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1. A new proof of continuous Welch bounds

In [1], following continuous version of Welch bounds are proved using (continuous) frames/spectral theory.

Theorem 1.1. [1] Let (Ω, µ) be a measure space and {τα}α∈Ω be a normalized continuous Bessel family

for a d-dimensional Hilbert space H. If the diagonal ∆ := {(α, α) : α ∈ Ω} is measurable in the measure

space Ω× Ω, then∫
Ω×Ω

|〈τα, τβ〉|2m d(µ× µ)(α, β) =

∫
Ω

∫
Ω

|〈τα, τβ〉|2m dµ(α) dµ(β) ≥ µ(Ω)2(
d+m−1
m

) , ∀m ∈ N.(1)

Equality holds in Inequality (1) if and only if {τα}α∈Ω is a tight continuous frame. Further, we have the

higher order continuous Welch bounds

sup
α,β∈Ω,α6=β

|〈τα, τβ〉|2m ≥
1

(µ× µ)((Ω× Ω) \∆)

[
µ(Ω)2(
d+m−1
m

) − (µ× µ)(∆)

]
, ∀m ∈ N.(2)

In particular, we have the first order continuous Welch bound

sup
α,β∈Ω,α 6=β

|〈τα, τβ〉|2 ≥
1

(µ× µ)((Ω× Ω) \∆)

[
µ(Ω)2

d
− (µ× µ)(∆)

]
.

Proof. We give a new proof. Due to unitary equivalence of any two same dimensional Hilbert spaces, it

suffices to prove the theorem for the standard d-dimensional Hilbert space Cd. Our proof is motivated

from the proof of Welch [2]. Let τα := (a
(α)
1 , a

(α)
2 , . . . , a

(α)
d ) for all α ∈ Ω. Define

Bm :=

∫
Ω×Ω

|〈τα, τβ〉|2m d(µ× µ)(α, β) =

∫
Ω

∫
Ω

|〈τα, τβ〉|2m dµ(α) dµ(β).

Then

Bm =

∫
∆

|〈τα, τβ〉|2m d(µ× µ)(α, β) +

∫
(Ω×Ω)\∆

|〈τα, τβ〉|2m d(µ× µ)(α, β)

= (µ× µ)(∆) +

∫
(Ω×Ω)\∆

|〈τα, τβ〉|2m d(µ× µ)(α, β)

≤ (µ× µ)(∆) + sup
α,β∈Ω,α6=β

|〈τα, τβ〉|2m(µ× µ)((Ω× Ω) \∆).
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On the other hand, using the definition of standard inner product in Cd and Cauchy-Schwarz inequality,

Bm =

∫
Ω

∫
Ω

∣∣∣∣∣
d∑
r=1

a(α)
r a

(β)
r

∣∣∣∣∣
2m

dµ(α) dµ(β)

=

∫
Ω

∫
Ω

d∑
u1···um=1,v1···vm=1

m∏
p=1

a(α)
up
a

(α)
vp a

(β)
up a

(β)
vp dµ(α) dµ(β)

=
∑

x1···xd,y1···yd,
∑d

r=1 xr=
∑d

s=1 ys=m

(
m

x1, . . . , xd

)(
m

y1, . . . , yd

) ∣∣∣∣∣
∫

Ω

d∏
r=1

(
a(α)
r

)xr
(
a

(α)
r

)yr
dµ(α)

∣∣∣∣∣
2

≥
∑

x1···xd,
∑d

r=1 xr=m

(
m

x1, . . . , xd

)2
∣∣∣∣∣
∫

Ω

d∏
r=1

∣∣∣a(α)
r

∣∣∣2xr

dµ(α)

∣∣∣∣∣
2

≥ 1∥∥∥∑x1···xd,
∑d

r=1 xr=m

∥∥∥
∣∣∣∣∣∣

∑
x1···xd,

∑d
r=1 xr=m

(
m

x1, . . . , xd

)∫
Ω

d∏
r=1

|a(α)
r |2xr dµ(α)

∣∣∣∣∣∣
2

=
1(

d+m−1
m

)
∣∣∣∣∣∣

∑
x1···xd,

∑d
r=1 xr=m

(
m

x1, . . . , xd

)∫
Ω

d∏
r=1

|a(α)
r |2xr dµ(α)

∣∣∣∣∣∣
2

=
1(

d+m−1
m

)
∣∣∣∣∣∣
∫

Ω

∑
x1···xd,

∑d
r=1 xr=m

(
m

x1, . . . , xd

) d∏
r=1

|a(α)
r |2xr dµ(α)

∣∣∣∣∣∣
2

=
1(

d+m−1
m

) ∣∣∣∣∣
∫

Ω

(
d∑
p=1

a(α)
p a

(α)
p

)m
dµ(α)

∣∣∣∣∣
2

=
1(

d+m−1
m

) ∣∣∣∣∫
Ω

(1)
m
dµ(α)

∣∣∣∣2 =
µ(Ω)2(
d+m−1
m

) .
Hence

(µ× µ)(∆) + sup
α,β∈Ω,α6=β

|〈τα, τβ〉|2m(µ× µ)((Ω× Ω) \∆) ≥
∫

Ω×Ω

|〈τα, τβ〉|2m d(µ× µ)(α, β)

≥ µ(Ω)2(
d+m−1
m

) .
�
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