence we have u., (z.,) >~y > 0 and z., — xo € 09, by
Lemma 2.10 we have

minV < lim V(z.,) =V(zg) =V < Iralgl V,

o0 n—00

which gets a contradiction. O

Proof of theorem 1.1. Let u. be a positive critical point for J.. From Lemma
2.11} there exists ¢ such that for any € € (0,g9), m. < a. Therefore u.(x) < a for
x € 0. Thus, in view of the maximum principle, we obtain

us(z) < afor z € Q.

Taking (u. — a)+ = max{u. — a,0} as a test function for J., we have
0= J(u (e~ a)e) = [ D) - )P
RN\Q
+ / o(z)(us — a)? + c(x)a(u. — a)dx (2.29)
RN\Q

where c¢(x) = V(x) — g(xu—’fs). Moreover, for x € RV\Q, we get g(%fg) < (B4 %) Vo.
Hence, c¢(z) > 0 for z € RM\Q. So every term in the last identity of is 0.
Therefore, (u. —a); = 0 and u.(z) < a for z € R¥\Q. Thus, g(z,u.) = P(z)f(u.) +
Q(x)|u.*2u. and u, is a solution of (PJ). Similar arguments as [13], we can obtained

that if . € RY denotes the global maximum point of u., then

C€N+2s
us(r) < eN+2s 4 [ — pp | NH2s”
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