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Abstract

Based on the Bell polynomial method, the (3+1)-dimensional variable coefficient Potential-YTSF equation is transformed into

bilinear form, and the double Bell polynomial B a cklund transformation, bilinear B a cklund transformation, Lax pair and

infinite conservation law of this equation are constructed. Firstly, the Lax integrability of the equation is proved by the B

a cklund transformation of double Bell polynomials, and the infinite conservation law is constructed. Secondly, the exact

solution of the equation is obtained by bilinear B a cklund transformation and symbolic computation system Mathematica.

Finally, we illustrate their properties by making some graphs of soliton solutions.
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Bäcklund Transformation of (3+1)-Dimensional Variable

Coefficient Potential-YTSF Equation and Related Problems

Minjie Ji and Taogetusang ∗

1College of Mathematics Science, Inner Mongolia Normal University, Huhhot,010022

2Center for Applied Mathematics Inner Mongolia,Huhhot 010022,People’s Republic of China

Abstract:Based on the Bell polynomial method, the (3+1)-dimensional variable coefficien-

t Potential-YTSF equation is transformed into bilinear form, and the double Bell polynomial

Bäcklund transformation, bilinear Bäcklund transformation, Lax pair and infinite conservation

law of this equation are constructed. Firstly, the Lax integrability of the equation is proved by the

Bäcklund transformation of double Bell polynomials, and the infinite conservation law is construct-

ed. Secondly, the exact solution of the equation is obtained by bilinear Bäcklund transformation

and symbolic computation system Mathematica. Finally, we illustrate their properties by making

some graphs of soliton solutions.

Keywords:Bell polynomial method;bilinear Bäcklund transformation;Lax pair;infinite conser-

vation law

1 Introduction

In nonlinear science, nonlinear partial differential equation is a differential equation whose degree

is higher than one. It is an important branch of modern mathematics. Whether in theory or

in practical applications, nonlinear partial differential equations are used to describe problems in

the fields of mechanics, control engineering, ecological and economic systems, chemical circula-

tion systems, and epidemiology. Nonlinear partial differential equations, also known as nonlinear

mathematical physics equations, nonlinear evolution equations. It is a mathematical model of

nonlinear phenomena in many modern science and engineering fields such as physical chemistry,

biology, atmospheric space science, nonlinear optics and astrophysics. With the development of

symbolic computation, scholars have proposed many methods for solving nonlinear problems, such

∗Corresponding author.Taogetusang. E-mail address:tgts@imnu.edu.cn
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as Hirota bilinear method [1], Bäcklund transformation method [2], homogeneous balance method

[3], F-expansion method [4], inverse scattering method [5] and so on.

uxxxz + 4uxuxz + 2uzuxx − 4uxt + 3uyy = 0 (1)

Equation (1) is often used to describe the dynamics of solitons and nonlinear waves in a domain.In

reference [6],the self-Bäcklund transformation of equation (1) was constructed by using strong

symmetry, and the separated variable solution of the equation was obtained. In reference [7],a new

multi-periodic soliton solution of the (3+1)-dimensional Potential-YTSF equation was constructed

by using Hirota bilinear form and generalized three-wave test method. Based on the Bell polynomial

method,this paper will study the (3+1)-dimensional Potential-Yu-Toda-Sasa-Fukuyama (Potential-

YTSF) equation with variable coefficients.

h1(t)uxxxz + h2(t)uxuxz + h3(t)uzuxx + h4(t)uxt + h5(t)uyy = 0 (2)

The exact solutions of the double Bell polynomials under Bäcklund transformation,bilinear Bäcklund

transformation and bilinear Bäcklund transformation.Where u = u(x, y, z, t),when h1(t) = 1, h2(t) =

4, h3(t) = 2, h4(t) = −4, h5(t) = 3,equation (2) becomes equation (1).Therefore,it is meaningful to

study equation (2).

2 P-Polynomial and Bilinear Form of (3+1)-Dimensional
Variable Coefficient Potential YTSF Equation

We introduce the definition of Bell polynomials and related results [8]∼[11].We use Bell polynomials

to construct the bilinear form of equation (2),and let

u = qx, (3)

Where q = q(x, y, z, t).Substituting (3) into equation (2) to obtain

h1(t)qxxxxz + h2(t)qxxqxxz + h3(t)qxzuxxx + h4(t)qxxt + h5(t)qxyy = 0, (4)

When h2(t) = h3(t) = 3h1(t),integrating equation (4) once for x yields

h1(t)qxxxz + 3h1(t)qxxqxz + h4(t)qxt + h5(t)qyy = 0, (5)

Then the equation has the following P-polynomial representation

E(q) = h1(t)Pxxxz(q) + h4(t)Pxt(q) + h5(t)Pyy(q) = 0. (6)
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Let q = 2 ln f ,equation (6) be in bilinear form

(h1(t)D3
xDz + h4(t)DxDt + h5(t)D2

y)f · f = 0. (7)

Where f is an undetermined function about x, y, z, t.D3
xDz, DxDt, D

2
y satisfies the D-operator. The

definition of D-operator is:

Dm
x D

n
z (f · g) = (

∂

∂x
− ∂

∂x′
)m(

∂

∂z
− ∂

∂z′
)nf(x, z)g(x, z) |x=x′,z=z′ (8)

Dm
x D

n
t (f · g) = (

∂

∂x
− ∂

∂x′
)m(

∂

∂t
− ∂

∂t′
)nf(x, t)g(x, t) |x=x′,t=t′ (9)

3 Bi-Bell polynomial Bäcklund transformation, bilinear Bäcklund
transformation, Lax pair and infinite conservation law for
(3+1)-dimensional Potential-YTSF equation with variable
coefficients

3.1 Bi-Bell polynomial Bäcklund transformation for (3+1)-dimensional
Potential-YTSF equation with variable coefficients

We use Bell polynomials to construct the bilinear Bäcklund transformation of the (3+1)-dimensional

Potential-YTSF equation.Let q, q′ be the solution of equation (5),then

E(q) = h1(t)qxxxz + 3h1(t)qxxqxz + h4(t)qxt + h5(t)qyy = 0, (10)

E(q′) = h1(t)q′xxxz + 3h1(t)q′xxq
′
xz + h4(t)q′xt + h5(t)q′yy = 0, (11)

Subtracting and transforming the two forms

q = w − v, q′ = w + v, (12)

we get

E(q′)− E(q) = h1(t)(q′ − q)xxxz +
3

2
h1(t)[(q′ − q)xz(q′ + q)xx + (q′ + q)xz(q′ − q)xx] (13)

+h4(t)(q′ − q)xt + h5(t)(q′ − q)yy

= 2h1(t)vxxxz + 2h1(t)[3vxzwxx + 3wxzvxx] + 2h4(t)vxt + 2h5(t)vyy = 0.

Selecting constraint conditions

Yxz −MYx = λ, (14)
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By differentiating both sides of equation (14) with respect to x,we have

wxxz + vxxvz + vxvxz −Mvxx = 0. (15)

Substituting equations (14) and (15) into equation (13),we get

E(q′)− E(q) = h1(t)vxxxz + h1(t)[3vxzwxx + 3wxzvxx] + h4(t)vxt + h5(t)vyy (16)

= [h1(t)Yxxx + αYy + βYx]z + [h4(t)Yt − αYz − 3h1(t)λYx]x

+ [h5(t)Yy − βYz + µ]y + 3h1(t)vxxwxz − 3h1(t)vxw2xz − 3h1(t)v2xvxz = 0.

Therefore,the (3+1)-dimensional variable coefficient Potential-YTSF equation has a double Bell

polynomial Bäcklund transformation
Yxz −MYx = λ,

h1(t)Yxxx + αYy + βYx = 0,

h4(t)Yt − αYz − 3h1(t)λYx = 0,

h5(t)Yy − βYz + µ = 0.

(17)

Where λ, α = β, µ is an arbitrary constant.

3.2 Bilinear Bäcklund Transformation of (3+1)-Dimensional Variable
Coefficient Potential-YTSF Equation

In the transformation

v = ln
f

g
, w = lnfg (18)

After that,we can get the bilinear form of the Bäcklund transformation
(DxDz −MDx − λ)f · g = 0,

(h1(t)D3
x + αDy + βDx)f · g = 0,

(h4(t)Dt − αDz − 3h1(t)λDx)f · g = 0,

(h5(t)Dy − βDz + µ)f · g = 0.

(19)

3.3 Lax Integrability of (3+1)-dimensional Potential YTSF Equation

Here we consider the following transformation

v = lnϕ,w = q + lnϕ (20)
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Next,according to the double Bell polynomial Bäcklund transformation,the linear system of the

equation is obtained

h1(t)ϕxxx + 3h1(t)uxϕx + αϕy + βϕx = 0,

ϕqxz + ϕxz −Mϕx − λϕ = 0,

h4(t)ϕt − αϕz + 3h1(t)λϕx = 0,

h5(t)ϕy − βϕz + µϕ = 0.

(21)

The corresponding Lax Operator from equation (21)

L1(ϕ) = Mϕx + qxzϕ+ ϕxϕz − λϕ,

L2(ϕ) = ϕt −
h1(t)

h4(t)
ϕxxx −

3h1(t)

h4(t)
uϕx −

h5(t)

h4(t)
∂−1z ϕyy.

(22)

It satisfies the compatibility condition ϕtxz = ϕxzt.So equation (22) is the Lax pair of the equation.

3.4 The infinite conservation law of (3+1)-dimensional Potential YTSF
equation

Take transformation

2η = q′x − qx (23)

Based on equations (23) and (12),we get

vx = η, wx = qx + η (24)

Substituting equation (24) into (17) to obtain

qxz + ηz + η∂−1x ηz −Mη = λ,

∂z[h1(t)ηxx + 3h1(t)η(qx + η)x + h1(t)η3 + α∂−1x ηy + αη]

+ ∂x[h4(t)∂−1x ηt − α∂−1x ηz − 3h1(t)λη] + ∂y[h5(t)∂−1x ηy − α∂−1x ηz] = 0,

(25)

Where

M = −ε, λ = ε2, η = ε+

∞∑
n=1

Fn(u, ux, uxx, · · · )ε−n (26)

Substituting equation (26) into equation (25),we get

F1 = qxz = uz,F2 = F1,z = qxzz = uzz (27)

Fn+1 = Fn,z + ∂−1x Fn,z +

n∑
k=1

Fk(Fn−k + ∂−1x Fn−k,z) (28)
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Substituting equation (26) into the second equation in equation (25),the infinite conservation law

of equation (2) can be expressed as

Ln,z +Mn,x + Gn,y + Pn,t = 0(n = 1, 2, 3, · · · ) (29)

Ln,Mn,Gn,Pn can be expressed as

Ln = h1(t)(Fn,xx + 3Fn+1,x + 3qxxFn + 3Fn+2 + 3

n∑
k=1

FkFn−k,x

+ 3

n+1∑
k=1

FkFn+1−k +
∑

i+j+k=n

FiFjFk) + α∂−1x Fn,y + αFn.

(30)

Mn = −3h1(t)λFn − α∂−1x Fn,z,Gn = h5(t)∂−1x Fn,y − α∂−1x Fn,z,Pn = h4(t)Fn (31)

4 Soliton Solutions and Properties of (3+1)-dimensional Po-
tential YTSF Equation

In order to obtain the soliton solution of equation (2),we set

f = f(x, y, z, t) = 1 + f1ε+ f2ε
2 + f3ε

3 + · · · ,

g = g(x, y, z, t) = 1 + g1ε+ g2ε
2 + g3ε

3 + · · · ,

fi = fi(x, y, z, t), gi = gi(x, y, z, t)(i = 1, 2, 3, · · · ).

(32)

Substituting equation (32) into the bilinear equation (19),and let the coefficient of each power of

ε be 0.The coefficients of ε is

− λf1 − λg1 −Mf1x +Mg1x + f1xz + g1xz = 0,

αf1y − αg1y + αf1x − αg1x + h1(t)f1xxx − h1(t)g1xxx = 0,

h4(t)f1t − h4(t)g1t − αf1z + αg1z − 3λh1(t)f1x + 3λh1(t)g1x = 0,

µf1 + µg1 − αf1z + αg1z + h5(t)f1y − h5(t)g1y = 0.

(33)
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The coefficients of ε2 is

− λf2 − λg1f1 − λg2 −Mg1f1x − g1zf1x −Mf2x +Mf1g1x − f1zg1x

+Mg2x + g1f1xz + f2xz + f1g1xz + g2xz = 0,

αg1f1y + αf2y − αf1g1y − αg2y + αg1f1x + αf2x − αf1g1x − αg2x − 3h1(t)g1xf1xx

+ 3h1(t)f1xg1xx + h1(t)g1f1xxx + h1(t)f2xxx − h1(t)f1g1xxx − h1g2xxx = 0,

h4(t)g1f1t + h4(t)f2t − h4(t)f1g1t − h4(t)g2t − αg1f1z − αf2z + αf1g1z + αg2z

− 3λh1(t)g1f1x − 3λh1(t)f2x + 3λh1(t)f1g1x + 3λh1(t)g2x = 0,

µf2 + µf1g1 + µg2 − αg1f1z − αf2z + αf1g1z + αg2z + h5(t)g1f1y + h5(t)f2y

− h5(t)f1g1y − h5(t)g2y = 0.

(34)

The coefficients of ε3 is

− λf3 − λf2g1 − λf1g2 − λg3 −Mg2f1x − g2zf1x −Mg1f2x − g1zf2x

−Mf3x +Mf2g1x − f2zg1x +Mf1g2x − f1zg2x +Mg3x + g2f1xz + g1f2xz

+ f3xz + f2g1xz + f1g2xz + g3xz = 0,

αg2f1y + αg1f2y + αf3y − αf2g1y − αf1g2y − αg3y + αg2f1x + αg1f2x + αf3x

− αf2g1x − αf1g2x − αg3x − 3h1(t)g2xf1xx − 3h1(t)g1xf2xx + 3h1(t)f2xg1xx

+ 3h1(t)f1xg2xx + h1(t)g2f1xxx + h1(t)g1f2xxx + h1(t)f3xxx − h1(t)f2g1xxx

− h1(t)f1g2xxx − h1(t)g3xxx = 0,

h4(t)g2f1t + h4(t)g1f2t + h4(t)f3t − h4(t)f2g1t − h4(t)f1g2t − h4(t)g3t − αg2f1z

− αg1f2z − αf3z + αf2g1z + αf1g2z + αg3z − 3λh1(t)g2f1x − 3λh1(t)g1f2x

− 3λh1(t)f3x + 3λh1(t)f2g1x + 3λh1(t)f1g2x + 3λh1(t)g3x = 0,

µf3 + µf2g1 + µf1g2 + µg3 − αg2f1z − αg1f2z − αf3z + αf2g1z + αf1g2z + αg3z

+ h5(t)g2f1y + h5(t)g1f2y + h5(t)f3y − h5(t)f2g1y − h5(t)f1g2y − h5(t)g3y = 0.

(35)

First calculate the single solitary wave solution of the equation,we let

f1 = m(t) exp(η1) + γ(t), g1 = n(t) exp(θ1) + ρ(t) (36)

where η1 = k1x+ l1y+ s1z+w1(t), θ1 = p1x+ q1y+ r1z+$1(t),substituteing it into equation (33)

to get

k1 =
1

2

√√√√− 2α

3h1(t)
+

3
√

2α2(12λh1(t) + h5(t))

3h1(t)Θ
1
3
1

+
Θ1

3 3
√

2h1(t)h5(t)
(37)
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−1

2

√√√√− 4α

3h1(t)
−

3
√

2α2(12λh1(t) + h5(t))

3h1(t)Θ
1
3
1

− Θ1

3 3
√

2h1(t)h5(t)
− 2Θ3

h1(t)h5(t)
√

Θ4

p1 =
1

2

√√√√− 2α

3h1(t)
+

3
√

2α2(12λh1(t) + h5(t))

3h1(t)Θ
1
3
1

+
Θ

1
3
1

3 3
√

2h1(t)h5(t)

−1

2

√√√√− 4α

3h1(t)
−

3
√

2α2(12λh1(t) + h5(t))

3h1(t)Θ
1
3
1

− Θ1

3 3
√

2h1(t)h5(t)
+

2Θ3

h1(t)h5(t)
√

Θ4

r1 =
1

α2
[−α(3Mα+ µ)

4
+

3α2λh1(t)h5(t)
√

Θ4

3
√

4Θ
1
3
1

+
α2h25(t)

√
Θ4

4 3
√

4Θ
1
3
1

+
1

8 3
√

2
Θ

1
3
1

√
Θ4

−1

8
h1(t)h5(t)Θ

3
2
4 +

1

4
αh5(t)

√
Θ5 +

3α2λh1(t)h5(t)
√

Θ5

3
√

4Θ
1
3
1

+
α2h5(t)

√
Θ5

4 3
√

4Θ
1
3
1

+
1

8 3
√

2
Θ

1
3
1

√
Θ5 +

1

8
h1(t)h5(t)Θ

3
2
5 ]

s1 =
1

α2
[
α(3Mα+ µ)

4
+

3α2λh1(t)h5(t)
√

Θ4

3
√

4Θ
1
3
1

+
α2h25(t)

√
Θ4

4 3
√

4Θ
1
3
1

+
1

8 3
√

2
Θ

1
3
1

√
Θ4

−1

8
h1(t)h5(t)Θ

3
2
4 +

1

4
αh5(t)

√
Θ5 +

3α2λh1(t)h5(t)
√

Θ5

3
√

4Θ
1
3
1

+
α2h5(t)

√
Θ5

4 3
√

4Θ
1
3
1

+
1

8 3
√

2
Θ

1
3
1

√
Θ5 +

1

8
h1(t)h5(t)Θ

3
2
5 ]

l1 =
1

α2
[
3α(Mα− µ)

4h5(t)
+

3α2λh1(t)
√

Θ4

3
√

4Θ
1
3
1

+
α2h5(t)

√
Θ4

4 3
√

4Θ
1
3
1

+
1

8 3
√

2h5(t)
Θ

1
3
1

√
Θ4

−1

8
h1(t)Θ

3
2
4 +

1

4
α
√

Θ5 +
3α2λh1(t)

√
Θ5

3
√

4Θ
1
3
1

+
α2h5(t)

√
Θ5

4 3
√

4Θ
1
3
1

+
1

8 3
√

2h5(t)
Θ

1
3
1

√
Θ5 +

1

8
h1(t)Θ

3
2
5 ]

q1 =
1

α2
[
3α(µ−Mα)

4h5(t)
+

3α2λh1(t)
√

Θ4

3
√

4Θ
1
3
1

+
α2h5(t)

√
Θ4

4 3
√

4Θ
1
3
1

+
1

8 3
√

2h5(t)
Θ

1
3
1

√
Θ4

−1

8
h1(t)Θ

3
2
4 +

1

4
α
√

Θ5 +
3α2λh1(t)

√
Θ5

3
√

4Θ
1
3
1

+
α2h5(t)

√
Θ5

4 3
√

4Θ
1
3
1

+
1

8 3
√

2h5(t)
Θ

1
3
1

√
Θ5 +

1

8
h1(t)Θ

3
2
5 ]

w′1(t) =
1

αh4(t)m(t)
[
αm(t)(3Mα+ µ)

4
+

3

2
αλh1(t)m(t)

√
Θ4 +

3α2λh1(t)h5(t)
√

Θ4m(t)

3
√

4Θ
1
3
1
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+
α2h25(t)

√
Θ4m(t)

4 3
√

4Θ
1
3
1

+
1

8 3
√

2
Θ

1
3
1

√
Θ4m(t)− 1

8
h1(t)h5(t)Θ

3
2
4m(t)

+
1

4
αh5(t)

√
Θ5m(t) +

3α2λh1(t)h5(t)
√

Θ5m(t)

3
√

4Θ
1
3
1

+
α2h25(t)

√
Θ5m(t)

4 3
√

4Θ
1
3
1

+
1

8 3
√

2
Θ

1
3
1

√
Θ5m(t) +

1

8
h1(t)h5(t)Θ

3
2
5m(t)− αh4(t)m′(t)]

$′1(t) =
1

αh4(t)n(t)
[−αn(t)(3Mα+ µ)

4
+

3

2
αλh1(t)n(t)

√
Θ4 +

3α2λh1(t)h5(t)
√

Θ4n(t)

3
√

4Θ
1
3
1

+
α2h25(t)

√
Θ4n(t)

4 3
√

4Θ
1
3
1

+
1

8 3
√

2
Θ

1
3
1

√
Θ4n(t)− 1

8
h1(t)h5(t)Θ

3
2
4 n(t)

+
1

4
αh5(t)

√
Θ5n(t) +

3α2λh1(t)h5(t)
√

Θ5n(t)

3
√

4Θ
1
3
1

+
α2h25(t)

√
Θ5n(t)

4 3
√

4Θ
1
3
1

−3

2
αλh1(t)n(t)

√
Θ5 +

1

8 3
√

2
Θ

1
3
1

√
Θ5n(t) +

1

8
h1(t)h5(t)Θ

3
2
5 n(t)− αh4(t)n′(t)]

Θ1 = 27Θ2
3h1(t)h5(t)− 72α3λh1h

2
5 + 2α3h35(t) +

√
Θ2,Θ3 = Mα2 − αµ (38)

Θ2 = −4h35(t)[12α2λh1(t) + α2h5(t)]3 + h25(t)[27Θ2
3h1(t)− 72α3λh1(t)h5(t) + 2α3h25(t)]2 (39)

Θ4 = − 2α

3h1(t)
+

3
√

2α2(12λh1(t) + h5(t))

3h1(t)Θ
1
3
1

+
Θ

1
3
1

3 3
√

2h1(t)h5(t)
(40)

Θ5 = − 4α

3h1(t)
−

3
√

2α2(12λh1(t) + h5(t))

3h1(t)Θ
1
3
1

− Θ1

3 3
√

2h1(t)h5(t)
+

2Θ3

h1(t)h5(t)
√

Θ4

(41)

Supposing that f2 = g2 = 0, fi = gi = 0(i = 3, 4, · · · ),the single soliton solution of the variable

coefficient (3+1)-dimensional Potential-YTSF equation is

u = [ln(
1 + f1
1 + g1

)]x =
m(t) exp(η1)[k1 − exp(θ1)n(t)(p1 − k1)]− p1n(t) exp(θ1)(1 + γ(t))

(1 + n(t) exp(θ1))(1 +m(t) exp(η1) + γ(t))
(42)

(a)t=0 (b)t=0.5 (c)t=-0.5
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(d) (e) (f)

Fig.1h1(t) = arctan(t), n(t) = t,m(t) = t2, γ(t) = sin(t), h5(t) = cos(t), r1 = −1, k1 = 3

(a)t=0 (b)t=0.5 (c)t=-0.5

(d) (e) (f)

Fig.2h1(t) = arctan(t), n(t) = exp(t) arctan(t),m(t) = t2 cos(t), γ(t) = sin(t) cosh(t), h5(t) =

cos(t), r1 = −1, k1 = 3,
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(a)t=0 (b)t=0.5 (c)t=-0.5

(d) (e) (f)

Fig.3h4(t) = t2, n(t) = sin(t) + arctan(t),m(t) = t2 + cos(t), γ(t) = t + sin(t), h5(t) = cos(t), r1 =

−1, k1 = 3,

Next we calculate the double solitary wave solution of the equation,let

f1 = m1(t) exp(η1) +m2(t) exp(η2) + γ(t), f2 = m12(t) exp(η1 + η2) (43)

g1 = n1(t) exp(θ1) + n2(t) exp(θ2) + ρ(t), g2 = n12(t) exp(θ1 + θ2) (44)

where ηi = kix+ liy + siz +wi(t), θi = pix+ qiy + riz +$i(t)(i = 1, 2),substituting equation (45)

and (46) into equation (36)

q1 = 0, q2 = 0, s1 = M, s2 = 0, r1 = 0, r2 = 0, k2 = 0, p1 = 0, p2 = 0, l2 = 0, (45)

µ = 0, λ = 0, l1 = −k1 −
k31Mh1(t)m1(t)γ(t)

h4(t)[γ(t)(m′1(t) +m1(t)w′1(t))−m1(t)γ′(t)]
,

ρ(t) =
γ(t)ρ′(t)

γ′(t)
, w2(t) =

∫
[−m

′
2(t)

m2(t)
+
γ′(t)

γ(t)
]dt,$2(t) =

∫
[−n

′
2(t)

n2(t)
+
γ′(t)

γ(t)
]dt

n1(t) = − γ(t)n′1(t)

γ(t)$′1(t)− γ′(t)
, n12(t) =

n2(t)n′12(t)γ(t)

γ(t)n′2(t)− n2(t)γ(t)z′1(t)− n2(t)γ′(t)

m12(t) =
m1(t)m2(t)γ(t)m′12(t)

m2(t)γ(t)m′1(t) +m1(t)γ(t)m′2(t)− 2m1(t)m2(t)γ′(t)
,

h5(t) = −h
2
4(t)[γ(t)(m′1(t) +m1(t)w′1(t))−m1(t)γ′(t)]2

k1m1(t)γ(t)[k21Mm1(t)h1(t)γ(t) + h4(t)[Θ6]]

Θ6 = γ(t)(m′1(t) +m1(t)w′1(t))−m1(t)γ′(t) (46)

Supposing that f3 = g3 = 0, fi = gi = 0(i = 4, 5, · · · ), ε = 1,the double soliton solution of the

(3+1)-dimensional variable coefficient Potential-YTSF equation is

u = [ln(
1 + f1 + f2
1 + g1 + g2

)]x (47)
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=
k1m1(t) exp(η1) + exp(η2)[(k1 + k2)m12(t) exp(η1) + k2m2(t)]

1 +m1(t) exp(η1) +m12(t) exp(η1 + η2) +m2(t) exp(η2) + γ(t)

+
p1n1(t) exp(θ1) + exp(θ2)[exp(θ1)(p1 + p2)n12(t) + p2n2(t)]

1 + n1(t) exp(θ1) + n12(t) exp(θ1 + θ2) + n2(t) exp(θ2) + ρ(t)

(a)t=5 (b)t=5.5 (c)t=6

(d) (e) (f)

Fig.4w1(t) = cos(t), h1(t) = sin(t), γ(t) = arctan(t), h4(t) = t2,m2(t) = exp(t),m12(t) = cosh(t),m1(t) =

t, z = 0, k1 = 2,M = 4

(a)t=2 (b)t=2.3 (c)t=2.8
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(d) (e) (f)

Fig.5w1(t) = t cos(t), h1(t) = sin(t) cosh(t), γ(t) = arctan(t), h4(t) = t2 arctan(t),m2(t) = exp(t) cos(t),m12(t) =

t cosh(t),m1(t) = t, z = 0, k1 = 2,M = 4

(a)t=0 (b)t=0.6 (c)t=1

(d) (e) (f)

Fig.6w1(t) = t + cos(t), h1(t) = sin(t) + cosh(t), γ(t) = arctan(t), h4(t) = t2 + arctan(t),m2(t) =

exp(t) + cos(t),m12(t) = t+ cosh(t),m1(t) = t, z = 0

Next,we calculate the three-soliton solution of the equation.We let

f1 = m1(t) exp(η1) +m2(t) exp(η2) +m3(t) exp(η3) + γ(t),

f2 = m12(t) exp(η1 + η2) +m13(t) exp(η1 + η3) +m23(t) exp(η2 + η3),

f3 = m123(t) exp(η1 + η2 + η3),

(48)

g1 = n1(t) exp(θ1) + n2(t) exp(θ2) + n3(t) exp(θ3) + ρ(t),

g2 = n12(t) exp(θ1 + θ2) + n13(t) exp(θ1 + θ3) + n23(t) exp(θ2 + θ3),

g3 = n123(t) exp(θ1 + θ2 + θ3)

(49)

where ηi = kix + liy + siz + wi(t), θi = pix + qiy + riz + $i(t)(i = 1, 2, 3),substituting equations

(51) and (52) into equation (38)

k2 = 0, k3 = −k1, p1 = 0, p2 = 0, p3 = 0, (50)
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m2(t) = − m1(t)m12(t)γ(t)ρ(t)m′2(t)

−m1(t)γ(t)ρ(t)m′12(t) +m12(t)[−2m1(t)ρ(t)γ′(t) + γ(t)(Θ7)]

n2(t) =
n123(t)n13(t)γ(t)ρ(t)n′2(t)

−n123(t)γ(t)ρ(t)n′13(t) + n13(t)[n123(t)ρ(t)γ′(t) + γ(t)(Θ8)]
,

m3(t) =
m1(t)m12(t)m23(t)m′3(t)

m12(t)m23(t)m′1(t)−m1(t)m23(t)m′12(t) +m1(t)m12(t)m′23(t)

n3(t) =
n1(t)n13(t)γ(t)ρ(t)n′3(t)

n1(t)γ(t)ρ(t)n′13(t)− n13(t)[n1(t)ρ(t)γ′(t) + γ(t)(ρ(t)n′1(t)− 2n1(t)ρ′(t))]

n12(t) = − n1(t)n123(t)n13(t)γ(t)ρ(t)n′12(t)

−n1(t)n13(t)γ(t)ρ(t)n′123(t) + n123(t)[n1(t)γ(t)ρ(t)n′13(t) + Θ9]

m13(t) =
m1(t)m12(t)m23(t)γ(t)ρ(t)m′13(t)

−m1(t)m23(tγ(t)ρ(t)m′12(t) +m12(t)[m1(t)γ(t)ρ(t)m′23(t) + Θ10])

n23(t) =
n1(t)n123(t)γ(t)ρ(t)n′23(t)

n1(t)γ(t)ρ(t)n′123(t) + n123(t)[n1(t)ρ(t)γ′(t) + γ(t)(−ρ(t)n′1(t) + n1(t)ρ′(t))]

m123(t) =
m1(t)m23(t)γ(t)ρ(t)m′123(t)

m1(t)γ(t)ρ(t)m′23(t)−m23(t)[m1(t)ρ(t)γ′(t) + γ(t)(−ρ(t)m′1(t) +m1(t)ρ(t))]

$′3(t) =
[p1s1 + p3s1 − k1(r1 + r3)]m1(t)n13(t)γ(t)ρ(t)n′1(t) + Θ11

(p1s1 − k1r1)m1(t)n1(t)n13(t)γ(t)ρ(t)

Θ7 = ρ(t)m′1(t) +m1(t)ρ′(t),Θ8 = ρ(t)n′123(t) + n123(t)ρ′(t) (51)

Θ9 = n13(t)(−γ(t)ρ(t)n′1(t)− 2n1(t)ρ(t)γ′(t) + n1(t)γ(t)ρ′(t)) (52)

Θ10 = m23(t)(2γ(t)ρ(t)m′1(t)− 2m1(t)ρ(t)γ′(t) +m1(t)γ(t)ρ′(t)) (53)

Θ11 = n1(t)[(−p1s1 + k1r1)m1(t)γ(t)ρ(t)n′13(t) + Θ12], (54)

Θ12 = n13(t)[[(−k1 + p3)r1 + p1(s1 − r3)]m1(t)ρ(t)γ′(t) + γ(t)[Θ13]] (55)

Θ13 = ρ(t)[(−p3r1 + p1r3)m′1(t) +m1(t)[(−p3r1 + p1r3)w′1(t) + (p3s1 − k1r3)$′1(t)]] + Θ14 (56)

Θ14 = (−p1s1 − p3s1 + k1(r1 + r3))m1(t)ρ′(t) (57)

Supposing that f4 = g4 = 0, fi = gi = 0(i = 5, 6, · · · ), ε = 1,the triple soliton solution of the

variable coefficient (3+1)-dimensional Potential-YTSF equation is

u = [ln(
1 + f1 + f2 + f3
1 + g1 + g2 + g3

)]x (58)

=
k1m1(t) exp(η1) + k2m2(t) exp(η2) + k3m3(t) exp(η3) + ∆1

1 + f1 + f2 + f3

+
p1n1(t) exp(θ1) + p2n2(t) exp(θ2) + p3n3(t) exp(θ3) + ∆3

1 + g1 + g2 + g3
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∆1 = (k1 + k2)m12(t) exp(η1 + η2) + (k1 + k3)m13(t) exp(η1 + η3) + ∆2

∆2 = (k2 + k3)m23(t) exp(η2 + η3) + (k1 + k2 + k3)m123(t) exp(η1 + η2 + η3)

∆3 = (p1 + p2)n12(t) exp(θ1 + θ2) + (p1 + p3)n13(t) exp(θ1 + θ3) + ∆4

∆4 = (p2 + p3)n23(t) exp(θ2 + θ3) + (p1 + p2 + p3)n123(t) exp(θ1 + θ2 + θ3)

(a)t=0 (b)t=0.5 (c)t=2

(d) (e) (f)

Fig.7m1(t) = cos(t), w1(t) = tan(t), ρ(t) = sin(t), γ(t) = cos(t),m12(t) = exp(t), n1(t) = t2,m23(t) =

t2,m3(t) = arctan(t), z1(t) = cosh(t),m2(t) = t,m13(t) = sin(t),m123(t) = arccos(t)

(a)t=0 (b)t=0.3 (c)t=0.5
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(d) (e) (f)

Fig.8m1(t) = cos(t) arctan(t), w1(t) = t tan(t), ρ(t) = t sin(t), γ(t) = cos(t),m12(t) = t2 exp(t), n1(t) =

t2 sin(t),m23(t) = t2,m3(t) = arctan(t), z1(t) = exp(t) cosh(t),m2(t) = t exp(t),m13(t) = sin(t),m123(t) =

arccos(t)

(a)t=6 (b)t=8 (c)t=8.3

(d) (e) (f)

Fig.9m1(t) = cos(t) + arctan(t), w1(t) = t + tan(t), ρ(t) = t + sin(t), γ(t) = cos(t),m12(t) =

t2 + exp(t), n1(t) = t2 + sin(t),m23(t) = t2,m3(t) = arctan(t), $1(t) = exp(t) + cosh(t),m2(t) =

t+ exp(t),m13(t) = sin(t),m123(t) = arccos(t)
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5 Conclusion

Ref. [6] obtained the exact solution of equation (1) by using the self-Bäcklund transformation.

In [7], the exact solution of (3+1)-dimensional constant coefficient equation (1) is obtained by

traveling wave transformation method. Reference [13] obtained the exact solution of the constant

coefficient equation (1) by the generalized projective Ricatti method. Reference [14] constructed

a new form of solution of the constant coefficient equation (1) by using the KdV equation and its

various solutions to generate various solutions of the nonlinear evolution equation. In this paper,

based on the Bell polynomial method, the (3+1)-dimensional variable coefficient Potential-YTSF

equation is transformed into P-polynomial, and the double Bell polynomial Bäcklund transfor-

mation and bilinear form Bäcklund transformation, Lax pair and infinite conservation law are

obtained by P-polynomial.The exact solution of the equation is obtained by using the bilinear

Bäcklund transformation and symbolic computation system Mathematica.By solving different pa-

rameters containing t, a part of the three-dimensional graph and contour map are obtained,and

the physical meaning of the understanding is interpreted through these different graphs.
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