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1 Introduction

In this paper, we study the minimizers of the following L2-subcritical constraint inhomogeneous

variational problem

I(M) = inf Ey(u), M >0, 1.1
( wer gy 2 () (L)

where the energy functional Ejs(u) contains a spatially decaying nonlinearity and is defined
by

OM™= [ |ufrt!
p+1 Jev [t

En(u) == /RN (IVul® + V(2)[ul?)dz — dx, N >1, (1.2)

and the space H is defined as

H o= {u(:c) e H'RY): | V(o)|ul@)? < oo}

RN
1
with the associated norm ||ul|z = {/ (|Vu(x)\2 + Ju(z)|* + V(:C)|u(x)\2)dx}2 Here posi-
RN
tive constants b > 0 and p > 0 of (1.1)) satisfy
4—-2b
0 < b < min{2, N}, 1<p<1+T, where N > 1. (1.3)

We always assume that the trapping potential V' (z) > 0 satisfies
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(V1). V(z) € L. (RY) N C (RY) with a € (0,1), {zx € RY : V(z) = 0} = {0} and

loc
lim V(x) = occ.
|z|—o00
The variational problem arises in various physical contexts such as the laser beam propa-
gation in optical fibers, Bose Einstein condensation (BEC), and nonlinear optics (cf. [I],[329]),
where the constant M > 0 usually represents the attractive interaction strength and V' (z) > 0
represents the external potential. Due to the singularity of |z|~°, the variational problem
and its associated elliptic equation have attracted a lot of attentions over the past few years,
see [2 8, @, [13], 14, 17, BT] and the references therein.

When b = 0, is a homogeneous constraint variational problem, for which there are
many existing results of (cf. [6] 5] 20, 2T, 22} 23] 27, 28, 30, B3]). To be more precise,
when p > 1+ %, one can use the energy estimates to obtain the nonexistence of minimizers
for with b = 0 as soon as M > 0 (cf. [6][7]), which is essentially in the L2-supercritical
case. However, if 1 < p <1+ %, with b = 0 is in the L2-subcritical case and admits
generally minimizers for all M € (0,00). In this case, the uniqueness, symmetry breaking and
concentration behavior of minimizers were investigated recently as M — oo, see [27], [30] and
the references therein. As for the case where p = 1 + %, with b = 0 reduces to the
L2-critical case, which was addressed widely by Guo and his collaborators, see [20, 21, 22} 23]
and the references therein. -

When b # 0, (1.1) contains the singular nonlinear term |“‘|zp|b . Note that similar inhomo-

geneous problems were analyzed recently in [10, 11} B0] and the references therein. However.
the above mentioned works focused mainly on the case where m(z) satisfies m(x) € L>(RY)
without any singular point. On the other hand, Ardila and Dinh obtained recently in [2] the
existence of minimizers and the stability of the standing waves, for which they studied the
associated constraint variational problem 7 in the L2-subcritical case where the harmonic
potential satisfies V(z) = 7?|z|*(y > 0), b > 0 and p > 0 satisfy .

Inspired by the above works, in this paper we shall mainly studied the uniqueness of positive
minimizers for in the subcritical case. We assume that ups is a minimizer of I(M) for
any M > 0. It then follows from the variational theory that ujy; satisfies the following Euler-
Lagrange equation

P
—AuM—FV(x)uM—MpTI%:uMuM in RY, (1.4)

where ups € R is a suitable Lagrange multiplier and satisfies

p—1, e [ |unfPF!
un = I(M) p+1M 2 /RN L dz. (1.5)
Note that Ep(u) = Epr(Ju|) holds for any u € H[26l Theorem 6.17], which implies that |upy]|
is also a minimizer of I(M). By the strong maximum principle, we can further derive from
that |ups| > 0 holds in RY. Therefore, without loss of generality, we only consider the
positive minimizers ups > 0 of I(M).

We next introduce the following associted limit equation

p
—Aw+w— ‘“’7 =0 in RY, we H'®RY). (1.6)
x
Note that (1.6) admits a unique positive solution, which is radially symmetric (cf. [4, 17, I8,
25, 82]). We always denote this unique positive solution by w(x) in this paper.
Under the assumptions (V1) and (1.3, let ug be a positive minimizer of I(Mjy), where
My, — oo as k — co. Then we have the following conclusions (cf. [16]):



1. wy satisfies

N w(x)

wy () = €2 up(epx) — Jar

uniformly in L= (RY) as k — oo, (1.7)

p—1
M T 4-N(p—1)—20b

where €, 1= af) >0, a* = ||w||3 > 0, and w > 0 is the unique positive
1D

solution of

2. uy decays exponentially in the sense that for sufficiently large k > 0,
wi(x) < Ce Vo7l and |V (z)] < Ce 7l as |z] — oo, (1.8)
where 0 < 8 < 1 and C > 0 are independent of k£ > 0.
3. The Lagrange multiplier i satisfies

klingo e = —1. (1.9)

To state our results, we need additional assumptions of V' (z), for which we define

Definition 1.1. The function h(x) > 0 in RY is homegeneous of degree d € RT (with respect
to the orign), if there exists some d > 0 such that

h(tz) = teh(z) in RY for any t > 0. (1.10)

This definition implies that the homogeneous function h(z) € C(RY) of degree d > 0

satisfies 0 < h(z) < Clz|? in RN, where C' = Iggx( )h(m). Moreover, 0 is the unique minimum
HAS 1(0

point of h(x), if | lim h(z) = co. Following the above definition and the assumption (V'1), we

z|—o00
next assume that
(V2). V(z) € C*(R?) satisfies {x € RY : V(x) = 0}={0},
[V (z)) < Ce®l, |VV ()] < Ce®! for some @ > 0 as |z| — oo, (1.11)
and form=1,2,--- , N,

V(x) = h(x) + 0(\x|d), ag;i) = aahgf:) + 0(\x|d*1) as |z| — 0, (1.12)

where 0 < h(z) € CY(RY) is a homogeneous funtion of degree d > 0 and satisfies
lim h(z) = +oo.
|z|—o00
Motivated by [5], [12], 20], we study the following uniqueness of positive minimizers for I(M)
as M — oo.

Theorem 1.1. Assume that N > 3, 0 < b < min{2, %} and 1 <p <1+ 4_7%, and suppose
V(z) satisfies (V1) and (V2). Then there exists a unique positive minimizer of I(M) as

M — oco.

We note that the restriction N > 3 in Theorem can be removed if the nondegeneracy
below still holds for any dimension N > 1. Similar to [B] [12} 20], Theoremis proved by
establishing local Pohozaev identities. However, the calculation involved in the proof is more
complicated due to the existence of inhomogeneous nonlinear terms. In addition, we remark
that the standard elliptic regularity theory should be used with caution for singular terms near
the origin. The rest of this paper is devoted to the proof of Theorem |1.1



2 Proof of Local Uniqueness

In this section, we shall complete the proof of Theorem Inspired by [5, [12], we first define
the linear operator
L=-A+1—pwP Yz|™ in RV, (2.1)

where w = w(|z|) is the unique positive solution of (1.6)). Note from [I7] that
ker(L£) = {0} if N > 3. (2.2)

Proof of Theorem We prove it by contradiction. Suppose that there exist two different
positive minimizers ui j and ug of I(My) as k — oco. It then follows from (1.4) that w;
solves the following Euler-Lagrange equation

2t Ju; g [P

_A’U,i’k + V(x)ui,k — Mk |1‘|b = Mi, kUi K in RN7 7= 17 2, (23)

where p; 1, € R is a suitable Lagrange multiplier. Define

N o~
Ui g(x) = vVa*e? uip(x) and U p(x) = Uk (epx), where i =1,2. (2.4)
It then follows from (1.7) and (1.8) that
Ui g () = U g (ex2) — w(x) uniformly in L>°(RY) as k — oo, (2.5)

and

[k (x)] = |Gk ()] < Ce=Volel and [V, ()] = |V k()| < Ce 017l a5 |x] = oo,

(2.6)
where 0 < 0 < 1 and C > 0 are independent of k. For i = 1,2, u;  solves the equation
—ex Al 1 () + eV (2) U 1 () — ezﬂ£k|x|_b = pip€rlip(z) in RN, (2.7)
Since uy  # ua,,, we consider
= Uk — Uik U2 | — UL,k
&p(x) = = — ~ . (2.8)
l|ug, k. — Ul,kHLoo(JRN) |tz — u17k||L°°(RN)

Stimulated by [5], we first claim that for any 2o € RY, there exsits a small § > 0 such that
_ 1 - _
/ [eiwgkﬁ + 3l&kI* + &V ()& |dS = O(elf) as k — oo (2.9)
0Bs(z0)

Similar to [B, [20], denote
us y,(z) — uf 4. (2)
S(’["%k(‘r) — U1k)
1 _ _
_ Jo diltazg + (1 — H)m p]dt (2.10)

s(tgk — U1 k)

1
_ / [tiia 1 + (1 — )i 5"\t
0

Dy Nz) =




We then obtain from and (2.8) that
—E2 A&, + Créy, = gr(z) in RY, (2.11)
where the cofficient Cj, satisfies
Cr = =€k — perlz| "D + 6V (), (212)
and the inhomogeneous term g satisfies

_ o E%EQ,k(ﬂQ,k — H1k)

Gele) : = T2, — U1kl Lo (m)
. (2.13)
:—7“/ Eklz| P DPdz,
where the following equality is used,
et “b(rt +1
M2k — M1,k = — erl / x|~ “gk pk)
« P+l (p+1) 1 B 1
=P @) e [ e - ey
(p — Dllaz,k — 1kl oo ) S b
_ ppm— /R &l Dde

Multiplying (2.11)) by & and integrating over RV, we then obtain that

& / VE — i sel / P+ e / V(@) &l
RN RN RN

-1
o [ Lol DL - fij Pt [ Gdel D

SPEZ/ 2|0 Drt ¢ / uzk/ 2]~ D
RN a Ck

< Cel as k — oo,

where we use the fact that |£| and @; x(exx) are uniformly bounded with respect to k, and
U, (e,w) satisfies (2.6), where i = 1, 2. Recall from (1.9) that u; ez — —1 as k — oo, the
above estimate further implies that there exists a constant C; > 0 such that

_ 1 _ _
I:= ei/ V& + 5/ €| + ei/ V(x)|&]? < Crel as k — oo. (2.15)
RN RN RN

Following [5, Lemma 4.5], we then conclude that for any 2o € RY, there exist a small constant
6 >0 and Cy > 0 such that

_ 1 _ _
/ [FIVEL2 + SI&I2 + EV(@)|E?|dS < Gl < C1Caell as ko0,
0B;s(z0) 2
and thus the claim (2.9) is proved.

Define B
§k(z) = Ek(exm). (2.16)



We shall prove Theorem [I.1] by deriving a contradiction through the following three steps.
Step 1. There exist a subsequence of k, still denoted by k, and a constant by € R such that
Ep(x) — &o(x) in Croe(RY) as k — oo, where

fo = bo (p; 1(1‘ . VIU) + QT_bw> (2.17)

Actually, note that 4, () satisfies the following equation

- - Ui (%) ~ :
— Atk (z) + .V (er2)ts (x) — |7;|b = pirertip(x) in RY. (2.18)
Denote )
Dt ;:/ [t + 1ty 4] dt, (2.19)
0
so that & satisfies
—A& + Ci(2)€r = gr(x) in RY, (2.20)
where the cofficient Cy () satisfies
Ci(x) = &V (exx) — pla| "Dy~ = . (221)
and the inhomogeneous term gy (x) satisfies
p— 1)Uz A
gr(x) := —(G*)/RN &z~ DEda. (2.22)

Here and are used. Recalling from that ; 5, is uniformly bounded in L>(RY),
we obtain that |z|~*DP~! is uniformly bounded in L (RN), where r € (¥,%). Since
€kl L@y < 1, the standard elliptic regularity then implies (cf[I9]) that ||£kHle(;;~(RN) <C
and thus [[§x[|ce < C for some a € (0,2 — b), where the constant C' > 0 is independent of k.

Therefore, there exists a subsequence of {k}, still denoted by {k}, and a function & = &y(x)
such that &,(x) — & (z) in Cjoe(RY) as k — co. Applying (1.7), (1.9) and dircet calculations

yield from (2.21]) and (2.22]) that
Cr(x) = 1 — plz|PwP~! uniformly in Cj,c(RY) as k — oo,

and
-1
gr(z) — —u/ €olz|~Pw? uniformly in Cjoe(RY) as k — oo,
a RN

which implies from (2.20) that &y solves

p—1 -1
L& = —A& + & — pT;P __ — Jw /RN Eolz|bwP. (2.23)

Since —Aw + w — wP~lw|z|~* = 0, we have
—A(8;w) 4 dw — pwP rdw|x| 0 + bwP |~ =0,
and hence £(9;w) = —bw?~ x|~ ®*+2)z;. Moreover, by direct calculations, we get

L(z;0;w) = —A(z;0;w) + x;0;w — pwp_l\xrbxiaiw



We then deduce from above two facts that
L(x - Vw) = —bw? w|z| ™ — 2Aw
—bwP rwlz| b — 2(w — wP tw|z| 7P)

(2 = b)wP tw|z| 7’ — 2w.

On the other hand,

L(w) = —Aw + w — pwP~ x| bw
= —Aw+w—wP  wlz|™b — (p — DwP tw|z|™°

= —(p— DwP tw|z| 0.
Therefore, we conclude that
-1 2—b
£(pT(sc -Vw) + Tw) =—(p-1Nw
which then implies that (2.17)) holds true in view of the non—degeneracy of L.

Step 2. The constant by = 0. Recalling from ) that @, is uniformly bounded in
L>(RY), we obtain that |a:| ba? i1 is uniformly bounded in LZOP(RN)7 where r € (§,4). By

[19, Theorem 9.11] and , one can deduce that u; j is unlformly bounded in W27 (RN).

loc

Since 0 < b < mln{2, 5 } ;1 is uniformly bounded in HZ_(RY). Applying Cauchy-Schwarz
inequaty, one can deduce from . that

& / (& Vi (@) Ay () = €3 / (v Vas (D)) (D)
B5(0) Bs(0) €k €k
= eiv/ (mVﬂlk(xDA@k(x)

B 5 (0)

< - 15/ IV ()] | AT (@)

eN-lg N N
2 / Vi@l + [ (AT)
2 B.s (0) B (0)

“k €k

N15

<SSl <o

Ek-



Therefore, we use integration by parts to get that

— Gz/ (l‘ . Vﬁi)]f)A’ﬁi’k
B5(0)

= 76%/ Otk (- Vu;,)dS + 6%/ V- V(z- Vi)
9B;5(0)

81/ 35(0)
i, ol 9 1 O,
:—e2/ R (2 Vit p)dS + € / LRY2 4 S (k)
k 9B5(0) 61/ ( , ) k; B5(0)< aIJ ) 2 ( ax] )
= / agi”“ (z - Vit ;)dS
9B;(0) 9V (2.24)

N 1
+ € [/ |V |? — = |V > + 7/ |Vt | (- y)]dS
B5(0) 2 2 JoBs(0)

ou; 1 2 — N)e?
= 6%/ ~ Tk (0 Vi) + (2 0)| Ve 2dS + ﬂ/ Vi 1|
2B5(0) 2 B5(0)

v 2
ou; 1 2—-N
—d [ [ T Va) + e Vil + S (Vi )]ds
9Bs(0) ov 2 4 ’
2—-N
— S5 | |@v@adse) - qal ™ - et )],
B;(0)

where the last equality follows from the following equation

2 — N)é2 2—-N
Q/ Vi | = =—— (Vg - v)dS
2 B;(0) 4 Jopso) (2.25)
2—-N b-—p+1

erV (2)a; i (x) — gl ol ™" — pi el (@) |-

On the other hand, multiplying (2.7) by (z - V@, ), where ¢ = 1.2, and integrating it over
Bs(0), where 6 > 0 is small enough, we deduce for i = 1,2,

— ez/ (I . vai,k)Aﬂi,k
Bs(0)

= eﬁ/ [,ui,k — V(x)]ﬂlk(a: -V, i) + 62/ |x\7ba§”kx(ac - Vi, k)
Bs(0) Bs(0)

== [, o Nl V@) = @ V) (2:26)

+ k ﬂfk [Mi,k — V(x)} (x-v)dS
2 JoBs(0)

b N-b
bt [t eas - [ et o
P+ 1L /o5, ’ Bs0) |7




Substituting (2.24)) into (2.26)) yields that

Ot 1 2- N
2 _ i, Ry 1 . _ 2-N o
€k /BB,;(O) [ o (- Vi) + 2(x V)|V, |® + 1 (Vi -v)|dS

)

_2(p+1)-N(p-1)—-2b b/ —p+1|x| by,
(3]
2(p+1) g 5(0)

1
= 62/ g, (V (@) = pig + 52 VV) (2.27)
Bs(

where the term satisfies

2 e
I = ik/ a? (i — V()] (x - v)dS + / |z| b le(m -v)dS. (2.28)
2 JoBso) P + 1 JoBs(0)

Since it follows from 1) that 1 ke [on ﬂik + eleb Jpn @ k= eNa*I(My,), we deduce

1
from (224) (228) that ’

—e?@(m[V@)+;M-VV@ML@k+¥+NfIM@)

ov

_ Np—-1)+2b—-4, bopil
+u¢,k€k2/ u? ), + / ay
RN\ By (0) i,k 2(p+ 1) k | | k

2 1)—N(p—1)—2b
2(p+1) ]RN\B(;(O)

which implies that

ou; 1 2— N
:h+i/ [Pk (o i) — 3 (- 0) Vil — 2 (Vi )] dS
0B5(0 2 4

4-Np-1)-
2

20 _ _
ez/ Dl ™%, =Ty + To + T3 + Ty + Ts + T, (2.29)
RN



where T; satisfies
I -1

B |G,k — 1 k|l

— 2 —
_e / | P DPE (2 - v)dS — E / (i + 0 )&V (@) (x - 1)dS
9B5(0) 8B;(0)

Tli

2

2 _ 2
+ Skh2k / (U2, + U1k) &k (2 - v)dS + ('lfM llbl’k)ek / i j,(x - v)ds,
2 JaBs(o) 2|2k — i kllLe JoBs)

2—N 3
Ty =— 1 e V(tz,k + u1,x)Ek] - v,
dBs(0)
62 3
T, — ‘Ek/ (@ - V)(Vaay + Vury) - Vé
dB;5(0)

+e /836(0) (0 Vi) VE) + (v Vi) (w- VE)|

2
_ _ = M2k — M1,k )€ _
T, = u27k62/ (T2, k + U1,k)Ek + g/ uik,
RN\ B, (0) |t2,k — U1,kllLe Jrn\ B, (0)

2p+ 1)~ N(p—1) —2b I
T5: (p ) 2(p ) 62/ D5§k|$‘ b’
RN\B;(0)

Ty = ¢ /B . V) + 5l V@] (s + 1206

Here D% = [M[tag s + (1 — t)a ]*dt.
We now estimate the right hand side of (2.29)). We first consider the term 7. Using Holder
inequatility, we derive from ([2.5) and (2.6) that

—bAPE € _ -
ez/ |2| P DP&(x - v)dS — Ek / (T2k + U1,k)&V (2)(x - v)dS
9B (0) 9B5(0) (2.30)
6%#2 k _ _ - _cs
+ == (Gok + U1 k)k(x - v)dS =o(e ) as k — oo.
2 Joss(0)
Moreover, we deduce from (2.14]) that
_ 2 1 _ _
M2 = pkle P N_b/ Elz|PDP < C as k — oo (2.31)
[Tz, — U1kl a*e, RN
which and (2.30) yield that
Ih—1T _cs
T SR =o(e c:) as k — o0,. (2.32)

gk — ke

10



Moreover, if § > 0 is small, then it follows from (2.5), (2.6) and (2.15)) that

2— N _
1 % V((G2,k + @1,x)Ek] - V’
9Bs(0)

|T2|=‘—

(2.33)

)
(L, var)' ([ 2t WON

9, —C8 N N-2 _cs
<Ceile rve2 46,7 e k)

N+2  cs
<C¢,* e “* as k— oo,

where C' > 0 is independent of k. Similar to the estimates (2.30)—(2.33)), one can deduce that

IT5, | T4, [T5] = o(e™ %) as k — oo, (2.34)

As for Tg, one has
6%/ V(@) (g + t2,k)Ex
Bs(0)

—a [ V)@ Bt
B (0)
k
=@ [ (1o 0) ha) @+ )
B s (0)

Kk

= (2+o(1))ei+N+d/ h(z)wéy as k — oo.
RN

Moreover, since Vh(z) - x = dh(z), one can derive that

2 _
%“ [z - VV(2)] (1% + ta,e) &k
B5(0)

e +o(1))%k/B (TR 21+

62 =
= (L4 o())dE /BS(O) h(@) (@ + Tin. 1)

2+N+d

— dek h ~ ~
(romatg— [ )@+ T

ck

=(1+ 0(1))dei+N+d /]RN h(z)wé as k — oo.

It then follows from the above estimates that

Ts = O(2™NF) as k — oc. (2.35)

11



As for the left hand side of (2.29)), one can deduce from ([2.34) and (2.35)) that

4—-—N(p—-1)—2b _ .
O(6i+N+d) _ (p2 ) GZ /RN DZ"xl bgk

4—-N(p—1)—2b _ _
(p2 ) GZ/ Dz(ekx)kkajrbfk(ekx)
RN

4—-N(p—-1)—2b ~
AN o2y [ Bl
2 v

_4—N(p—1)—2b
o 2

(2.36)

(1+0(1))6f€\7/ wP|z|7b¢y as k — oo,
RN

where DZ and 13’,; are defined as in l| and 1’ respectively, and the last identity holds
due to the fact that D} — w? uniformly in RN as k — co. Using 1) it then follows from

[2:36) that

7bb0(p; L (x-Vw) + 2Tibw)

2-b p—1

- b P |t ————b/ bz VP!
O/RNw || +2(p+1) 0 - || =% (z - VwP™)

2 p—

1
= b wPtz| 7P+ ———b b—N/ wP |z 7P
st [ ol =) [l

2—0 p—1 _
= | — < - - N p+1 b.
E Fatr® ﬂ%ANw 2]

I
T
2
S
S
8

Since (2 —b)(p+ 1)+ (p—1)(b— N) >4 — 2b— (4 — 2b) = 0, under the assumption (L.3), we
have by = 0, i.e., & = 0 in RV,

Step 3. &y = 0 cannot occur. Let y; be the point satisfying |§x(yx)| = [|€kllLe@y) = 1.
Since u; ; decays exponentially uniformly for k& — oo, applying the maximum principle to
(2.20) yields that |yx| < C uniformly in k. Therefore, taking a subsequence if necessary, we
assume yr — yo as k — oo and thus |§p(yo)| = limg— oo [k (yx)| = 1, which contradicts to the
fact that &y # 0. The proof of Theorem is therefore complete. O

Acknowledgements: The authors thank Prof. Yujin Guo for his fruitful discussions of
this paper.
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