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1 Introduction

The time evolution of the density and the velocity of a general viscous isentropic compressible fluid
occupying a domain Q c RN is governed by the compressible Navier-Stokes equations:

o +div(ou) =0, (,x) € (0,00) X RV,
(ou); + div(pu ® u) + VP = divT, (t,x) € (0,00) x RV,

1.1
(0 1) li=0= (po(x), uo(x)), xeRY, (1.1)
(o,u) = (0,0) as |x| — oo, t>0.
where p is the density, and u = (ul, L uM)T e RV(N = 2,3), is the velocity of the fluid. We assume
that the pressure P satisfies
P=Ap”, y>1, (1.2)

where A is a positive constant, vy is the adiabatic exponent. T denotes the viscosity stress tensor with
the following form

T = () D(u) + A(p)divul,. (1.3)
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Here I, is the N X N identity matrix, u(o) = ap is the shear viscosity coefficient, and A(p) = Bp is the
bulk viscosity coefficient, @ and § are both constants satisfying

a>0, a+p=0. (1.4)

We will establish the corresponding results on (I.T)) - (I.4), then reveal the applications to various
shallow water models.

There are huge amounts of literature on the large time existence and behavior of solutions to the
system (I.1). When the viscosity coeflicients were assumed to be fixed positive numbers, Kazhikhov
and Shelukhin [30] established the first existence result on the compressible Navier-Stokes equations
in one dimensional space. Due to the difficulty from the vacuum, the initial density should be bounded
away from zero in their work. It has been extended by [37] and Hoff [26] for the discontinuous initial
data. For the multidimensional case, Matsumura and Nishida [36] first established the global existence
with the small initial data. To remove the difficulty from the vacuum, Lions in [34] introduced the
concept of renormalized solutions to establish the global existence of weak solutions for y > %
concerning large initial data that may vanish, and then Feireisl et al.[20]] and Feireisl [18] extended
the existence result to y > %

The problem becomes even more challenging when the viscosity coefficients depend on the den-
sity. Indeed, the system (I.1]) is highly degenerated at the vacuum because when the density vanishes,
the velocity cannot even be defined. The vacuum makes estimates of the gradient on the velocity field
very difficult. To deal with this difficulty, Bresch [4] developed a new mathematical entropy for A(p)
and u(p) satisfying A(p) = 2(¢'(p)p — u(p)), see also in [1]], [3]] and [6]] for the case with an additional
quadratic friction term rp|u|u. This new entropy offers a nice estimate ,u'(p)VT% e L™([0, T]; L*(R%))

provided that /1’(,00)3—{;10 € L*(R?). For spherically symmetric case, see [17,[16, 24]. For our problem,
such an entropy exists when S = 0. Unfortunately, BD-entropy does not apply to many interest-
ing models, including the one in (I.T1)) and those bounds are not enough to treat the compressible
Navier-Stokes equations without additional control on the vacuum. In fact, we cannot expect too
much regularity results of Lions’s weak solutions since the result of Xin[40], who proved that there
is no global smooth solution to the Cauchy problem if the initial density with compact support. So
more and more people are beginning to investigate the mechanism for possible breakdown of smooth
solutions.

There are several works [[13], 19, 28]] trying to establish blowup criteria for the strong (smooth) so-
lutions to the barotropic compressible Navier-Stokes equations (1.3). When the viscosity coefficients
were assumed to be fixed positive numbers, In particular, it is proved in [19] for three dimensions, if
Tu > 94, then

T
lim_( sup [lpllz + f <||p||W1¢qo+||Vp||iz>dt)=+oo,
T-T \o<t<T 0

where T < o is the maximal time of existence of a strong solution and go > 3 is a constant. Recently,
Huang and Xin [27]] succeeded in removing the crucial condition above and established the blowup
criterion

T
iy [ 1Dt = o

When the viscosity coefficients depend on the density, several blowup criteria are given to the
local-in-time strong solution in [10]. Recently, Xin Zhong [39] proved the strong solution to the
problem exists globally if the gradient of velocity satisfies [[Vull;2 7.1~y < o0. However, all the
results mentioned above on the blow-up of the solutions of compressible flows are for viscosities with
a uniformly positive lower bound, i.e., both u(p) > ¢ and A(p) > A, where 4, 4 are positive constants.
Therefore, a natural question arises: when viscosities without a uniformly positive lower bound, how
we can describe the mechanism of blow up to ensure the global existence of strong (or classical)



solutions to the system (I.1))? So, the aim of this paper is to establish the blowup criterion results for
the system (I.1)) and shallow water equations with degenerate viscosities.
Before stating the main result, we explain the notations and conventions used throughout this

paper. We denote
f fdx = fdx
RN

For 1 < r < oo, we denote the standard homogeneous and inhomogeneous Sobolev spaces as follows:

L'=L'®RY), D ={ueL, RH[IVulr < co),

lullper 2 IV¥ullr,  WR = L' DX, HY = wk?, Dk = pk2,
A detailed study of homogeneous Sobolev space can be found in [21]].
By introducing a proper notion of solution class, Li et.al.[33] proved the local-in-time well-

posedness of this class of smooth solutions and established a Beale-Kato-Majda type blow-up criterion[29].
The definition of the solution class and main result are as follows:

Definition 1.1. (Regular solution to Cauchy problem (I.1). Let T > 0 be a finite constant. A solution
(o, u) to Cauchy problem (|1.1)) is called a regular solution in [0, 7] X RZ if (0, u) satisfies

-t
2

(A4) p>0.peC([0.T] xR, p'T € C(0.T];HY, (p'T ), € C([0,T]; H):
(B) Vp/p e C([0,T]; L° n D' n D?),(Vp/p); € C([0,T); H');
(C) ueC(0,T]; H) N L*([0,T]; HY, u, € C([0,T1; HY N L*([0, T1; D?)

(D) lim G+ u-Vu-+ L) = lim ((Vp/p) - Q(u)), for t>0.

|x| > 00

Theorem 1.1. Ifthe initial data (po, uo) satisfy the regularity conditions

y=1
po >0, (p,> ,ug) € H, Vpo/po € L°N D' n D (1.5)

Then there exists a time T. > 0 and a unique regular solution (p,u) to be Cauchy problem [I.1]
satisfying
y=1 3 =1 )
p 2 € C([O’ T*]yH )’ (p 2 )t € C([07 T*];H )7
Vp/p € C([0,T.1;L° n D' N D*), (Yp/p); € C([0,T.1; H"),
ue C([0,T.]; H) N L*([0, T.]; HY), u, € C([0,T.]; H') n L*([0, T]; D?), (1.6)
ug € L0, T.1; L3, 12u e L™(0,T.1; DY),
2w, € L2([0,T.1; D) n L2([0, T.1; DY),  2uy € L¥([0,T.1; L% N L*([0,T.1; D").

Moreover, if 1 <y <3, then p(x,t) € C1([0,T,] x R?). If T < o is the maximal existence time, then
we have both

\v, T
tim (sup |26 o [ D@ dr) = o0 (1.7)
T-T \oi<T Il P LO(R?) 0
and
T
lim sup f 1D Dl oyt = +00. (1.8)
T—-T JO0

Our main result can be stated as follows:



Theorem 1.2. Let (p, u) be a regular solution of the Cauchy problem (T.1)) on [0, T] x RY. Assume
that the initial data (pg, uo) satisfying

-t
2

Lo > 07 (p()

If T < oo is the maximal existence time, then we have

,up) € H, Vpo/po € L> n D' n D%

T
lim sup f IVaCe, D2 v = +o0, (1.9)
T—-T Y0

where N = 2, 3.

We now comment on the analysis of this paper. Comparing the blow-up results established in [33]],
the main work in this paper is getting the estimate of |[Vo/pl|;« r.16)- Besides the high degeneracy in
momentum equations, viscosity coefficients vanish as the density allows vacuum which preventing us
from using a similar method proposed by [10}33]139] et al. Form the observation of the usual energy
estimate and the mathematical entropy, as well as careful computation, we can see that the key step
in proving Theoremis to derive the L*(0, T; L?)-estimate on Vp/p which is essentially equivalent
to Vp when the initial density has a uniformly positive lower bound. When inf pg = 0, some of the
new difficulties are arise due to the appearance of vacuum. In order to overcome these difficulties, we
will study from a mathematical view point. Inspired by Bresch [4] and Guo [25], we found that the
boundedness of the temporal integral of the super-norm in space of the deformation tensor guarantee
estimate on Vp/p and the velocity u. In the process of the proof, we can see that the estimates on
gradient of the velocity u can be derived from |[Vp/pl| = 7.12), S€€ Lemma@ and Lemma@ So,
the estimate on [[Vp/pllj« 7..6) Was also obtained, see Lemma Thus a estimate by using the
effective stress tensor will lead to a prior estimates on the L*(0, T'; L) estimate on Vp/p. The method
we use is motivated by [2]]. The detail of the proof of Theorem[I.2]is given in Sect. 3.

Remark 1.1. For N = 2 and u(p) = A(p) = p in ([.1), the system is called the shallow water
equations, see also [34l]. In fact, the shallow water systems, can also be modeled by another way.
In lakes and sea, the depth of the water is much smaller than the two other dimensions. So the
Sflows which govern the currents can be tentatively averaged to obtain a simpler two-dimensional set
of equations; these are known as Saint-Venant’s shallow water equations. The Cauchy problem of
shallow water equations reads as:

h; + div(hU) = 0,
(hU), + div(hU @ U) + Vh? = v(h, U),

(h, U) li=0= (ho(x), Up(x)), x €R?,
(h,U) - (0,0) as|x| — oo, t>0.

(1.10)

Here h, U = (U',U*)T € R? and v(h, U) denote the height of the free surface, the mean horizontal
velocity of the fluid and the viscous term, respectively. There are various models (or approximations)
which are possible for viscous terms like for instance div(hD(U)), hAU, div(hVU), A(hU) (see [5
34)]), where D(U) = %(VU + VTU). Particularly, the case for v = div(hVD(U)) is corresponding
to the well-known viscous Saint-Venant model [23|] and later, Gent [22|] suggests v = div(hD(U)).
Recently, by a more trivial computation, Marche [35] and Bresch-Noble[l7, 8] suggest that

v(h, U) = div(2hD(U) + 2hdivU],). (1.11)

The shallow water equation (1.10)) turns to isentropic compressible Navier-Stokes equations with
viscosities depending on density when replaces h with p. Clearly, when y = 2, (L) - (T.4) include
most of shallow water models mentioned above.



Remark 1.2. For N = 3, the local-in-time existence of this class of smooth solutions for Cauchy
problem can also be established by a similar way in Li et.al.[|33]] which we omit here for sim-

plicity.
Remark 1.3. For u(p) = p% Ap) = P in system (1.1)), the blow-up result (I.9) are also hold for

Cauchy problem (I.1) which can also be establlshed by a similar way in this paper, maybe some
proper change also needed.

2 Preliminaries

In this section, we present some known facts and importent inequalities we will use in our proof.
The first one is the following well-known Gagliardo-Nirenberg inequality which will be used later
frequently(see [31]]).

Lemma 2.1. Let r € (1, +0) and h € WHP(R?) N L' (R?). Then

lAll o2y < CIIVhIIL,,(Rz Al (®2)’

-1
where 6 = (% - é)(% -1y %) If p <2, then q € [r, 22_p] when r < 2%; and q € [22_—’;,,r] when

r>2p Ifp=2, thenqe[roo) If p > 2, then q € [r, ).

Some common versions of this inequality can be written as
sy < CUAIL g 9L nﬂumW)SCMﬂQ%Wmemﬂw)

1@ < CIV ALz, 1 llmcey < O o A1 @.1)
which may be used in our following proof.

Lemma 2.2. For p € [2,6],q € (1,00), and r € (3, 00), there exists some generic constant C > 0
which may depend on q, r such that for f € H'(R?), we have

6-p)12)15 41GP-6)/2
IIfIIL,,(Rg) _C||f||L2(£3 IIVfIILf(’W ,

Next, the following well-known Gronwall’s inequality plays an important role in proving our
estimates on regular solutions.

Lemma 2.3. Suppose that h and r are integrable on (a, b) and nonnegative a.e. in (a,b). Further
assume that y € Cla, b, y' € L'(a, b), and

Y (@) < h@) +r()y(t) for ae. t€(a,b).

y() < [y(a) + ‘[at h(s) exp ( - LS r(T)ds) exp(j: r(s)ds). t € [a, b]

For the proof of this lemma, we refer [38], pp. [12 — 13], to readers.
Due to harmonic analysis, we have the following regularity estimate result for Lamé operator. For
problem

Then

—aAu—-(@+B)Vdivu=Lu=F, u—0 as |x| - oo, (2.2)
we have
Lemma 2.4. Ifu € D"9(R?) with 1 < q < +00 is a weak solution to problem [2.2)), then
lluel| prsag < ClIF I pra,
where C depends on a, 3 and q.

The proof can be obtained via the classical estimates from harmonic analysis.



3  Proof of TheoremI.2

Let (p, u) be the unique regular solution to the Cauchy problem (I.1)) with the maximal existence time
T. To prove Theorem 1.2, we assume otherwise that

T
lim Vu(-, Ol orudt = Co < +00. 3.1
T—)TL || ( )HL (RZ) 0 ( )

From the definition of regular solutions, we know that, for ¢ = p%, (¢, u) satisfies
¢ +u- Vo + Ll pdivu = 0,
(VInp); + V(u - (Vinp)) + Vdivu = 0, (3.2)

u+u-Vu+200Ve + Lu = Vp/p - O(u).

where 6 = %, O(u) = Vu + divuly, N = 2, 3.

Without loss of generality, we will command o = 8 = 1 in (I.3) and (T.4) in our calculations. By
assumptions (3.1 and (3.2)), we first show that density p is uniformly bounded. The proof presented
as following can be seen from [12] and [33]]. For the convenience of readers we will give here.

Lemma 3.1. Let (p, u) be the unique regular solution to the Cauchy problem (1.1)) on [0, T) satisfying

(B.2). Then
ol qo.71xrry + lIBlleqo.11.00mm) < C, 0T < T, (3.3)
where C > 0 depends on Cy, constant g € [2,00] and T.

Proof. First, it is obvious that ¢ can be represented by
-1
80,20 = o(W(0.t.0) + exp (- L5+ [ divts. WGt (3.4)
0

where W € C'([0, T] x [0, T] x R™)) is the solution to the initial value problem

GW(t, s, 0) = u(t, W(t,5,x), O0<T<T,

(3.5)
W(s, s, x) = x, 0<s<T,xeR%
Then it is clear that ||@||z= ([0, T] X R™) < |¢o| exp(CCy).
Next, multiplying (3.2); by 2¢ and integrating over R”, we get
d .
91172 < Clidivales 9117 (3.6)
From (I.7) and Gronwall’s inequality, we immediately obtain the desired conclusions. O

The key estimates on V In p and Vu will be given in the following lemma.

Lemma 3.2. Let (p, u) be the unique regular solution to the Cauchy problem (1.1)) on [0, T) satisfying
Then

T T
sup (||V1n,o||§2 + ||u||§2) + f IVull?,dt +f IVel?,dt<C, 0<T<T. (3.7)
0<t<T 0 0

where C only depends on Co and T.



Proof. Firstly, from (I.1);, we get

% fllnpldx

=2 f divu In pdx + f divu(ln p)*dx

< C(div(u)[7e + 1) f |In p|*dx + % f \Vul*dx, (3.8)
and multiply (3.2); by V Inp, integrate over RY, yields

dit flVlnpldx +2 fV(divu)V In pdx

=-2 f 8;1n pd ju;0; In pdx + f u-V|VInpldx

< ClID)|lL» fIV Inpl*dx, (3.9)
where we have use the fact

fajlnpajuiai Inpdx = fZ)(u) :Vinp ® Vinpdx.

Secondly, multiplying (T, by u and integrating over R, we have

1d
35 f ul>dx + f IVulPdx + 2 f divul>dx

:f(—u-Vu-u—9V¢2~u+Vlnp-Q(u)-u)dx
=L+ Ly + Ls.

The right-hand side terms can be estimated as follows

L = —fu - Vu - udx < Clldivalllull3,.
L= f 6V - udx < CllgalPldividl < Cldivide,

Ly = f Y- Q) - udx < (IVInpll7, + llull? )| Qoo
<D= llull?, + IV Inpl[2,).
so we have
1d 2 22
5 ol + IVulL
< CUID@)I + D(llull?, + IV Inpl7,) + Clidiva| . (3.10)

Thirdly, multiplying (I.1), by %, integrating over R" and using Sobolev inequality, we have

Vi1 Vi1 Vi Vi1
f oy + 1 - Vi) —L dx + f vp. 2Ly - f div(pD(u))~—L dx — f V(pdivi)—~Ldx = 0
p P P p

7



which denoted by ZZ: 4 Li = 0. And we have the fact that

p

L4=fp(u,+u Vu)
:f(l/tlvlnp-i-u-vl/t.vlnp)dx
d
= Equlnpa’x—fu(Vlnp)tdx—fﬁi(ujajui)lnpdx

d di
:Efuvmpdx+fdivu 1V/()p”)dx_fﬁiujajuilnp—fujaiajuilnpdx

d
= qu In pdx + f(divu)zdx— f@iuj(?juilnp+ f(divu)z Inp + u;divud; In pdx,

Vi 4 -
Ls = f yp. Yo, 46 f V(o' )P,
P (y-1

Le fle(pD( ))Vl Py = 2fp(8 14 + )9 (’9"}10“")
=3 f(ajui + 0;u;)0;0; In pdx — % f(aju,- + 0;u;)3; Inpd; In pdx
= % f(ajuiaiaj Inp + d;u;0;0; Inp)dx — %f(ﬁjui + 0;u;); In pd; In pdx
_deivuV Inpdx — % f((?jui + 0;uj)0; In pd ; In pdx,

and

djlnp
dx—fpﬁu(')( )d
P

=f@,-u,-(?jujlnpdx—f@iui(')jlnpajlnpdx

Ly = f V(pleLt)

- f Vdivu - VIn pdx — f divu|V In p|*dx.

So those equations above and using Young’s inequality, Sobolev inequality yield

d
- f uV In pdx + f (divu)® +

= —2fudivuV1npdx+f6,-uj6jui lnpdx—f‘(divu)2 In pdx

T )Pdx -2 f Vdivu - VIn pdx

+fdivu|Vlnp|2dx+fD(u) :Vinp® Vinpdx
< 2|ldivulleo f (lul* + IV In p/*)dx + | D)oo f IV In p|*dx
1
4 ID f VP + CIDW)]e f (inp)’d)
4 |D< Moo p
< C||Dul?, f ((mp) +|V1np|2+|u|2 dx+Z f \Vul>dx (3.11)



Finally, adding (3.8), (3.9), (3.10) and (3.11)) yields
4
4 f (lu + VInp[> + (Inp)*)dx + f (Vi) + (divie)*]dx + —2— f IVo|*dx
dt (y = 1)?
< ClIDW)% f ((ln o) +Vinpf + |u|2)dx.

According to Gronwall’s inequality, we complete the proof. O

Lemma 3.3. Let (p, u) be the unique regular solution to the Cauchy problem (1.1)) on [0, T) satisfying
(7). Then

T
sup [[Vu()|l}, + sup [V, + f AV2ull?, +1lil2,)dt < C,
0

0<t<T 0<t<T

where, it = u; + u - Vu, C only depends on Cy and T.

Proof. Firstly, multiplying (3.2); by —Lu — 6V¢$?* and integrate over RV, we have

1d
5E(awu@ Fla+ ﬁ)ldivul%)dx ¥ f (~Lu — 6V dx

= —a/f(u-V)-w'dx+(a/+,8)f(u-V)-Vdivudx
0 f u-V) - Vgidx -0 f U - V§dx +0 f (Vlnp-Q(u))~V¢2dx

11

- f(V Inp - Q(u)) - (aAu + (@ + B)Vdivu)dx =: Z L;. (3.12)
i=8
where we have used the following fact:
—Au + Vdivu = (0,0 — 0,w)" = ', w = uqu - u)lcz, N=2;
“Au+Vdivu =Vxw=0w, w=Vxu N=3.

From the standard elliptic estimate, we have

IV2ul2, - ClloVH?(17,
< ClleAu + (@ + B)Vdivul[2, - ClloVe*|7,
< ClleAu + (@ + B)Vdivu — 0V4?|[7,. (3.13)

Now we estimate the right-hand side of (3.12)) term by term. According to
1
EV(|u|2) —u-Vu=u?w,-uVw)’ = ",

and Holder’s inequality, Gagliardo-Nirenberg inequality and Young’s inequality, we obtain

|Lg| = a’ f(u-V) cw'dx

= af‘f—w” - w'dx

= %‘fa)zdivudx

1
= a’ f(EVIuIZ -’ wdx

«
= 5’ fu(z)axsz +uDa,, w?dx

< Cl|divulloo|Vud2




|Lo|

Il
>

f (u-V)-V¢*)dx
—fVu : (Vu)T¢2dx—f¢2u-Vdivudx
- f Vu : (Vu)T¢2dx+ f (divu)2¢2dx+ f u-V¢2divudx

CIVull, + Clidivadlz=Ilullo IV 2
CUIVul, + Idivallzs + ldivall=[IVH*I12,), (3.14)

Il
>

Il
>

IA

IA

Lo = -6 f u,-V¢2)2dx=0% f ¢*divudx — 6 f (¢*)divudx

= 9%f¢2dlvudx+0fu¢2fd_x+9(,y_1)f¢2(dlvl/t)2dx

d
o f ¢*divudx + Cl|Vull2, + Clidivull=|Vo? |17, (3.15)

IA

Ly = - f (V Inp - Q(u)) - (@hu + (@ + BVdivu)dx
< CIV Inpll IV ull 21Dl < Ce)IV Inw)l[2, + el V2ull?,

where € > 0 is a sufficiently small constant. Combining (3.12))-(3.15)), we have

1d
2 dt ( IVul® + (@ + B)ldivul* - 0¢2divu)dx
< C(IVull?, + IV, ) Idivalz + 1) + lidivull). (3.16)

Secondly, applying V to (3.2); and multiplying by (V#) ™, we have

(V) + div(IVel*u) + (y — 2)IVg[*divu
= —2(Ve) " Vu(V¢) — (y — 1)¢V¢ - Vdivu
= -2(Vo)" Du)(V¢) — (y — 1)¢pV¢ - Vdivu. (3.17)

Integrating (3:17) over R, we get
d 2 2 2 2
VOl < CEOUDWIL + DIV + €l VZull 2. (3.18)
Adding (3.18) to (3.16), from Gronwall’s inequality we immediately obtain
f
V@I, + 1991, + [ IVu)dr <€ 0<r<T,
0
Finally, due to it = —Lu — 26¢V¢ + VInp - O(u), we deduce that
! f
f lla?,dt < C f AV2ull?, + 11l IVSIIZ, + [IVull7, 11V Inpll?,)dt < C.
0 0

O

Next, we proceed to improve the regularity of ¢, VInp and u. To this end, we first drive some
bounds on derivatives of u based on the above estimates.

10



Lemma 3.4. Let (p, u) be the unique regular solution to the Cauchy problem (I.1)) on [0, T) satisfying
@B-1). Then

T
sup [l + sup [[V2u(@)l;2 + f Vil dt
OstspT L2 OsrfT L 0 L2 (3.19)
< ClIVullz=llidl7, + a2V Inpllq + IVull7, + ClIVull= + C.
where C only depends on Cy and T.
Proof. Using Lu = —u; — u - Vu — 204V + Vinp - Q(u) and Lemma2.4] we have
IV2ulle < Clil2 + 11gllz=11Vellz2 + IV Inpll 2 D)), (3.20)
from Youngs inequality, which implies that
IV2ull 2 < Cllilz2 + 1IVll2 + IVullz2) < C(L + llugll2), (3.21)

Next, operating it/[0/0t + div(u-)]% to (3.2); , and integrating the resulting equation over R?, one

obtains | .
2 .12 2 12 3;
(2f|u| dx)t 2f‘lul divudx
= _fuf[aj(py‘l),+div(u8j(p7_1)]dx
n f uf{[})div(quj)],+div(u})div(quj))}dx (3.22)

o [ W0y + v oy

3
£ M.
i=1

Now we calculate the right of (3.22)) term by term. Integration by parts, using the equation (1.10),
and Holder inequality, M yieds that

M, = - f #[0;(p"™ "), + div(ud ;(o”~")dx
_ f [y = 200" Vdivu + (y — 1)p?"1 8 divue + 8’8" )]dx (3.23)
< Clidivul| =1l 211Vl 2 + ClIVirl| 2] Vull 2
where we have used the fact that

0j(P — P(p)); + div{ud (P — P(p))} + (y — )0 Pdivu + BjuiaiP +yP0ddivu = 0.

For M, and M3, integration by parts and recalling the mass equation (I.10);, then using Young’s
inequality leads to

(1 . 1 '
M, = f il {[_diV(pvuJ)]t - diV(u—diV(PV”’))} dx
fe, P
(1 - : k] |
- fuf {[;&paiuf + 0i0u’]; + Op[u* ;07 + uk;aipaiuj]}dx
11 : 1 : ' ' '
= f”J [(_aipaiuj)t + 6k(btk—6ipail/l])] dx + f”J [(a,-aiuf), + a/c(”kaiai”])] dx
P P
2L+ Db.
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We computing /1 and I, respectively, as following:
1 : ol .
I = | & |[(=0;,p0iu)), + Or(u*—0;p0iu’) | dx
P P
= f i [(a,- In pd;u!); + O (u*d; In pﬁiu-/)] dx
= fuf [(6i 1np),(9,-uj + uk6,0; lnpaiuj] dx
+ fuf [Gi lnp(ﬁiuj), + 0; lnpak(ukéiuj)] dx
= f W’ (9;1np), + Biu*dx In p) — dind* 9y In p| dx
+ f W d;Inp (@), + O !y — Dt Dyar! + Oyt Oy | dix
- f it O’ (9idivu + 9;u* 0y In p)dx
+ fuj('),- Inp [6,1'/ — Qi o’ + akukaiuj] dx
< Cllal?, IVl L v, + 1vulolil 21V 1 \Y 1l],2]|V?
< 2IVollye + 8|| illy, + IVullpe llidl 21V Inpllpz + IValls il 2211V ull 2,
where we use the fact that, when N = 2,
2 4
il 211V In pll 6l Vil 2 < Nl L IVl L1V Inplls
1
< Cllllz:IIVpls + SlIVidE
when N = 3,

1 7 1 3
il 211V In pll 24l Vadlp2 < Nl IVall L1V Inpll L1V Inpll g

. [
< Cllaliz:l1Vpls + IVl

For I, integration by parts, we have

i [((’3 Oiul), + 0(u* 0,0 uJ)] dx

i [(8;0,u”); + Ol 0;0,u’ + u*6,0; 8kuj)] dx

[
i [( Aiul), + Ok 00’ + 0,k 0,0,u7) — k0, akuJ] dx
[

i [(8;0:u”); + Ok d;0u” + 8,0,(u*Opu’) — 8;(O;uk O’y — ;1 D, akuf] dx

Il

i [aia,uf' + 0,k 0,07 — A1 Ok O’ — Biukai(?ku-’] dx
u

:—f '2dx+fﬁiujﬁiuké?kujdx—faiujaiukakuj

_flvulzdx"‘||Vu”L°°“u“L2”VuHL2-

12



Thus, we have
M, < - f IVal*dx + |lidl 311V In pll [ Vitll 2 + IVull? o llitl] 2] Vol 2
+ IVull it 21V ull 2 + 1Vl oo el 21Vl 2.
Similarly,

Ms < - f (divir)’dx + il 31V In pll sl Vil 2 + Va2 llitll 211V ll 2

. 2 .
+ IVullzeolléll 21V ull 2 + IVl e lléll 21V ul| 2.

1
(E f |1’4|2dx) + f Vil dx + f (divio)*dx
t

. . . 1.
< ClIVulle= iz, + CIVilla Vel 2 + Cliliz 1Vl + IVl

Thus, we have

. 2
+ [Vl |litll 21V =ull 2 + ClIVul| =
1
.2 12 2 L 3
< ClIVulllladlz, + Z IVl + ClIVull 2 + 1l 1V In plf o

212
+[IV7ullp, + CliVull~ + C,

(1 f |a|2dx) + f IVildx + f (divi)*dx
2 ; (3.24)

) ") 3 2 112
< ClIVullg=llily, + 1l 11V Inpll76 + IV7ull;, + CliVulls + C.

which imply

Thus, we complete the proof of this Lemma.
O

Lemma 3.5. Let (p, u) be the unique regular solution to the Cauchy problem (I.1)) on [0, T) satisfying
@-1). Then

T
sup (lillz2 + IV Inplls) + f AIVill7, + IVull)dt < C.
0

0<t<T

Proof. Firstly, apply V to (T.1),, and mulptiply the result equation by 6|V In p|*V In p, we have
dit f IV In p|®dx
=-6 f IV 1In p*(8; In pd ju;0; In p + 1;0,|V In p|*)dx
-6 f 0|V In p*d; In pdx
< CIDWl [ 1710pfodx + 19l 1
That is

d
VI plle < CID@II=IV 10 pls + IVl z6l1V Il (3.25)

13



When n = 2, according to Lu = it — 26¢pV¢ + VInp - O(u), we have

Cllleellzs + e - Vullps +11pVelips + IV Inp - Q)] z6)
1 2
Clla L IVall?, + 1Vells + IV In pll s 1Dw)llL),

2
IV=ullze

IA

IA

Adding (3.26) to (3.23), yields
d 3
VIl
1 2
< C1+ 1D@)I=)IIV Inpll} s + Cllill, 11V, IV In ol
1 !
< CA+ D@V I plizs + IVl + Cllil IV n pls.
Adding (3.27) to (3.24)), yields

212 3 212 s o\2

(flul dx + ||V1np||L6) + fquI dx + f(dlvu) dx
t

< C(IVulls + 7, + DI, + IV Inple) + ClIVull= + C.

When n = 3, similarly,
IV2ull 6

IA

Clitllgs + llu - Vullzs + 11pVllzs +[[VInp - Qw)llze)
< CIVallzz + 1Vells + IV In pll [ DGOl ).

Adding (3.29) to (3.25), we have

A

d 2
IV inpll
< C(1 + ID@IIL)IV In pl2g + ClIVidl 211V In pll o

1
< CL+ 1DV Inplffg + 7 Vi + CIV Inplf.

Adding (3.30) and (3.24) to get

( f lil>dx + ||V In p||§6) + f \Vil>dx + f (divir)’dx
t
< C(IVullgs + lll2, + DI}, + 11V Inplf7e) + ClIVull~ + C.
From the momentum equation (3.2); we have
li(@)ll2 < CAIBl=IVPllL2 + IVullz + IV Inpll 21Vl 2),
which combine (I.1)), we have

lim [li(7)ll> < Clligoll~lIVboll.> + IV2uollz2 + IV n poll 2 IV uoll2) < Co.

In (3.31)), let 7 — 0, by Gronwall’s inequality and Lemma 3.4] we have
T
sup ([lillz2 + |IVInp(@)lis) + f IVidl[7,ds < C.
0<i<T 0
At last, by (3.26) and Lemma[3.4] we have

T T
f IV2ull7ds < cf (1+ Va2, + [V Inplle)ds < C.
0 0

Thus, we complete the proof of this Lemma.
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We should point out that (3.2) is actually a parabolic-hyperbolic system. Then by a standard way,
we can get other higher order estimates for the regularity of the regular solutions. We will give the
following results.

Lemma 3.6. Let (p, u) be the unique regular solution to the Cauchy problem (I.1)) on [0, T) satisfying

@.1). Then
sup (IV* @175 + IV Inp@)li7, + g O + AV u@)ir,) < C,

0<t<T

T
sup (I(VInp)l2, + (I, + (DI, + f IV*ul2,dt < C,
0

0<t<T

T
sup (AIV2u (D17, + g (OII7,) + f AVl + tIVugl2,)dt < C.
0

0<t<T
where 0 < T < T, and C only depends on Co and T.
Proof. The method of this proof is similar to [33]]. We omit the details here. |

Now, we will complete the proof of Theorem for the sake of lemmas above. If (p, u) exists
up to the time T > 0,withe the maximal time 7 < co. From Lemmas 5.1 — 5.6 that we can extend
the regular solution (py%, Vo/p,u) beyond t > T. In fact, in view of lemmas above, the functions
(o, W=7 = (p%, Vop/p,u),—5 = lim,_; satisfy the conditions imposed on the initial data (I.5]). That
is, (o, u)|,—7 satisfy too. Therefore, we can take (p, u)|,—7 as the initial data and apply the local
existence Theoremto extend the local regular solutions beyond 7. This contradicts the assumption
onT.
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