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decay of the energy associated with the problem. Our results extend the ones obtained by
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1 Introduction

Let 2 be an open, bounded and connected set of R”, n € N, n > 1. Assume that its boundary
I' = 09 is a compact and regular (n — 1)-manifold. Additionally, suppose that I" is divided into
two disjoint sets in the following sense:

r=ryuly, Foﬁflzg,

where I'y and T'; are connected subsets of I' both with positive measure in R*~'. For 7' > 0,
we denote by @ = Q x (0,7), the time-cylinder of R"*! with lateral boundary ¥ = I" x (0, 7).
According to the above decomposition of I', we have

YX=3YgUX, Xg=Tpx (O,T), Y1=1 X(O,T).
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This paper aims to prove the existence and uniqueness of global regular weak solutions (see
Definition [3.1)) to the following nonlinear initial-boundary value problem

W, t) — M < /Q |u(x,t)|]§dx> Au(z,t) + ®(u(z, 1) + Bl (z,£) = 0,  inQ
u(at) =0, on S,
by ) @0 + g o) + hwulzt) = pu(a,1), on T,
Dyu(a, t) = o' (2, 1), on 3,
u(,0) = wo(a), '(z,0) = ur(z), in 0
o(,0) = vo(2): V/(,0) = Byuo(x), on T,

We also prove the exponential decay of the energy associated with , see . Here A and 0,
represent the usual Laplace and v - V operators in R”, respectively. Moreover, v is the outward
unit normal vector at I'. The real constants § and p are positive. The functions M, f, g, h are
nonnegative functions with M, f and h strictly positive; and ug, u; and vy are initial conditions.

Let us explain the motivation to consider the nonlinear model and declare previous
references. The rigorous mathematical foundation of acoustic wave propagation goes back to the
seminal works of Beale, and Rosencrans [4, 5, [6]. They introduced and studied the well-posedness
and spectral properties of the linear wave equation

W= AAu=0, inQ

subject to full acoustic boundary condition to model acoustic wave behavior of a fluid (gas)
undergoing small irrotational perturbations from rest in a bounded medium. Here ¢ stands for
the sound speed of the medium. This corresponds to the case when M = ¢?, ® =0 and 8 =0
in 1. In this physical framework, it is natural to assume that the medium’s boundary acts
like a spring or a resistive harmonic oscillator in response to the excess pressure in the fluid.
Such a boundary is called locally reacting. See for instance [35, pp. 259-264]. Thus, the normal
boundary displacement v(x,t) must satisfy the following spring equation, see ([I))4:

(2)  f(2)"(x,t) + g(x)v' (2, t) + h(z)v(z,t) = —excess pressure = —pu'(x,t), (x,t) € X,

where for x € 99Q, f(x) represent the fluid’s mass, g(z) and h(z) act as weighted dissipative
and linear boundary displacement factors, respectively. Here p is the fluid’s density and v’ the
velocity potential. The above equation must be complemented with an impenetrable condition.
Namely, the boundary ¥ should act as an impenetrable barrier: the medium’s interior fluid does
not go out @ and is not disturbed by some other exterior fluid. Mathematically, it reads as the
following Neumann condition, see (|1),:

(3) ou(z,t) = (x,t), (z,t) €.

We refer the reader to Beale and Rosencrans’ work [4], 5] 6] and the reference therein for a com-
prehensive physical explanation of the linear wave equation with full acoustic boundary. Among



other results, Beale and Rosencrans [4] [5, 6] proved existence, uniqueness and spectral properties
to 1 with M = ¢?, ® = 0 and 8 = 0; and subject to —, by using a suitable energy-norm
and Semigroup Theory.

For completeness, we also mention results strongly connected with Control Theory. Motivated
by vibration controllability matters, the authors in [21] considered localized internal damping
with partial acoustic boundary conditions to study

u’(z,t) — Au(z,t) + w(x)u' (z,t) =0, in Q.

The nonlinear coefficient w € L>®(Q) is a cutoff function with zero values close to 9Q2. They
obtained uniform decay rates for the damped wave equations with nonlinear acoustic boundary
conditions using the multipliers method. See also [38] for polynomial decay of the energies with
smooth initial data. Note that this corresponds to the case M =1, ® =0 and 8 = w(z) in (I));.
In [22], the authors studied a wave equation with semilinear porous acoustic boundary conditions.
They showed several decay rates of the energies depending on the damping’s location, namely,
interior or boundary damping. This corresponds to the case when M = 1, ®(u) and Su’ are
replaced, respectively, by ®(u') and B(x)u in 1. Their method relies on showing that the en-
ergy associated with the system satisfies certain ODE. Explicit decay rates are obtained in cases
where the involved ODE is explicitly solved. Additionally, the solution blows up roughly when
the interior source dominates the interior damping term and if the boundary source dominates
the boundary damping. For related results, including numerical implementation and Laplace-
Beltrami operator instead of A, we refer the reader to [I]-[2], [9]-[10], and the references therein.

On the other hand, it is well-known that the evolution and behavior of acoustic waves are
highly nonlinear in real applications. In counterpart, mixed acoustic boundary conditions are
easy to imagine. One can think of a music auditorium designed so that a portion of the boundary
(for example, the ceiling) absorbs noise and another portion absorbs or reflects acoustic waves
(for example, the lateral walls and floor). The former can be modelled by 1 with acoustic
boundary condition like 3— 4, and the latter by assuming zero boundary Dirichlet data like
2. This class of problems was first considered by Frota and Goldstein [18] to study the problem

(4) u" — M (/Q ]u(w,t)\%dx) + Bl |*u" =0, in Q,

where @ > 1 and 8 > 0. This class of models is known in the literature as of Carrier type. To
avoid repeatedly mentioning mixed boundary conditions, we kindly refer readers to see details
of such conditions in the cited article. Unless otherwise indicated, the below-listed results are
also considered with these boundary conditions. At this point, it is enough to know that they
are similar to the ones in (I). The authors in [18] proved the existence and uniqueness of global
solutions to by employing the Faedo-Galerkin method. It is worth mentioning that Frota and
Goldstein’s work [18] was motivated to study nonlinear wave equations of Carrier and Kirchhoff
type [8, [I1I]. Many authors have extended Frota, and Goldstein’s seminal work [I§]. Remark-
able examples of nonlinearities with weak and strong dissipative mechanisms were considered,
including damping, delay, and memory. In this direction, we quote the results in [1]-[3], [I5]-[26],
[23]-125], [28]-[29], [31]-[33], [36]-[37], [39], [45]-[46]; and the references therein. The main idea in
proving the works mentioned above is getting a-priori estimates in appropriate finite-dimensional
Hilbert spaces to perform a Faedo-Galerkin method combined with multipliers methods (energy



estimates) and Semigroup Theory. We also mention the stability results in [I9], where the au-
thors studied the energy decay associated with nonlinear wave equations of Carrier type. The
novelty in their results is that the acoustic boundary conditions are imposed with non-locally
reacting properties. See also [42]-[45] for more details.

Limaco et al. [26] considered acoustic wave equations with quadratic nonlinearities when the
dimension is restricted to 2 < n < 4. They studied the case M(\) = a + bA with a > 0, b > 0,
and ®(u) = u?. More precisely, Limaco et al. [26] considered equation with (I)); replaced by

(5) u’(z,t) — M <a + b/Q |u(x,t)%&d1‘> Au(z,t) +u?(x,t) + pu/(z,t) =0, in Q.

In this case, the existence and uniqueness of solutions were performed by imposing the initial
data in bounded sets. It particularly holds when the initial data is small enough; see [20]
Theorem 1.1, condition (1.8) |. We point out that the damping considered by Limaco et al.
[26] (Bu') is weaker than the one considered by Frota and Goldstein [18] (3|u/|*u’), see (#]). It
induces several no mild consequences in the analysis. Thus, the method used in [I8] can not
be straightforwardly implemented. Roughly, the weaker damping introduces integral terms of
the form fQ uPdz (p € N and odd) into the energy estimates, which can not be easily absorbed
due to sign issues, see for details. This technical difficulty was overcome by choosing initial
data in suitable bounded sets. This idea goes back to Tartar [40]. We will closely follow this
clever idea in our proof. This is the main reason to consider initial data small enough or lying
in a bounded set: see condition in Theorem below. See the discussion in Remark .
We also mention the very recent well-posedness, and stability results for Kirchhoff type equation
with acoustic boundary conditions [41] for

u'(z,t) — M </ﬂ |vu(g;,t)\]§dx> Au(z,t) + pu'(z,t) = 0.

Motivated by previous results, in this paper, we prove the well-posedness of the nonlinear
wave equation with acoustic boundary conditions . See Theorem . Exponential decay of
the energy is also obtained. See Theorem In the following sense, our results extend the
ones declared in [I8] and [26]. We allow dampings weaker than S|u/|*u’, namely, Su’; and non-
linearities of the form ®(u) = u? with p > 1 so that the case p = 2 is included. Additionally,
M(X) = a+bA is extended to M € C'([0, 00), R) under certain growth condition, see (9. Finally,
the restriction on the dimension (2 < n < 4) is removed.

The remaining part of this paper is organized as follows. In Section [2] we introduce some
important notation, and we state our main results declaring the precise conditions on the involved
parameters, functions, and initial data. The well-posedness problem for the nonlinear system
(1)) will be discussed in Section We perform the Galerkin method to derive useful energy
estimates. In Section 4] we prove the exponential decay of the solutions for system (I)). Finally,
some additional comments and open problems are presented in Section [5

2 Notation and statement of main results

We first introduce a few notations. Let us consider a sub-space of H!(f) larger than H{(Q),
which is represented by V' and defined by

V ={veH" (Q);7(u) =0a. e onlp}.



Here o : HY(Q) — H'/?(99Q) stands for the continuous trace operator. It is well known [I§]
that the Poincaré inequality is also true in V. This motivates to consider the inner product and
norm in V as

((u,v)):/QVu(:r)-VU(:c)d:c and |u||2V:/Q|vu(m)|]§dx.

Henceforth, the symbols (-,-), (,)r, ((-,+)), | -|?,|-|% and || - ||*> denote the inner products and the
norms in the Hilbert spaces L?(f2), L?(T") and V, respectively.

Due to the continuity of the trace mapping 7o, and the continuous embedding of V into L7,
J = 2,3,4, we deduce that there exist positive real constants C}, j = 0, 1,2, 3, satisfying

(6) o(@)lr < Collell; el < Cillell; el < Callell
and |¢[zaq) < Csllp||, for all p € V.

Let p € R be chosen so that

n
p>1, ifn=1,2; 1<p§72, if n > 3.
Under these conditions, we deduce that there exist positive constants Cp, Cap, and Cj, ,—1, so that

lellrt1i ) < Cpllells

. lellzony < Collgll
el -1 @) < Crp-allel,
for all p € V.

Let move to consider the conditions imposed over the functions M, f, g, h; and the initial
conditions ug, u1 and vg. To ensure the strictly positive conditions, we assume f,g,h € C°(I)
being real-valued functions and the existence of positive constants fi, g1 and h; such that

(®) 0< fi < f(a), 0.< B

< g1 <g(x) and 0 < hy < h(x) forall z €T

Above Cy > 0 is defined in (6)) and 3 and p as in (I]). Additionally, we assume M € C*([0,00); R)

is strictly positive and satisfies the following growth condition

‘M’(A))\l/Z‘
M)

N

(9) 0<rg< M(N), r1, forall A >0,

where 19 and r1 are positive suitable constants. Note that the functional studied in [26], namely
M(X) = a+ bX\ —see also (B)— trivially holds condition (9). In the same fashion, assume that
there exist positive constants by, by, and by such that ® € C1(R) is a real function and

[@(s)] < bolsl”,

| (s)] < bals["~,

|®(s)| < bolsPtl, ®(s):= /05 ®(0)do



For simplicity, and after normalization, we should consider by = by = by = 1.
The existence of regular weak solution for the mixed problem is established by assuming
up € V, u; € H*(Q) and vy € L?(T"). The following positive constant will repeatedly appear in

our computations
3 el
r

) Ao =L+ ww+M@m)FmW+<

=

2

2
+ ﬁpCﬁ“ HUOHerl :

Now, we are in a position to state the first main result of this paper.

THEOREM 2.1. Assume that hypotheses @— are satisfied. Then, for each (ug,ui,vy) €
VN H?(Q)x V x L*T) such that

p—1
401 / 20% (M/ (|u0|2))2 2 % 2 2 el pPro

there exists a unique regular global weak solution (u,v) of (1.

REMARK 2.1. We emphasize that the initial conditions ug, w1, and vy can not be arbitrarily large.
They must belong to an a-priori bounded set in Sobolev spaces. Indeed, suppose that, for instance,
ug s arbitrarily large so that we can construct a sequence (ugpn)nez With

lim |ug | = +o00.
n—oo

For each n € Z, let us denote by Aoy, the positive number in with ug replaced by ug,. Since
%p |u07n]2 < Ao,n, we deduce

lim Ao, = +o0.

n—oo

Consequently, inequality is not verified when Ao is replaced by Ao, and when |n| is large
enough. In this sense, Theorem holds, roughly speaking, when either initial conditions are
small or when they lie in Sobolev-bounded sets. The question concerning the optimality of condi-
tion 1s reserved for upcoming work.

Agsume the hypotheses from Theorem Let us consider the energy associated to system

(@) as
2

(13)  Eluv] () = @) + [ @ + M (Ju®)P ) lu®] + M (la@) |01, 0)]

where (u,v) is a solution to (). Set

16h2C3
3p8

We restrict the energy decay analysis to couples (u,v) satisfying

(14) he = max |h(z)|r, and oy >
Te

u(x,t) =v(x,t), on Xy,



and
(15) f=9g=aph, onl.

Let us define

-1
_ 4G 2 2012(M/(’“0|2))2 2 PB( 2 kS p1p BT
3= Tt M (o) Ao+ SO 1 B () cpiag T

Next, we state our second main result: the exponential decay of the energy.

THEOREM 2.2. Suppose that (14))-(15) holds. Then, for each (ug,u1,v0) € VAH?(Q)x V x L*(T)
such that

pBro

(16) yﬂ < 16 5

there exists a unique regular global weak solution (u,v) of , satisfying
|E[u,0] (£)] < CeCt, >0
for some positive constants C and C, depending on a priori assumptions but independent of time.
In particular, the energy goes to zero when times goes to infinity.
3 Existence and uniqueness of solutions

The concept of solution for the mixed problem is established in the definition below.

DEFINITION 3.1. A regqular global weak solution for the nonlinear initial-boundary value problem
(1.1) is a pair of real-valued functions (u,v), with u :  x [0,00) = R and v : T' x [0,00) — R,
such that for each fized T > 0 it satisfies:

ue L®(0,T;V),u' € L>*(0,T; V)N L? (0,T; L*(Q)) ,u” € L= (0,T; L*()) ,

v,v',v" € L™ (0,T; L*(I)),

/ [u”é +M (!u|2) VuVE¢ 4+ @(u)€ + Bu’&] dxdt = / M (|u\2) v'yo(€)dadt,
Q

31

/2 [0 (W) ¥ + fu"y + gu'y + hoy] dadt = 0,

for all & € L*(0,T;V) and ¢ € L* (0,T; L*(I)) .

We can now pass to prove the main result of this section.

3.1 Proof of Theorem
3.1.1 Existence of solutions

The proof of the solutions’ existence will be done using the Faedo-Galerkin method combined
with a modification of the Tartar method (see [40]). Let (w;);cy and (2;);cy basis of V N H?()



and L?(T), respectively. For each m € N, we consider the ansatz
m m
)= gim®wi(x) and  vn(z,t) =D hjm(t)z(x)
i=1 j=1

aimed to be the solutions to the approximate family problem

(1 (1), 10) + M (Jum (D) [V (£), T20) = (0, (8),70(0))p] + (@t (1)), )
6 (u (£), w) = 0,

(Pv0 (U, (1)) + for (t) + gup, (t) + hom(t), 2)p = 0,
(17)

Um(0) = ugm — up in VNH2Q), o (0)=upm —u in V,

m

Um(0) = vom — vo in  L2T), ! (0) = dyugm — Oyug in L3I,

for all w € V,;, = Span{wy,...,w,} and z € Z,, = Span{z1,...,2m}.

The system has local solution {um, v, } in the interval [0, t,,] and its extension to the whole
semi-line [0, 00) is a consequence of the a priori estimates established below.

Estimate I - First, setting w = 2u},, and z = 20/, in 1 and 2, respectively, we obtain

(18) G O +37 (Jun ) | O =2 (070 ()| +

+28 [ Blun()de +28 |ty 0

I
o

where ®(s) = / ®(0)do, and
0

(19 p (0 (u(1) V') dt‘flﬂ’ )‘i+%)hl/%m(t)‘i+2)gl/%;n(t)‘i:0,

A straightforward computation shows

& P (@) (a1 + 720,00+ 020, 0 )|
= (Jun®)7) G (Nm @+ |7 2000+ 1020 ) +

20 () (00 ) (@I + |20, 00+ 020,00 ).



Multiplying by p, by M (|um(t)|2> and adding the resulting expressions, yields

(202% [P‘U;n(t)‘Q + pM <\um(t)|2) [t (2) || —|—2p/Q<I>( m()dz + M <\u ) ‘f1/2 / )F

#01 (Jun D) [0 200 | + 208 utn O + 201 (e )7) |6 205,00

< I (t) + I (),

T

where
Tin(t) = 20M" ([ ()] ) 11 (8)] et (1) [ ()],

and
an(®) =2 (jun ) i 1 0] [| 200000 )+ 10200 |

On the other hand, setting w = u,, in 1 allows us to deduce

@1) Wl (6),un®) Pt (O + M (b () (1) + 5

pd

<
e lum(®) < Fm(),

where

Iy n(t) = CoM (Jum(8)?) [0/ (8)] 1 um (8) | = /Q D (1w (1) (t)
The above Cp > 0 is defined in (). Multiplying by (pB)/2 and adding the resulting
expression with , we get

d
dt

[mu OF + 22 (00,00 0) + 2 O + 1 (Ju (02 e ()1 +

2p/QCI)( ())dw+M(|u )‘fl/Q’ t)’ +M(\u )‘hl/z )er

O (002 i O + 222 (01 +21 (Jum O ) |9 204 01 <

< Dy(t) + Ton(t) + 2 Ty 1),

Next, we upper bound the terms on the right-hand-side of . In fact, if C, C; are the positive
real constants defined by (6)) and (with p = 1), then

Tn(t) < 200 M (Jun ()2 ) 11, (8)] [ (D)1,

Lym(t) < r8 |l (D] + 2;; (M’ (Ium(t)IQ))2 [t (8)]? Ufl/%in(t)\i + \hl/%m(t)\i] 2,
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and
_ . |
()< 5 |5M (lum @) 1 O + L1 (jun ) [V O + 5 fum(0P |
[ 2
< 22|30 (10 OF) B @7 + 521 (jun(®F) |52 + € ().

Inserting the last inequalities in and using M’s growth condition(9)), we obtain

O [Am@) + 501 () 0 + 20 | @(um@))dx} + 08 [ (1)
# 2 (len)F) |o2, 0]+ Tum @ |25 = Knl0)] <0
where
28 A = [ (O + 22 (00 0) + 2 e () + 2 (fua(OF) 0P
01 (jun0F) (|7 200+ |20
and
) Kon(t) =L (M () ))2(\fl/%;z(w\}]hl/%m<t>{i)2+”5§5+l (1)

+2C1p | M (Jum (D) | [, (O] um (D]

LEMMA 3.1. Let P: R — R be defined by P(s) = %82 — 2pCE T Pl
Then,

Win() = EM (Jum (@) (1) + 29 /Q Bt (1)) dz = P (Jum (D)) -
Proof. From , we have
‘Zp/gtb(um(t))dx )

where C), is defined in (7). Thus,

< 2P/ [ (8)[P e < 2CEH Jum (8)[PF
Q

2 [ lun()do = <2005 fun (]
Q

From @, we get P 9 S Pro 2
2M (Jun () @I = Z2 lun (@)

Therefore, from the two previous inequalities the lemma is proved. ]



11

REMARK 3.1. We have that s1 = 0 and sy = (ro/2C5)YP=1 gre critical points of P. Morever,
P'(s) > 0 for all s in the open interval (s1,s2).

LEMMA 3.2. For all m € N, the function A, defined in satisfies

2 T
26) An(0) 2 § [ + 25~ i + 252 O 410 (|72 0+ 04200
and
(27) A ®) < Lt OF + 22 i OF + 20 (i (02 (9]

M <|um(t)|2> <‘f1/2%(t)(i + )hl/%m(t)D .

Proof. From Cauchy-Schwartz inequality, we obtain

pB P 2 pp
o (O ®)| < 5 O + 25 a0
R
Thus,
pB P > pB®
(28) O (). () = =8 i (0)]° = 2= fun (0.
From and , we easily get . Moreover, is deduced from .
O
LEMMA 3.3. For all m € N, the function K, defined in (25)) satisfies the inequality
2C% 2 4Cy
29 Kun(t) < 5 (M (Jum(®)?)) am (0] + === [M" (Jum (D) Amt
(29) (t) P [um ()]7) ) [Am(?)] e [t ()] (t)
(p—1)/2
pB (2 +1 (p—1)/2
— | — CPH AL ()] .
()T e
Proof. From Lemma [3.2] we obtain
2
()] < \fp\/Am@),
2
[um (D) < 4/ —+/Am(t)
Pro
and
)fl/QU/ (t)‘z + ‘hl/% (t)‘Q < iA (t)
™ e T MY
Inserting these three inequalities into we obtain . This proves the lemma. O

REMARK 3.2. In particular, taking t = 0 in , we have
K (0) + Wi (0) < 8 (0) + £ (Jutom ) tom | + 20C5 ™ o [P < o,

where C, and Ao are positive constants defined in and , respectively.
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REMARK 3.3. If K, (t) < (pBro)/8, t > 0 then we have

pBCET! pBro
8 b

-1
L un (B <

and this implies ||um,(t)] < (r0/405+1)1/p*1, t > 0 Thus, from Lemma and Remark we
get

t>0

Win(t) =2 P ([lum(t)]) =0, t=>0.
Now, we prove that the hypothesis assumed in the Remark is true for all ¢ > 0.
LEMMA 3.4. For all m € N, the function K,, defined in satisfies the inequality

Kn(t) < ,050 for allt > 0.

Proof. We use a contradiction argument. There exist m € N and ty > 0 such that

Km(to) = (pBro)/8.

By applying Lemma at t = 0, combined with condition we deduce
Kim(0) < (pBro)/8.

From continuity of K,,, we can see that there exists t* > 0 such that

pBro

(30) Kp(t) < ppro.

forall 0 <t < t*, and K, (t*) =
Integrating from 0 to t*, using and Remark we get

(31) A () + Wy () < A (0) + Wi, (0) < Ap.
On the other hand, as K, (t*) = (pBro)/8 , from Remark we obtain that
(32) Win(t) = P (lum(8)]]) = 0.

Thus, from (B1)-(32), we deduce Ay, (¢*) < Ag. Therefore, combining Lemma[3.3|with (12), gives

Kot) < 225 (01 (o)) 0l + 222 " (Jul?) o

(»—1)/2
pB [ 2 o1 1(p—1)/2 _ PBTO
+ o <pr0> Cp [Ao) < 5

This inequality contradicts . So the lemma is proved. 0

Thus, combining inequalitites from Lemma [3.2] and Lemma [3.4] and using Remark [3.3] we
have

3

Ll (O + = () + B2 un @1 + 70 (1 1o (0F + hr lom (D7) +

t t
pﬁ/ |u;n(s)’2ds+ 37“;91/ ‘U,/n(s)‘ids < Ay.
0 0

(33)
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REMARK 3.4. Using Poincaré inequality with , we have
lum ()? € 10,C], meN, t>0.
for some C > 0. Using the fact that M € C'([0,00)) with (9), we immediately assert that
ro <M (]um(t)\g) <r3;, meN, t>0
for some ro and rs.

Estimate II - For all m € N, there exists C' > 0, independent of m, such that

(34) lum (0)] < C,  and |}, (0)] < C.
Taking t = 0 and considerig w = u},,(0) and z = v}},(0) in (L7)), we have
(35) [ () < [M (Juom|?) oo + CE luoml? + 8 [ | [ (0)]
1 2 1 2

< 5 [M (luol) 18uol + CF lluol? + B url]” + 5 [ (O

and
2

(36) i [vn(0)] < [92Cu luomll 2y + bz [vom] + pCo llusmll] [0(0)

< — |gC h C fl 0

< 577 9208 ol + e ool + 9Co s ]+ e (0)

where g9 = maxger |g(z)|r and hy = maxgep |h(x)|r. Therefore, from and , we get .

Estimate IIT - Dividing (I); by M (Jun(t)|) and differentiating the resulting expression
with respect to the time variable ¢, we get

_(up(®),w) 214 (t) (Wl (1), w) + (Vi (1), V) —

M (Jun(®)?) :
67) (010, o))y + (“mg)glf“’;g?a ) 21 (8) (B (1) ) +
Bu (1), w) ) )
SR 9B (1) (u(8), w) = O,
o ()
with
M (um ()*) (i, (£), um (1))
)~ (lm ) (i (8w (6)

o ()]

A straightforward computation shows

(um (1), um () _ 1 d [ ()] w2
eSS = | e Ty () [ug (B)]
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and considering w = puj,,(t) in ([37)), we obtain

" 2 u// 2
@) 24 {“Z@t ]Mdu;n(t)%j\jﬁ(umgg) — p (W 0), 20l (1)) =

pLan(t) [um ()] = 2pLam (8) (P (um (1)), um () + 2pBLam (t) (ur (1), win (t))

P (U () (un(8)), i (1))
M (Jun(®)P)

Now, differentiating 2 with respect to ¢t and considering z = v/ (t), we have

1d

/2,1 2
il 0l 5

(39)  p (v (t),v0(um () +

Adding and (39)), result in

2 2
1/2 / 1/2, 1 ‘ _
2dt h )r+ ‘g Um ()], =0

2
+ "+ 91/2 " ( = plym(t) |ul, 2 + 2pLsm (t) (@ (um (), uln (1))
/ " (U () ' (umn (1)), up, ()
+ 2084 () (t (1), 1l (1)) — © :
pPP1L4 ( ) M(]um(t)\2>
From @— and , we have
) IO < (o] O W < \f Vi yum

[ ()17 )|
Ly (1) (‘I) (wm (t)), up, < T \/7\/ ! LQP
’Um )

C32 [ (0|1 + [ulr, (1)
S\Fﬁ AU
p 20 (Jum ()

<o \[r<A°> n\[‘ﬁ \um



15

and
() + [ (8)
2M (Jun(6)f)

< Gt VR o) +”[f >

Furthermore, for ¢, = 2n/n — 2, we get % + qin + % = 1. Therefore, from , we have that

Lum(t) (tl (1), (1)) < \/f VAo

a2y 0 (). 0) _ ot (Ot et () ) L ()

M (lun@®P) (rum< )

< Crpet [ (DIP " Co, [l (1) i, (8)]

} M (Jum(®)]?)

cot cn<2A0>(”‘”/Q i I |  Julp ()P
— Yn,p—1 :
p 2 PTo To M(|Um(t)‘2)

Inserting ({1)-(42) into , we obtain a couple of positive constants C5 and Cg, such that

Ld | plup )

(43) oW (](t)|2) +p Hu;n(t)Hz + )fl/%i%(t)ﬁ + h1/2U;1(t)i] +

" " 2
) PO [ )
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Now integrating from 0 to t we get

1 P um, (t)|2 / 2 1/2, 1 2 1/2, .1 2
(44) 5 W+p\\um<t>\\ ||+ [ e
! pﬁ’uyn(S) 12, 2
+ — g o (s)| | ds
/o M (Ju(s)?) | !
1Y |u;;1(0)|2 2 " 2 Ouom 2
8 [y ] 25

t u" (s 2 ,
+ Oy 1+/O M|<|7Z:1()8)|2) + |July ()|

where C7 is a positive constant depending only on T

On the other hand, from @, 4 and the estimate , we deduce that there exists Cg > 0
(independent of m) such that

u” (0)[? 1
(45) P M—l—”mmw +§

2 o ()

Therefore, inserting into and using the Gronwall inequality, yields

fa [0 (0) |2 + ha

Ougm |*
0Om < 08-

1| plut@)f

2|0t (Ju <t>||2)

(16) @ + |2 )]+ [P 200

t " 2 9
+/ pﬁ ’um(s)‘ + ‘gl/QU// (8)‘F dS S 09’
0

2 m
M (Jum(s)?)
where Cy = Cy (up, u1,vo,T) with T > 0 fixed.
Thus, combining Remark and , we deduce the following estimate

t
@nul, ) + |[u | + f1 |U;;(t)\§+h1|u;n(t)\§+/o () + g1 [op ()1 ds < Cg

for some constant Cig > 0.
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Passage to Limait. Now we can prove the main result, namely, Theorem Indeed, let
T > 0 be fixed and arbitrary. As an immediate consequence of estimates and , we get

(Um) bounded in  L*(0,7;V)

(u! ) bounded in  L>(0,T;V) N L? (0,T; L*(Q))
(ul) bounded in L% (0, T; L*(2))

(Um) 5 (U),) 5 (Vi) bounded in L™ (0,T; L*(T)) .

These facts allow us to deduce that there exist subsequences (uy.) o and (vy) ¢y of the sequences
of approximations (um),,cy and (vm),,cn respectively, such that

0,7;V);
0,7;V);

* .
U, —u in L

* .
uw, = in L™

—~

UL —u'  in  L?(0,T;L3*());
(48) uy, —u” in L?(0,T; L*(2)) ;

o, S in L%2(0,T;L3(T

o S in L2(0,T; LA(T

( (
( (
v, —wv in L?(0,T;L*T
( (
( (

Since V <5 L2(Q), the estimates ([48),-([8), and Aubin-Lions’ Theorem provides us
uy —u  ae in@Q=0Qx(0,7),

and, as ® € C*(R), we obtains
(49) O(uy) = P(u) ae in@Q@=0Qx(0,7).
From , and , we get for some positive C' > 0
(50) [ 19)Pde < [ ju i < C3lu P < €
Then, from — and using Lions’ Lema yield

D(uy) = ®(u)  in L0, T; L3(Q)).
The proof of the convergence for the other nonlinear term of is quite similar to the ideas

developed in [26]. Therefore it will be omitted. Combining all the above facts, we finally
conclude that (u,v) is a solution to ().

3.1.2 Uniqueness of solutions

To prove the uniqueness of solutions, we rewrite as

[, Lot + vove+ 7+ O] = o olerie

/F [p70 (u’) P+ fuy 4+ gu'y + hU@b} dx =0,
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for all £ € L?(0,T;V) and for all ¢ € L* (0,7 L*(T)).

Let (u1,v1) and (ug,v2) be two regular global weak solutions to ([I). Then, for all 7 > 0
fixed, we have that w = u; — ug, 6 = v1 — v9, £ = pw’ and ¢ = 0’ satisfy

p/g <M(u11¢1!2) - M(TZQP)) ,dx+§dt|vw‘2dx_ /70 (w) 0o

®(uy) ®(uy) , ) s ‘e
51) o (Gt~ w4 o0 f, Cartios ~ ) w4 =0
p/ 0 (w )de—i-i%‘flﬂ/

w(z,0)=0; w'(x,0)=0; 6(x,00=0 and & (z,0)=0.

2
1/2 ‘ 12" _
)h o ‘g o r

2dt

Adding (51)), with (51)),, integrating over (0,t) the resulting identity, and using the third equation
of , we obtain

1 1 ¢ 2
2 w|!2+\fl/ze’\§+}h”20\i+/ g0/ i =
2 2 0 r

5l
//[ M () w' + uly <M(|1ulg) —M(‘;’Q))w’} dadt
_p/ /[ uy) ‘uﬂ u2)w +<I>(u2)< A () (]22|2)>wl] dudt
! [ i (a7t ‘Muim))w,] o

Now, we upper bound each term on the right-hand side of . In the upcoming computations,
we denote a generic constant that can change line by line by C' > 0. It only depends on a priori
assumptions. Let us start with the first term

:‘//M (i ?) ot
(53) - p/ dt( |?|]u|1| )d” /l a7 (o N%)dt
a5 f, WP () (et (ﬁ&uf)n)‘“

1Y |’LU| Tl/ / 712 P w/ /
< — + uy | |w dtgff +C’
2 () g Jy Ml 2 01
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On the other hand, using condition @, we easily deduces

uz|?

|uz
(0 (Jusf?) — M (jur?)| = ‘ M (5)ds

< [|M]] e (| + fu2]) feo].

u1]?

For the second term of (52)), we have the following estimate:

1 /
— dxdt
p// < M (jud]?) <|u2|2>>w v
T
<c / (hual+ oD ol [ fig' e ae < € [ o
0 Q 0

For the third term of , we shall use the following fact. For all nonnegative constants «, 3
with a < 3, there exists z € (a, §) such that

O(ar) — ©(B) = ' (2)(a = B).
Hence, using conditions declared in , we get

_ /
‘_p/ RGO o ) ’p/ et
o M(uP) w1 M)

T
<2 [ (il + ol ol s
o Jo Ja
Cp (T L )
< (1wl oy + o iy ) el

T
SC’/ [|wl||w|dt.
0

The remainder terms of can be estimated similarly. Thus, we have

1 /
— U w' dxdt
p// 2< M (jui?) <|u2|2>>
T
<c /0 [<|u2|+|ulr>w| / uﬂf@\w'!Rdx} dt<c /0 ollle]dt,

1 1
—ﬂp/ / + < — )w’ dxdt
! 1| PAM (jur?) M (Jug|?)
(54) gc/ |w’|2dt—|—0/ [(|U2|+\u1|)|w|/ ‘ué‘Rw/‘Rdx] dt
0 0 Q
T T
gc/ \w’\th—i—C/ ||| dt.
0 0
Plugging — into , we get

2 2 } 1/29/2 }h1/292 ! 1/2¢/
'+ ol 4+ 3 [ £720 ]+ 5 [BY20]p + g

and

9 T
12 2
thgc/o (}w\ + [Jw]] )dt
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and hence T
W+ ol <0 [ (o] + ol?) .
0

Finally, Gronwall’s inequality allow us to deduce that w = 0 and 8 = 0. This concludes the
proof.

4  Decay of solutions

In this section, we demonstrate the exponential decay of the energy E, defined in , associated
with the system . Consequently, the energy goes to zero when time goes to infinity. The
strategy we use is mainly based on the multiplier method.

4.1 Proof of Theorem 2.2

Assume the hypothesis from Theorem . Since (16) holds, that is, Yo < 25° ﬁ o Theorem .
ensures the existence of a unique regular global weak solution (u,v) of (1] .
Now, similar calculations done in shows that

4R+ we) + Lu (|u<t>\2) Ju(t)|? + 3‘;5 (o)
(55)

21 (ju(®) |62/ @)+ 205 [ @ule)utt)de < 10 + Eat) + B(e) + ZIN0)
where

A0 =p [ + 2 (@), u) + 22 (o) + 201 (ju()) (o)
2 4 2
£ (o)) | 720 0]

(56) wi(t) = 20 (Ju®)) @] + 2 /Q @ (u(t))u(t)dz,

1(t) = 2pM" (Ju(t) ) [ (8)] [u(®) u(®) > < 20CoM" (lu@)P ) [/ O] ut) 1,

I()—2M’<|u )‘u Hu ’fl/Q ! )‘2

r

<9 o 25 (o (o)) v

L(t) = 2M (\u(t)|2> (ho(t), ' (1)) < M (yu(t)|2) <g ‘hl/%(t)‘i + % ‘hl/%'(t)f)

r

2
< 2 2 2 ’ 1/2,, ' ‘
_005h2M<|u(t)| )||u( )l +—06M<|u ) g (@), foralle>o,
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and

67) 00 =3 | cot (Ju)?) Ol ol + [ @utateds]

< 220 (ju() ) B> + 50 (b)) [ o720 @) + 20t fun)+,

with Cy, Cy are positive real constants defined by @ and C, > 0 is defined by .

From (55)-(57), we have that

LR+ W) + (”B coehQ)M(wa)F) @I + pB 1 (1)

(5%)
# (5 2z ) M (W) 920 + 208 [ @u)utods < JuOIPR (),

apeE

where

K(0) = 200001 (W) W 0] )] + 205 (a1’ () 2200,

r

+ 2o (P,

From (15, we have that > 3a . Thus, taking € € < 08 ) results

8h 02 3ap’ 8haC?

pB
4

Therefore, from and , we obtain

S R+ W) + (20 (juoP) —K(t)) (O + o8 /(1)

1
B>0 and lozé——>0

P
— Clchy >
0&n2 2 apE

(59)

(60)
+loM (|u ) ‘91/2 ! +2p6/ t)dz < 0.

We proceed as in the proof of Lemma [3.4] to obtain
K(t) < ”f()f’, for all ¢ > 0,
and, from Remark [3.3] we have that

W(t) = P([[u(®)])) = 0

where P is defined in Lemma [3.1]
By combining and last above estimates, we deduce that

d

(61) 7

[A(t) + W(t)] + C1E [u,v] (t) + CaW () <0
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The above constants are defined by

= : pBro pp
Ci1= 0
1 mln{pﬁv 32037327 0} >0,

and
Cy = min %,B(p-i— 1) >0.
32
On the other hand, we can proceed as in the proof of Lemma to obtain

(62) C3FE [u,v] (t) < A(t) < C4E [u,v] (t),

for some positive constants C3 and Cy. B
Hence, from and , there exist Cs = min {9,72} > 0 such that

N

d

o [A(t) + W(t)] + Cs [A(t

=
=

(] <0,
and, from estimate above, it follows that

A(t) + W(t) < (A(0) + W(0))e 5.
Moreover, from and , the following inequality holds true

(p+1)/2

M (lu@)P) u P

2pC£+1

P
©3) W) < 2 (ju®)P) fu)]* + T

< Cs {E [u,v] (t) + (E [u, V] (t))(pﬂ)/z} :

for some constant Cg > 0.
Since W (t) > 0, from (62)-(63)), we have that

E[u,v] (t) < Cr {E [u, v] (0) + (E [u, ] (0))(p+1)/2} ¢ Cst.
for any ¢t > 0 and some positive constants C, Cr.

Consequently,
lim Efu,v](t)=0

t——+o0

and the proof of Theorem [2.2]is complete.

5 Comments and open problems

It is possible to apply the ideas developed in this paper to study the well-posedness of the problem

o (x,t) — M (t,/Q \u(x,t)\ﬁda:) Au(x,t) + ®(x,u(x,t)) + B(x)u (z,t) = 0,
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with acoustic conditions on a part of the boundary, where M,;(t,s) <0, 0 < fy < B(z) < p1 and

| @ (2, 5)| < bols|?,
|5 (@, 5)] < bals]P~H,

(@, 5)] < bofs[P*!, ®(a,5) :/ O(z,0)do
0

for some positive constants bg, b1, bs.

There are some interesting issues growing out of this work that are worthy of further study:

e [t remains open the study of the equation

(1) — div (M <x /Q \u(x,t)@dx) w(x,t)) + B(ulx, 1)) + Bl (2, ) = 0,

with acoustic conditions on a nonempty part of the boundary.
The problem without the nonlinear term in the operator
p(x)u (z,t) — div (k(x)Vu(z,t)) + fi(u(z,t) + a(z)g (v (x,t)) = 0,
with acoustic conditions on a part of the boundary, was already studied by Cavalcanti et

al. in [12].

e On the other hand, another interesting open problem to study are the properties for the
equation

u'(z,t) = A(t)u(z, t) + S(u(z, 1)) + fu'(,t) = 0,
with acoustic conditions on a part of the boundary, where

0%u
8@8:@ ’

N
A(t)u = Z Bij(u(.,t),t)

ij=1

Bij = Bji : L*() x [0,T] = R, —o0 < iy < Bjj < 1 < +00,

Bi; is globally Lipschitz-continuous in L?(Q) x [0,7T7], for all i, j,
N

> Bij(z, )€€ > aolé?, V¢ € RN, (2,1) ae. in L'(Q) x [0,T]

4,j=1
and some positive constant ag.

In particular, if

/ |2(z, t)|3dx, fori=j=1,
Bij(z,t) = “

0, fori#1,5#1,
we obtain the system , which was studied in this work.
The way how the estimations , and were performed in this work, it is not

possible to do so for the operator A(t)u defined above. For a comprehensive study of

parabolic equations with this operator, we refer the readers to [I3]-[14] and the references
therein.
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