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1 Introduction and main result

Let 0 € Q C R3 be a bounded domain with smooth boundary 9. In this paper, we
consider the following Kirchhoff type problems with variable exponent

(1.1)

—(a+0b [, |Vu]?dz)Au = |[u]™ 2y, in Q,
u =0, on 012,

where @ > 0, b > 0 are real numbers. Define Dy = {0}, D, = {z|z € Q,|z| < p} and
Q,=Q\D,. We assume ¢(x) satisfies the following conditions.

(@) ¢€C(Q), ¢(0)=4and 4 < g(r) < max{g(z)} = ¢ < 6 for x # 0;
€
(Q2) there exist a € (0, 2) such that g(z) >4 + |z|* for z € Q.
Kirchhoff type problem on a smooth-bounded domain Q C R3? takes the form

{ —(a+b [, |VuPdz)Au = f(z,u), in Q, (1.2)

u =0, on 012,
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which has been studied extensively. Indeed, such a class of problems is called a nonlocal
because of the presence of the term [, [Vu|?dz, which implies that equation in (1.2) is
no longer a pointwise equation. Moreover, equation (1.2) is related to the stationary
analogue equation, that is,

{ uy — (a+0b [ |VulPde)Au = f(z,u), in Q,

1.
u =0, on 012, (13)

which was first proposed by Kirchhoff (see [8]) in 1883 as an extension of the classical
D’Alembert wave equation for free vibrations of elastic strings. The problem (1.2) has
been studied by many authors, for example [2, 5, 6, 7, 10, 13, 14, 15, 16, 17, 19, 21, 22].
Many solvability conditions on the nonlinearity f near zero and infinity for the problem
(1.2) have been considered, such as the superlinear case [14] and asymptotical linear
case [17]. In addition, the authors in [9] mentioned the following growth condition on
f is often assumed:

(f)  flz,t)t > 4F (x,t) for |t| large, where F(x,t) = f(f f(z,s)ds,

which assures the boundedness of any Palais-Smale or Cerami sequence (see [20]).
Indeed the condition (f) may appear in different forms as follows:

(fo)  there exists § > 1 such that 0G(x,t) > G(sz,st) for all t € R and s € [0, 1],
where G(x,t) = tf(x,t) — 4F(z,t) for all x € Q (see [17]);

(f1) lim G(z,t) = oo for all z € Q (see [21]); or

[t| =00

(f2) lim G(x,t) = oo and there exists ¢ > max{1, N/2} such that |f(x,t)|” <

[t| =00

CG(z,t)[t|” for any = € 2 and |t| large enough (see [14]).

In the papers above, each of the conditions (fy) — (f2) implies that the condition (f)
holds. Several researchers studied problem (1.2) with conditions weaker than (f). For
example, a more weaker super-quadratic condition is that

(5) w40 as |u| — 400 uniformly in z € Q.

Jul

In [3], the authors obtained the existence of one least energy sign-changing solution for
problem (1.2) by condition (S) and some extra assumptions. It is worth mentioning
that the above conditions are usually for the non-degenerate case, i.e. the case a > 0.
In fact, for the degenerate case a = 0, some conditions need to be strengthened(see
[4]). For example, the condition (f) should be replaced by

(f)  f(z, )t > 4F(x,t) for |t| large.



Indeed, if there exists zp € Q such that g(z¢) = ingfl{q(a:)} = 4, then the con-
TE

ditions (f") and (S) do not hold. This phenomenon does not exist for the constant
exponent. Therefore, the problem we intend to study is a new phenomenon. If a = 0,
it is difficult to verify the boundedness of Palais-Smale sequence of the corresponding
functional to equation (1.1). In recent years, some literature has used perturbation
method to overcome this difficulty(see [11, 12, 18, 23]). Inspired by the above litera-
ture, we first modify the nonlinear term to guarantee the boundedness of Palais-Smale
sequence of the corresponding functional and obtain a nonnegative nontrivial solution
of perturbation problem by the method of mountain pass lemma. Subsequently, we
use the Moser iteration to prove that the nonnegative nontrivial solution of auxiliary
problem is indeed a nonnegative nontrivial solution of original problem (1.1).

The main result of this paper reads as follows.

Theorem 1.1. Suppose that a > 0, b > 0, the conditions (Q1) and (Q2) hold. Then,
problem (1.1) has at least a nonnegative nontrivial solution.

Remark 1.2. We use the perturbation method and Moser iteration mainly to deal with
the degenerate cases. Our results include both degenerate and non-degenerate cases.

Throughout this paper, We use ||-|| to denote the usual norms of H}(€2). The letter
C stands for positive constant which may take different values at different places.

2 The modified Kirchhoff problem

According to ¢(0) = 4, it seems to be difficult to confirm whether the energy
function I corresponding to (1.1) satisfies the Palais-Smale condition or not. To apply
variational methods, the first step in proving Theorem 1.1 is modifying the nonlinear
term to obtain the perturbation equation. Since ¢(x) is a continuous function and
gt < 6, we can choose r > 0 such that

1
r<min{6—q+, E} (2.1)

Let ¢(t) € C{°(R,[0,1]) be a smooth even function with the following properties:
P(t) =1 for |t| < 1, ¥(t) = 0 for |[t| > 2 and 9 (¢) is monotonically decreasing on the
interval (0, 400). Define

balt) = V(ut),  my(t) = / b(r)dr,

for 1 € (0, 1]. We will deal with the modified problem

my(u)

—(a+b [, |[Vu]?dz)Au = (=2=)"u|"® 2y, in €,
u =0, on 0f).



Theorem 2.1. Suppose that a > 0, b > 0, the conditions (Q1) and (Q2) hold. Then,
for any p € (0,1], there exists L > 0 independent of pn such that problem (2.2) has at
least a nonnegative nontrivial solution u, satisfying 0 < I,(u,) < L.

The formal energy functional I, : H}(Q2) — R associated with (2.2) is defined by

a b
ta) = Sl + = [ Koo, ") e
Q

, t
where k,(z,t) = (m;f(t)> |t[a(@)=2¢, K, (z,t) :/0 k,(x,T)dr.

Lemma 2.2. The function K,(x,t) defined above satisfies the following inequalities:

K, (x,t) < th,(z,t), K, (x,t) < tk,(z,t) + C,,

q(z)

fort >0, where C,, > 0 is a positive constant.

q(z)+r

Proof. Since b,(t) is a monotonically decreasing on the interval (0, +00), we have

(L) m ) _O_b),
dt \'my,(t) m2(t) m2(t) -
for t > 0, where £ € (0,t). Therefore, W is monotonically increasing on the interval
(0,400). Hence, fq“(g(ff_tf = <m5(t)>r is also monotonically increasing on the interval

(0, +00). It follows that

t t
kﬂ(x’ t) z)—1 1
K, (z,t) :/0 ky(x,m)dr < /0 o)1 7@~ 1gr = mtk#(x,t), (2.3)
for t > 0.
By definition of the function m,, we have m,(t) = ﬁ for t > %, where A =

1+ ff ()dr. For t > 2 one has

Ku(l’,t) = /# ku<l’,7') dr + /t (ﬂ)rTq(xHr*l dr
0 2 A

- /0 (kue,m) = (5) 7o) d7+/0t (&) roerrtar

tk,(x,t)
<O+ . 2.4
RN ICOR 24
It implies from (2.3) and (2.4) that
1

K t) < ———tk t)y+C

H(xa ) — q(x> s M(xv )+ 123
for ¢ > 0. [



Lemma 2.3. Suppose that a > 0, b > 0, the conditions (Q1) and (Q2) hold. Then, for
any p € (0,1], I, satisfies the (PS) condition.

Proof. Let {u,} be a (PS) sequence of I, in Hg(€2). This means that there exists
C' > 0 such that

|1, (u,)| < C, I;(un) — 0 as n — oo. (2.5)

From (2.5) and Lemma 2.2, we derive that

1 /
[M(un) - 4+r<[u(un)aun>
(2+7)a 5 br A / 1 1
> " " — k. (x, v utde — C
br
> 4
> el -G

which implies that #HWH“ < C+C, + o(||lun|]). We obtain {u,} is bounded in
H}(Q). Since the functional I,(u) is of subcritical growth, by a standard argument

I,(u) satisfies the (PS) condition.

O

In the following lemma, we will verify that I, possesses the mountain pass geometry.

Lemma 2.4. Suppose that a > 0, b > 0, the conditions (Q1) and (Q2) hold. Then, the
functional I, possesses the mountain pass geometry, namely,

(1) there exist m, p > 0 such that I,,(u) > m for any u € H}(Q) with |lu| = p;

(2) there exists w € Hy(Q) such that ||w| > p and I,(w) < 0.

Proof. By definition of the function £,, we have
T)— K" T)+r—
k(D) < 7 () e,
It follows that

RS pAr |t|a@tr
Ku(w, 0 < =+ (5) T—.
=S W)

Therefore, there exists C, > 0 such that

/Ku(x,qu)dx
Q

< Cy [ (ul"® + ol do (2.6)
Q
By the Sobolev imbedding theorem, it implies from 4 < ¢(z) < g(z) + r < 6 that

1LMW“Wx§AWM”+M%MSCNWHWWW%- (2.7)



Set V. = {z € Q4 < q(x) < 4+ €}. By the Holder inequality and the Sobolev
imbedding theorem, we have

/ ul?® dz = || 7®) d:):+/ |u|1® da
Q Ve O\Ve

< / (luf* + u] ) dz + / (laf** + |uf°) de
e Q\Ve

< [ luftdn [ Qut ) o

. 0
< CVelflull® + CClull ™= + [lull®). (2.8)
Since Vy = {0}, we obtain |V.| — 0 as ¢ — 0. Fix p € (0, 1], it implies that there exists
g9 > 0 such that

b

Vs < —
Vel < 5ee,

(2.9)
for any € € (0,¢¢). From (2.6)-(2.9), we obtain
b £ T
Lu(u) = Sllull® = Culllul**= + [l + [fu]l).

Therefore, there exist m, p > 0 such that [,(u) > m for any u E Hl(Q) with ||ul| = p.
By definition of the function k,, we obtain k,(x,t) > t%@~1 According to (Q1),
we know that there exists a positive measurable set Uy C €2 such that

q(z) > A +2Q+ for any =z € U,. (2.10)
Fix a nonnegative function vy € H}(Up)\{0}. Then, for ¢ > 0 sufficiently large, we
obtain
I (tvo)<a—t2|| 0||2+bi4|| / ’UO,Q dx < 0.
Choosing w = tovy with ¢y > 0 large enough, we have ||w|| > p and I,(w) < 0. O

Now we are in a position to prove the main result of this section.

Proof of Theorem 2.1. From Lemmas 2.3 and 2.4 we see that the functional I,
satisfies the (PS) condition and has the mountain pass geometry. Define

= {y € C([0,1], Hy(2))| 7(0) =0, 4(1) = w}, ¢, = inf max I,(v(t)).

~verl' t€]0,1]

By the mountain pass theorem(see [1]), we obtain that problem (2.2) has a solution u,,.
After a direct calculation, we derive that al|u;, ||* + bl|lu;, |* = (I},(u,), u;) = 0, which
implies that u, = 0. Hence, u, > 0. Since I,,(u,) = ¢, > 0 = 1,(0), we have u, # 0.
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So we obtain wu, is a nonnegative nontrivial solution of problem (2.2). It follows from
(2.10) that

at? bt* agt [ w]1)
L(u,) = ¢, < max I, (tw) < (— el U R A d):L
) = e < gms Fultw) < mecg (Sl + el =45 f Sy o) = B

where L independent of p. The proof is complete. ]

3 A priori estimate and proof of Theorem 1.1

In this section, we will show that solutions of auxiliary problem (2.2) are indeed
solutions of original problem (1.1). For this purpose, we need the following uniform
L*>-estimate for critical points of the functional I,,.

Lemma 3.1. Suppose that a > 0, b > 0, the conditions (Q1) and (Q2) hold. If
I,(v) < L and I}, (v) = 0, then there exists C' = C(L) > 0 independent of ju such that
Jo |Vu|?de < C.

Proof. By Lemma 2.2, [,(v) < L and I} (v) = 0, we have

L > L) - 1w
@y e b
= gl */( @

Case 1. If @ > 0, then according to (Q;) and (3.1), we obtain [jv[|* < 2, then there
exist C' = C(L) > 0 independent of y such that [, [Vo|*dz < C.
Case 2. If a = 0, then according to (Q2) and (3.1), there exists Cy > 0 such that

L > /g(i_Wlw)) (2, v)vda

> Co/|x|°‘ku(:c,’u)vdx. (3.2)
Q

) ko (, v)vd. (3.1)

Ny

Therefore, for any p > 0, we know that there exists m, > 0 such that

1
/ ky(x,v)vde < —/ 2|k, (z, v)vde < m,, (3.3)
Q, P* Ja,

J

From (@) and (2.1), we have

and

|| |v|1@dx < / ||k, (2, v)vdr < L/Cy. (3.4)
Dy

P

a(l+r) a(l+r) 13«
0< = < < 3.
25— (1+r) 1-r 11
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Therefore, we can choose p € ( 1, %) satisfying

1 23
>2 and 0< pal + 1) < =<3
p—1 24r—p(l+r) 8

Let ¢ = sup{q(x)|z € D,}. It follows from (1) and (3.5) that
p p

_ +_1
pA=r) 4 g Pl 14T

+
q, <
= p—1 qf —plgf —1+7)

<3

Using the Young inequality, we deduce from (3.4) and (3.6) that

M [} x)+r—
T e I (e R B
Dy

a(g(z)+r—

(3.5)

X

< C/ || |U‘q dl‘—i—C’/ |z|~ RO 1>dx

Pa(qp +r—1)

S C/ |.T| |U‘q d.T+C/ ‘x| qp P((I;_+r Y da

pa(qp +r—1)

+ Cp qp —p(qp +r—1)

IN

Co
< C.

(3.7)

Choose r and p such that 6(q(z) +r —4) < p(q(x) +r — 1). By the Holder inequality,

we deduce from (3.7) that

1 1 1

6 6 6
/]v\q(x)”daj < /]v|6dx /\v\ﬁ(q(m)”‘l)dx /dw
Dp Dp Dp DP

IN

1
6
1
Clil (/D (1+ oparr ”)dx) D,
13

1
< Cp2|vlfs.

Since v € H} () is a solution of problem (2.2), when a = 0, we have

—(b/ Vo2dz) Av = ky(x,0), in Q.
Q



Multiply problem (3.9) by v and integrate, it implies from (3.3) and (3.8) that
el = [ (e opda
Q
= / ky(z,v)vdx —i—/ k(x,v)vdx
0\Q,

Qp

/ 0|7 dy +m,
D

P

IA

CPEHUH%l +my
Cp2 (S51)?|[vl|* +m,,
Cp2 [lv]* +m,, (3.10)

VAR VANVA

where S3 is the best embedding constant for H}(2) — L5(Q2). We can choose py > 0
sufficiently small such that

b—Cpg > 0.

It follows from (3.10) that
/ |Voul*dx < C.
Q

]

Lemma 3.2. Suppose that a > 0, b > 0, the conditions (Q1) and (Q2) hold. If v is
a critical point of I, with 1,(v) < L, then there exists a positive constant M = M (L)
independent of pu such that ||V < M.

Proof. Using the Sobolev embedding theorem, we have

3
/ wfbdz < C </ |Vv]2d:c> <c (3.11)
Q Q

Let s >0 and t = g* + 7. We have
/ VoVe*dr = (25 + 1)/ V> ¢*dx > 0,
Q Q

for any ¢ € H(€). Since v is a solution of problem (2.2), multiply problem (2.2) by
v and integrate to obtain

ol [ v iar < G@rblel?) [ Voveia
@ Q

— / ky(z,v)v* T de
Q

< C’</ ]v|2dx+/ |v|25+tdac).
Q Q
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It implies that

b 2
ol [ 1ovae = M [ gpgyenig,
Q 2s+1 Jq

< C(/ |v|2dx+/ |v|28+tdx>.
Q Q

On the one hand, by the Sobolev embedding theorem, we have

b 2
RS Il /|v Lsj2 gy
Q

1—|—3

2
> bl|v]] (/| |6 1+s)dl’)
(1+s)?

On the other hand, by the Holder inequality and (3.11), we have

8—t

6
/|v|25+tdx < (/ |v|6dx) </ o295 tdx)
Q
3
OHU’t 2 (/ |U 1+s ddx) ’

where d = %% > 1. And by the Sobolev embedding theorem, we have

IN

/ |v|2dx < C’||v||2.
Q

According to (3.12), (3.13), (3.14) and (3.15), we obtain

1
3 2
bH,UHQ </ |,U|6(1+s)dx)3 < (1 —25) b|]v||2/ |V’U|2’U2Sd$
Q

(1
+S (/ |v] dx+/ ]v\28+tdw>

A

IN

(3.12)

(3.13)

(3.14)

(3.15)

9 da
< 4 *CS> -c<c||vu2+c||vu” (/ |v\<1+s>3dx)3>,
Q

then, by Lemma 3.1, when b > 0, we have

1 d
1 4
(/ |v|6(1+s)dx) < (C(1+59)) <1+Hv|t 4 /|v|<1+s ddm) )
Q
C(1+s)) (

1+ ( |v| 1+S)ddm)§) :
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Notice that ) < 1, we have

2(1+s
-
(/ ‘U‘6(1+s)d:€) (1+s)
Q
1 6(1(13)
< (C(1+s))T+s (1 + (/ ‘v|(1+8)2dx) )
Q
d
6(1+s)
< (20(1+ )7 max{l, (/ \v\<1+5>3das) } (3.16)
Q

Now we carry out an iteration process. Set s, = d* — 1 for k = 1,2,---. By (3.16),
we have

1

6dF 1 k—1 6]‘%1
(/ yvde’“dx) T < (CdMFm X{L (/ [0 da;) ’ }
Q
< _(2Cd") @ max{ (/ v dx) }
< (20)Shad L gid max{l, (/ \v|6dx)6}. (3.17)
Q

Since d > 1, the series Z d~7 and Z jd=7 are convergent. Letting k — 0o, we conclude
J=1 J=1
from (3.11) and (3.17) that ||v||cc < M. The proof is complete. O

Proof of Theorem 1.1. By Theorem 2.1, we know that problem (2.2) has at least
a nonnegative nontrivial solution u, satisfying 0 < I,(u,) < L. By definition of the
function m,, we have m,(t) = ¢ for t < l% Hence, problem (2.2) reduce to problem
(1.1) for |u| < i Let p < 317. By Lemma 3.2, we have

1
ul < —, (3.18)
S

then wu, is indeed a nonnegative nontrivial solution of problem (1.1). The proof of
Theorem 1.1 is now complete. [
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