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Abstract

In this paper, we propose a numerical scheme of the predictor-corrector type for solving nonlinear fractional initial value
problems, the chosen fractional derivative is called the Atangana-Baleanu derivative defined in Caputo sense (ABC). This
proposed method is based on Lagrangian quadratic polynomials to approximate the nonlinearity implied in the Volterra integral
which is obtained by reducing the given fractional differential equation via the properties of the ABC-fractional derivative.
Through this technique, we get corrector formula with high accuracy which is implicit as well as predictor formula which is
explicit and has the same precision order as the corrective formula. On the other hand, the so-called memory term is computed
only once for both prediction and correction phases, which indicates the low cost of the proposed method. Also, the error bound
of the proposed numerical scheme is offered. Furthermore, numerical experiments are presented in order to assess the accuracy
of the new method on two differential equations. Moreover, a case study is considered where the proposed predictor-corrector

scheme is used to obtained approximate solutions of a coupled non-autonomous ABC-fractional differential system.
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In this paper, we propose a numerical scheme of the predictor-corrector type for solving nonlinear fractional initial value
problems, the chosen fractional derivative is called the Atangana-Baleanu derivative defined in Caputo sense (ABC). This
proposed method is based on Lagrangian quadratic polynomials to approximate the nonlinearity implied in the Volterra
integral which is obtained by reducing the given fractional differential equation via the properties of the ABC-fractional
derivative. Through this technique, we get corrector formula with high accuracy which is implicit as well as predictor formula
which is explicit and has the same precision order as the corrective formula. On the other hand, the so-called memory term
is computed only once for both prediction and correction phases, which indicates the low cost of the proposed method.
Also, the error bound of the proposed numerical scheme is offered. Furthermore, numerical experiments are presented
in order to assess the accuracy of the new method on two differential equations. Moreover, a case study is considered
where the proposed predictor-corrector scheme is used to obtained approximate solutions of a coupled non-autonomous
ABC-fractional differential system.
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1. Introduction

Despite the fact that fractional calculus has a lengthy history in mathematics, it has only recently seen a considerable number of
real-world applications [1]. Fractional derivatives are important due to their attractive characteristics, (e.g. memory effect) [2, 3],
including their wide dynamical range [4, 5]. Many definitions of fractional derivatives and integrals exist, including Riemann-
Liouville, Caputo, Grunwald-Letnikov [6, 7]. In 2015, Caputo and Fabrizio (CF) have suggested a new idea of fractional derivatives
based on the exponential decay [8]. Following that, Atangana and Baleanu proposed a novel concept of fractional derivative with
non-singular and non-local kernel based on the Mittag-Leffler function [9].

Due to the difficulty or impossibility to obtain exact solutions of nonlinear differential equations involving fractional derivatives,
numerical techniques are required to provide approximate solutions. Over the past few decades, numerical methods to solve initial
value problems have attracted great interest from the research community, which support various disciplines, including medicine
[10, 11], chemistry [12, 13], biology [14], and physics [9, 15], etc. Where computational algorithms are implemented. Moreover,
numerical analysis techniques are the perfect tools to evaluate the behavior of real-life complicated models. Therefore, the
implementation of accurate numerical methods is suitable in the problems representing real world phenomena.

Over the past twenty years, several numerical approaches have been developed by researchers for solving fractional ordinary
differential equations with general nonlinearity and various definitions of fractional derivatives.

For fractional diffential equations with the Caputo fractional derivative, Diethelm et al. [16, 17, 18], Nguyen and Jang [21]
used the linear or quadratic Lagrange interpolating polynomials to approximate the nonlinear term in Volterra integral equation, in
order to solve it numerically with the so-called Adams-type predictor-corrector method, which is identical to the numerical solution
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of the fractional differential equation. Li et al. [23] obtained the approximate solution for Volterra integral equation based on
higher-order piecewise interpolation polynomial, and use the Simpson method to design a higher-order scheme for the fractional
differential equation. The fractional Adams-Bashforth-Moulton method developed with Newton linear/quadratic interpolations,
by Atangana and Araz, Douaifia et al. [19, 14]. For the fractional differential equations which involving variable-order (VO)
fractional derivative (FD) in sense of Caputo (it is an extension of constant-order FD). Moghaddam et al. [24], Douaifia and
Abdelmalek [25], got the numerical solutions of VO fractional differential equations with /without delay, using predictor-corrector
approach. Also, the authors [27, 28] applied spectral collocation method to obtain solutions of the VO differential equations
with/without integrals term.

Based on the previous mentioned approaches, several numerical techniques have developed to solve fractional differential
equations with Atangana-Baleanu fractional derivative. Toufik and Atangana, Shah et al. [15, 29] used the two-step Lagrange
polynomial interpolation to obtain solution of fractional differential equations. Baleanu et al. [30] constructed Adams-type
predictor-corrector method. Sadeghi et al. [31] obtained the approximate solution based on Genocchi polynomials. Ganji et al. [26]
applied the fifth-kind Chebyshev polynomials to obtain solution of the ABC-fractional multi-variable orders differential equations.
Ganji and Jafari [32] used the spectral technique for solving integro-differential equations. Abdeljawad et al. [33] developed a
predictor-corrector method to solve fractional differential equations involving a generalized Atangana-Baleanu derivative with a
three-parameter Mittag-Leffler function in its kernel. Then, Baba et al. [34] used it to solve COVID-19 Awareness model in the
setting of a generalized fractional Atangana-Baleanu derivative.

In the current paper, by following [21, 22] we suggest a high-order (i.e. lead to O(h®) accuracy) numerical approach of the
predictor-corrector type for solving nonlinear ABC-fractional differential equations by using quadratic lagrange interpolation to
approximate the nonlinearity involving in the Volterra integral which is obtained by reducing the given fractional initial value
problem via the properties of the ABC-fractional derivative. Thus, we obtain two formulas, an implicit corrector formula with
high accuracy as well as an explicit predictor formula with the same precision order as the corrector formula. Furthermore, the
memory term which appeared in each the previous formulas, is computed just once for both, which highlighting the low cost of
the proposed approach.

The remainder of this paper is arranged as follows: Basic definitions and notations, including the Atangana-Baleanu fractional
derivatives and integral, are introduced in Section 2. In Section 3, a new numerical method is proposed for solving fractional initial
value problems involving the Atangana-Baleanu fractional derivative in Caputo sense. The schemes’ error estimates are obtained
in Section 4. Finally, in Section 5, we present numerical examples to demonstrate the efficacy of the proposed scheme, and we
also compare the solutions with other methods [15, 30]. Also, numerical simulation of a coupled non-autonomous ABC-fractional
differential system is discussed via the proposed scheme.

2. Preliminaries

The Atangana-Baleanu fractional derivative in the Caputo sense (ABC) is defined as (cf. [9]):

wsorr(e) = 42 [ roe. (15 - 97) a5 (2.

where a € (0,1), AB(a) > 0 is a normalization function obeying AB(0) = AB(1) =1 (e.g. AB(a) =1—a+ %), Eo(.)

denotes the Mittag-Leffler function of order o defined by

o0 K
z
Es(z) = ;O Flak+ 1)’ z,a€C, and Re(a)>0, (2.2)
and '(.) denotes Gamma function, defined as
+o00
Ma) = / t* e tdt, Re(a) > 0. (2.3)
0

The fractional integral in the sense of Atangana-Beleanu, is defined as follows (cf. [38]):
l-«a

I = g )+ m/o F(s)(t — 5)°ds. (2.4)

We consider the initial-value problem with Atangana-Baleanu derivative

ABODy (1) = f (t,y (1)), 0<t<T < oo,
(2.5)
y(0) = yo,
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where f is a smooth nonlinear function that guarantees the existence of a unique solution for (2.5), with the fractional order
a € (0,1), and yo € R. A continuous function y(t) is the solution of (2.5) if and only if it is the solution of following Voltera-
integral equation:

YO =0+ A VD) + m | fsvone—sy s (26)
At point tp+1 = h(n+1),n=0,1,..., N € N with h = &, we get

VR e WP /tmf(s (5)) (toss — 5)° L ds
Yn+1 = Y0 AB( )n+l AB(a)I’(a) . VY n+1

(03
AB(a)l ()

L ( /0 " (5,9(5)) (tosr — 5)° ds + / F(5.(5) (tars — )™ ds) (2.7)

AB( )

inc

AB( )fn+1 + J/n+1 + Vo1

lag

where, v and y,1

are called lag term and increment term respectively, which take the following forms:

Yl = m /0 Nt — )% (s, y(s))ds, (2.8)

and
tht1

(tn1 — 5)* L (s, y(s))ds. (2.9)

inc
Yng1 ©

AB(a)F(a) /

3. Predictor-corrector scheme with quadratic interpolation

To start presenting the proposed numerical method to solve the initial-value problem (2.5), we need the following lemma:

Lemma 1 ([21]) Assume that ¢ € P»>([0, T]), where P»([0, T]) is the space of all polynomials of degree less than or equal to
two. Let 9y, k=0, ...., N be the restricted value of ¥(t) on t, (0 < k < N ). Then there exist reals b2, 1, by, and b2+, such
that

th1
/ (trer — 5)° 1¢(s)ds—82 o (3.1)
th
h* 0 a+4 20° + 9a + 12
Where, B= —— 140 T4 p1 o 43 b2, = XTIt
ere. B= Sl Daray = b = —2a+3). b 2

Now, we use quadratic Lagrange polynomial of f(s, y(s)) over the intervals [ti_1, tiy1] , 1 < i< N —1:

i+1
F(s.y(s)~ Y _ figi(s (32)
|=i—1
where
oo
i — Lk
as)= 11 -— (33)
ooy b K
I#£k

But, on [to, t1] we can interpolate f(s, y(s)) with the points { o, ty, t1}, then we get

f(s,y(s)) ~ fodp(s) + fy q%(s) + fgi(s), (3.4)
where
(s —to)(s—t1) s—to)(s—t (s —to)(s—t1)
a(s) = ————=. di(s) = M, Ai(s) = — . (3.5)
(tl—to)(tl—t%) 2 (t% —t1)(t% —t1) (tl—to)(h—t%)
The approximation of y(t,+1) denoting by y,+1, according to (3.2)-(3.5), ya+1 takes the following form:
Vo1 = yo +"PEL + V0 + 7 (3.6)
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where :
ABfr = AB(a) ) F(tar1, Vo). (3.7)
2 n-1
~
Y = AB(a)r <Zajn31fl FZO 2 aya i 1> (3.8)
and )
~inc a
Yn+1 = W (JZO aln-¢—1 fn+1 1+ an+1fn+1> (3.9)
with -
;ﬂnil_/ (trs1 —$)*'g(s)ds, for je{0,1,2}, (3.10)
Ty
where,
~ 2 if k =0,
j=12 (3.11)

j+k—1 ifl<k<n.

The predictor term can be approximated as follows:

- o~ ah®
yn’j+1 =y + ABfan + yrlyirgl + m Z b{7+1 nj—2, (3.12)
where )
AB Fapprx — —a _ _ >
iy 7/45(05) (fa—o — 3fh—1 — 31,), n>2. (3.13)

4. Error analysis

Throughout this section, we need the following lemmas:

Lemma 2 Let f € C""*([a, b]) and P, € P,([a, b]) (where P,([0, T]) is the space of all polynomials of degree less than or equal
to n) interpolate the function f at tx, 0 < k < N, with to = a, tn = b,, then there exists £ € (a, b)such that, for any s € [a, b]

n+1
F(s) = Pals) = + +(1’5)I H(S . (4.1)
Lemma 3 ([21]) For § > 0, we have
Z/tk“(tn+1 ~ o) lds < %5 (4.2)

Lemma 4 ([36]) (Discrete Gronwall’s Inequality) Let {a,}"_o, {bs}\_, be non-negative sequences with second one is monotonic
increasing and satisfy that

n—1
an < by + M"Y (n—K)la, 0< <N, (4.3)
k=0
where, M > 0 is independent of h > 0, and 0 < 68 < 1. Then,
an < baEs (MT(8)(nh)?). (4.4)

Lemma 5 ([21]) There exist K1, K» > 0 such that fora € (0,1), and j =0, 1,2, we have

K1 nfk)""lh"‘ fO<k<n-—1,
2k ‘ == 45
= ifk=n. (45)
Let T,ﬂl be the truncation error of prediction at point t,+1, defined by

P a 1 a—1 a 0

Top = AB()(a) J, (trt1 — )™ f(s,y(s))ds — AB(a) (@) Zajnﬂﬂ (4.6)
ah® G

W ZO ; ajn+1 ferj—1 — W — b1 fosj—2|.
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Theorem 1 Assume that f(., y(.)) € C3([0, T]). Then, there exists C > 0 (independent of all grid parameters) such that:

T < Ch. (4.7)
. a
Proof: We set the notation, ABy = AB(a)(a)’ then
3
Tra <Y T, (4.8)
j=1
where,
t 2
I = ABg/ (trt1 — S)Q_l‘f(SVY(S)) - Z f% q(j; (s)lds, (4.9)
0 =
=l ety 1 2 P
L= 4B,y [ (= 97 f(s. () = 3 frnpaahyy ()]s, (4.10)
k=1 "t j=0
thy 1 ha 2 .
Iy = )Asg /t (trss = ) F(5.0(5)) = T(@)AB gy ; blorFosial. (4.11)
Thanks to lemma 2, there exists C; > 0, such that
I <Gk, j=1,2. (4.12)
The Taylor expansion of f around t, gives:
1 "
F(t) = Pa(t) + ;7 (€n)(t — tn)® +O(h%), &, € (tn t), (4.13)
where, )
Po(t) = fo+ ' (ta)(t — tn) + 5f”(t,,)(t —t)?, (P €P([0, T])). (4.14)
According to lemma 2 and (4.11), we have
it a1 1, 3 3
7 :‘Asg/ (trss = )7 (Pa(s) + 57 (€n)(s — t)° + O(h))ds
th .
e
- I’(a)ABgm 2 by fﬂﬂ*Q‘v (4.15)
it follows that
ha
Is < F(a)ABgm< | bhes || Po(ta-2) = fao = foa | + | baga || Po(tn-1) = foa | )
ot a—1 1 " 3 3
+ ABy / (tris = )" (5F(6a)(s = )’ ) ds| + O(”). (4.16)
tn
According to (4.8) and (4.13), we have
3
‘PQ(tn—Q) - f,,,2‘§ 4A;lh where M :=max {| (&) | : 0 < k < N}, (4.17)
and M
‘Pz(tn_l) - f,,_l‘g = (4.18)
We thus obtain the estimate
h* o 4Mh® 1 M, Mp3te 3
< - .
T < T(@ABy ey 55 (b,,H |l 5 ) + 5By H o) (4.19)
Consequently, there exists C, > 0 such that
Is < G (4.20)
According to (4.8), (4.12) and (4.20), proof of theorem is achieved. O
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Theorem 2 (Global Predictor Error) Assume that f(.,y(.)) € C3([0, T]) and is Lipschitz continuous in its second argument, i.e.

3L > 0, such that |f(t,y1) — f(t,y2)] < L|y1 — Vyi, yo € R. (4.21)
Then, there exist K1, K> > 0 such that, the global predictor error satisfies
EP = \ym — o | < TD + KiABgLh*Ey + K2ABgLh* > (n—k+ 1) E 4+ O(K). (4.22)
k=1
Where, ABy := —
YT AB(a)lM (@)
Proof: We set “8f,; = 1- & F(tnsr, Yosr1). Thus
- n+1 - AB( ) n+ n+
m a— a, rx ~la r(a)AB
Ef,:rl = | f + ABg/O (tns1 — ) (s, ¥(s))ds ABfn+p/13 - yr:+gl - |-(a7+g)) Z b:7+1fn+1 2|, (4.23)
therefore
tn+1 2 .
Ef = "+ ABy [ (s = ) (s, y(e))ds — ABy S 4,
0 ‘= 2
2 n-1
— ABy Z Z aJn+1 firj—1 — Atha Z b{wlfnﬂ 2+ ABqg Z 3{731 fJ
Jj=0 k=1 j=0 j=0
— F(a)AB o~
+ ABy Z Z aﬁilfkﬂfl Mo+ g Z bf7+1 nj-2 = adz A yfljrgl
j=0 k=1
F(a)AB
Tt Z Briafoviz. (4.24)
it follows that
Eni < Toax + ‘ — ABfapr (4.25)
2 ) _ 2 n-1 _
+ ABgZ aﬁil‘ fé - fé + ABgZZ ajnil‘ ‘fkﬂfl = firj1
j=0 j=0 k=1
F(a)AB h*
r(a+3) Z n+1‘ n+j—2 — ffH—J 2)
Hence, according to the lemma 3 there exist C;, K1 > 0, such that
2
Evi1 € Ty +C1 ) Envjoo + KIABgLA® 0 Y (Ey + En)
j=0
2 - M(@)AByLh* &
a a—1 g j 3
+ KiAB,Lh ; ;(n — K B+ pe e 3 b’m‘ Ensjon + O(H?). (4.26)
On the other hand, for o € (0, 1) we have
(n+1-N"r+(n-1)* +(n—i—-1)*'<6(n+1-)*" 1<i<n-2 (4.27)
Consequently, there exists K> > 0 such that the estimate (4.26), becomes
Enii < T + KiABgLI®Ey + KaABgLh > (n+1— k) E+ O(K). (4.28)
k=1
O
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Theorem 3 Assume that f(., y(.)) € C3([0, T]). Then there exists positive constants C; and C, (independent of grid parameters)
such that:

Toa < G + GERL, (4.29)
where,
c i1 1 2 0
T = A8, [ (b = )" (s, y(5))ds — ABS Y
JO Jj=0
2 n-1 1
— AB;y (Z EANAVEE Y A 1+an+1fn+1> ‘ (4.30)
j=0 k=1 j=0
) a
Wlth, ABg = W

Proof: It follows immediately that,

+1 < ABy / (tn+1 - S

te1 2
+ AB, Z / (tnes = )75 7(5)) = 32 Gsa (s 1| ds
J=0

thy1 1
+ ABg/ (tnrr — 5)0(71’7((5:)/(5)) - Z qgﬂ'—l(s)fnﬂ—l — qr7+1(s)fnil ds
tn

=0

(4.31)

Thus, according to the lemma 2, there exist 6 C > 0 such that

CT™ Ch . s
< SABT @) T AB)F@ B T O (4.32)

The desired estimate (4.30) can be derived by direct consideration of the last inequality (4.32). d

C
Tn+1

Theorem 4 (Global Error of the proposed method) With the same assumptions as those of Theorem 2. Then, we have
Ent1 = [Yns1 — Yos1| < CH, (4.33)
where C > 0 (independent of grid parameters), given E1, E» < C1h?, and Ey < Coh®™®, with C1,Cs > 0.

Proof: By taking into account the previous results, there exist C; > 0 (with j =1,...,10), such that

2

g E) e ABy S

nt1 — Tnp1| + AB(@) n+1 T+ ABg
Jj=0

2 n-1
A8 3 Jak,
j=0 k=1

L(1— Cih*
AB(a) AB(a)l ()
+AByGLA* Y (n— k+ 1) Ex + O(h?)
k=1

~ ~ L(1—
< G+ CER, + HL-

Eny1 < Toa + ABy i

f, — f,
2 2

n ~
n+1 fn+j71 - fnﬂ?l‘

1
fitjm1 — fkﬂ—l’ + ABy Z a
Jj=1

< T+ S e 4 ABLITE, + Efn

) P a
WE”“ +ABgLhE,

Csh® oo o
AB(a )Eﬁ+1+ABgC6Lh > (n—k+1)*E

k=1
n

< G+ CeTl o + 59/7“5% + Cioh® Y (n— k+1)*Ex. (4.34)

k=1

Consequently, by the discrete Gronwall's inequality (i.e. lemma 4) the desired result holds. O

Remark 1 Since the global error indicated in the Theorem 4 is dependent on that of the start-up (E%, E1, and E,). We suggest
employing the start-up scheme described in Appendix A to generate approximate solutions for the first stages (i.e. )7% . y1, and
).
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Table 1. The absoluate error of various numerical methods for problem (5.3) with n =2, N=40, and various values of a.

| Methods \ a=05 a=07 | a=0.9 o =0.99
PPC (3.6)-(3.12) 5.3e—15 1.8e—15 3.6e—15 9.0e—16
BJH-PC [30] 4.1le—4 6.2e—4 7.7e—4 8.3e—4
TAE [15] 1.3e—1 7.4e-2 2.5e-2 6.1e—3

5. Numerical Hllustrations and Simulation

In this section, we give some numerical experiments through the proposed predictor-corrector scheme (PPC) (3.6)-(3.12), the
predictor-corrector method introduced by Baleanu-Jajarmi-Hajipour (BJH-PC) [30], and the explicit numerical scheme introduced
by Toufik-Atangana (TAE) [15], to show the efficiency and accuracy of our new method. The experimental order of convergence
(EOCQC) is computed by

AE (3)
where AE is the absolute error, which takes the following form:
AE = AE(N) = max, ly (te) — Yil - (5.2)

Example 1 Consider the following fractional Initial value problem (IVP):

AEGDRy () =t" 0<t<2,

(5.3)
y() =1,
where a € (0,1), and n € N. On account of [30], the exact solution of (5.3) is given by
_ l-«a n ar(n+1) a+n
vy =1+ 2t Y AB@ T (@t nt D) (5.4)

In addition, the problem (5.3) is numerically solved. Table 1 and table 2 show the comparison of absolute error of different
numerical methods ((PPC) (3.6)-(3.12), BJH-PC [30], and TAE [15]) for (5.3) with n= 2,3, t € [0, 2] and various values of
fractional order oo € {0.5,0.7,0.9,0.99}, where we notice that our method is superior to them in terms of accuracy (i.e. PPC
(3.6)-(3.12) achieves a lower error than TAE and BJH-PC). Moreover, table 1 and table 2 offer that EOC for TAE are roughly
1, for BJH-PC are roughly 2, and for PPC (3.6)-(3.12) are roughly 3. Also, we note that the approximate solutions obtained
by our proposed scheme get closer to the exact solutions by the increase in . From Figure 1 and Figure 2, we note that
the approximate solution obtained by PPC (3.6)-(3.12) almost matches with the exact solution with small step size compared
to its counterparts. These figures and tables, indicate the efficacy of the current predictor-corrector numerical method (PPC)
(3.6)-(3.12).

Example 2 Consider the following Atangana-Beleanu-fractional differential equation:

ABGDRy (t) =t—y(t), 0<t<1,

(5.5)
y(0)=0,
where o € (0, 1). According to [30], the exact solution of (5.5) is given by
1 a a

t)=———~————((1— tE. - t* taHEaa - t® , 5.6
v (6) AB(a)+1—a(( @) 2( AB@)fl-a )*"‘ ~+2< AE@) +i-a )) (5.6)

with Eq(.) denotes the Mittag-Leffler function of two parameters o and 3, which defined by
Eaﬁ(z):izik z,0,8€C, and Re(a), Re(B) >0 (5.7)

' T(ak+1) 7 ' ' ’ '

and the exact solution (5.6) is calculated using the algorithm mif.m (see [39]) evaluated with accuracy 10™*2. Furthermore,
the problem (5.5) is numerically solved. Table 3 and table 4 show the comparison of absolute error of different numerical
methods ((PPC) (3.6)-(3.12), BJH-PC [30], and TAE [15]) for (5.5) with AB(a) =1, AB(a) =1—a+ % t €[0,1] and
various values of fractional order a € {0.5,0.55,0.7,0.9,0.95}, where we notice that our method is superior to them in terms
of accuracy (i.e. PPC (3.6)-(3.12) achieves a lower error than TAE and BJH-PC). From Figure 3 and Figure 4, we note that
the approximate solution obtained by PPC (3.6)-(3.12) almost matches with the exact solution with small step size compared
to its counterparts. These figures and tables, again confirm the efficacy of the current predictor-corrector numerical method
(PPC) (3.6)-(3.12).
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Table 2. The absolute error, experimental order of convergence, and CPU time in seconds (CTs) of various numerical methods
for problem (5.3) with n = 3.

Methods a=0.5 a=0.7 a=0.9

N AE EOC CTs AE EOC CTs AE EOQC CTs
PPC (3.6)-(3.12) | 10 | 1.8e—3 —  3.8e—2 | 2.7e—3 —  24e—3 | 3.4e—3 — 22e-3
20 | 24e—4 294 T7.7e-3 | 3.6e—4 294 T73e-3 | 4.4e—4 293 6.4e-3
40 3.le-5 297 2.0e-2 | 46e-5 297 21le-2 | 57e-5 297 2.1le-2
80 39e—6 298 7.5e—2 | 58e—6 299 7.6e—2 | 7.2e—6 298 7.5e-2
160 | 4.9e—7 2.99 0.31 7.2e—7 2.99 0.29 9.0e—7 2.99 0.29
320 | 6.2e—8 2.99 1.12 9.1e—8 3.00 1.14 1l.1le—7 3.00 1.15
BJH-PC [30] 10 2.4e-2 — 2.7e—2 | 3.4e-2 — 1.8e—3 | 3.9e-2 — 9.0e—4
20 | 6.3e—3 195 3.5e—3 | 8.6e—3 198 1.7e—3 | 9.7e—3 2.00 1.9¢e-3
40 1.6e—3 197 3.7e—-3 | 22e—-3 199 3.9e—-3 | 24e-3 200 4.0e-3
80 41e—4 198 9.3e—3 | 54e—4 199 1.0e—-2 | 6.1e—4 2.00 1.0e-2
160 | 1.0e—4 199 26e—2 | 1l.4e—4 200 3.1le—2 | 1.5e—4 2.00 3.1le-2
320 | 2.6e—-5 1.99 8.4e—2 | 3.4e-5 200 0.10 3.8e—5 2.00 0.11
TAE [15] 10 | 1.5e-0 — 9.6e—3 | 9.5e—1 — 2.6e—3 | 4.1e—1 — 1.3e-3
20 7.7e—1 101 47e-3 | 45e—1 107 4.6e-3 | 1.7e—1 128 4.8e—-3
40 39e—1 100 1.7e—2 | 22e—1 1.04 18e—2 | 7.4e—2 1.18 1.8e—2
80 1.9e—1 1.00 8.4e—2 | 1l.le—-1 1.02 7.0e—2 | 3.4e—2 1.10 7.0e-2
160 | 9.6e—2 1.00 0.27 5.4e—2 1.01 0.33 1.7e—2 1.06 0.29
320 | 4.8e—2 1.00 1.11 2.7e—=2 1.00 1.13 8.1le—3 1.03 1.15

“a — 0.577 Ma — 0.977
6 T T T 4.5 T T T
Exact solution 4 Exact solution
PPC / PPC
55f ¢ BJH-PC [ ¢ BJH-PC 8
O TAE a4t O TAE .

45} /o 1 35¢ ‘ /

= | R Nl
=35 % = é

3l ’/g | 2.5} J/ ]

25+ g 1 Al J
2t ] ;@ﬁ
15f ,@/5 1

15F , 1 &
@'@8 66&
10064 , : 16-6-6-6-4C i i
0 05 1 15 2 0 0.5 1 15 2

Variable ¢ " Variable t

Figure 1. Comparison of the exact and the numerical solutions of problem (5.3) with n =2, and N = 10.

Example 3 /n the previous examples, we have considered some differential equations with known exact solutions. Let us now
analyze numerically the following coupled non-autonomous ABC-fractional differential system:

ABCDXu(t) = —sin®(t)u(t) — sin(t) cos(t)v(t), t >0,
ABODv(t) = —sin(t) cos(t)u(t) — cos?(t)v(t), t >0, (5.8)
u(0) =uy >0, v(0)=vw =0,

where o € (0, 1). The Caputo-fractional version of (5.8) has been previously investigated in [35]. It is classical task to prove the
existence of unique solution for system (5.8) (see e.g. [29, 40, 41]).

Next, we present some numerical simulations of the coupled non-autonomous ABC-fractional differential system (5.8) through
several sets of parameters to examine the effectiveness of the proposed predictor-corrector scheme in the current work (i.e. PPC

(3.6)-(3.12)).
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Figure 2. Comparison of the exact and the numerical solutions of problem (5.3) with n =3, and N = 10.

Table 3. The absolute error, experimental order of convergence, and CPU time in seconds (CTs) of various numerical methods
for problem (5.5) with AB(a) = 1.

Methods a = 0.55 a=0.75 a =0.95

N AE EOC CTs AE EOC CTs AE EOC CTs
PPC (3.6)-(3.12) 10 1.5e-3 — 3.4e—2 | 3.5e—4 — 1.1e—3 | 2.7e-5 — 6.0e—4
20 | 7.4e—4 1.03 29e—3 | 88e—5 199 1.1e—3 | 32e—6 3.05 1.1e-3
40 | 3.7e—4 0.99 35e—3 | 23e—5 193 3.0e—3 | 4.4e—-7 289 3.0e-3
80 1.8e—4 1.03 1.0e—-2 | 6.1e—6 191 1.0e—2 | 6.7e—8 2.70 1.0e—2
160 | 9.0e—5 1.03 38e—2 | 27e—6 121 3.7e—2 | 12e—8 251 3.7e-2
320 | 4.4e—5 1.03 0.14 1.3e—6 1.03 0.14 23e—9 2.33 0.14
BJH-PC [30] 10 | 2.6e-2 — 1.7e—2 | 8.9e-3 — 8.0e—4 | 1.8e—3 — 1.0e-3
20 1.2e—2 1.18 33e—-3 | 3.7¢e—3 126 15e—-3 | 6.7e—4 141 1.7e-3
40 | 5.3e—3 1.13 34e-3 | 1.7e—3 1.16 33e—3 | 28e—4 125 33e-3
80 | 2.5e—3 1.09 82e—3 | 7.8e—4 109 83e—3 | 1.3e—4 1.15 8.2e-3
160 | 1.2e—3 1.06 25e—2 | 3.8e—4 1.06 24e—2 | 6.0e—5 1.08 2.4e-2
320 | 5.8e—4 1.04 79e—2 | 1.8e—4 103 79e—2 | 29e-5 1.04 7.7e-2
TAE [15] 10 | 3.6e—2 — 5.6e—3 | 2.5e—2 — 7.0e—4 | 9.6e—3 — 6.0e—4
20 1.7e—2 1.06 25e-3 | 12¢e—2 1.12 22e—3|3.7e-3 140 2.2e-3
40 | 8.4e—3 1.05 8.8e—3 | 5.5e—3 1.08 8.6e—3 | 1.5e—3 126 8.4e-3
80 | 4.1e—3 1.03 3.6e—2 | 26e—3 105 34e—2 | 6.8¢e—4 116 3.4e-2
160 | 2.0e—3 1.02 0.14 1.3e—3 1.03 0.13 3.2e—4 1.09 0.14
320 | 9.9e—4 1.02 0.55 6.4e—4 1.02 0.54 1.5e—4 1.05 0.55

The following is a description of the results:

e Figures 5 and 6 provide numerical comparisons of solutions for system (5.8), with the ordinary derivative, Caputo-
fractional (o« = 0.8), and ABC-fractional (o« = 0.8) derivatives.

e Figures 7 and 8 depict simulations of system (5.8) solutions for o = 0.5,0.7,0.9, and AB(a) = 1. The results shown in
these figures show that the dynamical behavior of the system (5.8) is highly dependent on the fractional order a.

e Figures 9 and 10 depict simulations of system (5.8) solutions for « =0.5,0.7,0.9, and AB(a) =1—a+ ﬁ The
results shown in these figures show that the dynamical behavior of the system (5.8) is highly dependent on the fractional
order o and AB(a).
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Table 4. The absolute error, experimental order of convergence, and CPU time in seconds (CTs) of various numerical methods
for problem (5.5) with AB(a) =1 — o + 5

Methods a =0.55 a=0.75 a=20.95
N AE EOC CTs AE EOC CTs AE EOC CTs
PPC (3.6)-(3.12) | 10 | 2.3e-2 — 3.4e—2 | 5.5e—4 — 1.1e—-3 | 2.9e—5 - 6.0e—4
20 9.7e—3 125 27e-3 | 13e—4 203 12e-3 | 35e—6 3.05 1.1e-3
40 43e—3 117 35e-3 | 34e-5 199 3.0e-3 | 4.7e—7 288 3.1le-3
80 | 2.0e—3 1.12 1l.le—2 | 1.2e—5 145 1.0e—2 | 7.3e—8 270 1.0e-2
160 | 9.3e—4 1.09 38e—2 | 6.1e—6 1.01 3.7e—2 | 1.3e—8 251 3.7e-2
320 | 4.5e—4 1.06 0.14 3.0e—6 1.01 0.14 2.6e—9 2.33 0.14
BJH-PC [30] 10 4.9e—-2 - 1.6e—2 | 1.2e-2 — 9.0e—4 | 1.9e—-3 — 8.0e—4
20 2.1le—2 123 32e—3 | 49e-3 126 15e—-3 | 69e—4 141 1.5e-3
40 95e—-3 1.15 33e—-3 | 22e—-3 117 34e-3 | 29e—4 125 3.2e-3
80 44e—3 110 82e—3 | 1.0e—3 1.11 83e—3 | 1.3e—4 1.15 8.3e-3
160 | 2.1e—3 1.07 24e—2 | 48e—4 1.07 24e—2 | 6.2e—5 1.08 2.4e-2
320 | 1.0e—=3 1.05 7.8e—2 | 24e—4 104 7.8e—2 | 3.0e-5 1.04 8.5e-2
TAE [15] 10 4.2e—2 - 5.5e—3 | 2.8e—2 - 6.0e—4 | 9.9e—3 — 6.0e—4
20 2.0e—2 106 25e-3 | 13e—-2 111 22e-3 | 3.8e—3 139 23e-3
40 9.7e—3 1.04 8.8e—-3 | 6.1le—3 1.08 8be—-3 | 16e—3 126 8.7e-3
80 48e—3 1.03 35e—-2 | 3.0e—3 105 34e—-2 | 7.0e—4 1.16 3.4e-2
160 | 2.3e—3 1.02 0.14 1.4e—-3 1.03 0.14 33e—4 1.09 0.14
320 | 1.2e—-3 1.02 0.56 7.2e—4 1.02 0.55 1.6e—4 1.05 0.57
“a = 0.55” “a = 0.95”
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Figure 3. Comparison of the exact and the numerical solutions of problem (5.5) with N =10, and AB(a) =1 — o+ %

e Figure 11 depicts simulations of the solution u(t) of system (5.8) for o = 0.8, and AB(a) = 1, considering different

values of initial data (uo, vo) € {(—1,0);(1,0);(2,0)}.

e Figure 12 depicts simulations of phase portrait of the solutions of system (5.8) for a = 0.55,0.75,0.95, and AB(a) = 1.
The results shown in these figure shows that the dynamical behavior of the system (5.8) is highly dependent on the

fractional order a.
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Figure 4. Comparison of the exact and the numerical solutions of problem (5.5) with N = 10, and AB(a) = 1.
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Figure 5. The approximate solution u(t) of system (5.8) by PPC (3.6)-(3.12), ordinary derivative, and Caputo-fractional, subject to (uo, vo) = (1,0), and
o =0.8.

6. Conclusion

In this article, an efficient predictor-corrector method to solve ABC-fractional order (for the fractional order 0 < a < 1) nonlinear
diferential equations is established by using Lagrange quadratic interpolation. We decreased total processing costs by using
the same discretization approach for the lag term in both the prediction and correction stages. This is the algorithm's most
notable benefit, as the convergent order of this technique is shown to be O(h®). This confirms the accuracy which has been
numerically obtained, of the proposed approach through numerous numerical tests and simulations. The same approach with or
without changes can be used to solve ABC-fractional differential equations with multi-variable orders, delay, and a generalized
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Figure 6. The approximate solution v(t) of system (5.8) by PPC (3.6)-(3.12), ordinary derivative, and Caputo-fractional, subject to (uo, ) = (1,0), and
a=0.8.
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Figure 7. The approximate solution u(t) of system (5.8) by PPC (3.6)-(3.12), subject to (up, vo) = (1,0), AB(a) = 1, and different values of fractional order
.

ABC-fractional derivative with a three-parameter Mittag-Leffler function in its kernel, as future works.
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fractional order a.

the algorithms file related to the methods developed in [21]. The work of S. Aljhani is supported by Taibah University - Saudi
Arabia. This work does not have any conflicts of interest.

Copyright (© 0000 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 0000, 00 1-17
Prepared using mmaauth.cls



Mathematical
Methods in the
S. Aljhani, M.S.Md. Noorani, R. Douaifia, S. Abdelmalek Applied Sciences

-05 I I I I I I I I I
0 10 20 30 40 50 60 70 80 90 100

Variable ¢

Figure 10. The approximate solution v(t) of system (5.8) by PPC (3.6)-(3.12), subject to (up, vo) = (1,0), AB(a) =1 —a+ % and different values of
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Figure 11. The approximate solution u(t) of system (5.8) by PPC (3.6)-(3.12), subject to a =0.8, AB(a) =1, and different values of initial data
(uo, vo) € {(—=1,0);(1,0);(2,0)}.
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Appendix A. Start-up of the Scheme

To find a desired accuracy for y; and y2, we find the approximate solutions at points t% and t% using the constant, linear
and quadratic interpolation. Let /°(f;) be the constant interpolation of f at point t = a that is /1°(f;) = f(a). Let I*(f, f)
and 12(f,, fy, f.) be linear and quadratic interpolation of f with grids (a, b) and (a, b, ¢) respectively. In the algorithm below we

describe how to find the approximate solution of y(t) at points t%, t%, t1, and to (i.e. )7% , }7% ,y1, and y») using a predictor-corrector
scheme:

e Approximate solution of y(t) at point t%:

1
7 ~
J7§ =Y+ ABff(t%,yo) + ABy/ (t% —5)* 1%(f)ds,
0
- t1 -
Vi = +ABfff +ABg/ C 1N, ff)(t% —5)* s,
0
e Approximate solution of y(t) at point ty:
-~ ~ t1 -~
Vit = o+ ABr(2f) — fo) + ABg/ P (ty — ) s,
2 0
~, t1 ~
V2 =y + ABft + ABy / 21N f, ) (t — 5)* s,
2 2 Jo 4 2 2
t1

Vi = o + AB(F)? +A39/ P P(fo, iy F2)(ty — )" ds.
2 0 2

e Approximate solution of y(t) at point ti:
~ ~ ~ tn -
VO =y + ABr(6f; — 8f, — 3f) + ABg/ lo(f%)(t,, —5)* s,
0
-~ at ~
V1P =yo+ ABeft + ABg/ I(fy )t — ) s,
0
- t - ~
Vi =yo+ ABef” +ABg/ 1P(fo. f1, £2)(t — 5)* tds.
0
e Approximate solution of y(t) at point t2:
~ ~ ~ 2 ~
V5 = yo + ABs(6f — 8f1 — 3f) +/ 1°(f)(t, — 5)* " 'ds,
0
- 2 ~
JE = yo + ABE +/ PR B (8 — )7 ds,
0
~ f2 -~ o
V> = yo + ABrfy? +/ IP(fo, i, £2)(t2 — 5)* 'ds.
0

where

l—-—«a a
{ABf = AB(a) and ABgy = AB(a)F(a)}'
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