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Abstract

In this paper, we make an effort to establish Lieb’s and Lions’ type theorems on Heisenberg Group, and then apply them to

study the existence of solution for variational problem on Heisenberg group.
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GROUP AND APPLICATIONS
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ABSTRACT. In this paper, we make an effort to establish Lieb’s and Lions’ type
theorems on Heisenberg Group, and then apply them to study the existence of
solution for variational problem on Heisenberg group.

1. INTRODUCTION

Let ¢ := (x,9,t) € RN x RN x R with N > 1. The Heisenberg group denoted by
H =RY x RN x R equipped with the following group operation:

505/: (iL',y,t)O(iL',,y/,t,) = (Uc+x’,y+y',t—|—t'—|—2(:p’-y—x-y')),

where - denotes the usual inner product in RY, (0,0,0) is the identity element, and
(—x,—y, —t) is the inverse element of (z,y, ).
The distance between & and 7 on H defined by

d(&,n) == d(n~" 0 &,0).
The Heisenberg ball of center n and radius r is defined by By(n,r) := {{ €
H|d(&,m) < r}, and it satisfies
‘BH(%T” = |BH(07r)| = TQ|BH(07 1)|7 (11)

where | - | is the (2N + 1) dimensional Lebesgue measure on H, and Q = 2N + 2 is
the homogeneous dimension of the group.
The Lie algebra of H is generated by the left invariant vector fields
0 0 0 0 0
T=—, X;=—+2yj—, Y,i=— —2x,—
o T, T e T By T Mar
the commutation relations

[(Xi,Yj] = =405 T, [X;, X;] =[V3, Y] = [X;, T) = [Y;, T] = 0.

The Heisenberg Laplacian is
N

Ap=Y (X7 +Y7),
i=1
and we use the notation

Vau := (Xju, ..., Xyu,Yiu, ..., Yyu).
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The DY2(H) is defined as the completion of C§°(H) with the semi-norm

1
2
HWmmm=<4WWf%>~

The norm of LP(H) (p > 1) is given by

mem:(/mmg.
H

The Folland-Stein Sobolev type space S2(H) [9] is given by

/ lu2d¢ < oo}
H

%
HW@%WZQAWWW+M%0

Proposition 1.1. [9] Let H be a Heisenberg group with Q > 4. Then the embedding
SL2(H) < L"(H) is continuous, where r € [2,2*] and 2* = QZ—%

‘ﬂﬂﬂy_{uepmmﬁ

with the norm

From Proposition 1.1, we know that the following embeddings are not
compactness

SY2(H) — L™(H), r e [2,2%].

Hence, it is difficult to show that a bounded sequence has a convergence
subsequence when we seek the weak solution of mathematical physics equation.
Lieb [12] established the famous Lieb’s translation theorem to overcome the lack of
compactness on RV, Lions [13,14] investigated the famous Lions’ vanishing theorem
to overcome the lack of compactness on RY. Their results is not avilable to our
problem on Heisenberg group. To overcome it, we study two different methods.

First, we establish a Lieb’s translation theorem on Heisenberg group as follows.
Theorem 1.1. Let H be a Heisenberg group with @ > 4, and {u,} be a bounded
sequence in S(H) satisfing Condition A: lim [ [u,|?d¢ > 0, where g € (2,2%).

n—oQ

Then there exists {z,} C H such that {ay, = un({ + 2n)} convergence strongly and
a.e. tou#0 in L} (H).

Second, we investigate the Lions’ vanishing theorem on Heisenberg group as
follows.

Theorem 1.2. Let H be a Heisenberg group with Q > 4, and {u,} be a bounded
sequence in SY2(H) satisfing Condition B: sup fBH(z 3 |un|7d¢ — 0, where q €
zeH ’

[2,2%). Then u, — 0 in L'(H) fort € (2,2%).

Pucci-Temperini [18] define the fractional Sobolev space S*P(H) as the completion
of C§°(H) with respect to the norm, for s € (0,1), p € (1,00) and sp < @,

lullgs.o @y = lull pspy + llull Lo ),
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1
u(§) — u(m)? >P
ul| ps, = —=_——~dé&d .
|| ”D P (H) (/]}']I HdQ+Sp(77_1 Of) 5 5
Adimurthi-Mallick [1] established the fractional Sobolev inequality,

Np
N —sp’
For more results about inequalities on Heisenberg group, we refer to Ruzhansky-

Suragan [21, 22] and Roncal-Thangavelu [20]. It is easy to get the following
embedding result by (1.2) and Holder’s inequality.

where

Sy 01?5 g < Nl Tor € CEE(HD), p = (12)

Proposition 1.2. Let H be a Heisenberg group with Q > 4, s € (0,1), p € (1,00)
and sp < Q. Then the embedding S*P(H) — L"(H) is continuous, where r € [p, p].

From Proposition 1.2, we know that the following embeddings are not

compactness
S*P(H) — L"(H), r € [p,p*].

By the principle of symmetric criticality, Balogh-Kristaly [2] and Bisci-Repovs [4]
studied the uncompactness problem for r € (p, p*). Pucci-Temperini [18] proved the
concentration-compactness principle, which is a useful tool to above problem. In
the following, we also extended the Lieb’s translation theorem and Lions’ vanishing
theorem to the fractional version without proof.

Theorem 1.3. Let H be a Heisenberg group with @ > 4, s € (0,1), p € (1,00),
sp < @ and {u,} be a bounded sequence in S*®P(H) satisfing Condition A:
lim [i |un]9dé > 0, where ¢ € (p,pi). Then there exists {z,} C H such that
n—oo

{tiy, := un (€ + 2)} convergence strongly and a.e. to w # 0 in L] (H).

loc
Theorem 1.4. Let H be a Heisenberg group with Q > 4, s € (0,1), p € (1,00),
sp < @ and {up} be a bounded sequence in S*P(H) satisfing Condition B:
sup fBH(z 1) |un|2dE — 0, where q € [p,pk). Then u, — 0 in L'(H) for t € (p,p}).
z€H ’

As applications of Theorems 1.1-1.4, we consider the following minimizing

problem
. HUHgs,p(H)
St = Ssi;n]]fqll 0 ﬁ (St)
ueSHPENMOY ( fig ful'dg) !
We have
Theorem 1.5. Let H be a Heisenberg group with Q > 4, s € (0,1), p € (1,00),
sp<Q andt € (p,pk). Then problem (S;) has a minimizer.
Furthermore, we study the following equation
(=A)u 4+ u = ylu| "2u+ [u|*"2u, ¢eH. (Sy)
The integral representation for the fractional operator (—A)f is defined by, u €
Co°(H),

(-85 = cou | o s
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where ¢ s is a positive constant, see [20, Proposition 4.1]. We have

Theorem 1.6. Let H be a Heisenberg group with Q > 4, s € (0,1), 2s < @ and
r € (2,2%). Then there exists vo > 0 such that for every v € (9, 00) equation (Si)
has a non-trivial solution.

Remark 1.1. The critical Schridinger equation on Heisenberg group have been
extensively investigated. Kristaly [11] studied the existence of nodal solutions for
the fractional Yamabe problem. For more results, we refer to [3,5,7, 15-17, 19] and
the references therein.

2. LIEB’S TRANSLATION THEOREM ON HEISENBERG GROUP
In this section, we present Lieb’s translation theorem on Heisenberg group.

Lemma 2.1. Let Q > 4 and q € (2,2%). Then the following inequality holds

q—2

q
[ ulrag <2007 417 (sup [ jultde)  Juliege,
H ZGH BH(Z,l)
for all u € S12(H).

Proof. Let v € SY?(H) and ¢ € (2,2*). From Hélder’s inequality and Proposition
1.1, we have

[ g
Bp(z,1)

2" —q q—2
2F 2 2F—2
/ ul2de / ul?" de
Bp(z,1) Bp(z,1)

2% ¢ 2% q—2 (21)

2%F 2 2 '2F 2
<C (/ |Vu|2d¢ +/ yu\2d§> (/ yvu|2d§>
By(z,1) By(z,1) By(z,1)
q
2
=C (/ \vu|2d§+/ yu\2d§> .
B]HI(Zvl) BH(Zvl)

Applying (2.1), we know
2 q—2

JRCES
BH(Z,I)
=</ |u|Qd5> (/ |u|ng>
BH(Z,I) BH(Z,I)
q—2
q
<0/ Vul?de + / fuf?de / ultde
Bp(z,1) Bp(z,1) Bp(z,1)

Covering RY by balls of radius 1, in such a way that each point of RY is contained
in at most N + 1 balls. Note that ¢ = (z,y,t) € RY x RV x R. Covering H

N
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by balls of radius 1, in such a way that each point of H is contained in at most
(N +1) x (N +1) x 2 balls, we find

q—2

q
[ tulrag <203 + 17 (sup / Iu!qd£> )32
H 2€H J By(z,1)

0

As the application of Lemma 2.1, we present the Lieb’s translation theorem on
Heisenberg group.

Proof of Theorem 1.1. Note that {u,} is a bounded sequence in S*2(H). Up to a
subsequence, we assume

U, — u in SY2(H), u, — u a.e. in H, u, — u in L (H).

Applying Lemma 2.1 and Condition A, there exists C' > 0 such that

sup/ |un|?dE > C > 0.
2eH J By (z,1)

Note that {u,} is bounded in S%2(H) and S'2(H) « L9(H), we have

Sup/ |t |7dE é/ lun |7dE < C.
z€H J By(z,1) H

Hence, there exists Cj such that

Co<sup [ Junlrdg < G,
z€H J By(z,1)

From above inequality, there exists z, € H such that

C
/ |up|?d€ > sup/ up|?dé — — > C; > 0.
By (zn,1) z€H J By(z,1) 2n

Set tn = un(x + 2n). Then |[tn][s1.2@m) = [[unls1.2(m) and

/ @, |9d¢ > Cy > 0.
By (0,1)

Up to a subsequence, there exists 4 such that
i, — @ in SY2(H), @, — @ a.e. in H.

Applying the embedding S'2(H) < L

loc

(H) is compact, we deduce that u # 0. O

The proof of Theorem 1.3 is similar to Theorem 1.1. So we omit it.
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3. LIONS’ VANISHING THEOREM ON HEISENBERG GROUP

We establish the following refined Sobolev inequality.

Lemma 3.1. Let Q > 4, q € [2,2%) and r = w. Then the following
inequality holds

2% —r

2% —q
/ urds<c<sup / |urqd§> 225
z€H J By(z,1)

for all u € S12(H).

Proof. Let u € SY2(H) and r € (¢,2*). From Hélder’s and Sobolev’s inequalities,
we have

2 —r T—q
2¥ _¢ 2¥ _¢q
[ ras<( [ jula [
BH(Z,l) BH(Z,I) BH(Z,l)
<c/ |u|?dg / |Vu|?dé :
BH(Z 1) BH(Z,I)

Choosing r = % Then % R qq =1 and

*
—r

2
=g
/ |u|fda<o/ ra) [ vapde
By (z,1) By (z,1) Br(z,1)

)

Covering RY by balls of radius 1, in such a way that each point of RY is contained
in at most N 4 1 balls. Note that ¢ = (x,7,t) € RY x RN x R. Covering H
by balls of radius 1, in such a way that each point of H is contained in at most
(N +1)x (N +1) x 2 balls, we find

2% —r

2% —q
/ lu|"dz <2C(N + 1)? (sup/ |u|qu> / |Vul|?dE.
H 2eH J By (z,1) H

Proof of Theorem 1.2. For q € [2,2%), if sup fB (21) |un|?dz — 0, then by Lemma

0

3.1, we have [ |up|"dz — 0, where r = M

For any 1 € (r,2%), it follows from Hoélder’s and Sobolev’s inequalities that

/\un\”dxé (/ \un‘rdm> (/ \un] da:) 0.
H H

For any ry € (2,7), it follows from Holder’s and Sobolev’s inequalities that

7”:7'22 %
/ |up|"?dz < </ |un\2dx> (/ ]un|rdx> — 0.
H H H
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Remark 3.1. The proof of Theorem 1.4 is similar to Theorem 1.2. So we omit it.

4. PROOF OF THEOREM 1.5
First, we give the proof of Theorem 1.5 via Lieb’s translation theorem.

Proof of Theorem 1.5 (Method 1). Let {uy} be a minimizing sequence of (S¢). That
is

|wnlss.p@y — St and / lu,|'d€ =1 as n — oo.
H

It is easy to get the following results:

(1) {un} is bounded in S*P(H);

(2) [y lun|'d€ =1>0.

From Theorem 1.3, we know that there exists {z,} C H such that {@, =
un(§ + 2n)} strongly and a.e. to w # 0 in L} (H) for all ¢ € (p,p%). Moreover,
{uy} is also a bounded minimizing sequence of (S;).

Using the Brézis-Lieb lemma [6], one can deduce

1= lim / |y, [*dE
n—oo H
= lim / yun—u\td§+/ ||t dg
<S¢ i ([ — allgen g + S e (4.1)
—t . _ _ _ t
<87t (tim @ — @ll o) + @l serm) )
=S, lim ||t ]| §e )

n—00
=1,

which implies ||@|gs»@m) = St and [i;|a|'d¢ = 1. The proof is completed. O
We give another proof of Theorem 1.5 via Lions’ vanishing theorem.

Proof of Theorem 1.5 (Method 2). We show lim sup [, (1) |un|7dE > 0, for all
n—00 L HA=»
q € [p,p%). Suppose on the contrary that there exists ¢ € [p, p%) such that

lim Sup/ |un|?d€ = 0.
BH(Z,l)

n—o0 z€H

From Theorem 1.4, we know w,, — 0 in L"(H) for r € (p, p%). This is a contradiction
with [i |un|'d§ = 1. Then similar to the above proof, we know that there exists
{zn} C H such that {u, = un({ + 2,)} is also a bounded minimizing sequence
of (S;). Moreover, {i,} converges strongly and a.e. to @ # 0 in L} (H) for all

loc

q € (p,pi). Then similar to (4.1), one has ||t]|gsp@) = S and [y |al'dé = 1. O
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5. PROOF OF THEOREM 1.6

Equation (S,) is variational and its solutions are the critical points of the
functional defined in SS’Q( ) by

) =gl = 2 [ Jurag - 5 [ pufhac,

From Proposition 1.2, we know I € C!(S*%(H),R). It is easy to see that if
u € SS2(H) is a crltlcal point of I, i.e.

o= (= [ [ MO o)

o [ el Runde - [ fup e,
H H

for ¢ € S%2(H), then u is a weak solution of equation (S,). We denote the Nehari
manifold as follows:

N = {u6552 {o}] (I'(u o}
It is easy to see the following lemma.

Lemma 5.1. Assume that all conditions described in Theorem 1.6 are satisfied.
Then the following statements hold true:

(1) I has mountain pass geometry structure. There exists a bounded Palais-Smale
sequence {u,} C S%2(H) such that

I(u,) — ¢ and ||I'(un)|]575,2(H) — 0, asn — oo,

where
c¢=1inf sup I(v(t)) >0
€T te(0,1]

and

r={yec(0,1,5m) [0) =0,1(:(1)) <0}

(2) For each v € S*2(H)\{0}, there exists a unique t, > 0 such that ty,u € N
and I(tyu) = max I(tu).

(8) c=c=c¢ >0, where

c:= inf [ and ¢ := f sup I (t
Jof 1(w) an weso T oy S I (F)

(4) For w € N, we have ¥'(u) # 0, where
U(u) =(I'(u), u)
:/(VHUVHv+uv)d§—’y/ |u\r2uvdf—/ |u|% ~2unde.
H H H
Then we have
(W 1), 1) =2 —7“7/H|u|’"d§—2:/H|u’2§d§. (5.2)

Moreover, if u € N and J(u) = ¢, then u is a ground state solution of equation

(S,).

Ol

(5.1)
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Proof. (1). In terms of Proposition 1.2, we get

1 2 r 23
I(u) > 5”“”5&2(1&11) - C”UHSSJ(H) - CHUHss,z(H)

By 2% > r > 2, for p > 0 small enough, there has
G:= inf  I(u) >0=1(0).

HUHS&‘,Q(H):P

For u € S*2(H)\{0}, one has

t2 t" ,
I(t0) =l _Vr/HM dg—/ e,

From the above expression, we can deduce that J(tu) < 0 for some ¢ > 0 large
enough. By the mountain pass theorem, there exists a (PS) sequence {u,} C
S$%2(H) such that

I(Un) — ¢ and ||I/(un)”5—1,2(]}]1) — 0, asn — oo.

Moreover, we have
1 1 1
c+on(1) = I(uy) — ;(I’(un))un> > <2 — r) Hun||§s,2(H),

which implies {u,} is bounded in $%2(H).
(3). For each v € S*2(H)\{0} and ¢ > 0, set f(t) := I(tu). Then

f@ﬂw@mrwﬂéymg /MP%

By 2% > r > 2, it is standard to check there exists a unique t, € (0,00) such that
f'(ty) = 0 holds. This implies ¢, u € N'. Moreover, we know that the unique critical
point t,, on (0, 00) is a maximum point of I(tu).

(4). Let w € N. By (I'(u),u) = 0 and Proposition 1.1, we have

0= (J'(w),u) Zlullgm = Clullgeam — Clluls ),

which implies ||u||gs2@y = C. Hence I is bounded from below on NV and ¢ > 0.
From the above arguments, it is easy to see that ¢ = ¢. Notice that for any
u € S%2(H)\{0}, there exists a large £ > 0 such that I(fu) < 0. Define a path
7 :[0,1] — S%2(H) by 7(t) = ttu. Clearly, ¥ € T and ¢ < ¢.
For all path v € T, set h(t) := (I'(7y(t)),~(t)). Then h(0) = 0 and h(t) > 0 for
t > 0 small enough. One has

) = HIO)AW) > (5= 1) IR >0
which implies
(1)) < 7 1) <0.

Thus, there exists £ € (0,1) such that h(f) = 0, i.e. y(f) € N. So, we get ¢ > ¢
(5). For u € N, it follows from (5.1) and (5.2) that

(W'(u), u) = (¥'(u), u) — 2% (u) <0,
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which indicates W'(u) # 0 for w € N. If u € N and I(u) = ¢, then there exists
A € R such that I'(u) = AW/ (u). One has

AV (u), u) = (I'(u),u) = ¥(u) = 0.
This showes A = 0 and I'(u) = 0. O

Lemma 5.2. Assume that all conditions described in Theorem 1.6 are satisfied.

Then we have X
* 1 1 _25%2
O<e<cc = 5 — 272 S2§ .
Proof. We choose v € S*2(H) such that
||vH?qs,2(H) =1, /H|qu§ >0 and tli)r&[(tv) = —00.

There exists t,, > 0 such that

sup I(tv) = I(ty4v).
t=0

Hence, t,, > 0 satisfies

tuyllol§e2m = 7t 1/ [o]"d¢ + 2 1/ lo[2de,
H
which gives

ool > 12570 / o] de.

This shows that {t, -}, is bounded.

We next prove t,, — 0 as v — oco. Suppose on the contrary that t,, /4 0 as
Yn — 00. Then there exist £ > 0 and a sequence {v,} with 4,, — 00 as n — oo, such
that t,., — t as n — co. Passing the limit as n — oo, we can deduce

wtizh [ foldg - o,
H
which gives
— N r—1 T
00 —nh_)ngoyntv %/HM d¢

: r—1 r 25—1 2%
< im [zt [ orae st [ el

. 2
=l o 10502

21100112
=010
This shows Hv||k295,2( m) = 00, which is a contradiction with [0l1%0 .2 g 2qry = 1. Thus, we

have ¢, » — 0 as A — oco. Then, we arrive at
lim sup I(tv) = 7ll)nolo I(ty v) =0.

Hence, there exists 0 < 9 < 00, such that for any v > g, one has

sup I (tv) < c*.
>0
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The proof is completed. O

Lemma 5.3. Assume that all conditions described in Theorem 1.4 hold. Let {uy} be
a bounded (PS). sequence of with ¢ € (0,c¢*). Then there exists {z,} C H such that
{tn = un(€ + 2n)} is also a bounded (PS). sequence of with ¢ € (0,c*). Moreover,
{an} converges strongly and a.e. to w# 0 in L] (H) for all ¢ € (2,2%).
Proof. We show li_}m Ji lun]?d€ > 0 for all ¢ € (2,2%). Otherwise, we suppose that
n—oo

there exists ¢ € (2,2%) such that
lim / |un|?d€ = 0.

H

n—oo

By Holder’s inequality, one has

lim / |un|"d€ = 0.
H

n—0o0
Then
+on(1) =g ey — 7 [ funlae
C On —2 Unp SS,Q(H) 22 - Un

and

on(1) :HunH%sz(H) _/H|Un|2:df, (5.3)
which gives

11 )
c+on(l) > <2 - 22) HunHSs,Q(H). (5.4)

It follows from (5.3) and Sobolev’s inequality that

T / 2 de
H
2*

S

- N 2*
gSQ% HunHSSS,Q(H))

which showes
2§

52;2§_2 < Hunllés,z(H)-
In view of (5.4) and (5.5), we have

(5.5)

1 1
cton(1) = (5 = o= ) llunll&eeqm
2 2

1 1\ -5
>(-—- —)8,.%5 2
(2 2:) %

This is a contradiction with Lemma 5.2.
Applying Theorem 1.3, there exists {z,} C H such that {@, = u,({ + 2n)}
convergence strongly and a.e. to @ # 0 in L] (H).
We now show {@, := u,(§ + 2z,)} is also a bounded (PS). sequence of with
€ (0,c¢*). Clearly,

c=I(up) = I(ay).
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For all ¢ € S%2(H), we obtain
(I (tn), @) = (T (un), &n)]
< (un) ls=s2 () |@n |52 gy
= o(1)||@nll 52 ()
whete G = G(€ — 2n). Since || @nlswae = [0llse2q, we get
I'(i,) — 0 as n — oo.

0

Now we are in a position to give the proof of Theorem 1.6 via Lieb’s translation
theorem.

Proof of Theorem 1.6. From Lemma 5.3, we know that there exists {z,} C H such
that {u, = un(§ + 2z,)} is also a bounded (PS). sequence of with ¢ € (0,c*).
Moreover, {,} converges strongly and a.e. to @ # 0 in L] (H) for all ¢ € (2,2}).
Using the Brézis-Lieb lemma [6], one can deduce

& <I(q)

=1(a) — - (T'(a) )

2T A Y 11 e
(53 ) Wl + (3 - ) [ 1aae

11 1 . (5.6)
gnh*{%o |:<2 — T> ||un||5'92 (H) + <7" - ) / ”U/n|2 d§:|
ZHILIEO [I(un) — —(I'(u ]

:nl1_>nr01O I(ay) = ¢,

which implies I(u) = ¢é. The proof is completed. O
We give another proof of Theorem 1.6 via Lions’ vanishing theorem.

Proof of Theorem 1.6. We show hm Sup fB (1) ]un|qd§ > 0, for all ¢ € [2,2}).

Suppose on the contrary that there ex1sts q € [2,2%) such that

lim Sup/ |un|?d€ = 0.
=00 zeH J By(z,1)

From Theorem 1.4, we know u,, — 0 in L'(H) for ¢t € (2,2%). Repeatting the proof
of Lemma 5.3, we know that there exists {z,} C H such that {@, = u,(§ + 2z,)}
is also a bounded (PS). sequence of with ¢ € (0,c¢*). Moreover, {u,} converges
strongly and a.e. touw# 0in L (H) for all ¢ € (2,2%). Then similar to (5.6), one
has I(u) = O
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