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Abstract

This is an informal treatment of the instantaneous unit hydrograph IUH/GIUH (Rigon et al., 2015) estimation under the
simplifying assumption that rainfall inputs are given as a discrete sequence of rain impulses (that we will call from now, rain
record) This, more than being a simplification, is related to the discrete nature of rain at small time scales of aggregation and

has a physical basis (e.g. (Lovejoy & Mandelbrot, 1985)). This manuscript is distributed according to the CC v4 license.

Let’s have a record of precipitation of duration At < t. where t. is the concentration time (Rigon et al.,
2011) of the catchment we are analyzing (¢. can be thought as the length of the domain over which the
IUH is defined or a conventional time where the contribution to the discharge given by a particular rainfall
record is not anymore detectable). Let ¢ be the clock time and ¢;, the time at which the precipitation
record happens. Finally let p;,, the precipitation intensity (for instance in mm/h, [L/T]) during the time
interval (tn, tin + At]
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Figure 1: Representation of the rainfall record described in the text.
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The precipitation is well represented in Figure 1 above. In this case, according to the TUH theory, the
discharge at any time ¢ is given by:

ot tin) = Apy, O(tn) /t (- 2 H@)H( - (4 AD)da (1)

q (t,tin) [m3s7] is the discharge generated by the single rain record called age-ranked discharge.
f(t—tin) [s7'] is the IUH (here assumed time invariant with respect to the injection time)

A [m2] is the area of the catchment we are analyzing

H (z) is the Heaviside step function such that

0 <0

H(x):{l z >0 (2)

O (tin) is a coefficient of partition that identifies which portion of the rain input (at time ¢;, goes
into discharge). © (t;,) <1 depending if other outputs (as evapotranspiration) are present, but in the
present case, for simplicity, will assume © (¢;,,) = 1

For simplicity, we will assume in the following that A is included in f definition, which now be-

come [mzsfl]. The notation used above is congruent with the one used in (Rigon et al., 2016) where,

however, more general cases are treated.

According to the definition of the Heaviside step function the integral giving the age-ranked discharge can
be considered for various time steps.

e Fort < t;, is clearly:
q(t,tin) =0
e Fort;,, < t <t;, +At:
q(ttin) = D, fti” ft—2) do
because H(x)H (t—z) =1
e For t >t;, + At:
a(ttin) = po, [ f (=) do
because H (z) H (t —x) =1for ti < o <ty + At and H(z)H (t—x) =0 fort > t; + At.

Let’s now define the so called S-function (which, as it is known, correspond to the probability or resi-
dence/travel times (Rigon et al., 2016), in this case multiplied by the catchment area A:

sp(u) = / " Fy)dy (3)

we can show that the previous integral can be expressed as function of sy () which is convenient when it
is known in advance (for instance by assuming or deriving it from some geomorphic procedure (Rigon et al.,

2015)).



Figure 2: A pictorial representation of the function sy (T"). After the inclusion of the catchment area in the
definition, it varies from 0 to the maximum value of A.

Let’s then define the travel time T'as the difference between the clock time and the injection time:

and use the integrating variable z = t —t;, , so that, ¢, <t <t;, +At becomes 0 < T <At, dz=
—dx and the extremes of integration move such xt =t;,;, —z2=t—1t;, =T andex =t —2=0 :

q(t,t—=T) = pt,T/O o f(z)dz =:pe_rss(T) (5)

therefore, the age-ranked discharge s-function, in this case depends only on the travel time, nor on the
injection time, neither on the clock time alone while the dependance of the injection time is retained only
in the intensity of precipitation. Analogously t > t;, + At becomes T' > At and then z =1t;,, — z=

t—ty, =T andxz =t + At - z=t—t;;, — At = T — At while d2 = —dx such that:
T
q(t,t =T) = prr / f(2)dz = per (s4(T) — 54(T — At)) (6)
T—At

This shows that for getting the age ranked discharges for any time, t, we need the values of sy (T') VT .
Please also observe that, for any t > te+ At,- it is (sp(T) —s¢(T'— At)) = 0 and
therefore ¢ (t,t —T) = 0, as expected. To illustrate better the topic let’s rework Figure 1 into Figure 3
below.



Figure 3: We select two time instant, ¢; and t5 and, in the text below, we describe how to get the corre-
sponding discharge.

Figure 2 shows the new axes represented by T'. It goes in the opposite direction of ¢. For ¢t = t; we are in
the case T < At. Therefore the solution is given by (5). However, because t; is fixed, the extremes of the
integral vary just between 0 and 77. We can repeat the procedure for any 7 in this interval. Upon the
knowledge of f, the s-function is known in advance and we have just to pick its values at T} (and the values
of the precipitation at to — T5) to know the discharge, as shown in Figure 4 below.



Figure 4: A pictorial representation od the s¢ function with two time instants highlighted.

For T5, since, it is 75 > At, we have instead to take the difference of the s-function between the two
instant To =ty — t;, and To — At = ty — t;, — At.

Please observe that in the previous derivation Figure 3 can be misleading. In fact the integration in equation 1
is over t;, while Figure 3 represent the IUH vs clock time ¢. Therefore, in principle, our integral is not the
marron area below the IUH (it is just in a special case, which is actually the one we are dealing with) and
the change of variable we did (exchanging t;, with the travel time T') hides this fact. A right representation
of the integration is, instead shown in Figure X below.
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Figure 5: When integrating the IUH for obtaining the discharges we are integrating over t;, not overt t.
This mean we have to consider a set of (infinitely many) f, each one for any available t;,. We actually
integrate for any ¢ the intersection of these curves with the plane (g, ;)

t-l,'LL + A*‘-

In Figure 5 we show three of the (infinite) curves that correspond to an instant of rainfall between ¢

and t + At . For any t = t* we actually integrate over these curves, not just one of them. The procedure
we followed can be used to show that any of these sections in the third dimension is actually equal to the
forefront maroon curve. But this is the case because we assumed f = f (¢t —t;,), depending just on the
difference between the clock and injections time. In the most general case, as seen in (Rigon et al., 2016) ,
any of the f is time dependent, i.e. f = f (¢,%;,) and neglecting the right integration direction can drive to
conceptual mistakes easily.

Examples

The exponential travel time distribution

For making clearer the example let’s consider first the simple case of

e ty,, =0, t.e. T =1
® Pty =D

and of:

flt=0) = gem =0 (7

where A is a parameter that can be proven to be the mean travel time. Therefore, by integration is easy to



prove that:
sp(T)=A (1 — efT/)‘)
Therefore for any T < At (i.e. t < At), it is
q(t,0)=q(T' =t)=Ap (1 - e_t/)‘>
For t > At is instead:
q(t,0) = Ap (1 — eft/)‘> — (1 — ef(tfm)/)‘) =Ap (ef(tfm)p‘ — eft/)‘>

Studying the function it is easy to show that the discharge has a maximum at ¢

(10)

= At equal

to A p (1 — e*%> and then decrease asymptotically to 0. In this case the concentration time is not

-1
defined but for any practical purpose this can be set when ¢t > A In (i (e% — 1) ) with o >> 1. The

discharge qualitative behavior is shown in Figure 5 below.

At

Figure 6: The behavior of the exponential IUH for a rainfall record at ¢;, = 0



The generalization to cases for which t;, # 0 is left for exercise.

The width function case

Another interesting and classical case is the case in which the IUH is given by a width function (Rigon et
al., 2015). This is defined as the area of the catchment at a certain distance from the outlet measured along
the drainage directions. A width function is usually derived from the analysis of a digital elevation model
(DEM) and given at discrete time distance steps, according to the resolution of the DEM. To obtain from
it a TUH, the geomorphic width function has to be properly normalised by the catchment area and space
(distance to outlet) has to be mapped to time. Procedures to do it are illustrated, for instance in (“The
uDig Spatial Toolbox for hydro-geomorphic analysis”, 2014) and in (Rigon et al., 2015). The resulting ITUH
looks like the one in Figure 7 below:
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Figure 7: A pictorial representation of a width function and the corresponding s-function.

Once we get the sy (remind that here t stands for T') that can be considered continuous when interpolated
appropriately, the previous theory applies verbatim.

Numerics

We have now all the tools for implementing the numerics of the IUH, at least in the case of a single rain
record. The main choice to do is to select a discretization of the time axis. A reasonable choice is to select



a 0t < At and such not to loose the information derived from the f function, especially if it is given as a
discrete set of points. In this case the continuous variables are set to:

et = jo0t j=0, .. nwithndt = At
® ty, =1 0t

o T =t—ty,,=(j—1)0t

o t.=m ot

With these choices, equations 5 and 6 becomes:

Sfljfi 0<j—1<n
=D < 11
@i p’{ (sfli—i = sglj—i—n) Jj—i>n (11)

where sy || is the s-function estimated at the k — est point.

Examples

To illustrate the example let’s consider the simple case in Figure 8 below.
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Figure 8: We consider here an example where there is a single record of precipitation at time ¢ = 5 of
duration n = 4 time steps (on top). The IUH is represented instead in the central figure. It is given over
four time intervals, each one of 3 time steps. The total rainfall of the catchment is A times the volume
of total rainfall p; At = p; n dt where n = 4 is the number of intervals over which the rainfall duration
spans. A =7 h = 21 being h = 3 the number of intervals in which each IUH column is subdivided. On
bottom there is the s-function resulting. The whole mass of the rainfall is then 84 p;. The concentration
time of the example is t, = 12

The caption of the Figure explains all what is expected. To be specific the rainfall record has a total volume
of 84 p;. It is easy to estimate for all discrete times the value of the s-function as

sflis ={(0,0),(1,1),(2,2),(3,3),(4,5),(5,7),(6,9),(7,12),(8,15),(9,18), (10, 19), (11, 20), (12,21) }
for any ¢t > 12 §t the s-function is not increasing anymore, i.e. sy (t) = 12. For any t <5t , s (t) =0.
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q1,5 = pssy(—4) =0 q2,5 = pssp(—3) =0 435 = Pssy(—2) =0

qa5 = pssy(—1) =0 ¢5,5 = pssy(0) =0 g6,5 = Ps5y(1) = 1ps

Q75 = P55£(2) = 2ps 48,5 = P557(3) = 3ps Q9,5 = P555(4) = 5ps

q10,5 = Ps(55(5) — s7(1)) = 6ps Q11,5 = Ds5(57(6) —57(2) =Tps  qu25 =0s5(57(7) — 5£(3)) = Ips

Q135 = p5(57(8) —5¢(4)) =10ps  quas = ps(s55(9) —55(5)) = 1lps  qu55 = ps(s7(10) — 54(6)) = 10ps

Q16,5 = P5(sp(11) —s¢(7)) =8ps  qu7,5 = ps(sf(12) —5£(8)) =6p5s  qus,5 = ps(sf(13) — s£(9)) = 3ps

q19,5 = p5(s5(14) — s7(10)) = 2ps  qoo5 = p5(57(15) — s¢(11)) =ps  qa215 = ps(s7(16) — 54(12)) =0
Therefore

The table above represents all the estimable points. Taking the sum of all the values, it does 84 p; as
requested, meaning the the whole water in input exit the catchment. The table values are represented in
Figure 9 below
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Figure 9: This is the hydrograph derived from the previous rainfall record. Still it attends to be coloured
yellow, orange, red and violet to associate each discharge to its position in the IUH.

The case of multiple rainfall records

Now, let’s consider the case of multiple rainfall records, as those shown in Figure Z. For simplification, we
assume that each rainfall records is of the same duration, ndt = 4 6t where 6t is the unit of time as in the
examples above.
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Figure 10: The case of multiple rainfall recordss of duration ndét = 4 §t. As one can note there can be
empty rainfall intervals (p = 0) without loss of generality.

It is a consequence of the IUH mathematical structure that each one of the records can be treated separately
and the total discharge obtained by summing over all the rainfall records (we skip the proof though). The
general expression for the discharge is then:

l 0 t < tln(k)
Q) =D piry§ st —tin(k)) t—tin(k) < At (12)
k=0 $p(t—tin(k)) — sp(t — tin(k) — At) t — tin (k) > At

with = + and where i(k) = (k—1)nif At = n 6t and t;, (k) = i(k) 6t. It can be verified

l
that @ (t) = 0 fort > t.. The discrete representation of the above equation is derived then as:

: 0 j<i(k)<(k—1)xn
Qj = Zpi(k) Sflj—ick) J- z:(k) <n (13)
k=0 stlicity = Selj—iy—n 7 —i(k) >n

From the numerics point of view, there are just minimal changes from what happens in the case of a single
rain record, with the addition of an iteration over the rain impulse and a different evaluation of i (k)s, at
least when the IUH is not changing shape over time.

In this case it is clear that the domain where the hydrograph due to a specific rain record k is different from
zero in a domain of length t. + At = (m+mn) 6t. The total hydrograph, at any clock time ¢, is easily
seen to be of length (I-n +m) dt. Please notice that at any new record incoming the knowledge of future
discharges due only to past rain record is available for all the m future time steps, being no modified by
future at all.

13



In a real time perspective, when we receive a new rain record (of duration n - dt) we have to expand the
whole hydrograph domain by m steps forward in time.
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